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Abstract. Partial models support abstract model-checking of complex tempo-
ral properties by combining both over- and under-approximating atigins
into a single model. Over the years, three families of such modeling formslis
have emerged, represented by Kripke Modal Transition Systems @gy)Tvith
restrictions on necessary and possible behaviors, Mixed TransitiolerSys
(MixTSs), with relaxation on these restrictions, and Generalized Kripk&S#T
(GKMTSs), with hyper-transitions, respectively. In this paper, we gara the
three families w.r.t. their expressive power (i.e., what can be mddelkat ab-
straction can be captured), and the cost and precision of modelingetie
show that these families have the same expressive power (but doidiec-
cinctness), whereas GKMTSs are more precise (i.e, can establish pnop-
erties) for model-checking than the other two families. However, the fise o
GKMTSs in practice has been hampered by the difficulty of encoding tlyem s
bolically. We address this problem by developing a new semantics for tempo
ral logic of partial models that makes the MixTS family as precise for hode
checking as the GKMTS family. The outcome is a symbolic model-checking
algorithm that combines the efficient symbolic encoding of MixTSs with the
model-checking precision of GKMTSs. Our preliminary experiments atdic
that the new algorithm is a good match for predicate-abstraction-basedl-mo
checkers.

1 Introduction

Abstraction is the key to scaling model-checking to indabsized problems. Typ-
ically, a large (or infinite) concrete system is approxindatey a smaller abstract
system via abstracting the concrete states, analyzingebating abstract system,
and lifting the result back to the concrete system. Two comiaastraction schemes
are over-approximation— the abstract system contaimsore behaviours than the
concrete one and is sound for universal properties (e.gerate of errors), and
under-approximation- the abstract system contailessbehaviours than the concrete
one and is sound for existential properties (e.g., presefioerrors). Abstractions
that are sound for arbitrary properties such as futlalculusL,, [14], must combine
over- and under-approximation into single model [4, 15]. This can be done by
using a model with two types of transition®ay and must representingpossible(or
over-approximating), andecessaryor under-approximating) behaviours, respectively.
We call such modelpartial. Temporal properties over partial models are interpreted
using the 3-valued semantics: a property can be eitherfalse, orunknown

Existing partial modeling formalisms are divided into thrgeparate families. The
first is Kripke Modal Transition System{&MTSs) [13] and their equivalent variants,
Modal TSq15], Partial Kripke StructuregPKSs) [1], and3-valued KS$2]. KMTSs
require that everynusttransition is also anaytransition. They were introduced as com-
putational models for partial specifications of reactiveteyns [15] and then adapted



for model-checking [1, 2, 13]. The second\Bxed Transition System®1ixTSs) [4],

and equivalentlyBelnap TSq11]. MixTSs extend KMTSs by allowingnust only
transitions (i.e., transitions that ameustbut notmay). MixTSs were introduced in [4]

as abstract models fdr,,, and have been used for predicate abstraction and software
model-checking in [10]. The third isGeneralized KMTS{GKMTSs) [19], and
equivalentlyAbstract TS$6] andDisjunctive MTS$16]. GKMTSs extend MixTSs by
allowing must hyper-transitiongi.e., transitions into sets of states).

In this paper, we compare the three families w.r.t. theitadility as the “right”
formalism for symbolic model-checking of partial modelsir®asis of comparison is
(i) the expressive power of the formalisms (i.e., what can beatedg what abstraction
can be captured), ar(d) analyzability of the formalisms (i.e., the cost and prewisof
model-checking).

Expressive PoweiWe show that MixTSs, KMTSs and GKMTSs are equally expres-
sive: for any partial moded expressed in one formalism, there exists a partial model
M’ in the other s.tAM and M’ approximate the same set of concrete systems. That
is, neither hyper-transitions nor restrictionsmayandmusttransitions affect expres-
siveness. They do, however, affect the size of the modelMTBs and KMTSs can

be converted to semantically equivalent MixTSs of (pogséi¥ponentially) smaller or
equal size. Dams and Namjoshi have shown that all of the giiartl models are less
expressive than tree automata [5]. We complete the pictushbwing the expressive
equivalencédetweerthose formalisms.

Model CheckingWe call a semantics of temporal logiductiveif it is defined induc-
tively on the syntax of the logic. We refer to the typical istive semantics of,, on
partial models astandardinductive semantics (SIS). This is the semantics most widel
used in practice. A GKMTS$ can prove/disprove more properties under SIS than ei-
ther a corresponding MixT8/ or KMTS K obtained fromG by semantics-preserving
translations. However, while both MixTSs and KMTSs haverbesed in practical sym-
bolic model-checkers (e.g., [2, 10,12]), the direct use KM3 Ss has been hampered
by the difficulty of encoding hyper-transitions into BDD& address this problem, we
develop a new semantics, calletiuced(RIS), that is inductive (and tractable) but is
more precise than SIS. We show that GKMTSs and MixTSs ares/alguit w.r.t. RIS,
and give an efficient symbolic model-checking procedureRi$. The outcome is an
algorithm that combines the benefits of the efficient syndaticoding of MixTSs with
the model-checking precision of GKMTSs.

To show the practicality of the above result, we develop alslio model-checking
algorithm w.r.t. to RIS and apply it to MixTS models consted using predicate ab-
straction. We evaluate our implementation empiricallyiagfea SIS-based algorithm.

The rest of the paper is organized as follows. Sec. 2 revibeécessary back-
ground on partial models and abstraction. In Sec. 3, we gfatKMTSs, MixTSs and
GKMTSs are equally expressive by developing semanticsegpving translations from
GKMTSs to MixTSs, and from MixTSs to KMTSs. In Sec. 4, we imtuecereduced
inductive semantics (RIS) faof,,. In Sec. 5, we present a symbolic model-checking
algorithm w.r.t. RIS in the context of predicate abstrattid/e report on our experi-
ence with this algorithm in Sec. 6. Sec. 7 concludes the pajthra summary and
comparison with related work.



2 Preliminaries

In this section, we review several modeling formalisms, #edr use for abstraction.
2.1 Completeand Partial Models

A statespace of partial transition system is a tupls, <), whereS is a set of states,
and =g is a partial order orf. Intuitively, s; <g s means that; is less informative
(more partial) thams,. For brevity of notation, we denote a statespace using thg.se
Def. 1 (Partial TSs) [4, 8, 13, 19] A Generalized Kripke Modal Transition Sys-
tem (GKMTS) is a tupleM = (S, R™ R™SY where S is the statespace, and
R™Y C § x §, R™stC § x 29 are themayand musttransition relations, respectively.
A Mixed TS (MixTS) is a GKMTS s.tR™st C S x S. A Kripke Modal TS(KMTS) is
a MixTS s.tR™StC RM&, A Boolean TYBTS) is a KMTS s.lRM& = pmust

We write s —— ¢ for (s,t) € R™, s ™% ¢, ands ™= Q for (s,t) € R™and

(s,Q) € RMUst respectively. Intuitivelyayandmusttransitions represent possible and
necessary behaviours, respectively. For example, a BT8nplete(i.e., not partial)
since everymaybehaviour is also enustbehaviour.

Let AP be a set of atomic propositions;t(AP) be a set of literals ofiP, and.S
be a statespace. gtate labelings a functionL : S — 2Li(AP) that assigns to each
states a set of literals that are true in For a proposition, if p € L(s), we say thap
is true ins; if —p € L(s) — pis false ins; otherwise, the value gf is unknown We
require that a state labelingliscally consistenti.e., at most one gf and—p belongs
to L(s); andmonotonew.r.t. <g, i.e.,s; <g s2 = L(s1) C L(sz2). A pair (M, L) of a
TS M and a labeling’ is called amodel

The modalu-calculus [14] €,,) is defined as the set of all formulas satisfying the
following grammar:p::=p | = | o A | Op | pZ - p(Z), wherep is an atomic
proposition, andZ a fixpoint variable. Furthermoré; in 2 - ¢(Z) must occur under
the scope of an even number of negations. Additional operaitare defined as abbre-
viations: o V ¢ 2 —(=p A ), Op & =0, vZ - o(Z) & —pZ - ~p(=Z). Let
M = (M, L) be a model, wherd/ = (S, R™, R andy be anL,, formula. An
interpretation(or semanticsof ¢ over M, denoted|o |, is given by a paifU, O),
whereU, O C S. Intuitively, U is the set of states that satisfy andO is the set of
states that do not refute. Thus,y is true inU, false inS \ O and unknown irO \ U.
We callU andO theunder-and theover-approximatiorof ¢, respectively.

A semantics ofZ,, is calledinductiveif it is inductive on the syntax of the logic.
We refer to the commonly used inductive semanticstasdard(SIS). We need the
following notation. Lete = (U, O). We write U(e) and O(e) to denoteU and O,
respectively; we use operators and 1 defined as follows~(U,O) £ (O,U), and
(U1, 01) M {Us, 02) & (U N Uz, 01 N Os).

Def. 2(SIS) [4,8,11,13,19]. LetM = (M, L,,) be a modelM = (S, R™, pmust)
Var a set of fixpoint variables, and: Var — 2° x 25, Thestandard inductive semantics
(SIS)ofp € L, is:

bl 2 (s [ p e () (s | w g Lu(o)) "
||_'30||PM0 fNHSDHC,U ||j\9i/\w‘0,c = ||90Hr‘/,\;1rr|”¢”mrr ||Z||C,d :U(Z)
10l = (prev (U(ll¢llz5)). preo(O([#lles)))

nZ - oll2% 2 (ifp= (AQ - U(llell2512~q)) - fPS (AQ - O(llel| 25 12-)))
whereZ € Var, Ifp is the least fixpoint, and thgre-imageoperatorsprey and preg



are defined as follows:

s|IHeQ-s Ly if M is a MixTS
preo(@) 2 {112 €Q s 0L

T\ {s|WCQ s ™ML UL if MisaGKMTS

may

preo(Q) é{s |FteQ -s—t}
2.2 Partial Models and Abstraction

Abstract Statespacé\ concretestatespacé€’ is a set of states s.t. for anye C and
state labelingl, p € L(c) & —p ¢ L(c). An abstractstatespace approximatiggis a
set of state$' together with aoundneseelationp : C x S, where(c, s) € p means that
s p-approximates:. p induces aoncretizatiorfunctiony(s) £ {c| (¢, s) € p}, and an
approximationordering=<,C S x S defined as <, t & v(s) 2 ~(t). That is,y(s)
is the set of all concrete states approximated nds <, t if s isless precis€more
approximate) than. For a set) C S, we definey(Q) = Uscq(s). Following [3], we
require that<,, be a partial order (i.e., the ordefs), and thatS satisfy “the existence of
a best approximation®c € C-3s € S (p(c,s) AVs' € S-p(e,s’) = v(s") D v(s)).
We use arabstractionfunction« : C — S to map each concrete element to its best
approximation. The image ef is denoted byy[S] £ {a(c) | c € C}.

Predicate AbstractionLet n be a natural number, anl = {p1,...,p,} be a set of
quantifier-free first-order boolean predicatesménomialis a conjunction of literals
of P; amintermis a monomial in which each variablg appears exactly once (either
positively or negatively). We write Mi®) and MT( P) for the set of all monomials and
minterms of P, respectively. The set M@#®) is the domain of predicate abstraction.
The soundness relationp is defined s.t(c,s) € pp iff ¢ = s, i.e., c satisfies all
predicates ins; the abstractiomvp(c) = (Aciep; Pi) AN (Nepep, —Pi)i ap[Mon(P)] =
MT (P); and the approximation ordering is reverse implicatior,, ¢ iff s < t.

Simulation An approximation relation is extended from a statespadeatesition sys-
tems using the concept ofixed simulation

Def. 3(Mixed Simulation)  [4] Let M; = (Sy, R"Y, R{™s") and M, =
(S9, Ry, Ry™st) be two MiXTSs.H C S; x Sy is a mixed simulationbe-
tween M; and M if for any (s1,s2) € H, the following two conditions hold:

Vt1 € S1- 81 Et1$3t2€$g~82ﬂtg/\(thtg)EH
VtzESQ'SQMQ:}HhGSl-& Mtl/\(thtz)EH

In this case, we say/, H-simulates\M, written My <g M.
Intuitively, M, simulatesM; whenevers is less precise about its behaviour theh.
This definition generalizes to GKMTSs (c.f., [19]).

Let C andS be a concrete and abstract statespaces, respectively, an@' x S
be the soundness relation. A partial 76 over S approximatesa BTS B over C' (or,
equivalentlyB refinesM) iff M p-simulatesB, M =<, B. Let Ly, and Lg be state-
labellings forS and C, respectively.L,, approximatesL g, denotedLy, <, Lg, iff
p(e,s) = La(s) € Lp(c). A partial modelM = (M, L,,) approximatesa concrete
modelB = (B, Lg) (or, equivalently refinesM) iff M <, B, andLy <, Lp.
Thm.1 [4] Let B = (B, Lg) be a concrete model that refines a partial model
M = (M,Ly), andp € Ly. Theny(U([l¢ll2*)) S U(llell8), and O([l¢llF) <
YO(lllIM).



That is, if is true (false) at a stateof M, then it is true (false) at all statega) of B.
Let C[M] be the set of all concrete refinementsof. Intuitively, C[M] is the
semantic meaning oM. An interpretation ofZ,, based on the semantic meaning of

a partial model was introduced in [1] #sorough semanticdt is defined as follows:

lellM = (U,0) iff a € U < VB € C[M]-~(a) C U(||l¢||B), anda ¢ O < VB €
CIM] - v(a) C U([l-¢]12).

To compare different interpretations bf,, we introduce two ordering relations on
25 x 29, Lete; = (U, 01) andey = (U, O5). We say that; is less informativehan
eq, Written ey =; eq iff Uy C Uy andOy C O;. We say that; is semantically less
precisethane,, writtene; =<, e, iff v(U1) C v(Uz) andy(0;) C v(Oy).

3 Expressiveness

We show that GKMTSs, MixTSs, and KMTSs are expressivelysent. Two partial
TSs M and M’ are semantically equivalent =, M’, iff they have the same set
of concrete refinements. Two modeling formalisms expressively equivalerif for
every TSM from one formalism, there exists a T8’ from the other, s.tM =, M'.
The equivalence of the three formalisms is proved by defisEgantics-preserving
translations from GKMTSs to MixTSs, and from MixTSs to KMTS8nce GKMTSs
syntactically subsume KMTSs, the translation from KMTSSS#EMTSs is basically
an identity map.

3.1 GToM: Trandation from GKMTSsto MixTSs

We present the translationTGM that converts a GKMTS into a semantically equiv-
alent MixTS. First, we illustrate the translation on a GKMTS in Fig. 1. G; is
not a MixTS because ahusthyper-transitiona must {a2,as}. This transition en-
sures that in every concrete BTS refiniGg, all states iny(a1), i.e., those satisfying
(x < 0Aeven(x)), must have a transition to a statey{az,as}), i.e., satisfying
(xz > 0). No single state of7; representgx > 0). Thus, this requirement can only be
captured either by a hyper transition (as doné&it), or by extending=; with a new
state, say:s, such thaty(as) = (x > 0). In the latter case, theausthyper-transition

ax must {a2, a3} can be replaced by (regularjusttransitiona, must as. The resultis

a MixTS M; in Fig. 1. Sinceu; replaces a “hyper-statdas, as }, as heeds to preserve

its maybehaviours. This is done by adding =, a4 andas T, as corresponding
may may . . "

to as — a4 andas —> ao, respectively. There are no outgoingusttransitions

from a5 since the existingnusttransitions froma, andag are sufficientG, and M;

are semantically equivalent: any BTS that refighsalso refines\/;, and vice versa.

In our example, a new state was added to encode a hypertimarisy a regular one.
This isn't always necessary. For example, Tgsand M» in Fig. 1 are semantically
equivalent. The hyper-transition ™% {a,, a3} is encoded by, ™% a3 in Ms
since the hyper-statfus, as} is equivalent to an existing statg, i.e.,v({a2,as}) =
~(az) = (z > 0).

In summary, a GKMTS7 is translated to a MixT3/ in two steps: (i) everynust
hyper-transitior: M U of Gis replaced by a regulanusttransitiona Ut b, where
b is a (possibly new) state s4(b) = ~(U); (i) maytransitions are added for every
state introduced in the first step, if any. We formalize traiotw.



Fig.1. Two GKMTSs: G4, G2; three MixTSs: M1, M2, Ms; two KMTSs: K3, K4. Solid and
dashed lines represent must and may transitions, respectively.

Def. 4 (GTOM) LetG = (Sg, R, RTUSY) be a GKMTS. The translatioBToM (G)
is a MIXTSM = (Syr, RTFSY RTY), such that

Su 2 Sc U ST ST 2 {a|3(s,U) € RG™-~(a) =y(U) A (Vt € Si - (1) # 7(U))}
RV 2 REYU{(a,b) |a € ST AbE Sg AIs € S - (s,b) € R A(s) Cv(a)}
RIS 2 {(a,b) |a € Sa A be Sy AU C Sg - (a,U) € RE' A ~(b) =~(U)}

The translation GoM is semantics-preserving.

Thm. 2 LetG be a GKMTS, and/ = GTOM(G). Then,M is a MixTS, and~ and
M are semantically equivalent.

A corollary of Thm. 2 is that GKMTSs and MixTSs are equivalewnt.t. thor-
ough semantics. LeLs be a labeling function foiG. We extend the translation
GTOM to a GKMTS model(G, L¢) such that GoM((G, L)) = (M, Ly), where
M = GTOM(G), andL ), is a labeling function foiS,, defined as follows:

La(a) 2 {La(a) if 0 € So
M = .
Nisese sy Lals) ifae ST

Then, L), is well-defined and approximates the same labellings@sThis ensures
that(G, L) and(M, L)) satisfy the same properties under thorough semantics.

Cor.1 Let (G, Lg) be a GKMTS model andM, L) = GTOM({G, Lg)). Then,

(G, Lg) and (M, L) are equivalent w.r.t. thorough semantics.

Complexity We show that the translationf®M does not increase the size of the model.
Let G be a GKMTS with the statespack;, andM = GTOM(G). The size ofG is at
most|Sg x 29¢|. Each new state added byrGM corresponds to a subset 8§, i.e.,
|ST| < |2%¢|. Furthermore, no transitions between the stateS'inare added. Thus,
the size of)M is also at mostSg x 29¢|.

Sometimes GoM can reduce a GKMTS exponentially. For example, assume that
S¢ is a disjunctive completion [3], i.e., for every subsebf S there exists an equiva-
lent element in S such thaty(U) = ~(s). In this case, GOM does not add any new
states, i.e.5™ = (. This makes the size of the output MixTSs|i8&; x S¢/|, which is
exponentially smaller than that of the input GKMTS.

3.2 MToK: Trandation from MixTSsto KMTSs

We present the translation K that converts a MixTS into a semantically equivalent
KMTS. First, we illustrate the translation using a MixT8; in Fig. 1. M3 is not a



KMTS because of the twmust onlytransitionsa; =5 a, anda, =% a,. One way
to turn M5 into a KMTS is to addnaytransitionsa; — as andas — a4, resulting

in K3 in Fig. 1. This naive transformation is not semantics-pnang, i.e., K3 %, Ms.
For example, the concrete system

(y>0)A(x>0)Aodd(z) Nz’ =z+ 1Ay =y)V
(z>0)Aodd(z) N’ =z Ay =—1xz)V
((z>0)A—odd(z) AN’ =2+ 1Ay = -1 xz)

refinesK, but notMs: the transition(z = 1,y = 1) — (z = 2,y = 1) cannot be
simulated by anynaytransition ofM;.

Themust onlytransitiona, must as of M3 ensures that in any concrete BTS refining
Ms, all states iny(aq), i.e., those satisfyingz > 0Aodd(z) Ay > 0), must have a
transition to a state in(a2), i.e., satisfying(x > 0). This is further restricted by the
maytransitions fromu; that ensure that states-iia; ) have transitions only to states in
~v({a1,a3}). Hence, in any BTS refining/s, every state in/(a; ) must (and may) have a
transition to a state ify(a2) Ny({a1,as}). Thatis, the restrictions posed byraust only
transition froma, are further restricted by the set of all of thytransitions fronu; .

In general, for abstract statég, . . ., b, @ must onlytransitionbg must by, and a set

of maytransitionsbg mdy, ba, ..., by may, b, ensure that every state ir{by) has a
transition to a state in(b1) N y({bz,...,br}).

The must onlytransitiona, ust a4 in Ms is equivalent to a pair ofmay and
musttransitions fromas to ay, sincey(aq) N y({a1, a2, as}) = v(as). Themust only

transitiona st as can be equivalently represented by (a) adding a new gtagach
thaty(as) = v(a2) N y({a1,as3}) = (x > 0Aodd(x)), and (b) adding anustand a

maytransition froma; to a5. Moreover, since; approximates some of the same states
. . . L. may may
asas, i.e.,v(as) C v(a2), as inherits the transitions froms: a5 — a1, a5 — ag,
ma t mal . . . . .
as 2, a5, a5 2% a4, a5 —2 a,4. The final result is the KMTS, in Fig. 1, which
is semantically equivalent tifs.

In summary, a MiXTSM is translated to a KMTSKX in two steps. First, every

must onlytransmona m—St> b of M is replaced by a pair ahustandmaytransitions

a ™S a— banda =2, ¢ — b wherea — bis a (possibly new) abstract state such

thaty(a — b) = v(b) N v(RT™(a)). Secondmayandmusttransitions are added for
all states introduced in the first step. We formalize thiowel

Def. 5(MTOK) LetM = (Sys, R}, RTHSY be a MixTS. The translatiok TOK (M)
isa KMTSK = (Sk, R, RTUSY s t.

1>

Sk 2 S UST ST 2 {a—b|3(a,b) € (RF™\ RIY) - Vs € Sar-1(s) # 7(a— b)}
RTY & RYYUREPLUIMAY U IMO
RES'2 (RY®'N RYY) UREPLUIMUSTU IMO,

where

1 Unprimed and primed variables represent current- and next-stagticals, respectively.



REPL
IM AY

{(a,a — a —b) | 3(a,b) € (RY™\ RYM)}
{(a—>b b') | Ja,b,b’ € Sp-

(a,b) € (RTPN\ RT) A (b,1) € Rmay/\a —be St}
IMUST 2 {(a — b,b') | 3a,b,b' € S

(a,b) ( must\ Rmay) (b, b/) (Rmustm R?;y) Aa—bec S+}
IMO £ {(a— b,b— b |3a,bb €S- (a,b),(bV) € (RY\NRY)Aa—be ST}

L
L

In Def. 5, REPL denotes transitions that replanast onlytransitions, and IMy,
IMusT and IMO denote transitions from newly added statesinthat correspond
to may, must andmust onlytransitions of the original system, respectively. In our ex
ample of MroK (Ms), we haveS™ = {as}, REPL = {(a1,as), (a2, a4)},IMUST =
0,IMO = {(as,a4)}, and IMAY = {(as,a1), (as,az), (as,a3)}. The result of the
translation MroK is a KMTS: everymusttransition is matched by maytransition.
Thm. 3 Let M be a MixTS, and = MTOK(M). ThenK is a KMTS, andV/ and K
are semantically equivalent.

A corollary of Thm. 3 is that MixTSs and KMTSs are equivalent.twthorough
semantics. LeL, be a labeling function fod/. We extend MoK to (M, L) such
that MTOK((M, Lys)) £ (K, Lk), where K = MTOK(M), and Ly is a labeling
function for Sk defined as follows:

s | La(a) if a € S
bt {U{sesMwwcws)} Lu(s) faest

Then, Lk is well-defined and approximates the same labellingé gs This is suffi-
cient to ensure thatV, Ly,) and(K, L) satisfy the same properties under thorough
semantics.
Cor.2 Let (M, Lys) be a MixTS model andK, L) = MTOK((M, Lys)). Then,
(M, L) and (K, L) are equivalent w.r.t. thorough semantics.
Complexity.Let M = (Syr, R12, RTFSY be a MixTS, andK be a KMTS such that
K = MTOK(M). The size ofM is bounded byD(|.Sys x Sas]). In the worst case, the
translation adds a new state for eanhst onlytransition in RT#st\ RT. Therefore,
the number of new statd$™| is bounded by Sy x Sys|, and |K| is bounded by
O(|SM X SM|2)

MixTSs are more succinct than KMTSs: for a fixed statespgadbe set of MixTSs
over S is strictly more expressive than the set of KMTSs o§eiThis holds because
for every state added by MoK, there exists a subsét C S s.t.y(t) = ~v(U).

4 Reduced Inductive Semantics

GKMTSs and MixTSs are equally expressive: a GKMTS model dacequivalent
MixTS model satisfy the same properties under thorough sdosa However, thor-
ough model-checking is expensive. In practice, model4kingcof partial models is
done w.r.t. a more tractable inductive semantics SIS. GKMa® more precise than
MixTSs w.r.t. SIS: for anyp € L,, model-checkingy in a GKMTS modelG w.r.t.
SIS is more precise than model-checking it in the MiXTS matlél= GTOM (G).
However, the direct use of GKMTSs in symbolic model checkers been hampered
by the difficulty of encoding hyper-transitions into BDDag.this section, we propose a
new semantics, calle@duced inductive semanti¢RIS), that is inductive while being



strictly more precise than SIS. We show that GKMTSs and Mxa& equivalent w.r.t.
RIS. In the next section, we provide an efficient symbolic siathecking procedure
for computing RIS over MixTSs. The outcome is an algorithat tombines the bene-
fits of the efficient symbolic encoding of MixTSs with the médbecking precision of
GKMTSs.

In Sec. 4.1, we illustrate the differences between GKMTSEMIXTSs w.r.t. SIS;
define RIS in Sec. 4.2; and show how to effectively model-khect. RIS in Sec. 4.3.

4.1 Example

Let p and ¢ denote predicate$z > 0) and odd(z), respectively. Consider the
model G; = (Gi,L¢,), where G; is shown in Fig. 1, andLg, is a labeling
function that labels each abstract state as shown in FigelM; = (M;, Ly,)
be the model obtained frong; by GroM, where M; is shown in Fig. 1 and
Ly, (s) = if s = as then {p} ése Lg, (s).

Compare the value @f 2 (¢ vV —~¢) under SIS org; andM;:

|Q1
(&

HSD| = <{a17a27a3}7{a17a27a37a4}> HSOH?AI = <{a2?a3}7{a17a27a37a47a5}>

According toGy, in all states corresponding ta, ¢ is true . According toM, the
value ofy is unknown in exactly the same states. Sinde = GTOM (G1), G1 =, M.
Thus, althoughM; andgG; are semantically equivalent is less precise thag, for
model-checking w.r.t. SIS.

Let us reexamine the above example. First, there is no jwacigss during the
evaluation ofy V —q:

er = [lgV —q||* =({a1, a2, a3, a1}, {a1, a2, a3, as}) ()

€2 = ”q \ ﬁq”é\Al:<{alv az, as, CL4}, {ah az, a3, a4, CL5}>

Sincey(U(e1)) = v(U(ez)) andy(O(e1)) = 7(O(ez)) = v(0), e1 =4 e2. However,
there is a subtle difference betwagrande,. In stateus, of M7, ¢V —q is unknown even
though it is true in botla, andas, andvy(as) = v(az) U~v(as). This minor imprecision
is then magnified by thé operator.

This loss of precision is not limited to tautologies. Formyde, 2 - (—pAq) VO Z,

i.e, EF'(—p A q) in CTL, is true in statei; of G, but is unknown imz; of M;.

4.2 Reduced |nductive Semanticsfor Partial M odels

In this section, we define the reduced inductive semantitS)(Rrhe new semantics is
inductive and isstrictly more preciseéhan SIS. The key idea is to eliminate any local
imprecision by using a specisductionoperator

Let S be an abstract statespace, and € 2° x 25 be two abstract elements.
Recall that in the information order is less thare/, i.e.,e =<, ¢, if U(e) is con-
tained inU(e’), and O(e) containsO(e’). We define thereductionoperator as fol-
lows: RED(e) £ (REDy(U),REDo(O)), whereREDy(U) = {s | v(s) C v(U)}, and
REDo(O) £ {s | v(s) € v(O)}. Intuitively, RED(e) increased) (e) and decrease3(e)
as much as possible without affecting the semantic mearfirg Bhat is,RED(e) is
the largest element w.r.t. information ordering that is astitally equivalent te. For
example, consideRED(e5 ), wherees, is as defined byx) above. Then,

es = RED(e2) = ({a1, a2, as, as,as}, {a1,a2,as3,as,as}) (**)



es differs frome, only in the addition ofi5 to U(es). Sincey(U(ez2)) = v(U(es)) and
v(O(ez2)) = v(O(e3)) e2 =, e3; butes is more informative sincel(ez) C U(es).
An elemente = (U, O) € 2% x 25 is monotoneff

s13552=>(s1€U=>5€UANs1¢€0=52¢0)

RED(e) is monotone for any, and commutes with propositional operations on mono-
tone elements. That is, letande’ be monotone elements f x 2°. Then,~e =,
~RED(e), ande M e’ =, RED(e) MRED(e’).

RIS is defined by applying thRED operator before and aftér to prevent it from
propagating imprecision.
Def. 6 (RIS) Let M = (M, Lys) be a model, s.tM = (S, R™, R™sY and o :
Var — 25 x 25, Thereduced inductive semanticép € L,, is defined as follows:

Il = ({s [ p € La ()}, {s | ~p & Lu(s)})
=elle = ~llellie e Avlls = llells Nl (1218 £ o(2)
[10¢l[77% = RED((preu(REDu (U(l#[7:5))), preo (REDo (O(l#l[7:5)))))
Iz - oll7% = (ifp= (AQ - V(|5 z-q)) » = (AQ - O(llel o1z q1)))

The only difference between RIS (Def. 6) and SIS (Def. 2) sssbmantics of).
Since we assume that state-labellings are monotone, ag@ygb to other operators as
well does not improve precision.

Returning to our running example, RIS gfon M; is computed as follows: RIS of
q, ~q, andq V —q is the same as SIS. Thu§; V —¢||M+ = e,. To compute), recall
from (xx) thatRED(e) = es; thus,||p||M = ({a1,a2,a3, a5}, {a1, as,a3,a4,as}).
Hence,||||M is more precise thalip|| M.

Thm. 4 RIS is more precise than SIBp||. <. ||l

The previous example illustrates another important pd@KMTSs and MixTSs
are equivalent w.r.t. RIS. For examplgp| M is equivalent td|¢||9*. The following
theorem formalizes this.

Thm.5 Let G be a GKMTS, andU = GTOM(G). Then,G and M are equivalent
WL RISV € Ly, - [l¢lld =a [0l

Our new semantics RIS is both inductive and precise enougtat® GKMTSs and
MixTSs equivalent. However, the definition RED operator is based on concretization,
~, of abstract elements. In practice, reasoning directhutiboncrete elements may be
undecidable or inefficient. We address this limitation next
4.3 Reduced Inductive Semanticsfor Monotone Models

We study the reduction operatRED of RIS in the context of monotone modeldono-
tone modelsformally defined below, are as expressive as their regolanterparts [11]:
for any model there exists an equivalent monotone one. Theotoaicity condition
simply ensures that all information that can be derived fmxisting may and must
transitions is made explicit in the model. Furthermore, elethuilt by automated pred-
icate abstraction [10] are monotone by construction. TrestrictingRED to monotone
models is neither a theoretical nor a practical restriction

Def. 7 AMIXTSM = (S, R™® RMUSY is monotonéff for any s; <s so,t2 =g t1,

((82,152) ER™ = (S1,t1) € Rmay) N ((81,t1) S R™st— (Sz,tz) € RmUSt)

A modelM = (M, L)) is monotondff the MixTSM is monotone.



1: global var Rmay, Rmust : BDD 18: func ABSAND(BDD v1,BDD v2) = BDDAND(v1,v2)
2: func RIS(Expre) : BDD 19: func ABSOR(BDD v1,BDD v2) = BDDOR(v1,v2)

3. match ¢ with 20: func ABSEQ(BDD v1,BDD v2) = BDDEQ(v1,v2)

4 ATOMIC(p) : return ABSV (BDDVAR(“p”), 21:

BDDVAR(“p")) 22: func ABSNOT(BDD v) : BDD

5: —) : return ABSNOT(RIS(v))) 23:  0:=ABSO(v),u:= ABsSU(v)

6: Y1 Atp i return ABSAND(RIS(¢1), RIS(v2)) 24:  return ABSV (BDDNOT(o0), BDDNOT(u))

7: 1V abo t return ABSOR(RIS(¢1), RIS(v2))  25:

8: Q1) : return ABSPRE(Rmay, Rmust, RIS(¢)))  26: func ABSREDU(BDD v) : BDD

9: s return RI1Sgp () 27: if (BDDISCONST(v)) return v
10: v @ return RISyp(¥) 28: b:=BDDROOTVAR(v), h:= UVAR(b)
11: 29: T:=ABSREDU(v[1/b]),F := ABSREDU(v[0/b])
12: func ABSV (BDD u,BDD o) : BDD 30:  tmp:=BDDITE(H, T, F)
13: sel:=BDDVAR(“sel") 31: return BDDITE(h, BDDAND(T, F), tmp)
14:  return BDDITE(sel,u,0) 32:
15: 33: func ABSPRE(BDD Rmay, BDD Rmust, BDD v) : BDD
16: func ABSO(BDD v) = v[0/sel] 34:  0:=ABSO(V), u:= ABSREDU(ABSU(V))
17: func ABSU(BDD v) = v[1/sel] 35:  return ABSV (BDDPRE(Rmust, u), BDDPRE(Rmay, o))

Fig. 2. The RIS algorithm and its supporting functions.

For monotone model8ED can be computed effectively, as we show below.

For a states € S, theupsetof s is defined ags £ {t € a[S] | s <, t}. Thus,
1s is the set of all those statesdnS] that are more precise thanFor example, leb;
be the statespace of; in Fig. 1. Thenw[S1] = {a1, as, a3, a4}, andtas = {asz, as}.
Note that the state and the sef's approximate the same set of concrete states, i.e.,
7(s) =(1s). For exampley(Tas) = v(as) = (z > 0).

Lete = (U, O) be a monotone element 2f x 2°, ands € S. By monotonicity,
v(s) € y(U) iff 1s C U. Dually,v(s)  v(O) iff Ts Z O. We define a new operator
red as follows:red(e) = (redy(U), redo(0)), whereredy(U) £ {s | 1s C U}, and
redo(0) £ {s| s ¢ O)}.

Thm. 6 Let S be an abstract statespace, ancdbe a monotone element % x 2°.
Then,red(e) = RED(e).

red can be computed effectively since it does not reason abautrete elements di-
rectly.

In this section, we have introduced a new inductive semsuRIS, shown that it is
more precise than SIS, and that GKMTSs and MixTSs are equitalr.t. RIS. RIS can
be computed effectively on monotone models, which is nah#dition since monotone
models are as expressive as their non-monotone counterpart

5 Symbolic M odel-Checking of RISusing BDDs

In this section, we describe a symbolic algorithm RIS thgilements the RIS seman-
tics for monotone models constructed using predicate atigin. These are the models
used by existing software model-checkers [12].

Our implementation is based on the following observatioet £ be an abstract
statespace. Then, for any monotone elemert®ofk 2° there exists a semantically
equivalent element in®ls] x 2251,

Thm. 7 Lete; = (U, 0;) be a monotone elementf x 2°, andey = (Us, O,) be
in 20([3] X 20‘[‘5]. If Ui N a[S] =U, andOl N Oé[S] = 0o, thenel =4 €92.

This theorem allows us to restrict the algorithm to sets evéf instead of sets over
S. Another consequence of Thm. 7 is that the transition @iatcan be simplified as
well, since we only need the result of the pre-image in theestafa[S].



Thm.8 Let R™ C S x S and R™st C S x S be themay and must transition
relations of a monotone MiIxTS, respectively, ang: (U, O) be a monotone element
of 25 x 25, DefinelU £ U N a[S], 0 £ O N a[S], R™NSLAE R™Ust) (¢S] x S), and
R™ & RMaY N (o[S] x a[S]). Then,

(pre[R™](REDy (U)), pre[R™™](REDo (0))) =a (pre[R™*}(REDy(U)), pre[R"™](0))

The algorithm RIS is shown in Fig. 2. It uses BDDs to symbdljceepresent and
manipulate sets of states and transition relations. Fomethat are prefixed wittBDD”
are the standard BDD operations. The algorithm works réalyson the structure of
the input formulap. The fixpoints are computed in the usual way, by iteratingl unt
convergence. We describe the details of the implementagtow.

Let P = {p1,...,pn} be a set ofn predicates. Recall that MOF) denotes the
set of monomials oveP, and MT(P) — the set of minterms oveP. Furthermore,
a[Mon(P)] = MT(P). The input to the algorithm is a MixXTS modéM, Ly,), s.t.
M = (S,R™, R™SY S = Mon(P), and Ly (s) = Lit(s), and anL,, property
. Without loss of generality, by Thm. 8, we assume that thesiteon relations are
restricted s.tR™Y C MT(P) x MT(P), andR™'StC MT(P) x Mon(P).

The algorithm uses the following sets of BDD variabl&s= {b; | p, € P} —the
current state Boolean variablds, = {b; | b; € B} — the next state Boolean variables,
H = {h; | p; € P} —the current state unknown variables, @ftl= {h, | h; € H}

— the next state unknown variables. In what follows, we dodigtinguish between the
BDDs and the corresponding propositional formulas.

A set of mintermsX C MT(P) is encoded by a propositional formula ou8r as
usual. For example, le® = {py,ps, p3}. Thenb, A —by encodes the sdip; A —ps A
p3,p1 A —pa A —p3}. A set of monomialsX C Mon(P) is encoded by a formula over
B U H. Intuitively, for a monomialn, a variableh; indicates whethep; is present in
m, and a variablé, specifies the polarity of the occurrence. Formally, the dimapis

\/ (( /\ =h; A bl) A ( /\ —-h; A ﬁbL) A ( /\ hl))

meX p; €Lit(m) —p; €ELit(m) pi €P\Term(m)

For example(—hy A by) A (mhe A —b2) A hg represents a singleton sgt; A —ps}.

An abstract value = (U, O) is encoded in a single BDD by a formulae1 AU) v
(-selAO), wheresel is a designated BDD variable. This encoding is implemenyed b
functionaBsV. TheU andO elements of value are extracted usingssU andAssO,
respectively. Abstract intersectiongSAND), union ABSOR), and equality ABSEQ)
are done using the corresponding BDD operations. Abstegdtion ABSNOT) is im-
plemented following its definition in Sec. 2.

The may transition relatioR™ C MT (P) x MT(P) is encoded by a formula over
B U B’ as usual. Similarly, the must relatidd™ s C MT(P) x Mon(P) is encoded
by a formula overB U B’ U H’, where the primed variables are used to encode the
destination state. For examplepaisttransition from a statép; A p2 A p3) to a state
(p1 A —p2) is represented bfby A by A bz) A ((=h] ADY) A (=hh A =bh) A BY).

FunctionaBSREDU implements theredy reduction operator of Sec. 4.3 using the
following observation: lety C Mon(P) be a monotone subset, ande Mon(P). If
a € MT(P), thenta C Q & a € Q; otherwise,fa C Q iff T(a A p) C Q and
T(a A —p) C Q, wherep is a term not occurring in. ABSREDU applies this reasoning



recursively on the input diagram, using function AR/to find a variableh; € H for
each variablé; € B. FunctionABSPRE implements the pre-image computation based
on Thm. 8.

Thm. 9 For a monotone MixXTS and¢ € L,,, algorithmRIS(y) in Fig. 2 returns

the symbolic representation pf ||

The main difference between the symbolic implementatidrsl® and our RIS is the
extraABSREDU operation in functiomBsPRE (line 29 in Fig. 2) ABSREDU is similar
to existential quantificationePDEXISTS) of BDDs, with one exceptiorBDDEXISTS
usesBDDOR in each iteration, bunBSREDU uses oneBDDAND and twoBDDITE
operations. ThusABSREDU has the same complexity 8®DEXISTS, and symbolic
implementations of RIS and SIS also have the same compl&tiig means that the
extra precision of RIS comes “for free”, without penalty neplexity.

6 Experiments

To empirically evaluate the cost and performance of RISue®&lS, we have imple-
mented symbolic algorithms for computing both of them usd¢pD [21] library, and
analyzed reachability and non-termination properties auealistic model. While our
algorithm in Fig. 2 can analyze anycalculus formula, our experiments considered
just reachability and non-termination properties becadisbeir practical interest.

For the model, we used a template program built out bfocks, each based on an
example from [19] and having one integer variable. The netthfd10] was applied to
build an abstract MixTS via predicate abstraction. We chdalne reachability (least
fixed-point) propertyProp,, and two non-termination (greatest fixed-point) propertie
Prop,, andPropsz, computing the standard and reduced semantics of the pieger
In both cases, we measured the size of the abstract modats thei number of BDD
nodes, the total analysis time, the number of iterationsheffixpoint computation,
and the time spent in theBsReDU operation for RIS. To compare the precision of
the results, we considered two sets of initial stalgsand I,, and checked whether
conclusive results can be obtained over them.

The results are summarized in Fig. 3. The top part of the tabtevs that RIS
models enjoy significantly smaller encodings than their &8nterparts, due to re-
stricted transition relations (see Thm. 8). RIS is more igeethan SIS: for the two
sets of initial states, RIS produces conclusive resultdéth of them w.r.t. the three
properties being checked, whereas SIS cannot decide wirtbg; andProp, hold
in I,. As expected, the extra precision of RIS does not cause alegityppenalty:
the experiments show that the increases of the analysiswintethe size of the mod-
els for both RIS and SIS are comparable. In all of the casestitie spent imaB-
SREDU, which represents the main difference between the two stosacomprises
roughly 20% - 25% of the total time.

Note that RIS and SIS may require different numbers of itenatof fixpoint com-
putation depending on the structure of the models and treed¥/he fixpoint computed.
For example, RIS required more iterations than SISarp,, whereas it converged in
just two steps (vs. the number of iterations proportionahtomodel size for SIS) for
Prop, over the same model.

These experiments suggest that using the more precise Ri@ses improves the
overall performance of model checking, making it a viabteralative to SIS in practice.



| [ n] SIS [ RIS

3 o |[100 370,070 216,689

_8-(% 200 1,460,270 853,389

= 250 2,275,196 1,329,215

[Prop.][ n [[Analysis (sec.Iter. |1, [I, [[Analysis (sec.JABSREDU (sec.) lter. I [I, |
E 100 2.20 301 3.60 0.74 401
2 200 15.36 601 |T|U 27.77 6.45 801 |T|T
A 250 28.92 751 55.19 13.40 1001
8 100 3.60 203 0.03 <1077 2
2 200 27.16 403 |T |U 0.12 <107* 2 |T|T
~ |]250 54.62 503 0.19 <107 2
8 100 33.96 400 21.24 4.5 400
2 200 395.24 800 |F|F 258.72 42.44 800 |F |F
& 250 1108.67 1000 546.88 101.20 1000

Fig. 3. Experimental results (T, F and U dendteie FalseandUnknown respectively).

7 Reated Work and Conclusion

Godefroid and Jagadeesan [8], and Gurfinkel and Chechikr{fjegl that the models
in the KMTS family have the same expressive power and arellgquacise for SIS.
Dams and Namjoshi [5] showed that the three families consttlen this paper are
subsumed by tree automata. We complete the picture by grovat the three families
are equivalent as well. Specifically, we showed that KMTSixT8s and GKMTSs are
relatively complete (in the sense of [5]) with one another.

We did not consider Hyper TSs (HTSs) [20] which allow for botlustand may
hyper-transitions. As pointed out in [20hay hyper-transitions can be eliminated by
increasing the abstract statespace, making HTSs exadatpasssive as GKMTSs.

Both GKMTSs and MixTSs support monotonic abstraction refieet under SIS [4,
11,19]. The same result holds under RIS, because for any an@apmodelM and
M’ over the same abstract statespacel/if is less precise than/ under SIS, i.e.,
Vo € L, - lol|M <. |l¢l|, M is also less precise thad under RIS.

Our reduction operat®ED is an instance of normalization from Abstract Interpre-
tation [3] that is sometimes used to provide a canonicalesgmtation of equivalent
abstract properties. Our symbolic implementa@sREDU is similar to the semantic
minimization of 3-valued propositional formulas [18].

Since RIS is inductive, its precision lies between SIS andahgh semantics. Thus,
existing results comparing SIS and thorough semantics,[&,®, 17], apply to RIS as
well. We leave open the question of whether the additionatipion enjoyed by RIS
can be used to improve the above results.

In this paper, we compared three families of partial modglormalisms: KMTSs,
MixTSs and GKMTSs. We showed that they are equally expressia model from
one formalism can be transformed into a semantically etgrivanodel from the other.
Thus, neither hyper-transitions nor restrictionsray and musttransitions affect ex-
pressiveness. They do, of course, affect the succinctri¢le models.

We further introduced a new inductive semantics, RIS, fatigamodels. RIS is
more precise than SIS, making MixTSs and GKMTSs equivalerit wodel-checking.



We also described a symbolic implementation of model-cimeciv.r.t. RIS. The out-
come is an algorithm that combines the efficient symboliodirgy of MixTSs with the
model-checking precision of GKMTSs. The symbolic algarittvas evaluated empiri-
cally. Our experiments suggest that RIS should be a goohatfee to SIS for predicate
abstraction-based model-checkers. We leave furthertigeti®ns along this research
direction to future work.
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