
CSC 165 H1Y Homework Exercise #2 — Sample Solutions Summer 2012

Worth: 3% Due: By 3pm on Tuesday June 5.

1. (a) ∀x ∈ P, T (x) ⇒ S(x)

i. Every tautology is satisfiable.

ii. This is true. A tautology is true for any interpretation, so it will be true for at least one, which
means it is satisfiable. (If we want to be pedantic, we can also mention that every formula will
have at least one value: so there will be an interpretation in which it is true)

(b) ∃x ∈ P, ¬T (x) ∧ S(x)

i. There is a statement that is not a tautology, but is satisfiable.

ii. This is true. An example is P ∨Q, which is satisfiable (because it is true, for example, when P is
true and Q is true), but is not a tautology (because it is false when both P and Q are false)

(c) ∃x ∈ P, S(x) ∧ U(x)

i. There is a statement which is both satisfiable and unsatisfiable.

ii. This is false. Satisfiable statement needs to be true for at least one interpretation, and unsatisfiable
is always false.

(d) ∀x ∈ P, ¬T (x) ⇔ U(x)

i. A statement is unsatisfiable exactly when it is not a tautology

ii. This is false. A counterexample is P ∨ Q. It is not a tautology, but not unsatisfiable (see part
1(b)ii).

(e) ∀x ∈ P, (T (x) ∧ ¬S(x)) ⇒ (¬S(x) ∧ ¬U(x))

i. If a statement is a tautology but not satisfiable, then it is neither satisfiable, nor unsatisfiable.

ii. This is true. The antecedent (T (s) ∧ ¬S(x)) is always false (see part 1(a)ii). So, the implication is
always true, and thus the whole statement is true.

2. (a) ((P ∧Q) ⇒ R) ⇐⇒ (P ⇒ R) ∧ (Q ⇒ R)

This is false. A counterexample is: P is true, and R and Q are false.

Then the left hand side is (T ∧ F ) ⇒ F , which is F ⇒ F , which is vacuously true.

The right hand side is (T ⇒ F ) ∧ (F ⇒ F ), which is F ∧ T which is false.

(b) ((P ⇔ Q) ∧Q) ⇐⇒ P ∧Q

This is true. Here is the derivation:

(P ⇔ Q) ∧Q) ⇐⇒ (P ⇒ Q) ∧ (Q ⇒ P ) ∧Q (Biconditional)

⇐⇒ (¬P ∨Q) ∧ (¬Q ∨ P ) ∧Q (Implication twice)

⇐⇒ (¬P ∨Q) ∧ ((¬Q ∧Q) ∨ (P ∧Q)) (Distributivity)

⇐⇒ (¬P ∨Q) ∧ P ∧Q (Identity)

⇐⇒ ((¬P ∧ P ) ∨ (Q ∧ P )) ∧Q (Distributivity)

⇐⇒ (Q ∧ P ) ∧Q (Identity)

⇐⇒ P ∧ (Q ∧Q) (Commutativity, Associativity)

⇐⇒ P ∧Q (Idempotency)

Note that Commutativity and Associativity are sometimes applied together with other operators. If
you are not sure about your steps, you are encouraged to include these as separate steps, but this is
not required.
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