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Abstract. Partial models support abstract model-checking of complex tempo-
ral properties by combining both over- and under-approximating abstractions
into a single model. Over the years, three families of such modeling formalisms
have emerged, represented by Kripke Modal Transition Systems (KMTSs), with
restrictions on necessary and possible behaviors, Mixed Transition Systems
(MixTSs), with relaxation on these restrictions, and Generalized Kripke MTSs
(GKMTSs), with hyper-transitions, respectively. In this paper, we compare the
three families w.r.t. their expressive power (i.e., what can be modeled, what ab-
straction can be captured), and the cost and precision of model-checking. We
show that these families have the same expressive power (but do differ in suc-
cinctness), whereas GKMTSs are more precise (i.e, can establish more prop-
erties) for model-checking than the other two families. However, the use of
GKMTSs in practice has been hampered by the difficulty of encoding them sym-
bolically. We address this problem by developing a new semantics for tempo-
ral logic of partial models that makes the MixTS family as precise for model-
checking as the GKMTS family. The outcome is a symbolic model-checking
algorithm that combines the efficient symbolic encoding of MixTSs with the
model-checking precision of GKMTSs. Our preliminary experiments indicate
that the new algorithm is a good match for predicate-abstraction-based model-
checkers.

1 Introduction
Abstraction is the key to scaling model-checking to industrial-sized problems. Typ-
ically, a large (or infinite) concrete system is approximated by a smaller abstract
system via abstracting the concrete states, analyzing the resulting abstract system,
and lifting the result back to the concrete system. Two common abstraction schemes
are over-approximation– the abstract system containsmore behaviours than the
concrete one and is sound for universal properties (e.g., absence of errors), and
under-approximation– the abstract system containslessbehaviours than the concrete
one and is sound for existential properties (e.g., presenceof errors). Abstractions
that are sound for arbitrary properties such as fullµ-calculusLµ [14], must combine
over- and under-approximation into asingle model [4, 15]. This can be done by
using a model with two types of transitions,mayandmust, representingpossible(or
over-approximating), andnecessary(or under-approximating) behaviours, respectively.
We call such modelspartial. Temporal properties over partial models are interpreted
using the 3-valued semantics: a property can be either true,false, orunknown.

Existing partial modeling formalisms are divided into three separate families. The
first is Kripke Modal Transition Systems(KMTSs) [13] and their equivalent variants,
Modal TSs[15], Partial Kripke Structures(PKSs) [1], and3-valued KSs[2]. KMTSs
require that everymusttransition is also amaytransition. They were introduced as com-
putational models for partial specifications of reactive systems [15] and then adapted



for model-checking [1, 2, 13]. The second isMixed Transition Systems(MixTSs) [4],
and equivalently,Belnap TSs[11]. MixTSs extend KMTSs by allowingmust only
transitions (i.e., transitions that aremustbut notmay). MixTSs were introduced in [4]
as abstract models forLµ, and have been used for predicate abstraction and software
model-checking in [10]. The third isGeneralized KMTSs(GKMTSs) [19], and
equivalently,Abstract TSs[6] andDisjunctive MTSs[16]. GKMTSs extend MixTSs by
allowingmust hyper-transitions, (i.e., transitions into sets of states).

In this paper, we compare the three families w.r.t. their suitability as the “right”
formalism for symbolic model-checking of partial models. Our basis of comparison is
(i) the expressive power of the formalisms (i.e., what can be modeled, what abstraction
can be captured), and(ii) analyzability of the formalisms (i.e., the cost and precision of
model-checking).

Expressive Power. We show that MixTSs, KMTSs and GKMTSs are equally expres-
sive: for any partial modelM expressed in one formalism, there exists a partial model
M ′ in the other s.t.M andM ′ approximate the same set of concrete systems. That
is, neither hyper-transitions nor restrictions onmayandmusttransitions affect expres-
siveness. They do, however, affect the size of the models: GKMTSs and KMTSs can
be converted to semantically equivalent MixTSs of (possibly exponentially) smaller or
equal size. Dams and Namjoshi have shown that all of the abovepartial models are less
expressive than tree automata [5]. We complete the picture by showing the expressive
equivalencebetweenthose formalisms.

Model Checking. We call a semantics of temporal logicinductiveif it is defined induc-
tively on the syntax of the logic. We refer to the typical inductive semantics ofLµ on
partial models asstandardinductive semantics (SIS). This is the semantics most widely
used in practice. A GKMTSG can prove/disprove more properties under SIS than ei-
ther a corresponding MixTSM or KMTSK obtained fromG by semantics-preserving
translations. However, while both MixTSs and KMTSs have been used in practical sym-
bolic model-checkers (e.g., [2, 10, 12]), the direct use of GKMTSs has been hampered
by the difficulty of encoding hyper-transitions into BDDs. To address this problem, we
develop a new semantics, calledreduced(RIS), that is inductive (and tractable) but is
more precise than SIS. We show that GKMTSs and MixTSs are equivalent w.r.t. RIS,
and give an efficient symbolic model-checking procedure forRIS. The outcome is an
algorithm that combines the benefits of the efficient symbolic encoding of MixTSs with
the model-checking precision of GKMTSs.

To show the practicality of the above result, we develop a symbolic model-checking
algorithm w.r.t. to RIS and apply it to MixTS models constructed using predicate ab-
straction. We evaluate our implementation empirically against a SIS-based algorithm.

The rest of the paper is organized as follows. Sec. 2 reviews the necessary back-
ground on partial models and abstraction. In Sec. 3, we provethat KMTSs, MixTSs and
GKMTSs are equally expressive by developing semantics-preserving translations from
GKMTSs to MixTSs, and from MixTSs to KMTSs. In Sec. 4, we introducereduced
inductive semantics (RIS) forLµ. In Sec. 5, we present a symbolic model-checking
algorithm w.r.t. RIS in the context of predicate abstraction. We report on our experi-
ence with this algorithm in Sec. 6. Sec. 7 concludes the paperwith a summary and
comparison with related work.



2 Preliminaries
In this section, we review several modeling formalisms, andtheir use for abstraction.
2.1 Complete and Partial Models
A statespace of apartial transition system is a tuple〈S,�S〉, whereS is a set of states,
and�S is a partial order onS. Intuitively, s1 �S s2 means thats1 is less informative
(more partial) thans2. For brevity of notation, we denote a statespace using the set S.
Def. 1 (Partial TSs) [4, 8, 13, 19] A Generalized Kripke Modal Transition Sys-
tem (GKMTS) is a tupleM = 〈S,Rmay, Rmust〉, whereS is the statespace, and
Rmay ⊆ S×S,Rmust⊆ S×2S are themayandmusttransition relations, respectively.
A Mixed TS (MixTS) is a GKMTS s.t.Rmust ⊆ S × S. A Kripke Modal TS(KMTS) is
a MixTS s.t.Rmust⊆ Rmay. A Boolean TS(BTS) is a KMTS s.t.Rmay = Rmust.

We write s
may
−−→ t for (s, t) ∈ Rmay, s

must
−−→ t, ands

must
−−→ Q for (s, t) ∈ Rmust and

(s,Q) ∈ Rmust, respectively. Intuitively,mayandmusttransitions represent possible and
necessary behaviours, respectively. For example, a BTS iscomplete(i.e., not partial)
since everymaybehaviour is also amustbehaviour.

LetAP be a set of atomic propositions,Lit(AP ) be a set of literals ofAP , andS
be a statespace. Astate labelingis a functionL : S → 2Lit(AP ) that assigns to each
states a set of literals that are true ins. For a propositionp, if p ∈ L(s), we say thatp
is true ins; if ¬p ∈ L(s) — p is false ins; otherwise, the value ofp is unknown. We
require that a state labeling islocally consistent, i.e., at most one ofp and¬p belongs
toL(s); andmonotonew.r.t.�S , i.e.,s1 �S s2 ⇒ L(s1) ⊆ L(s2). A pair 〈M,L〉 of a
TSM and a labelingL is called amodel.

The modalµ-calculus [14] (Lµ) is defined as the set of all formulas satisfying the
following grammar:ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | ♦ϕ | µZ · ϕ(Z), wherep is an atomic
proposition, andZ a fixpoint variable. Furthermore,Z in µZ · ϕ(Z) must occur under
the scope of an even number of negations. Additional operations are defined as abbre-
viations:ϕ ∨ ψ , ¬(¬ϕ ∧ ¬ψ), �ϕ , ¬♦¬ϕ, νZ · ϕ(Z) , ¬µZ · ¬ϕ(¬Z). Let
M = 〈M,L〉 be a model, whereM = 〈S,Rmay, Rmust〉, andϕ be anLµ formula. An
interpretation(or semantics) of ϕ overM, denoted‖ϕ‖M, is given by a pair〈U,O〉,
whereU,O ⊆ S. Intuitively, U is the set of states that satisfyϕ, andO is the set of
states that do not refuteϕ. Thus,ϕ is true inU , false inS \ O and unknown inO \ U .
We callU andO theunder-and theover-approximationof ϕ, respectively.

A semantics ofLµ is calledinductiveif it is inductive on the syntax of the logic.
We refer to the commonly used inductive semantics asstandard(SIS). We need the
following notation. Lete = 〈U,O〉. We write U(e) and O(e) to denoteU andO,
respectively; we use operators∼ and⊓ defined as follows:∼〈U,O〉 , 〈O,U〉, and
〈U1, O1〉 ⊓ 〈U2, O2〉 , 〈U1 ∩ U2, O1 ∩O2〉.
Def. 2 (SIS) [4,8,11,13,19]. LetM = 〈M,LM 〉 be a model,M = 〈S,Rmay, Rmust〉,
Var a set of fixpoint variables, andσ : Var → 2S×2S . Thestandard inductive semantics
(SIS)ofϕ ∈ Lµ is:

||p||Mc,σ , 〈{s | p ∈ LM (s)}, {s | ¬p /∈ LM (s)}〉

||¬ϕ||Mc,σ , ∼||ϕ||Mc,σ ||ϕ ∧ ψ||Mc,σ , ||ϕ||Mc,σ ⊓ ||ψ||Mc,σ ||Z||Mc,σ , σ(Z)

||♦ϕ||Mc,σ , 〈preU(U(||ϕ||Mc,σ)), preO(O(||ϕ||Mc,σ))〉

||µZ · ϕ||Mc,σ , 〈lfp⊆
(

λQ · U(||ϕ||Mc,σ[Z 7→Q])
)

, lfp⊆
(

λQ · O(||ϕ||Mc,σ[Z 7→Q])
)

〉

whereZ ∈ Var, lfp is the least fixpoint, and thepre-imageoperatorspreU andpreO



are defined as follows:

preU(Q) ,

{

{s | ∃t ∈ Q · s
must
−−→ t} if M is a MixTS

{s | ∃U ⊆ Q · s
must
−−→ U} if M is a GKMTS

preO(Q) , {s | ∃t ∈ Q · s
may
−−→ t}

2.2 Partial Models and Abstraction

Abstract Statespace. A concretestatespaceC is a set of states s.t. for anyc ∈ C and
state labelingL, p ∈ L(c) ⇔ ¬p /∈ L(c). An abstractstatespace approximatingC is a
set of statesS together with asoundnessrelationρ : C×S, where(c, s) ∈ ρmeans that
s ρ-approximatesc. ρ induces aconcretizationfunctionγ(s) , {c | (c, s) ∈ ρ}, and an
approximationordering�a⊆ S × S defined ass �a t ⇔ γ(s) ⊇ γ(t). That is,γ(s)
is the set of all concrete states approximated bys, ands �a t if s is less precise(more
approximate) thant. For a setQ ⊆ S, we defineγ(Q) , ∪s∈Qγ(s). Following [3], we
require that�a be a partial order (i.e., the order�S), and thatS satisfy “the existence of
a best approximation”:∀c ∈ C · ∃s ∈ S · (ρ(c, s)∧∀s′ ∈ S · ρ(c, s′) ⇒ γ(s′) ⊇ γ(s)).
We use anabstractionfunctionα : C → S to map each concrete element to its best
approximation. The image ofα is denoted byα[S] , {α(c) | c ∈ C}.

Predicate Abstraction. Let n be a natural number, andP = {p1, . . . , pn} be a set of
quantifier-free first-order boolean predicates. Amonomialis a conjunction of literals
of P ; a mintermis a monomial in which each variablepi appears exactly once (either
positively or negatively). We write Mon(P ) and MT(P ) for the set of all monomials and
minterms ofP , respectively. The set Mon(P ) is the domain of predicate abstraction.
The soundness relationρP is defined s.t.(c, s) ∈ ρP iff c |= s, i.e., c satisfies all
predicates ins; the abstractionαP (c) , (

∧

c|=pi
pi) ∧ (

∧

c 6|=pi
¬pi); αP [Mon(P )] =

MT(P ); and the approximation ordering is reverse implication,s �a t iff s⇐ t.

Simulation. An approximation relation is extended from a statespace totransition sys-
tems using the concept ofmixed simulation.
Def. 3 (Mixed Simulation) [4] Let M1 = 〈S1, R

may
1 , Rmust

1 〉 and M2 =
〈S2, R

may
2 , Rmust

2 〉 be two MixTSs.H ⊆ S1 × S2 is a mixed simulationbe-
tweenM1 and M2 if for any (s1, s2) ∈ H, the following two conditions hold:

∀t1 ∈ S1 · s1
may
−−→ t1 ⇒ ∃t2 ∈ S2 · s2

may
−−→ t2 ∧ (t1, t2) ∈ H

∀t2 ∈ S2 · s2
must
−−→ t2 ⇒ ∃t1 ∈ S1 · s1

must
−−→ t1 ∧ (t1, t2) ∈ H

In this case, we sayM2 H-simulatesM1, writtenM2 �H M1.
Intuitively,M2 simulatesM1 wheneverM2 is less precise about its behaviour thanM1.
This definition generalizes to GKMTSs (c.f., [19]).

Let C andS be a concrete and abstract statespaces, respectively, andρ ⊆ C × S
be the soundness relation. A partial TSM overS approximatesa BTSB overC (or,
equivalentlyB refinesM ) iff M ρ-simulatesB, M �ρ B. Let LM andLB be state-
labellings forS andC, respectively.LM approximatesLB , denotedLM �ρ LB , iff
ρ(c, s) ⇒ LM (s) ⊆ LB(c). A partial modelM = 〈M,LM 〉 approximatesa concrete
modelB = 〈B,LB〉 (or, equivalently,B refinesM) iff M �ρ B, andLM �ρ LB .
Thm. 1 [4] Let B = 〈B,LB〉 be a concrete model that refines a partial model
M = 〈M,LM 〉, andϕ ∈ Lµ. Then,γ(U(‖ϕ‖Mc )) ⊆ U(‖ϕ‖Bc ), and O(‖ϕ‖Bc ) ⊆
γ(O(‖ϕ‖Mc )).



That is, ifϕ is true (false) at a statea of M, then it is true (false) at all statesγ(a) of B.
Let C[M] be the set of all concrete refinements ofM. Intuitively, C[M] is the

semantic meaning ofM. An interpretation ofLµ based on the semantic meaning of
a partial model was introduced in [1] asthorough semantics. It is defined as follows:
‖ϕ‖Mt = 〈U,O〉 iff a ∈ U ⇔ ∀B ∈ C[M] · γ(a) ⊆ U(‖ϕ‖Bc ), anda 6∈ O ⇔ ∀B ∈
C[M] · γ(a) ⊆ U(‖¬ϕ‖Bc ).

To compare different interpretations ofLµ, we introduce two ordering relations on
2S × 2S . Let e1 = 〈U1, O1〉 ande2 = 〈U2, O2〉. We say thate1 is less informativethan
e2, written e1 �i e2 iff U1 ⊆ U2 andO2 ⊆ O1. We say thate1 is semantically less
precisethane2, writtene1 �a e2, iff γ(U1) ⊆ γ(U2) andγ(O1) ⊆ γ(O2).

3 Expressiveness
We show that GKMTSs, MixTSs, and KMTSs are expressively equivalent. Two partial
TSsM andM ′ are semantically equivalent, M ≡a M ′, iff they have the same set
of concrete refinements. Two modeling formalisms areexpressively equivalentiff for
every TSM from one formalism, there exists a TSM ′ from the other, s.t.M ≡a M

′.
The equivalence of the three formalisms is proved by definingsemantics-preserving
translations from GKMTSs to MixTSs, and from MixTSs to KMTSs. Since GKMTSs
syntactically subsume KMTSs, the translation from KMTSs toGKMTSs is basically
an identity map.

3.1 GTOM: Translation from GKMTSs to MixTSs

We present the translation GTOM that converts a GKMTS into a semantically equiv-
alent MixTS. First, we illustrate the translation on a GKMTSG1 in Fig. 1. G1 is
not a MixTS because ofmusthyper-transitiona1

must
−−→ {a2, a3}. This transition en-

sures that in every concrete BTS refiningG1, all states inγ(a1), i.e., those satisfying
(x ≤ 0∧ even(x)), must have a transition to a state inγ({a2, a3}), i.e., satisfying
(x > 0). No single state ofG1 represents(x > 0). Thus, this requirement can only be
captured either by a hyper transition (as done inG1), or by extendingG1 with a new
state, saya5, such thatγ(a5) = (x > 0). In the latter case, themusthyper-transition

a1
must
−−→ {a2, a3} can be replaced by (regular)musttransitiona1

must
−−→ a5. The result is

a MixTSM1 in Fig. 1. Sincea5 replaces a “hyper-state”{a2, a3}, a5 needs to preserve

its maybehaviours. This is done by addinga5
may
−−→ a4 anda5

may
−−→ a2 corresponding

to a2
may
−−→ a4 anda3

may
−−→ a2, respectively. There are no outgoingmust transitions

from a5 since the existingmusttransitions froma2 anda3 are sufficient.G1 andM1

are semantically equivalent: any BTS that refinesG1 also refinesM1, and vice versa.
In our example, a new state was added to encode a hyper-transition by a regular one.

This isn’t always necessary. For example, TSsG2 andM2 in Fig. 1 are semantically
equivalent. The hyper-transitiona1

must
−−→ {a2, a3} is encoded bya1

must
−−→ a3 in M2

since the hyper-state{a2, a3} is equivalent to an existing statea3, i.e.,γ({a2, a3}) =
γ(a3) = (x > 0).

In summary, a GKMTSG is translated to a MixTSM in two steps: (i) everymust

hyper-transitiona
must
−−→ U ofG is replaced by a regularmusttransitiona

must
−−→ b, where

b is a (possibly new) state s.t.γ(b) = γ(U); (ii) may transitions are added for every
state introduced in the first step, if any. We formalize this below.
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Fig. 1. Two GKMTSs:G1, G2; three MixTSs:M1, M2, M3; two KMTSs:K3, K4. Solid and
dashed lines represent must and may transitions, respectively.

Def. 4 (GTOM) LetG = 〈SG, R
may
G , Rmust

G 〉 be a GKMTS. The translationGTOM(G)
is a MixTSM = 〈SM , Rmust

M , Rmay
M 〉, such that

SM , SG ∪ S+ S+ , {a | ∃(s, U) ∈ Rmust
G · γ(a) = γ(U) ∧ (∀t ∈ SG · γ(t) 6= γ(U))}

Rmay
M , Rmay

G ∪ {(a, b) | a ∈ S+ ∧ b ∈ SG ∧ ∃s ∈ SG · (s, b) ∈ Rmay
G ∧ γ(s) ⊆ γ(a)}

Rmust
M , {(a, b) | a ∈ SG ∧ b ∈ SM ∧ ∃U ⊆ SG · (a, U) ∈ Rmust

G ∧ γ(b) = γ(U)}

The translation GTOM is semantics-preserving.
Thm. 2 LetG be a GKMTS, andM = GTOM(G). Then,M is a MixTS, andG and
M are semantically equivalent.

A corollary of Thm. 2 is that GKMTSs and MixTSs are equivalentw.r.t. thor-
ough semantics. LetLG be a labeling function forG. We extend the translation
GTOM to a GKMTS model〈G,LG〉 such that GTOM(〈G,LG〉) , 〈M,LM 〉, where
M = GTOM(G), andLM is a labeling function forSM defined as follows:

LM (a) ,

{

LG(a) if a ∈ SG
⋂

{s∈SG|γ(s)⊆γ(a)} LG(s) if a ∈ S+

Then,LM is well-defined and approximates the same labellings asLG. This ensures
that〈G,LG〉 and〈M,LM 〉 satisfy the same properties under thorough semantics.
Cor. 1 Let 〈G,LG〉 be a GKMTS model and〈M,LM 〉 = GTOM(〈G,LG〉). Then,
〈G,LG〉 and〈M,LM 〉 are equivalent w.r.t. thorough semantics.

Complexity. We show that the translation GTOM does not increase the size of the model.
LetG be a GKMTS with the statespaceSG, andM = GTOM(G). The size ofG is at
most|SG × 2SG |. Each new state added by GTOM corresponds to a subset ofSG, i.e.,
|S+| ≤ |2SG |. Furthermore, no transitions between the states inS+ are added. Thus,
the size ofM is also at most|SG × 2SG |.

Sometimes GTOM can reduce a GKMTS exponentially. For example, assume that
SG is a disjunctive completion [3], i.e., for every subsetU of SG there exists an equiva-
lent elements in SG such thatγ(U) = γ(s). In this case, GTOM does not add any new
states, i.e.,S+ = ∅. This makes the size of the output MixTSs be|SG × SG|, which is
exponentially smaller than that of the input GKMTS.

3.2 MTOK: Translation from MixTSs to KMTSs

We present the translation MTOK that converts a MixTS into a semantically equivalent
KMTS. First, we illustrate the translation using a MixTSM3 in Fig. 1.M3 is not a



KMTS because of the twomust onlytransitionsa1
must
−−→ a2 anda2

must
−−→ a4. One way

to turnM3 into a KMTS is to addmaytransitionsa1
may
−−→ a2 anda2

may
−−→ a4, resulting

inK3 in Fig. 1. This naive transformation is not semantics-preserving, i.e.,K3 6≡a M3.
For example, the concrete system1

((y > 0) ∧ (x > 0) ∧ odd(x) ∧ x′ = x+ 1 ∧ y′ = y) ∨

((x > 0) ∧ odd(x) ∧ x′ = x ∧ y′ = −1 × x) ∨

((x > 0) ∧ ¬odd(x) ∧ x′ = x+ 1 ∧ y′ = −1 × x)

refinesK3, but notM3: the transition〈x = 1, y = 1〉 → 〈x = 2, y = 1〉 cannot be
simulated by anymaytransition ofM3.

Themust onlytransitiona1
must
−−→ a2 ofM3 ensures that in any concrete BTS refining

M3, all states inγ(a1), i.e., those satisfying(x > 0∧ odd(x)∧ y > 0), must have a
transition to a state inγ(a2), i.e., satisfying(x > 0). This is further restricted by the
maytransitions froma1 that ensure that states inγ(a1) have transitions only to states in
γ({a1, a3}). Hence, in any BTS refiningM3, every state inγ(a1) must (and may) have a
transition to a state inγ(a2)∩γ({a1, a3}). That is, the restrictions posed by amust only
transition froma1 are further restricted by the set of all of themaytransitions froma1.
In general, for abstract statesb0, . . . , bk, a must onlytransitionb0

must
−−→ b1, and a set

of may transitionsb0
may
−−→ b2, . . . , b0

may
−−→ bk ensure that every state inγ(b0) has a

transition to a state inγ(b1) ∩ γ({b2, . . . , bk}).

The must onlytransitiona2
must
−−→ a4 in M3 is equivalent to a pair ofmay and

musttransitions froma2 to a4, sinceγ(a4) ∩ γ({a1, a2, a3}) = γ(a4). Themust only

transitiona1
must
−−→ a2 can be equivalently represented by (a) adding a new statea5 such

thatγ(a5) = γ(a2) ∩ γ({a1, a3}) = (x > 0∧ odd(x)), and (b) adding amustand a
maytransition froma1 to a5. Moreover, sincea5 approximates some of the same states
asa2, i.e.,γ(a5) ⊆ γ(a2), a5 inherits the transitions froma2: a5

may
−−→ a1, a5

may
−−→ a2,

a5
may
−−→ a3, a5

must
−−→ a4, a5

may
−−→ a4. The final result is the KMTSK4 in Fig. 1, which

is semantically equivalent toM3.
In summary, a MixTSM is translated to a KMTSK in two steps. First, every

must onlytransitiona
must
−−→ b of M is replaced by a pair ofmustandmay transitions

a
must
−−→ â→ b anda

may
−−→ â→ b, whereâ→ b is a (possibly new) abstract state such

thatγ(â→ b) = γ(b) ∩ γ(Rmay
M (a)). Second,mayandmusttransitions are added for

all states introduced in the first step. We formalize this below.
Def. 5 (MTOK) LetM = 〈SM , Rmay

M , Rmust
M 〉 be a MixTS. The translationMTOK(M)

is a KMTSK = 〈SK , R
may
K , Rmust

K 〉, s.t.

SK , SM ∪ S+ S+ , {â→ b | ∃(a, b) ∈ (Rmust
M \Rmay

M ) · ∀s ∈ SM · γ(s) 6= γ(â→ b)}

Rmay
K , Rmay

M ∪ REPL∪ IM AY ∪ IMO

Rmust
K , (Rmust

M ∩Rmay
M ) ∪ REPL∪ IM UST∪ IMO,

where

1 Unprimed and primed variables represent current- and next-state valuations, respectively.



REPL , {(a, â→ b) | ∃(a, b) ∈ (Rmust
M \Rmay

M )}

IM AY , {(â→ b, b′) | ∃a, b, b′ ∈ SM ·

(a, b) ∈ (Rmust
M \Rmay

M ) ∧ (b, b′) ∈ Rmay
M ∧ â→ b ∈ S+}

IM UST , {(â→ b, b′) | ∃a, b, b′ ∈ SM ·

(a, b) ∈ (Rmust
M \Rmay

M ) ∧ (b, b′) ∈ (Rmust
M ∩Rmay

M ) ∧ â→ b ∈ S+}

IMO , {(â→ b, b̂→ b′ | ∃a, b, b′ ∈ SM · (a, b), (b, b′) ∈ (Rmust
M \Rmay

M ) ∧ â→ b ∈ S+}

In Def. 5, REPL denotes transitions that replacemust onlytransitions, and IMAY ,
IM UST and IMO denote transitions from newly added states inS+ that correspond
to may, must, andmust onlytransitions of the original system, respectively. In our ex-
ample of MTOK(M3), we haveS+ = {a5},REPL = {(a1, a5), (a2, a4)}, IM UST =
∅, IMO = {(a5, a4)}, and IMAY = {(a5, a1), (a5, a2), (a5, a3)}. The result of the
translation MTOK is a KMTS: everymusttransition is matched by amaytransition.
Thm. 3 LetM be a MixTS, andK = MTOK(M). ThenK is a KMTS, andM andK
are semantically equivalent.

A corollary of Thm. 3 is that MixTSs and KMTSs are equivalent w.r.t. thorough
semantics. LetLM be a labeling function forM . We extend MTOK to 〈M,LM 〉 such
that MTOK(〈M,LM 〉) , 〈K,LK〉, whereK = MTOK(M), andLK is a labeling
function forSK defined as follows:

LK(a) ,

{

LM (a) if a ∈ SM
⋃

{s∈SM |γ(a)⊆γ(s)} LM (s) if a ∈ S+

Then,LK is well-defined and approximates the same labellings asLM . This is suffi-
cient to ensure that〈M,LM 〉 and〈K,LK〉 satisfy the same properties under thorough
semantics.
Cor. 2 Let 〈M,LM 〉 be a MixTS model and〈K,LK〉 = MTOK(〈M,LM 〉). Then,
〈M,LM 〉 and〈K,LK〉 are equivalent w.r.t. thorough semantics.
Complexity.Let M = 〈SM , Rmay

M , Rmust
M 〉 be a MixTS, andK be a KMTS such that

K = MTOK(M). The size ofM is bounded byO(|SM × SM |). In the worst case, the
translation adds a new state for eachmust onlytransition inRmust

M \ Rmay
M . Therefore,

the number of new states|S+| is bounded by|SM × SM |, and |K| is bounded by
O(|SM × SM |2).

MixTSs are more succinct than KMTSs: for a fixed statespaceS, the set of MixTSs
overS is strictly more expressive than the set of KMTSs overS. This holds because
for every statet added by MTOK, there exists a subsetU ⊆ S s.t.γ(t) = γ(U).

4 Reduced Inductive Semantics
GKMTSs and MixTSs are equally expressive: a GKMTS model and its equivalent
MixTS model satisfy the same properties under thorough semantics. However, thor-
ough model-checking is expensive. In practice, model-checking of partial models is
done w.r.t. a more tractable inductive semantics SIS. GKMTSs are more precise than
MixTSs w.r.t. SIS: for anyϕ ∈ Lµ, model-checkingϕ in a GKMTS modelG w.r.t.
SIS is more precise than model-checking it in the MixTS modelM = GTOM(G).
However, the direct use of GKMTSs in symbolic model checkershas been hampered
by the difficulty of encoding hyper-transitions into BDDs. In this section, we propose a
new semantics, calledreduced inductive semantics(RIS), that is inductive while being



strictly more precise than SIS. We show that GKMTSs and MixTSs are equivalent w.r.t.
RIS. In the next section, we provide an efficient symbolic model checking procedure
for computing RIS over MixTSs. The outcome is an algorithm that combines the bene-
fits of the efficient symbolic encoding of MixTSs with the model-checking precision of
GKMTSs.

In Sec. 4.1, we illustrate the differences between GKMTSs and MixTSs w.r.t. SIS;
define RIS in Sec. 4.2; and show how to effectively model-check w.r.t. RIS in Sec. 4.3.

4.1 Example

Let p and q denote predicates(x > 0) and odd(x), respectively. Consider the
model G1 = 〈G1, LG1

〉, whereG1 is shown in Fig. 1, andLG1
is a labeling

function that labels each abstract state as shown in Fig. 1. Let M1 = 〈M1, LM1
〉

be the model obtained fromG1 by GTOM, where M1 is shown in Fig. 1 and
LM1

(s) , if s = a5 then {p} else LG1
(s).

Compare the value ofϕ , ♦(q ∨ ¬q) under SIS onG1 andM1:

‖ϕ‖G1

c = 〈{a1, a2, a3}, {a1, a2, a3, a4}〉 ‖ϕ‖M1

c = 〈{a2, a3}, {a1, a2, a3, a4, a5}〉

According toG1, in all states corresponding toa1, ϕ is true . According toM1, the
value ofϕ is unknown in exactly the same states. SinceM1 = GTOM(G1),G1 ≡a M1.
Thus, althoughM1 andG1 are semantically equivalent,M1 is less precise thanG1 for
model-checking w.r.t. SIS.

Let us reexamine the above example. First, there is no precision loss during the
evaluation ofq ∨ ¬q:

e1 = ‖q ∨ ¬q‖G1

c =〈{a1, a2, a3, a4}, {a1, a2, a3, a4}〉 (⋆)

e2 = ‖q ∨ ¬q‖M1

c =〈{a1, a2, a3, a4}, {a1, a2, a3, a4, a5}〉

Sinceγ(U(e1)) = γ(U(e2)) andγ(O(e1)) = γ(O(e2)) = γ(∅), e1 ≡a e2. However,
there is a subtle difference betweene1 ande2. In statea5 ofM1, q∨¬q is unknown even
though it is true in botha2 anda3, andγ(a5) = γ(a2)∪ γ(a3). This minor imprecision
is then magnified by the♦ operator.

This loss of precision is not limited to tautologies. For example,µZ ·(¬p∧q)∨♦Z,
i.e,EF (¬p ∧ q) in CTL, is true in statea1 of G1, but is unknown ina1 of M1.

4.2 Reduced Inductive Semantics for Partial Models

In this section, we define the reduced inductive semantics (RIS). The new semantics is
inductive and isstrictly more precisethan SIS. The key idea is to eliminate any local
imprecision by using a specialreductionoperator

Let S be an abstract statespace, ande, e′ ∈ 2S × 2S be two abstract elements.
Recall that in the information ordere is less thane′, i.e., e �i e′, if U(e) is con-
tained inU(e′), and O(e) containsO(e′). We define thereductionoperator as fol-
lows: RED(e) , 〈REDU(U), REDO(O)〉, whereREDU(U) , {s | γ(s) ⊆ γ(U)}, and
REDO(O) , {s | γ(s) * γ(O)}. Intuitively, RED(e) increasesU(e) and decreasesO(e)
as much as possible without affecting the semantic meaning of e. That is,RED(e) is
the largest element w.r.t. information ordering that is semantically equivalent toe. For
example, considerRED(e2), wheree2 is as defined by (⋆) above. Then,

e3 = RED(e2) = 〈{a1, a2, a3, a4, a5}, {a1, a2, a3, a4, a5}〉 (⋆⋆)



e3 differs frome2 only in the addition ofa5 to U(e3). Sinceγ(U(e2)) = γ(U(e3)) and
γ(O(e2)) = γ(O(e3)) e2 ≡a e3; bute3 is more informative sinceU(e2) ⊂ U(e3).

An elemente = 〈U,O〉 ∈ 2S × 2S is monotoneiff

s1 �S s2 ⇒ (s1 ∈ U ⇒ s2 ∈ U ∧ s1 /∈ O ⇒ s2 /∈ O)

RED(e) is monotone for anye, and commutes with propositional operations on mono-
tone elements. That is, lete ande′ be monotone elements of2S × 2S . Then,∼e ≡a

∼RED(e), ande ⊓ e′ ≡a RED(e) ⊓ RED(e′).
RIS is defined by applying theRED operator before and after♦ to prevent it from

propagating imprecision.
Def. 6 (RIS) Let M = 〈M,LM 〉 be a model, s.t.M = 〈S,Rmay, Rmust〉 and σ :
V ar → 2S × 2S . Thereduced inductive semanticsofϕ ∈ Lµ is defined as follows:

||p||Mr,σ , 〈{s | p ∈ LM (s)}, {s | ¬p /∈ LM (s)}〉

||¬ϕ||Mr,σ , ∼||ϕ||Mr,σ ||ϕ ∧ ψ||Mr,σ , ||ϕ||Mr,σ ⊓ ||ψ||Mr,σ ||Z||Mr,σ , σ(Z)

||♦ϕ||Mr,σ , RED(〈preU(REDU(U(||ϕ||Mr,σ))), preO(REDO(O(||ϕ||Mr,σ)))〉)

||µZ · ϕ||Mr,σ , 〈lfp⊑
(

λQ · U(||ϕ||Mr,σ[Z 7→Q])
)

, lfp⊑
(

λQ · O(||ϕ||Mr,σ[Z 7→Q])
)

〉

The only difference between RIS (Def. 6) and SIS (Def. 2) is the semantics of♦.
Since we assume that state-labellings are monotone, applyingRED to other operators as
well does not improve precision.

Returning to our running example, RIS ofϕ onM1 is computed as follows: RIS of
q, ¬q, andq ∨ ¬q is the same as SIS. Thus,‖q ∨ ¬q‖M1

r = e2. To compute♦, recall
from (⋆⋆) thatRED(e2) = e3; thus,‖ϕ‖M1

r = 〈{a1, a2, a3, a5}, {a1, a2, a3, a4, a5}〉.
Hence,‖ϕ‖M1

r is more precise than‖ϕ‖M1

c .
Thm. 4 RIS is more precise than SIS:‖ϕ‖c �a ‖ϕ‖r.

The previous example illustrates another important point:GKMTSs and MixTSs
are equivalent w.r.t. RIS. For example,‖ϕ‖M1

r is equivalent to‖ϕ‖G1

r . The following
theorem formalizes this.
Thm. 5 Let G be a GKMTS, andM = GTOM(G). Then,G andM are equivalent
w.r.t. RIS:∀ϕ ∈ Lµ · ‖ϕ‖Gr ≡a ‖ϕ‖Mr.

Our new semantics RIS is both inductive and precise enough tomake GKMTSs and
MixTSs equivalent. However, the definition ofRED operator is based on concretization,
γ, of abstract elements. In practice, reasoning directly about concrete elements may be
undecidable or inefficient. We address this limitation next.
4.3 Reduced Inductive Semantics for Monotone Models

We study the reduction operatorRED of RIS in the context of monotone models.Mono-
tone models, formally defined below, are as expressive as their regular counterparts [11]:
for any model there exists an equivalent monotone one. The monotonicity condition
simply ensures that all information that can be derived fromexisting may and must
transitions is made explicit in the model. Furthermore, models built by automated pred-
icate abstraction [10] are monotone by construction. Thus,restrictingRED to monotone
models is neither a theoretical nor a practical restriction.
Def. 7 A MixTSM = 〈S,Rmay, Rmust〉 is monotoneiff for anys1 �S s2, t2 �S t1,

((s2, t2) ∈ Rmay ⇒ (s1, t1) ∈ Rmay) ∧
(

(s1, t1) ∈ Rmust ⇒ (s2, t2) ∈ Rmust)

A modelM = 〈M,LM 〉 is monotoneiff the MixTSM is monotone.



1: global var Rmay, Rmust : BDD

2: func RIS(Exprϕ) : BDD

3: match ϕ with
4: ATOMIC(p) : return ABSV(BDDVAR(“p” ),

BDDVAR(“p” ))
5: ¬ψ : return ABSNOT(RIS(ψ))
6: ψ1 ∧ ψ2 : return ABSAND(RIS(ψ1),RIS(ψ2))
7: ψ1 ∨ ψ2 : return ABSOR(RIS(ψ1),RIS(ψ2))
8: ♦ψ : return ABSPRE(Rmay, Rmust,RIS(ψ))
9: µψ : return RISlfp(ψ)

10: νψ : return RISgfp(ψ)
11:
12: func ABSV(BDD u, BDD o) : BDD

13: sel := BDDVAR(“sel”)
14: return BDDITE(sel, u, o)
15:
16: func ABSO(BDD v) = v[0/sel]
17: func ABSU(BDD v) = v[1/sel]

18: func ABSAND(BDD v1, BDD v2) = BDDAND(v1, v2)
19: func ABSOR(BDD v1, BDD v2) = BDDOR(v1, v2)
20: func ABSEQ(BDD v1, BDD v2) = BDDEQ(v1, v2)
21:
22: func ABSNOT(BDD v) : BDD

23: o := ABSO(v), u := ABSU(v)
24: return ABSV(BDDNOT(o), BDDNOT(u))
25:
26: func ABSREDU(BDD v) : BDD

27: if (BDDISCONST(v)) return v

28: b := BDDROOTVAR(v), h := UVAR(b)
29: T := ABSREDU(v[1/b]), F := ABSREDU(v[0/b])
30: tmp := BDDITE(b, T, F )
31: return BDDITE(h, BDDAND(T, F ), tmp)
32:
33: func ABSPRE(BDD Rmay, BDD Rmust, BDD v) : BDD

34: o := ABSO(V), u := ABSREDU(ABSU(V))
35: return ABSV(BDDPRE(Rmust, u), BDDPRE(Rmay, o))

Fig. 2. The RIS algorithm and its supporting functions.

For monotone models,RED can be computed effectively, as we show below.
For a states ∈ S, theupsetof s is defined as↑s , {t ∈ α[S] | s �a t}. Thus,

↑s is the set of all those states inα[S] that are more precise thans. For example, letS1

be the statespace ofM1 in Fig. 1. Then,α[S1] = {a1, a2, a3, a4}, and↑a5 = {a2, a3}.
Note that the states and the set↑s approximate the same set of concrete states, i.e.,
γ(s) = γ(↑s). For example,γ(↑a5) = γ(a5) = (x > 0).

Let e = 〈U,O〉 be a monotone element of2S × 2S , ands ∈ S. By monotonicity,
γ(s) ⊆ γ(U) iff ↑s ⊆ U . Dually, γ(s) 6⊆ γ(O) iff ↑s 6⊆ O. We define a new operator
red as follows:red(e) , 〈redU(U), redO(O)〉, whereredU(U) , {s | ↑s ⊆ U}, and
redO(O) , {s | ↑s * O)}.
Thm. 6 Let S be an abstract statespace, ande be a monotone element in2S × 2S .
Then,red(e) = RED(e).

red can be computed effectively since it does not reason about concrete elements di-
rectly.

In this section, we have introduced a new inductive semantics RIS, shown that it is
more precise than SIS, and that GKMTSs and MixTSs are equivalent w.r.t. RIS. RIS can
be computed effectively on monotone models, which is not a limitation since monotone
models are as expressive as their non-monotone counterparts.

5 Symbolic Model-Checking of RIS using BDDs
In this section, we describe a symbolic algorithm RIS that implements the RIS seman-
tics for monotone models constructed using predicate abstraction. These are the models
used by existing software model-checkers [12].

Our implementation is based on the following observation. Let S be an abstract
statespace. Then, for any monotone element of2S × 2S there exists a semantically
equivalent element in2α[S] × 2α[S].
Thm. 7 Let e1 = 〈U1, O1〉 be a monotone element of2S × 2S , ande2 = 〈U2, O2〉 be
in 2α[S] × 2α[S]. If U1 ∩ α[S] = U2 andO1 ∩ α[S] = O2, thene1 ≡a e2.
This theorem allows us to restrict the algorithm to sets overα[S] instead of sets over
S. Another consequence of Thm. 7 is that the transition relations can be simplified as
well, since we only need the result of the pre-image in the states ofα[S].



Thm. 8 Let Rmay ⊆ S × S and Rmust ⊆ S × S be themay and must transition
relations of a monotone MixTS, respectively, ande = 〈U,O〉 be a monotone element
of 2S × 2S . DefineÛ , U ∩ α[S], Ô , O ∩ α[S], R̂must , Rmust∩ (α[S] × S), and
R̂may , Rmay∩ (α[S] × α[S]). Then,

〈pre[Rmust](REDU(U)), pre[Rmay](REDO(O))〉 ≡a 〈pre[R̂must](REDU(Û)), pre[R̂may](Ô)〉

The algorithm RIS is shown in Fig. 2. It uses BDDs to symbolically represent and
manipulate sets of states and transition relations. Functions that are prefixed with “BDD”
are the standard BDD operations. The algorithm works recursively on the structure of
the input formulaϕ. The fixpoints are computed in the usual way, by iterating until
convergence. We describe the details of the implementationbelow.

Let P = {p1, . . . , pn} be a set ofn predicates. Recall that Mon(P ) denotes the
set of monomials overP , and MT(P ) — the set of minterms overP . Furthermore,
α[Mon(P )] = MT(P ). The input to the algorithm is a MixTS model〈M,LM 〉, s.t.
M = (S,Rmay, Rmust), S = Mon(P ), andLM (s) = Lit(s), and anLµ property
ϕ. Without loss of generality, by Thm. 8, we assume that the transition relations are
restricted s.t.Rmay ⊆ MT(P ) × MT(P ), andRmust⊆ MT(P ) × Mon(P ).

The algorithm uses the following sets of BDD variables:B = {bi | pi ∈ P} – the
current state Boolean variables,B′ = {b′i | bi ∈ B} – the next state Boolean variables,
H = {hi | pi ∈ P} – the current state unknown variables, andH ′ = {h′i | hi ∈ H}
– the next state unknown variables. In what follows, we do notdistinguish between the
BDDs and the corresponding propositional formulas.

A set of mintermsX ⊆ MT(P ) is encoded by a propositional formula overB, as
usual. For example, letP = {p1, p2, p3}. Thenb1 ∧ ¬b2 encodes the set{p1 ∧ ¬p2 ∧
p3, p1 ∧ ¬p2 ∧ ¬p3}. A set of monomialsX ⊆ Mon(P ) is encoded by a formula over
B ∪H. Intuitively, for a monomialm, a variablehi indicates whetherpi is present in
m, and a variablebi specifies the polarity of the occurrence. Formally, the encoding is

∨

m∈X

(

(
∧

pi∈Lit(m)

¬hi ∧ bi) ∧ (
∧

¬pi∈Lit(m)

¬hi ∧ ¬bi) ∧ (
∧

pi∈P\Term(m)

hi)

)

For example,(¬h1 ∧ b1) ∧ (¬h2 ∧ ¬b2) ∧ h3 represents a singleton set{p1 ∧ ¬p2}.
An abstract valuee = 〈U,O〉 is encoded in a single BDD by a formula(sel∧U)∨

(¬sel∧O), wheresel is a designated BDD variable. This encoding is implemented by
functionABSV. TheU andO elements of valuee are extracted usingABSU andABSO,
respectively. Abstract intersection (ABSAND), union (ABSOR), and equality (ABSEQ)
are done using the corresponding BDD operations. Abstract negation (ABSNOT) is im-
plemented following its definition in Sec. 2.

The may transition relationRmay ⊆ MT(P )×MT(P ) is encoded by a formula over
B ∪ B′ as usual. Similarly, the must relationRmust ⊆ MT(P ) × Mon(P ) is encoded
by a formula overB ∪ B′ ∪ H ′, where the primed variables are used to encode the
destination state. For example, amusttransition from a state(p1 ∧ p2 ∧ p3) to a state
(p1 ∧ ¬p2) is represented by(b1 ∧ b2 ∧ b3) ∧ ((¬h′1 ∧ b

′
1) ∧ (¬h′2 ∧ ¬b′2) ∧ h

′
3).

FunctionABSREDU implements theredU reduction operator of Sec. 4.3 using the
following observation: letQ ⊆ Mon(P ) be a monotone subset, anda ∈ Mon(P ). If
a ∈ MT(P ), then↑a ⊆ Q ⇔ a ∈ Q; otherwise,↑a ⊆ Q iff ↑(a ∧ p) ⊆ Q and
↑(a ∧ ¬p) ⊆ Q, wherep is a term not occurring ina. ABSREDU applies this reasoning



recursively on the input diagram, using function UVAR to find a variablehi ∈ H for
each variablebi ∈ B. FunctionABSPRE implements the pre-image computation based
on Thm. 8.
Thm. 9 For a monotone MixTSM andϕ ∈ Lµ, algorithmRIS(ϕ) in Fig. 2 returns
the symbolic representation of‖ϕ‖Mr .
The main difference between the symbolic implementations of SIS and our RIS is the
extraABSREDU operation in functionABSPRE (line 29 in Fig. 2).ABSREDU is similar
to existential quantification (BDDEXISTS) of BDDs, with one exception:BDDEXISTS

usesBDDOR in each iteration, butABSREDU uses oneBDDAND and two BDDITE

operations. Thus,ABSREDU has the same complexity asBDDEXISTS, and symbolic
implementations of RIS and SIS also have the same complexity. This means that the
extra precision of RIS comes “for free”, without penalty in complexity.

6 Experiments
To empirically evaluate the cost and performance of RIS versus SIS, we have imple-
mented symbolic algorithms for computing both of them usingCUDD [21] library, and
analyzed reachability and non-termination properties over a realistic model. While our
algorithm in Fig. 2 can analyze anyµ-calculus formula, our experiments considered
just reachability and non-termination properties becauseof their practical interest.

For the model, we used a template program built out ofn blocks, each based on an
example from [19] and having one integer variable. The method of [10] was applied to
build an abstract MixTS via predicate abstraction. We checked one reachability (least
fixed-point) property,Prop1, and two non-termination (greatest fixed-point) properties,
Prop2, andProp3, computing the standard and reduced semantics of the properties.
In both cases, we measured the size of the abstract models using the number of BDD
nodes, the total analysis time, the number of iterations of the fixpoint computation,
and the time spent in theABSREDU operation for RIS. To compare the precision of
the results, we considered two sets of initial states,I1 andI2, and checked whether
conclusive results can be obtained over them.

The results are summarized in Fig. 3. The top part of the tableshows that RIS
models enjoy significantly smaller encodings than their SIScounterparts, due to re-
stricted transition relations (see Thm. 8). RIS is more precise than SIS: for the two
sets of initial states, RIS produces conclusive results forboth of them w.r.t. the three
properties being checked, whereas SIS cannot decide whether Prop1 andProp2 hold
in I2. As expected, the extra precision of RIS does not cause a complexity penalty:
the experiments show that the increases of the analysis timew.r.t. the size of the mod-
els for both RIS and SIS are comparable. In all of the cases, the time spent inAB-
SREDU, which represents the main difference between the two semantics, comprises
roughly 20% - 25% of the total time.

Note that RIS and SIS may require different numbers of iterations of fixpoint com-
putation depending on the structure of the models and the type of the fixpoint computed.
For example, RIS required more iterations than SIS forProp1, whereas it converged in
just two steps (vs. the number of iterations proportional tothe model size for SIS) for
Prop2 over the same model.

These experiments suggest that using the more precise RIS semantics improves the
overall performance of model checking, making it a viable alternative to SIS in practice.



n SIS RIS

M
od

el
S

iz
e 100 370,070 216,689

200 1,460,270 853,389
250 2,275,196 1,329,215

Prop. n Analysis (sec.) Iter. I1 I2 Analysis (sec.)ABSREDU (sec.) Iter. I1 I2

P
r
o
p
1 100 2.20 301

T U
3.60 0.74 401

T T200 15.36 601 27.77 6.45 801
250 28.92 751 55.19 13.40 1001

P
r
o
p
2 100 3.60 203

T U
0.03 < 10−4 2

T T200 27.16 403 0.12 < 10−4 2
250 54.62 503 0.19 < 10−4 2

P
r
o
p
3 100 33.96 400

F F
21.24 4.5 400

F F200 395.24 800 258.72 42.44 800
250 1108.67 1000 546.88 101.20 1000

Fig. 3. Experimental results (T, F and U denoteTrue, FalseandUnknown, respectively).

7 Related Work and Conclusion
Godefroid and Jagadeesan [8], and Gurfinkel and Chechik [9] proved that the models
in the KMTS family have the same expressive power and are equally precise for SIS.
Dams and Namjoshi [5] showed that the three families considered in this paper are
subsumed by tree automata. We complete the picture by proving that the three families
are equivalent as well. Specifically, we showed that KMTSs, MixTSs and GKMTSs are
relatively complete (in the sense of [5]) with one another.

We did not consider Hyper TSs (HTSs) [20] which allow for bothmustandmay
hyper-transitions. As pointed out in [20],mayhyper-transitions can be eliminated by
increasing the abstract statespace, making HTSs exactly asexpressive as GKMTSs.

Both GKMTSs and MixTSs support monotonic abstraction refinement under SIS [4,
11, 19]. The same result holds under RIS, because for any two partial modelM and
M ′ over the same abstract statespace, ifM ′ is less precise thanM under SIS, i.e.,
∀ϕ ∈ Lµ · ‖ϕ‖M ′

c �a ‖ϕ‖M
c ,M ′ is also less precise thanM under RIS.

Our reduction operatorRED is an instance of normalization from Abstract Interpre-
tation [3] that is sometimes used to provide a canonical representation of equivalent
abstract properties. Our symbolic implementationABSREDU is similar to the semantic
minimization of 3-valued propositional formulas [18].

Since RIS is inductive, its precision lies between SIS and thorough semantics. Thus,
existing results comparing SIS and thorough semantics, e.g., [7, 9, 17], apply to RIS as
well. We leave open the question of whether the additional precision enjoyed by RIS
can be used to improve the above results.

In this paper, we compared three families of partial modeling formalisms: KMTSs,
MixTSs and GKMTSs. We showed that they are equally expressive – a model from
one formalism can be transformed into a semantically equivalent model from the other.
Thus, neither hyper-transitions nor restrictions onmayandmusttransitions affect ex-
pressiveness. They do, of course, affect the succinctness of the models.

We further introduced a new inductive semantics, RIS, for partial models. RIS is
more precise than SIS, making MixTSs and GKMTSs equivalent w.r.t. model-checking.



We also described a symbolic implementation of model-checking w.r.t. RIS. The out-
come is an algorithm that combines the efficient symbolic encoding of MixTSs with the
model-checking precision of GKMTSs. The symbolic algorithm was evaluated empiri-
cally. Our experiments suggest that RIS should be a good alternative to SIS for predicate
abstraction-based model-checkers. We leave further investigations along this research
direction to future work.
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