
CSC 165 H1Y Tutorial #6—Sample Solutions Summer 2012

1. Here we will prove properties of elements in some mystery domain D, and with mystery predicates Q(x),
P (x) and L(x, y).

Suppose that we know the following:

(1) ∀x ∈ D,x 6= 0⇒ P (x)

(2) Q(0)

(3) ∀x ∈ D, y ∈ D,L(x, y)⇒ ¬Q(x) ∨ ¬Q(y)

(4) ∃z ∈ D,¬Q(z)

Using the facts above and the proof techniques we learned, write detailed structured proofs (and justify
each step) to prove or disprove each of the statements below. Justify each step using an inference rule, a
manipulation rule, or one of the facts above.

(a) ∀z ∈ D,P (z) ∨Q(z)

This is true.

Assume z ∈ D.
# Do a sub-proof by cases.
Then, z = 0 ∨ z 6= 0 # [Empty middle]
Case 1: Assume z = 0

Then, Q(z) # Rule (2)
Then, P (z) ∨Q(z) # [∨I]

Case 1: Assume z 6= 0
Then, z 6= 0⇒ P (z) # [∀E, Rule (1)]
Then, P (z) # [Modus Ponens, case assumption]
Then, P (z) ∨Q(z) # [∨I]

In either case, P (z) ∨Q(z) # [Proof by Cases, z = 0 ∨ z 6= 0]
Then, ∀z ∈ D,P (z) ∨Q(z)

(b) ∀a ∈ D,∀b ∈ D,L(a, b)

This cannot be proven or disproven. As mentioned in the lecture, this turned into a trick
question by a typo (see the solution for the next question, which was intended to be a trick
question!)
An alternative problem statement and sample solution, discussed in lecture, is on the next
page.

Dept. of Computer Science, University of Toronto, St. George Campus Page 1 of 4



CSC 165 H1Y Tutorial #6—Sample Solutions Summer 2012

(b’) Let us consider, in addition to the given rules, the following one:

(3’) ∀x ∈ D, y ∈ D,M(x, y)⇒ Q(x) ∨Q(y)

Prove or disprove the following statement:

∀a ∈ D,∀b ∈ D,M(a, b)

This is false. To disprove this, prove the negation: (∃a ∈ D,∃b ∈ D,¬M(a, b))

Let z0 ∈ D be such that ¬Q(z0) # [∃E, Rule (4)]
Let a0 = z0

Then, a0 ∈ D # since z0 ∈ D
Let b0 = z0

Then, b0 ∈ D # since z0 ∈ D
Assume M(a0, b0)

Then, M(a0, b0)⇒ Q(a0) ∨Q(b0) # [∀E, Rule (3’)]
Then, Q(a0) ∨Q(b0) # [Modus Ponens, assumption]
But ¬Q(a0) # Q(z0), a = z0
And ¬Q(b0) # Q(z0), b = z0
Then, ¬Q(a0) ∧ ¬Q(b0) # [∧I]
This is equivalent to ¬(Q(a0) ∨Q(b0)) # [De Morgan’s Law]
This is a contradiction

Then, ¬M(a0, b0)
Then ∃b ∈ D,¬M(a0, b)

Then, ∃a ∈ D,∃b ∈ D,¬M(a, b)

One might ask, why can’t we use the same proof to prove the statement in question (b), using
0 instead of z0. The problem is that we don’t know whether 0 ∈ D. If we had an additional
rule stating 0 ∈ D, we would have been able to prove that statment similarly to how we proved
(b’). However, if 0 /∈ D , it’s possible to construct an example where (b) is true.
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(c) ∀a ∈ D,∃b ∈ D,¬L(a, b)

This is a trick question!
If you’ve managed to prove or disprove this statement, then you’ve done something wrong: go
back and find an error in the proof, there must have been at least one!

We don’t have enough information to prove this: it’s possible that it’s true, and also possible
that it’s false, depending on what the mystery domain and mystery predicates are.

You can check this fact by finding two interpretations, both of which agree with all the rules
we’re given, but such that for one of which the statement is true, and for the other the state-
ment is false.

Suppose D = N, L(x, y) means x < y, Q(x) means x = 0, and P (x) means x 6= 0. You can
check that all the rules hold. The statement now becomes:

∀a ∈ N,∃b ∈ N,¬(a < b)

This is true (prove this as an exercise!)

Now, suppose everything is the same, by L(x, y) means x(x + y) > 5. Then the statement
becomes:

∀a ∈ N, ∃b ∈ N,¬(a(a + b) > 5)

This is false (disprove this as an exercise!)

2. (a) Add and multiply (1010)2 and (11010)2 together in base 2.

Working in base 2:

carry: 1101

1010 11010

+ 11010 x 1010

-------- ---------

100100 0

110100

0

11010000

---------

100000100
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(b) Add and multiply (140)5 and (1034)5 together in base 5.

Working in base 5:

carry: 1

1034 1034 note: 3+4=12 4x4=31 3x4=22

+ 140 x 140

-------- --------

1224 0

43010

103400

---------

201410

(c) If a = (603)7 and b = (163)7, find a− b without coverting to base 10.

Working in base 7:

borrow: 1 note: 10 - 6 = 1

603

- 163

--------

410

Dept. of Computer Science, University of Toronto, St. George Campus Page 4 of 4


