Background

September-12-11 9:34 AM

Fields
Basic theory of vector spaces works over any field.
QR,CF,

¢ We will mostly work over C or R

¢ Other fields if convenient

Algebraically Closed
[ is called algebraically closed if every polynomial p(x) €
F[x] factors into linear terms.

p(x) = clx —ay)...(x — ay)

x €F,n=degp

Fundamental Theorem of Algebra
C is algebraically closed

Determinants
IfA= [ai-f]nxn then detA is determined algorithmically.
detl, =1
Determinant is n-linear
Think of A = [v4,v5,.., v, v; € F*

det(vl,vz, ...,vl—_l,z ajwj, Viyq, vn> =

Z a; det(vl, e Ve W), Vg, ey vn)

Determinant is antisymmetric
det(vl, s Vie Wy Vi1 vy Vjm1, Uy Vjig 1 wens vn) =0
= (exceptif 1+1=0)
det(vl, s Vi1, U, Vig 1, ooy Vjm1, Uiy Vjig 1 oo vn) =
—det(vy, ..., 7)

Theorem 1
det(AB) = detA x detB

Theorem 2
detA = 0 & Aissingular

Linear Transformation and Matrices

V is a vector space (over field [F)

L(V) is the set of all linear transformations from V to V
W another vector space over F

X (V,W) =linear transformation from V to W

If B(vy, ..., vp) is a basis for V

TeLlV)
n

T 17]' = Z aij,vi
i=1

[T1p = [ai;] is the matrix x of T with respect to 3

[T = [ay]Cer, s xn) = [Tlglxlg

Alsoif S € L(V, W)

B = {vy, ..., v} bases for V

B’ = {wy, ..., wy, } bases for W
m

5(1]]) = Zai]-wi i S] <n
i=1
[S]g = [aij]

Theorem

IfT € L(V) then det[T]z is independent of the choice of basis.

So we can define detT := det[T]z
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Sketch of Theorem 2

If A is singular (i.e. rank A < n)
Some column V; = ¥ a;v;

detA = det(vi,vio_l,z aivi.vi0+1.vn> = Z a; det(v;, o Vig=1, Vi Vig+1s

i#i, i#io

If A is invertible,
1 =det] = det(AA™1) = detA X detA™?*
~detA+0

Proof of Theorem
Let B = {vq, .., v} and B’ = {wy, ..., w,,} be two bases for V

Write

n
W}' = Z al-jvi

i=1

Q = [a;] = 115, = [wilg, w2, ., W]

n n o n n n
IfX:ZXjW]'Z aijxjvi:Z(Zaijxj>vi
j=1 j=11i=1 i=1 \j=1
[x]p = [ay]lxlp = Qlxly

Look at Tx
[Txlg = [Tlglxlp = [T1gQlxl g,
[Tl = Q1 [T]40lx] g

~ det[T] gr = detQ ![T]gQ = det Q™" x det[T]y x detQ = det[T]p

QED

det[T] s does not depend on which basis is used.

...,vn) =0



Eigenvalues Example

T is diagonal w.r.t. bases B = {vq, ..., v, } if
A 0 ..

[Tlg = [o Az ]

So T'Ui = /L'Ui
So Ay, ..., Ay are eigenvalues

9:30 AM

Eigenvalue (a.k.a. characteristic value)
T € L(V) = set of all linear transformations fromV toV
Ascalar A € F is an eigenvalue for Tif 3v # 0 s.t. Tv = Av

If u € {44, ..., 4, } eigenspace for u

Eigenvector ker(T — uT) = spanf{v;: 4; = u}

Any non-zero vector v s.t. Tv = Av is an eigenvector for (T, 1)

. u# {/11' An}
Eigenspace
The space ker(T — AI) = {v: Tv = Av} is the eigenspace for (T, 1) Only eigenvalues are {1;, ..., A,,}
Theorem T = diagonal (1,2,1,2,1,3)
T € L(V), The following are equivalent kerT — I = span {v;,v3, s}
1. Aisan eigenvalue for T ker(T — 2I) = span{v,, v4}
2. T — Al is singular ker(T — 3I) = span{ve}
3. det(T—-A) =0
Example
Characteristic Polynomial r=[t 3]
The characteristic polynomial of T is 1 0 21
Py(x) = det(x — T) 7(5) =)
. . 1
Note 1isan eigenvalue, ker(T — 1) = F (0)
Pr(x) is a monic polynomial of degree n = dim V' F — span or set of all multiples of
Monic: coefficient on highest degree is 1 HN_(6\_,(3
1(3)=(9)-20)
Spectrum 2isan elgenvalue3
The spectrum of T is ¢ (T), the set of all eigenvalues. ker(T —2I) =F (1)
Corollary u#{1,2}
o(T) is the set of zeros of Pr(x) 1—u 3
T—ul=
Corollary 0 2—u
o(T) has at mostn = dim V eigenvalues. 1 _ 3
Corollary (1—/1 3 ) 1—u C-w-p _(1 0)
Similar transformations have the same spectrum 0 2—u 1 “\ 1
2—yp
Direct Sums So itis invertible, so rank is 0, so no more eigenvalues.
Say V is the direct sum of V; and V, if V; NV, = {0} and V; + V, =
V.WriteV =V, +V,orV=V, @V, Proof of Theorem
1. is an eigenvalue for T
Say V is the direct sum of Vy, ..., Vj if = ker(T — Al # {0}
k & 2.T — Al is singular
1. V=ZVi = 3.det(T-AD =0
i=1
. E
2. vn Z“) = {0}, forl<j<k Xa“})”'e_l
i#] T= [ 1 0 ]
p iti Look at
roposition B e [x 1]_
If {0} # V; subspaces of V such that p(x) = det(xl —T) = [—1 x] =xi+l
k F = R no eigenvalues
szvi F=Cx?+1=(x+i)(x—1i)
= . . r—u=[7" "} (1)=o0
then TFAE (the following are equivalent) 1 N
1. Sumisdirect:V = V; + -+ V r+i=[1 Y(;)=0
2. If0 # v; € V;, then {v,, ..., v} } is linearly independent i . Lo
P ; ti are eigenvalues
3. Ifw; €eVyand X w; =0thenw; =0, 1<i<k
4. Every v € V has a unique expression as In R2. T is a rotation
v = Z wi,w; EV;
Example
4 -1 -1
Corollary T= [—2 5 —1]
V=V, +V,+-+V 3 -3 6

Then if you take a basis for each V;, say v; , ..., vy,
L

p(x) =det(xl - T) =

x—4 1 1
2 x—5 1 |

then the union {1711, w0 V1dy V21 o Ukt o) dek} is a basis for V. 3 x—6
=(x—-9(x-5x-6)—3)-12(x—6)+3) +1(6 +3(x—5))
=(x—-4)*-11x+27) - (2x—=9) + (3x —9)

=x3 —15x% + 71x — 108

=(x—-3)(x—-6)2
Eigenvalues are 3, 6
1 -1 -1 1 -1 —-1ysa
T—31=[—2 2 —1]—>[0 0 —3] <a>=0
3 -3 3 0 0 ol\o
-2 -1 -1 -2 -1 -1 a
T—6I=[—2 -1 —1]—>[0 0 0]<a)=0
3 03 1 -1 0!\-3a

()=
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r(3)=e(1)

Only 2-dimensions of eigenvectors!

Proof of 3rd Corollary

T € L(V),S invertible

STS™'is similarto T

Pgrs-1(x) = det(xI — STS™1) = det(S(xIS™1S — T)S™1) = det(x] — T) = Pr(x)

Proof of Proposition

My Proofs

1=2

Suppose v; # 0 € V; and
k

Z a;v; = 0 for some a; € Fnot all 0
i=0
Then, fora; # 0

aiv; = —Z ajvj

J#i
a;v; € V;and —Zajv]- € ZVJ but
Jj*1 JE
vin Y v =)
j#1

a contradiction since a; # 0 and v; # 0.

2=3
13

Zwi=0:wi

=1
w; are linearly dependent, but by 2 w; # 0 = w; are linearly independent, so w; = 0 Vi

3=>4
By definition of vector sums, for any v € V there exists at least one set of v; € V; such that v =
Xivi

Now suppose there exists w; € V;, such that

=Yy
i

7
=>O=Zvi—wi

7
But v; — w; € V; thereforeby 3, v; —w; =0=>v; =w; V1 <i<k

4=1
Already have
K

V= ZV,’
i=1

Suppose for some 1 < j < k,Je # 0s.t.

eEanZVi,SelectwieVis.t. e=Zwi

i) iz)
Letwj =e €V
Then
e=wj+zo=0+2wi,

i) i)

This is not unique, a contradiction, so

V0 Y =0}

%)
since 0 is certainly in both V; and ¥;..; V;
QED

His Proof
3=1

IquVin<ZVj>

j#1
v=v; €V

=Z‘Uj V]‘EV]'

J#i
=g +ZU]- =0
Jj#i

By3,v;=0= vj,
0 ) ¥ =(0)
j=i

Proof of Corollary
Suppose

0= Zaijvii :Z<Za” Uij) = Zvi where v; € V;

ij i J i



by3,v;=01<i<k

{v,-}-} is a basis for v;, so all a;; = 0
{vij}i=1j=1 is lin indep.

Clearly v; spans V

~ basis
]
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Diagonalization Proof of Proposition
. . . k _ _ .
September-16-11 999 AM Suffices to s.h.ow.that 1f1(vl- EW;1<i<kand}Y.,w; =0thenw; =0for1<i<k
(By Proposition in previous lecture)

If w € W; then (T — A;1)w = 0 and

Proposition Tw=2w,  T'w=2w, .
LetT € L(v) Therefore for any polynomial p(x) = ag + a;x + ayx? + - + a,x?P
o(T) = Ay, .., A} p(T) = apl + a;T + a;T? + - + a, TP
W; = ker(T — A1) Lo P ;
Kk p(Mw = Z a;T/'w = Zajli w = pA)w
W= Z /=24 Jj=0 j=0
i=1
ThenW =W, + W, + -+ W, Fix i and show w; = 0:
Letp(x) = 1_[ x —A;
Diagonalizable p(x) j:ti( )
A linear transformation T € L(V) is k
diagonalizable if it has a basis 8 = {vy, ..., v, } s0 Let x = Z w; =0
that =
¢ 0 0 .. O k
mp={7 2 % 9 0 =p(N)x = p(T) (Z w,-) = p)w; = (]_[(Ai - Aj)> w;
00 0 .. c = = I
is diagonal. H(Ai —A)#0,s0w; =0
j=i
Note ~w; = 0Vi,= Sum is direct
T’Ui = (Vi
So v; is an eigenvector Example
T is diagonalizable < V has a basis containing 0000
eigenvectors of T 7=|0 0 0 0lc
o(T) ={cqg, o, Cp} = {Aq, . A} 00 10
{cy, ..., c,} —might have repetitions ) 0 (C{) | 0 2
€ F,ker(T — AI) = Ci = plx) = Clx
A € F,ker(T — AI) = span {v;:¢c; = A} »©) 0 0 0
p € F[x] polynomial p(T) = 0 p0) O 0
p(cy) 0 0 .. 0 0 0 p o0
M| 0 P 0.0 Lo 0 0 p®@
PU =1 i : Let A(T) = span{l, T, T2, T3, ..} € L(V)
0 0 0 .. plc a 0 0 0
am=0 & 0 dabcec
Nullity
0 0 0 ¢

nul(T) = dimker T Because given a, b, c 3p (of degree 2) s.t.p(0) = a,p(1) = b,p(2) =c¢

A(T) is isomorphic to € ({0, 1, 2}), the algebra of functions in {0, 1, 2}
Theorem
TeLWV),o(T)={Ay, ... 0} Question

TFAE . . .
Which T € L(V d lizable?
1. T is diagonalizable € (V) are diagonalizable

K
E |
2. ) mul( = A0 = n = dimV amte ,
= r=[2 G lero=x2+1
k 0 No eigenvalues in R so it is not diagonalizable if V = R but mV = C?,¢(T) = {i, —i}
3. prx) = H(x — A% = 3vy, v, Tvg = iv1, Ty, = —iv,
i=1 . . i 0
where d; = nul(T — ;1) « oy, vdisabasis [Tlg = [ 7]
Corollary Example
If T has n distinct eigenvalues, then T is T = 01
diagonalizable. 0 0 X 1
_ oy — -1 _ .2
Pr(x) =det(x] —T) = |0 x | =x
a(T) = {0}
ker(T) =C (é)

Need two linearly independent eigenvectors to diagonalize T - NOT POSSIBLE.

Proof

T has basis B = {vy, ..., vp}
¢ 0 0 .. 0
0 ¢ 0 .. O

Tlg=|; 7 :
0 0 0 .. ¢

1=2

ker(T — A;1) = span{vj:c; = 4;}
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nul(T — 4D = |{j: ¢ = A
k

So Znul(T—AiI) =|j:1<j<nll=n

i=1

2=1
Let W; = ker(T — A;1)
k

i=1

k k k
dim (Z m-) - ZdimWi = Znul (T = A0) =n,by (2)
i=1 i=1

i=1 i=
i =

L) W=V

Take a basis for each W;
- they are eigenvectors for the eigenvalues 4;
- put them together, get a basis for V consisting of eigenvectors = diagonalizable

1=3
¢ 0 0 .. O
SIEREN
0 0 0 .. cp
nul(T — Al) = |{] Cj = /11”
X —¢j 0 0 .. 0 k
pr(x) =det(xI —T) = 0 x . €2 0 0 ‘ = H(X — A%
0 0 0 .. x—c,d =1
where d; = |{j: ¢ = Ai}| =nul(T - ;1)
3=>2
k k
Z nul(T — A1) = Z d; = deg(py) =n
i=1 i=1

Proof of Corollary
nul(T — A1) = 1for 1 < i < nsoby 2, T is diagonalizable.
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Linear Recursion

September-19-11 10:09 AM

Computational Device

Suppose you are given T as in example * and you need to
compute T™

If D is the diagonal matrix of T

T=QDQ!

T"=(QDQ™H"=QDQ~'QDQ"..QDQ™"
— QDnQ—l

Linear Recursion

In general, if we have xy, x4, ..., X, given,
Xp+1 = AoXp T A1 Xp—q + "+ ApXp_p
linear recursion

Xk+1 ay a; a; .. Qap X
Xk 1 0 0 0 Xp—1
Xk-1 =10 1 0 .. O Xk—2
Xk—n 0 0 1 0 Xk—n—-1
X — aO _a1 _az e _an
-1 x 0 0
pa(x) =detlxi —A)=] O -1 x 0
0 . -1 x

2

= xnt1 _ aaxn _ alxn—l — azxn— - —ay,

Now try to diagonalize A, and get a formula for x,,

MATH 245 Page 7

Example *

-3 3 -1 =2
_|1-8 2 3 -4
T=l4 2 1 =
0 -4 4 1
Using Matlab got

pr(x) = (x — D%x(x + 1)
Soo(T) ={1,0,—1}

0 1
_ 1 1
ker(T —I) = span 1)
1/ \—1
3
1
ker(T) = span 2
—4
-2
ker(T + I) = span _11
4
Change of basis matrix:
0 1 3 =2
1 1 1
Q= 1 1 2 —1‘
1 -1 -4 4
1 0 0 O
01 0 0f_
Q7Te=19 o o o|=P
0 0 0 -1

Example: Fibonacci Sequence
xXg=0,x;,=1

xnx= Xn_1 -I(;xnl_z j;orn =2
(xntl) = (1 1)( ;,_11)
Let A = ((1) 1)

(xj:l) =47 ((1))
pa(x) = det (_xl x_—ll
o 1+ \/23 1-+5

1
2 2 T

-0
A—ﬂ:(

ker(A—1I) =C (1)

-1 1 d —b
:Ei—bc(—c a)

Y
_1T 1ir)(i)=(1+ro—‘[2)=(g)

)=x(x—1)—1=x2—x—1

0
2—7-1
T

1
1+TZQ
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1 1
n — no-1— ______ —-1"
A= QD = —— (] _1)(0 (Tn)_
n n+1
1 1 7 < T T
= — (_1)11 (_1)n+1
2 —
1+t (T 1) T on
(_1)11 ) (_1)n+1
~ 1 ™4+ Tn—Z_ Tt +—1_n_1
T 1412 (=t (=1n+2
™+ o Tn+2 + — —
Tn.+1 ( ) +f
—1n
n+l 4 \—-
(xn)=An(0)_ (T TR )
Xn+1 1 + 72
*

=)

T 1
1+T2__E
n
il
" V5

x = 2, x, is the closest integer to T—S

)

n

7



Triangular Forms
September-21-11 9:31 AM

Upper Triangular
A matrix T is upper triangular if
ajj = 0 lfj <i

Say T € L(V) is triangularizable if there is a basis 8 such
that [T] is upper triangular.

Triangular Determinant

n
detT = 1_[ a;;
i=1

1. o(T) = {a11, a2z -, Ann}
2. pr(x) factors into linear terms.

Invariant Subspace
If T € L(V), asubspace W € V is an invariant subspace
for TiIfTW € W

Wy = span{vy,vy, .., 0} 0<k<n

Theorem
ForT € L(V), TFAE
1. T is triangularizable
2. Pr(x) factors into linear terms
3. T has a chain of invariant subspaces {0} = W, c
WycW,c-cW,=V
WithdimW, =k for1<k <n

Corollary

If Fis algebraically closed (such as C) then every T €
L(V) is triangularizable.
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Determinant of Upper Triangular
|a b| —ad
0 d

For n > 2, take determinant of first column leaves a;; *determinant of upper triangular matrix with

n-1
So by induction, detT = aq;a;; ...ann

Alternate Proof
n

|aij| = Z (~1)sion@) naia(i)
OESy i=1
If o € Sy, and for some i,0(1) = j < i then a;5; = 0 = [}2; ajo) = 0
Only o = identity satisfies a(i) = i Vi because if say o(i) = 1 for 1 <i < iy buto(i,) > i, then
some j has a(j) = i,, but j > i
“[laig@y =0

n

|aij| = l_[ Qi

i=1

Types of Invariant Subspaces

If T is upper triangular w.r.t. § = {vq, ..., v, }
Tv, = a,1v, eigenvector

~ Wy = span{v,} is invariant

W, = {0} is invariant for every T
W, =V is invariant for every T

Ty, = A2V + a12v; € span{vy, v,}
Ty, =a11v1 € span{vy, v,}

~ W, = span { v, v,} is invariant for T

Wy = span {vy,v3, .., 7} 0 <k <n

a;jv; € Span{vl, ...,vj} =W, eW,ifj<k

§
S
I
M=
2
&
S
I
M1~

Suppose conversely that I have such a chain of invariant subspaces. Pick 0 # v; € W;
dim(W;)=1, so W; = span {v4}

In W,, pick v, € W, independent of v; so {v4,v,} is a basis for W5, since dim W,= 2
End up with a basis 8 = {vy, ..., v} such that W), = span {v4, ..., v} 1 <k <n

Find [T]g, Tv, € W; since (TW; € W;)
~Tvy = a;

Tv, € W,
= Tvy = AV + a1
T, € W

Kk
TVk € Z Ak V;

i=1

a1 Q12 443
|0 az azs C

So[T]g = 0 0 as is triangular
Proof

Already proved 1= 2, 1= 3,and 3= 1
Let's show 2 = 1 by induction on n.
n = 1: T = [a],x1 is always upper triangular
n > 1: assume theorem forn — 1
Pr(x) = (x = 2)(x = 22) ... (x — 4p)
A4 is an eigenvalue of T
So we can find an eigenvector vy # 0so Tvy = Ay vy
Extend v, toabasis f; = {vy, Wy, w3, ..., W}
Express T in this basis.
A b1z o bip

_10
Mg, = | ; T,
0
x—M —biz .. —byy
Pr(x) = det(xl, — T) = det 0 = (x —A)|xlh-1 = T;l
X1 —=Th
0

=(x- /11)PT1(X)

Pr(x) = (x— /11)PT1(X) =(x—2A)x —42) . (x = 2)
A Pr () = —2) .. (x — )

So Pr, (x) factors into linear terms. By the induction hypothesis, W = span { wy, ..., w,,} has another
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az2

basis 8’ = {vy, ..., v,} sothat [Ty]g = | :
0

So B = {v4, v, ..., 1, } is a basis for V and
Ay Q12 e Qan
0 Az .. QA2pn

Me=|? 0 o o
0 o .. an,,

So [T]p is upper triangular B

azn
Qazn

an,

n

is upper triangular.



Example
_[0 -1
T= [1 0 ]
pr(x) = x? + 1 does not factor over R so it is not triangularizable over R
It does factor over C so it is triangularizable over C

T~ [(l) Bl]

Cayley-Hamilton Theorem

September-23-11 9:56 AM

~ similar

Al Hl=0

Cayley-Hamilton Theorem
T € L(V),thenpr(T) =0 1
pT(T)=T2+I=[O
Computational Aside

A B .
= Example
IfT % D]' block upper triangular. Pz 3 c
f g b 3 Y
T3:[A3 AZB+2ABD+BD2] 0 xlz 1_3 _5
0 D3 pr(x)=| 1 x+3 4 |:(x—2)((x+3)(x—1)+4)—1((—3)(x—1)—5):x3
0 -1 x-1
Tk = A% *k] x3 splits into linear terms so T is triangularizable
0 D a o(T) = {0} - look for kernel
p(x) = ap + a;x + -+ agx
p(T) 1 3 4
[ o o5 Al e
0 aoln k 0*a;D 0 0 0

adAd P(A) *
+[ 0 adDd] [ p(D)]

kerT—]R( 1)
-1
1 0 0
Take new basis v; = < 1 >,Vz = <1>,173 = <0>
-1 0 1
3 1 0 0
v, H(—B) =3< 1 >+(—6)<1>+4<0)
1 -1 0 1

0
0

()

0 3
Tﬁ1 = [0 -6

0 4

-9

5
_4]
6

0

T, = [_4_6 6 ]'PTI(X) =x?

kerT; = R (_32)

New bases

0 -1 5
T[f’ = [0 0 -3
0 0 O
[T1g is upper triangular, diagonal entries all 0 since roots of py(x) = x3 are 0,0, 0
B
0 0 3
(T2l = [0 00
000
0 00
(T3] = [0 0 0
0 0 0
T%=0=pr(T)

Proof of Cayley-Hamilton Theorem
First assume pr(x) splits into linear factors.

Apply triangular theorem, find basis to triangularize T.
So wlog, T is triangular
pr(x) = (x = A)(x — 4) .. (x — A)

Proceed by induction on n.
n=1
T=[N]pr(x) =x—A,pr(T) =T — A1 =[] =[] =0

Assume fork <n
A tiz o tin
. 0
Write T = : T
0
From the proof of triangularizability
pr, = (xr = 22)(x = 22) ... (x — Ap)

By the induction hypothesis pr, (T1) = 0
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pr = (x — 1) P, (x)

T N X R RN S

So by induction p;(T) = 0. For algebraically closed fields.

In general, p(x) does not split on F[x] but there is always a bigger field G 2 F so that py(x) splits
on G[x]

T = [t;;] € Ma(F)

Can think of T as an element of M, (G). p(x) splits in G[x] - p(T) =0

But the calculation of p1(T) happens over F since all the coefficients a; € F[x]

Sopr(x) = agl + a1 T + -+ + @, T", thisis all in M, (F)

= pr(T) = 0 in M, (F)



Ideals Principal Ideal
Check that (pg) is an ideal
1. po,pr € (po), A € F then
Poq + Po7 = Po(q +7) € po
Look at F[x] - the ring of polynomials with coefficients in F Apoq) = ro(Aq) € po
~ (po) is a vector space

September-26-11 9:31 AM

Ideal
An ideal in F[x] is a non-empty subset] < F[x] which is 2. Ifpoq € (po), 7 € F[x] then

1) asubspace (Po@)T = po(qr) € Do

2) ifp € Jand q € F[x] thenpq € ]

Proof

Principal Ideal Let ] be an ideal of F[x].If ] = {0}, then J = (0).
A principal ideal is an ideal of the form Otherwise let p, be a monic polynomial in ] of minimal degree.
(po) = {poq: q € Flx]} po = x* +ag_1x + -+ ag
Theorem Let g be any non-zero element of ]. Use the division algorithm to divide p, into q.

q = poq1 + 1, deg(r) < deg(po), but py was the element of smallest degree.
~ by minimality, r = 0, s0 ¢ = poq.
~J = (po)

*monic generator is unique

Every ideal in F[x] is principal

Lemma
TeLWV)

J = {p € Flx]:p(T) = 0} is a non-zero ideal in F[x] Proof of Lemma

Corollary pr € J,s0] # {0} (by Cayley-Hamilton)

{p:p(T) = 0} = (myp) Ifp,q €], € Flx]

P+ =pT)+q(T)=0
p)(T) =p(T) =0
~subspace

Minimal Polynomial
The unique monic polynomial mr(x) generating {p: p(T) = 0} is
the minimal polynomial of T

p € ],q € F[x] then

Theorem a)(T) =p(TMq(T) =0 W
T e L(V)
Then my(x) has the same roots as pr(x), namely o (T), except Example
for multiplicity. Furthermore, it also has the same irreducible 01 0 0
polynomial factors. T= 00 00O

“lo 0o 01

00 0 O
pr(0) = x* mp(x) = x?

T = diag( 1,1,2,2,2,3)
pr(x) = (x—12(x-2)3(x-3)
mp(x) = (x — D(x - 2)(x —3)

1 10
T=<0 1 1)
0 0 1

pr(x) = (x—1)3
my|pr somp(x) = (x — 1)4,d € {1,2,3}
0

01
T—1=<0 0 1)

0 0 0

0 0 1
(T—I)2=(0 0 0)

0 0 0

(T-D3=0
wmp=pr=(x-1>

Proof of Theorem

my|pr so roots(my) € roots(pr) = a(T)

If A is an eigenvalue of T v # 0 eigenvector Tv = Av
~Thy = 2kp, vk > k

= p(Mv =pDv

S0 0 =my(T)v =me(D)v, -~ mp(A) =0

So roots(my) 2 a(T)

~ roots(my) = roots(pr) = o(T)

Remark
Over a non-algebraically closed field F this proof does not show the stronger fact
that the same irreducible factors will be in both p; and my

Possible Problem

T € L(RY)

pr(x) = (x* + 1)2
mr|pr,mr # 1

~mp =x%+1,0r (x* +1)?

If we can calculate T € £(C*) then my can be x? + 1, (x% + 1)%, (x% + 1) (x — i), 0or (x? +
Dx+1i)

Calculate m¢(T) using a real basis

Take p(x) = (x? + 1)(x — i)

0=p(TM)=(T?+D(Ty) =(T>?+DT —i(T>?+1)=0+i0

T2+1=0

MATH 245 Page 13
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Better Proof of Theorem

The minimal polynomial my(x) of T € L(V) has degree of d if {I. T,T?,.., Td‘l} is linearly
independent, but {1, T,T?,.., Td] is linearly dependent. my(x) is given the unique way to
express T% as Y1 a,T!

d-1
Td = Z aiTi
i=0
d—1 d-1
Ttk — Z Tk = Z b;T,
i=0 i=0
~ A(T) = span {I,T,T?,..,} = span { I, T, T?, ..., T4}
~d = dim(4)

This unique way to express my does not depend on a larger field.
~ my(x) is unchanged if we enlarge the base field so that pr(x) splits.



Diag. & Nilpotent

September-28-11 9:45 AM

Theorem

T € L(V) and pr(x) splits then

T is diagonalizable

=

my(x) has only simple roots.

ie.mp(x) = -2 —23) ..(x — )
where a(T) = {A1,45,.., A}

Lemma
A B €LV
nul(AB) < nul(A) + nul(B)

Nilpotent Matrices
T € L(V) is nilpotent of order Kif T¥ = 0and T*~1 # 0
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Proof of Theorem

=

T = diag(cy,¢y, -, Cp)
O'(T) = {/‘11,22, ...,Ak}

Rearrange bases so
T =diag(Ay, .., A, Agy ey Agy s Agey ey A)
mr(x) has 44, ..
(T —MD(T =20 . (T = AD)

diag(0,...,0, A5, .., Ay, e, Ay oy Ag) *
diag(Aq, .., 21,0,..,0, 0, Ap, oo, Ag) *

diag(Aq, ..., A, gy, Ag, oo

, A as roots

,0,..,0) = diag(0,..,0) = 0

amp(x) = (x — ) .. (x — )

2nd Proof of =
nul(T - Al) = |{C] C]' = Al}l
k k

=1

k

ker 1_[(T -0 2 Z ker(T — A1) =V

=1

Proof of Lemma
ker(AB) 2 ker B
chose a basis vy, ..., v}, for ker B, b = nul(B)

Extend to a basis for ker(4B): vy,..,Vp, Vpi1,--» Vbsc
span{vpyq, -, Vpyct N span{vy, ..., vp} = {0}

So B | span{ vy4q, ..., Vpsc} is injective (1-1)

B maps sp{vp41, -, Vp4+c} into ker A

~nul A =dimker A = dim span{vy,q, ..., Vpyc}

nul AB = b + ¢ = nul(B) + ¢ < nul(B) + nul(4)

Back to Theorem
By hypothesis

Znul(T —AD = Zl{cj:cj =L} = |{c]}| =n
=1

n= nul(mT(T)) < Z nul(T — 4;1)
i=1

but know that Z;‘zl ker(T — A;1) is a direct sum, so

k

Z nul(T — A4;1) = dim

=1

(Z ker(T — /L-D)) <n

Example of Nilpotent

(1 171., [0 0
T_[—l —1]'T _[0 0
{0} c ker T c ker T2 = R?

ker T

v =

=]Rg(1

-1
Chose a new basis

(_11)'”2 = ((1)

Example

x

010
0 01
0 0 0

|

)



T¢=0=T"=0,pr(x) =x"
{0} ckerT ckerT c kerT? = R3

1
kerT = R(O)
0

wrr=om ()

0 1 0
[T]ﬂ = [0 0 1]
0 0 O
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Jordan Nilpotent
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Jordan Nilpotent
The Jordan nilpotent of order k is
01 0 O

_ 010

Jk= 0 1
0 exe

i.e. There is a basis e, ey, ..., e and
]kelzei_12SiSk
Jker =0

We can get a lot of nilpotent matrices by taking
direct sums of Jordan nilpotents (Canonical
form) :

Ny SNy < <Sny

]nl @]nz EB EB]nk

Complement

If subspace W; € V then a complement of W; in
Vis a subspace W, € V s.t. Wy N W, = {0} and
Wy +W,=V.

eV =w,+W,

Extension

Suppose W, W, €Y €V

WinW, ={0}butW; + W, cY
Canfind W5 D Wy st.Y = W, + Ws

Note: Nimpotence
If T is nimpotent of order k, then m(x) = x*
and pr(x) = x™, n =dimV

Theorem
T € L(V) is nilpotent < there is a basis in
which T is strictly block upper triangular

*-)(x&-
0%

o) X

. X
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Better Example
13 -21 -5 4

2 % 2 0

3 pa 1] |1 0 0
kerA® =R —sp{[l o lollol
04 t2d L—11 11

0
Letv, = [8]
1

4
Let vy = Av, = _11 € ker A% ,v; & ker A
2
44
_ |22
Letv, = Avz = 22 € kerA
0
1
Find a vector vy s.t. ker A = sp{vy,v,},v1 = (1)
2
001 0 0 10
[Alg = =[0]®[0 0 1|=/1D]J3
00 0 1 0 0 0
0 0 0 O

Complement Example
Suppose V = R3

o oefef]

0 1
then W, = sp {[0]} is a complement but W, = sp {[Z]} is also a complement
1 3

*
In general W," = span {[*]}
1

Find a Complement

To find a complement, choose a basis for Wy, say {v4, ..., v} extend to a basis of V
v, oo, Vi, Va1, oo U} let Wy = span {vggq, oo, U}

Then W, is a complement of W;

Proof of Extension

Same proof:

Chose basis for W;, W, combine and extend to basis for Y. Remove W; basis and have remainder is
span of W;

Proof of Nimpotence note

Tk and T¥1 # 0

q(x) = x*

=2q(T) =0~q€]={pXx):p(T) =0} = (my) = {mr()r(x)}
Somy| x* -« mp(x) = x% for some d < k

ButT* 1% 0sod =k - mp(x) = x¥

pr(x) has the same roots - 0 is the only root of pr
deq (pr) = n = pr(x) = x"

Proof of Theorem

=

Look at

Vo ={0},V; =kerT,..,V; =kerTi, ...,V =kerT* =V
{=vycVyccV=V

If I choose a basis vy, ..., v, for V; and extend to basis vy, ..., U, Vn +1) ) Un,
And s0 0N to V1, ..., Uny, Vnytds s Ungs voos Ving_ g #1)r o0 Vnge

T is block upper triangular with diagonal blocks = 0.
«Strictly block upper triangular
Conversely, if [T] is strictly block upper triangular then T is nilpotent



SupposeT = Jp, @ Jn, ® - @ Jn,
nyg <N, < ..<ng

kerJ, = Fe;

ker /i = sples, e;}

kerJi = spley, ..., e;}

m G8) =, 50
nul(Jn, @+ D Jn,) = k
nul(]nl @ @]nk)z

Example

T=1®,D2.D)sDJ;
nul (T) = 5,nul(T?) = 8, nul(T3) = 10, nul(T*) = 12,nul(T) = 14,nul(T®) = 15,nul(T7) = 16
=dimV

nul (Ti) —nul(Ti_l) = |{n]-:n]- > l}| = I{n]-:n]- = l}| + |{nj:nj > l}|

= |{n]-:n]- = l}l + |{nj:n]~ 2 i+ 1}| = !{n]-:n/ = l}| + nul(Ti“) —nul(Ti)
|{nj: nj = i}| = 2 nul (T%) —nul (TH?) —nul (T71)
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Nilpotent Jordan Canonical Form
October-03-11 9:37 AM

Theorem

T € L(V) nilpotent of order k, then T is similar to a direct
sum of Jordan nilpotents.

T"‘]nl @]nz @D @]n;

k=ny=2n,>--2>2ng

Moreover,

I{n; = j} = 2nul(T7) — nul(T/+1) — nul(T7-1)
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Proof of Theorem

(taken from Herstein, Intro to Alg)
Inductiononn = dimV
n=1T=[0]=J;

Now assume it holds for dimV < n
Tk =0Tk
Jug EVs.t.TF 1y #0

Claim
{uy, Tuy, T?uy, ..., T¥" 1wy } is linearly independent.
k-1
If 0= Z a;T'uy, a; not all zero, then 3ig s.t.a; = 0 Vi < ig,a;; # 0
i=o
(oo}
0 = Tk-io-1 (Z aiT"ul) = a;, 7" uy + a1 TF wg oo = 0, T My
i=o

TF 1y #0=a;,=0
~ linearly independent

Let U = sp{uy, Tuy, ..., T* 1wy
dimU =k, TUCU
A=T]|
U
(Tru) =THu, 0<i<k-1
} (T"uy) =0
A~

Need to find subspace W s.t.
1) Unw ={0}
2) U+w=v
3)) TWEW
>V=U+W

>T~T |U T |W
o=re=(r], ) & (r],)
B = (T |w) is nilpotent of order < k

By induction, B~Jp, @ Jn, @ @ Jn,
“T~Jk @ Jn, @ - D@ Jng

Take a maximal subspace W satisfying
1) Unw ={0}
2) TWeEW
So U + W is direct
Claim: If Tve U+ W,soTv=u+wu € U,w € W thenu = Z{-‘;llaiTiul

k-1
Letu = Z a; Ty
i=0

Tv=u+w
5 0=Tk1(Ty) = Tk 1y + TR-Dy
evU €W becauseTUC U,TW S W
Unw ={0}~TFu=0,TFw=0
0=Tk"1aqu; =2 a,=0

ClaimU+W =V

Suppose otherwise. Pickv ¢ U + W

Lookatv & U+ W,Tv,T?v, .., T* 1, TFv =0 U + W
2Av, =TlweU+W,but Tv, €U+ W

Tvi =u;+wp ,u EU,w, €W

k-1 k=2
U = Z a;T'u, = T(Z ai+1Tiu1> =Tus

i=1 i=0

Letv, =vi—uz U+ W

Tv,=Tvy —Tuz = (Up +wy) —uy, =w EW

LetW' = span {W,v,} o W

TW' = span {TW,Tv,} S W c W'

w'nuU = {0}

(otherwiseav, +wWeEW =u€elU=a=u—-weU+W=2a=0=>W=0U=0

So W is not maximal w.r.t 1), 3) a contradiction.SoU +W =V -V =U+W
This completes the proof. H

2nd Proof

More constructive

LetN; =kerT!0<i<k

{0} =NgcN;cN,c--c N, =V

Choose a complement Wy, to Ny_1: Ny + W, =V
Choose a basis wy, ..., wy, for Wy

W), Ty wees T*=1w; all non-zero

As first proof, they are linearly independent
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T ~Jk

span{w]-,...,Tk_lw]-}

Claim
Twy, Twy, ..., Ty, are linearly independent, and sp{Twy, ..., TWT} N Ny_, = {0}

Proof
r

Suppose Z a;Tw; =v € Ny_,

i=1

T r
T’HZ a;Tw; =T* 2y =0 =Tk (Z aiwl-)
r

i=1 i=1

&) aw; € Ny n W = 0}
i=1
{w;}lin.indep.=> a; = 0
~ {Tw;} lin. independent, sp{Twl,..,Twrl} N N,_, = {0}

Ni—z + sp{Twy, ..., Twy. } € Ny_y
Find Wy—; s.t. Nz + span{Twy, ..., Twy, } + Wie—y = Ny

Choose a basis for Wk_l{wrlﬂ, vy Wiy

Claim

Suppose Nj = Nj_1 + Uj,j = 2. U; has basis uy, ..., Uy,

then {T'uy, ..., Ty} is linearly independent and sp{Tuy,.., Tun} N Nj_, = {0}
Proof

m
If z aiTu; =v € Ni_, > T2 (z aiTui> =T/"2p=0=Tk1 (z aiui)
=

ﬁZaiui EIVj_anj = {0}
~a;=0v=0

Then I can extend {Tuy, ..., Tup,} to a complement of N;_, inside N;_; by adding new basis vectors

Vrp_j+1s 0 Vrpg

This process builds the Jordan form. Get dim V — dim(Ny_;) blocks of length k
Our formula was

2nul(T*) — nul(T**1) — nul(T*1) = 2n — n — dim(Ng_,) = dim V — dim(Ny_,)
Ny =Ny + U

dim U; = dim N; — dim N;_y = # of Jordan blocks of size = j

nul(T7) — nul(T/-1) = |{n; = j}

nul(T/+1) — nul(T7) = {n; > j}|

2 nul(T7) — nud(T/41) — nud(T/-1) = [{n; = j}



The Algebra of Nilpotent Transformation

October-05-11 10:05 AM

Homomorphism

A homomorphism between two algebras A and B over

aring Kis amap F: A — B with the following
properties:
VkeK,x,yeA

1) F(xk) = kF(x)

2) Flx+y)=Fx)+F()

3) Flxy) =FX)F(y)

Modulo Polynomials
If m € F[x], (m) ideal of all multiples of m.
Sayp = g mod(m) ifp —q € (m) =m|(p — q)

Make F[x]/(m) into a ring. Elements are equivalence

classes.

Ip] = {q = p mod (m)}
[pl+[ql=[ptql
lrllal = lpql

Check that this is well-defined.
If p; = p, mod(m),q; = q, mod(m)

(1 £q0) — (P21 q2) = (p1 —p2) + (a1 — q2) € (M)

g =Eptq,
D292 —P191 = (P2 — P12 + P1(q2 — q1) € (M)
P2q2 = P1%1

Algebra
An algebra is a set A which is
1) Avector space over a field F
2) Has an associative multiplication
3) Distributive law
a(xty)=axtay, a,x,y €A
Ax+y)=Ax+ 2y, AEF

Algebra of Nilpotent Transformation
TeLlV)

A(T) =sp{L,T,T%T3,..} = {p(T) : p € Flx]}
There is a map from

Flx] - A(T), @: p - p(T)

This is a homomorphism. i.e.

a,B €F,p,q¢€F|x]

(ap +Bq) » (ap + Bg)(T) = ap(T) + Bq(T)
(pq) = (p)(T) = p(T)q(T)

Lemma

IfT¢ =0 = T4 1, p € F[x] then
1) p(T)isinvertible & p(0) # 0
2) p(T) =0 x4p
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Equivalence Class
0 1
0 1

T=J=
0 1

0 gk
p(x) =ay +a;x + -+ apx™
P(T) =aol + a.T + aZTZ 4+ et ame

%o 0 ({1 . 0 .. ax—q
:[ ]+ : 0 a +...+[ : ]
ag 01 0
Gy G . Ay
. Ay @4
Qo
If q is some polynomial q(x) = by + byx + -+ + by, x™

p(T) = q(T)
Sa=bfor0<i<k-1
& x¥|(pt) - q()

< p = qmod(x*)

Algebra of Nilpotent Transformation Explanation

T4 =0T

map is linear, preserves product

Show p(T) = ®(p) = d(q) = q(T = p—-q € (x) = xdp-q

m € Flx]

F|x]/(m) is a "quotient ring" of polynomials modulo m.

p=qemlp—q

W: Flx| - Flx|/(x%) is a homomorphism

Showed if p; = pa, 1 = q, (mod x¢) then ap; + B4, = ap, + fq, and pid; = poq; (mod (x7))
+ maps are well defined

ker® = (x?) = ker ¥

Flx] -»® A(T)

Flx| =¥ Flx]/(x%)

Flx] »®~ A(T)

Can defined @~ by ®~(|p]) = p(T)

Well defined p; = p, (mod x) then x¢|p; —p,
(p1 = p2) (%) = x%r(x)

p1(T) —p(T) =T (T) =0

= p1(T) = po(T)

~ @~ is well defined

Claim: ®~ is 1-1 and onto
o~ ([p)=0=p(M) =0

Proof
2) prlx) =x¢
p(T) =0 & x%
1) Writep(x) = ag + a;x + ax? + - + a,x¥,
p(0) = a,

Ifp(0) = ay = 0 then p(x) = xq(x)
~p(T) =Tq(T)
T is not invertible . p(T) is not invertible

Ifp(0) =ay #0
p(x) = ap(1 + xq(x))
p(T) = ao(I + Tq(T))

Proof 1:
T upper triangular, 0 on diagonal
0 -
p(T) = [ ]
Qo

« a(p(1) = {ap} # 0 - invertible
Proof 2:
Letf = ag? (1 —-Tq(T) + (Tq(T))2 — et (_1)deq(T)d)
1
p(T)B = a, (1 + T(q(T)))a—O (1 —Tq(T) + (Tq(T))2 et (—1)deq(T)d)

= 1=Tq(T) + (Tq(1))’ = -+ (~DT4q() + Tq(T) - (Tq(T))" - -~
+ (_1)de+1q(T)d+1 =]+ (_d)de+1q(T)d+l =]
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d~is1-1
@~ is onto, @~ ([p]) = p(T) € A(T)

fo~(ph =20~ (qD @ e (p-gqD =0=x%p-qg=[p—ql =0 = [pl = [q]
@~ is an isomorphism
(Itis a bijection, homomorphism, and @~ is a homomorphism)
0 1

0 1
Did thisfor T = J; = RS
0 1
0 1,
General case
T=Jn, @Jn, DB Jn,

N=ny=ny, = =2ng

0 1
0 1 0 1
T= ea[ 0 1]@[8 J@re (ol
0 1 0
0 “axa
p(x) = ag + a1 x + ax; + - + axk
ay @ G .. agp
ay, a; Ay a1 Ay
p(T) = R & [ o al] & [%0 Zl] @ Lao] @ lao]
Ao 4 Qo 0
o “axa
p(M) »pUa),  p(T) € AT, pUa)AUq)
A(Jg) » A(T)



Jordan Forms
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Jordan Block
AJordan block is a matrix J(4,k) = Al + [ =

Jordan Form
A Jordan form is a direct sum of Jordan blocks

From the nilpotent case, we get

Corollary

IfT € L(V) and py(x) = (x — D)™ then my(x) = (x — 1)¢ where ker(T — A%~ c
ker(T — A% = ker(T — A)%*1 and T is similar to

T~J(An) ®JAn) @ D JAns),d =ny <ny < - <1

Moreover,

[{w; = i}| = 2nul(T — AD* — nul(T — AD" —nul (T — A71)

Lemma

IfT € L(V), A € F then N; = ker(T — ADJ and R; = range(T — AD are invariant
subspaces for T (and for any A s.t. AT = TA)
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Proof of Corollary
pr(x) =(x—D" = pr_y(x) =x"™ & T — Al isnilpotent

Goal

The goal is to prove that if p;(x) splits into linear terms pr(x) =
K (x — ;)% then V splits as a direct sum

V=V, +V,+ -4V, where V; = ker(T — 4;1)¢

Then T is similar to

T~ (T |V1) EB (T |V2) ®-® (T |Vk> =T, OO ®T
(T = 41)7v; = {0}

So (T =417 =0

(T = 4D~ (X m0) © - @) (15,

Proof of Lemma

x € Nj, then (T - ADix=0

AT = TAthen (T — AD)JAx = A(T — ADJx =0
+ Ax € ker(T — A/

lnyRan(T—A‘I)j.y=(T—ﬂl)jx )
Ay = A(T — AI)/x = (T — AI)! (Ax) € ran(T — AI)/

Ja, kerjq = spleq, ..., e;}
ran Jg = splen_i en_it1, -, €}



Jordan Form Theorem Proof of Lemma
T — Al is nilpotent

T—=MA~Jp @@ Jn,
T"’](A,Tll) @ @](A!ns)

October-12-11 9:32 AM

Lemma Expand p around x = 1

T € L(V)s.t. (T — A% = 0 then if p € F[x], p(x) = ag(=pD)) + a;(x — D) + a,(x = D? + - + a, (x — D"

p(T) is invertible p(TM) =pWI +a; (T —AD + ...+ a, (T — D" = p(DI + (T — A)q(T)
(T — ADq(T) is strictly upper triangular

=
p(A) # 0 Invertible & p(1) # 0
Lemma Examgle 0 0 0 o
T € L(V), A€ o(T) 1
. ; 001000
Let N; = ker(T — Al)
Al 1o oo o0 0 o0
R, =ran(T —AD'i =0 T = 000 2 10
Suppose {0} =Ny S N; G - & Ny = Ngiq 0000 2 0
. 0 0 0 0 0 3
Then Nq.j = Na Vj = 1 , N; = splei}, Ry = spley, e3,€4,€5,€6}
andV =R, > Ry >+ 2 Rg=RyyjVj21 N, = spley, €2}, Ry = spley, 4, €5, €6}
andV = Ng + Ry N3 = sp{ ey, e;,e3}, Ry = sp{ es, e5, €6}
N, = sple;, ez €3}, R3 = sp{es, e5, €6}
Lemma :
T € L(V)
ker(T — A% & ker(T — AI)? = ker(T — AI)4+! Proof of Lemma
Then my(x) = (x — 2)%n(x) where n(1) # 0 Ng4+1 = Ny, Proceed by induction
Assume Ng,j = Ngyj_q
Theorem take v € Ny jiq
T e L(V) (T - AI)U € Nd+j = Nd+j—1
Assume pr(x) splits into linear factors W (T =AD" YT - ADv=0=(T-M)%v=ve Ngs;
: . dim(N;) + dim(R;) = n
pr(x) = 1_[(7‘ — )¢ “ Ny & Niy1 S R 2Ry
i=1 s So Rd+j = Rd V] > 1
Let mp(x) = n(x — )% .
) Claim
V; = ker(T — A,1)% Ny n Ry ={0}
ThenV =V, + V, + -+ V, Takev € Ry~ Ax € Vs.t.v = (T — A%
VEN; 0= (T—AD%% = (T — AI)?%x
Corollary X €Nzg = Ng

— (T _ 3d 4 —
If pr(x) splits Sov=(T-AN"x=0

V=V, 4ot

Ny n Ry ={0}
=T |Vl. € L) Sodim Ny + Ry = dim Ny + dim Ry = n
then (T; — ;)% =0 “Ng+Rqg=V

T~T, DT, P - DT.
' 2 ° Proof of Lemma
Factor my(x) = (x — 2)®n(x) where n(1) # 0
Let N; = ker(T — A4
From Lemma, n(T)|y, is invertible on L(V)

Claim:e > d

Take v € Ny \ Ny_q ~ (T — A%ty = 0
~n(THT —AD% 1y £ 0

an(TYT =AD" #0

~ e = d because 0 = my(T) = n(T)(T — AI)¢

Claime =d

Since 0 = mp(T)v = (T — AD°n(T)v
> np(T)v € N, = N, (since e = d)
= (T-AD%*n(Tv=0

= (T-2D%(T)=0

mr| (x —Dn(x)ore=d

Proof of Theorem

LetR, = ran(T — 4;)%,KnowV =V; + R,
Claim: V; S R, fori = 2

[(x—2)%|(A) = (A, — 2% % 0
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V, and R, are invariant for T and hence invariant for (T — A;1)%

(T — 4;D% ) is invertible
1

Takev € V;,i = 2. Writev=n+r,n€ N;,r ER;

0= (T -—4D% = (T-A4D%n+ (T -14D%r=0+0
(Because of direct sum, both terms are 0)

Since (T — /11-I)|V1 isinvertible n=0~v=r €R,

Now we can prove the theorem by induction on n = dim V
n=1T =[]
Ay = A, V; =V Done

Assume result form < n
V=V R, T=T| +T| =7, ®S
vy Ry
(T1 - lll)dl =0
SactsinR;,dimR; <n
T, O _ ;
T~ [0 S]onV—N1+R1
pr(x) = pr, (X)ps(x)
pr,(x) = (x — A1), e; = dimV;
ps(x) = (x — 1) (x — 23)% ... (x — A5)%
By induction Hypothesis
Rl =V2+V3+.“+VS‘
~ ker(S — ;D% = ker(T — ;)% S R;



Apphcatlons of ]Ordan Forms Proof of Jordan Form Theorem
Already been done

V=V, +V,+ 4V, where V; = ker(T — ;)¢
Each V; is invariant for T, and T; = T|y,, then (T; — 4;1) = 0
ki ®
Jordan Form Theorem Ty~ Z JGamiy), Z"i,j =dimV;=¢
[F algebraically closed (or pr(x) splits into linear terms) '
S

j=1
T € L(V),pp(x) = H(x — )¢
i=1

October-14-11 9:43 AM

Cardinality of # {n;;, = r} was done

Example
Then T is similar to Which A € M;(C) satisfy A3 = I?
S Oki ®

Z J (A 5) If 4% = [ and A~B B = SAS~1 then B3 = SA*S™1 = §§~1 = |
i=1 j=1
where n;; > niki,Z;”:l =g Look for similarity classes of solutions
Moreover, for each i, {ni_]» = r}| = 2nul(T — ;)" — 2
nul(T — ;D™ —nul(T — ;D71 SayANZJ(Ai’ki)
&2

Note o A3~Z](}Lirki)3
Jordan blocks can be used to answer similarity-invariant
questions. Look at J (4, k)3 = (W +J,)3 = 231+ 322, + 342 +J3}

Need 23 =1and312=0ork=1
.1 .1
~ae{1em, e} and k =1
So A is diagonalizable A~diag (1,15, 13), A3 =1
Count similar classes:
All 2; same 3
2 same 1 other 3 x 2
3 different 1
=10

Example

Find all Awith p,(x) = (x — 4)*(x + 1)3 and m, (x) = (x — 4)3(x + 1)?
=dimV =7 =degp,

nul (4 — 4D* = nul(4 — 4)3

nul(A+ 13 =nul(4 +1)?

Size of largest Jordan block is 3 (from m,(x))

=24~J(43)0J4 D SJ(-1,2) ®J(-11D)

Example
Find all A with p,(x) = (x + 2)*(x — 1)3
and myyy = (x +2)2(x — 1)

dimV =4+3=7=degp,

a(Ad) =1{-2,1}

nul ((A+2D7) =nul((A+2D)?) =4
nul(A-D7 =nul((A-D1) =3

A~](=2,2) ®J(=2,k;) @ J(=2,k3)
24k, +hy =4
@JLDBJALD B/,

Two choices k, =2ork, =k; =1
Gives

[_02 —12] ® [_02 —12] S0

or
17 Lleraeraer

The similarity classes of these are the solutions

Example
Which matrices have square roots?

n ®
Suppose A~ ) ] (A, k)
i=1
Then A2~ 39 (4;, k;)?

]2:[/152 201 . o]

11
B=J(,k)? = [

A
a(B) = {22}.1f 2 # 0 then (B — 22]) = [0 21 1 0]
(B —A2N)k-1= [0 0 .. 0 (2,1)0(—1)]

Jordan form for B is J (A%, k)

Conversely, if 1 # 0 J (4%, k) has a square root.

7 T
S[A.Z 10 .. 0]5_1=[/1.2 2001 .. o]z[ ]
: H . /’{
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A=0

0 0 1 0
2= 1
0 01 00 0O
{0001000]'0100 01 0
|0000100|~0010@001
0 00 0 0 1 0 0 0 0 1 00 0
lOOOOOOlJOOOO
0 00 00 0 O
Ifk =2

]}%NJ[E] ®]|l_c_|
2 2
So if A is a square, the nilpotent part of A must come in pairs of size differing by 0 or 1

Plus we can have as many J; s as we want

Soeg A~J(1,7) ©J(2,9) &J(0,5) ©J(0,4) &/(0,3) &/(0,3) & J(0,2) ®J(0,1) ©/(0,1)

Is a square
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The Algebra A(T)

October-17-11 9:30 AM

Generalized Eigenspace
Vi = ker(T - li)ei

Idempotent
A map E is idempotentiff E? = E
Projections are idempotent

Proposition

T € L(V), pr(x) splits, pr(x) = n(x — ;)¢
i=1

Let V; = ker(T — 4;)¢
Then the idempotents E; in L(V) given by
V=1 eV,e -V

s

E,(v) = E; (Z vj> =v;,1<1i < sbelongto A(T)

=1

Chinese Remainder Theorem
my,my,...,mg € N relatively prime
(gcd(mi,mj) =1fori+j)

Then x = a; (mod m;) has a unique solution
N

xX=a (mod Hml> for every choice of a;
i=1

Z->Z/ML->L/mMZDLZ/mZD - DZL/mL

n - n (mod m)

- (n mod(m,),n mod (my), ...,n mod (ms))

CRT says
Z/mZ - Z/mZ D LZ/myZ D - D Z/mZ
is a bijection.

Chinese Remainder Theorem for Polynomials
Ifm;(x) € Flx],1<i<s, gcd(mi,mj) =1i+j
then if p; € F[x], the equation p = p, mod(m;) has
a unique solution modulo m = mym, ...my

Theorem

S
T € L(V),py splits my = n(x — )%

=1
Then A(T) = A (T |V ) ®A (T
A(T) & Flxl/(m)
a(rl,)@a(r],)@-a(r
© Flx]/(my) @ -+ ® Flx]/(ms)

)& -a(r

)

V2

)
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The Algebra A(T) Description
T € L(WV)

A(T) = spanf{I,T,T?,..,T" %, ...}

pr(x) = x™+ -

Cayley-Hamilton Theorem: p(T) = 0
n-1

T = — Z a;Tt € span{T,T,...,T" 1}

i=0
n-1

Tk = — z a;TH* € sp{l, ..., TV} = sp{l, ..., T}
i=0

by induction.

In fact mp(T) = 0, mp|prdegmr =d <n

d-1
¢ == b
i=0

Same argument shows A(T) = sp{ I, T, ...,T*"'} dim A(T) = d = degmy

p.q €F[x] p(T) =q(T) & (p —)(T) = 0 = mr|(p — q) © p = g mod(mr)

F[x] - A(T):p » p(T) is a homomorphism; It is linear and multiplicative.
Flx] - F[x]/(m¢):p » [p] is a homomorphism
Fl[x]/(my) = A(T): [p] = p(T) is an isomorphism.

Proof 1 of Proposition
S

Let mp(x) = (x —A)%
L]

V; = ker(T — 4;1)
So for a polynomial p(T) to satisfy p(T)v = 0 Vv; € V; need (x — Aj)dj|p

Let q;(x) = n(x — Aj)dj
J#i
Then q;(T)v; = 0Vv; €V},j # i
Lookat q;(T)ly,. Tly, = A;I + N;, N nilpotent

a|, =a (7], )= 000 =] [Gi-2)" =0
JE

By Lemma, q;(T)y, is invertible. Moreover, the inverse is a polynomial of T

(recall,N =T — Al nilpotent q;(N) = ao(I + Nr(N)) = q;(N) !

1
= a—(l — Nr(N) + N2r(N)2 — --.) terminates N4 = O)
0

So there is a polynomial 7; € Flx] s.t. ;(T) = q;(T)ry(T)ly, = Ily,

Let e;(x) = q; )y (x)
Let Ei = ei(T) € A(T)
17]' € V],] * i, Ein = Ti(T)qi(T)'Uj =0
Eiv; =v;
s

“E, (z ) -

j=1
2., — 2
EiU—EiV—UiﬁEi _Ei

Proof 2 of Proposition
Consider q4, ..., qs, q; defined as before

ged(qy, 92, ., qs) = 1= z E;=1

By the Euclidian Algorithm 3r; € F[x]s.t. Xi_; qir; = 1
Let e; = q;1;,and E; = ¢;(T)
Ew =E W+ +v5) =n(Dq(T)(wy + -+ v5) = Ejv; € V; (q:(Tv; =0,j # i)

n n
v=I[v= (ZEL-)U = invi
1 i=1

i=
s +

Direct sum V = z V; + unique decomposition
i=1

v = EiUL', i= 1, 2, ey S

. E? = E; has range V; and kernel YV

Example of CRT
m=6m; =2,mg=3



A Z/6Z  (Z/2Z,Z/31)
0 (0] 0,0)

1 (1] @y

2 (2] 0,2)

3 (3] 1,0

4 (4] ((URY)

5 [

5] (1,2)

Proof 3 of Proposition
S
By Proof 2 we get e; = q;1; € F[x] s. t.z ei(x)=1

i=1
Letm;(x) = (x — 2)%, ged(my,m;) = 1Vi #j
Let m = my (x)my(x) ... ms(x) = mp(x)
Now e; = 0 mod(my),j # i

S

1=Zej=ei (mod m;)
=1
_(0(@modm)j =i

h iz{l(modmi)i=jr

To solve {p = p; (modml.) i<i<s}
S

Letp= ) piei(®),  pEpiC0-1+ Y pi()- 0= pi (mod my)
i=1 J=i

p=qmodm)i<i<s

eomlp-l1<i<somllp—-q) ©p=q(@modm)
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Jordan Form Application
October-19-11 9:25 AM

Proposition

T € L(V),pr splits

Then T can be expressed uniquely as T = D + N where D is
diagonalizable and N is nilpotentand DN = ND.

Cyclic Vectors
T € L(V) has a cyclic vector x if sp{x, Tx, T?x, ..., } =V
T is cyclic if it has a cyclic vector.

T has a cyclic vector iff m = pr

Theorem
T € L(V) TFAE
1) Tis cyclic
2) mr=pr
3) T has a single Jordan block for each eigenvalue

Remark
1 & 2 is always true, does not require pr(x) to split.
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Example use of Jordan Form

T eL(V),my = ﬂ(x ypt

D
AT = Flxl/Gmp) = ) Flad/ (G- 29%)

V; = ker(T — ;)%
V="tV + -+
Ti=T|{ ,mp= (x = 2%

T~T1 @ TZ ea A @ TS
p(T)~p(T,) @ p(T,) @ -+ @ p(Ty)
but p(Ty) = q(T}) if f p = q (mod (x — 2)%)

Express p(x) as a Taylor around 4;
p(0) = ag +a; (x — ) + az(x — 2)% + -

ki
sz Al +]nl.j
i=1

31 0 0
= 0 3 10
oo 3 1
0 0 0 3
p(x) =1+ 2x? + x3
p(3) =1+29+27 =46
p'(x) = 4x + 3x2
p'(3) =12+27 =139
p'(x) =4+ 6x,p"(3) =22
p®x) =6

" 3)
P = (D + PP -3 + P2 =32 4 L (-3

! 3!
=49 +39(x —3) + 11(x — 3)? + (x — 3)3

46 39 11 1

o 46 39 11
PD={o o 16 39
0 0 0 49

Proof of Proposition

s @ s k;
= 1SS i+,
i=1

i=1j=1

s ki @
b=y S

i=1 j=1
S

D= Z ME;, E; idempotent ran(E;) = V;, ker(E;) = Z 14

i=1 JED

Dis apolynomial in T, D = Y ,E; = (& A;¢;)(T)
~TD = DT

D is diagonalizable
s k

N=T-D~ Z ]ni]. is nilpotent

i=1j=1
Nis also in A(T)

Uniqueness

Suppose T = D; + Ny, D; diag, N; nilpotent D;N; = N;D;
D; commutes with D; + N; = T . D; commutes with A(T)
~ D; commutes with D, N

Similarly, N; commutes with D,N

D, commutes with E;. If v; € V;,v; = E;v;

Dyv; = D1Ejv; = E;Div; Eran E; = v;

So V; is invariant for D; (and N;)

m:mh@mh@m@m|
L@l &l
1 2 S

Each D, |y, is diagonalizable so (D; — A;1)|y, is diagonalizable
~ D; — D is diagonalizable ~diag (uy, uz, -, Us)
Dl + Nl = T = D + N

Vs
D = /111
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Dl—D =N—N1
2n )

(N — Ny)2" = Z(—l)j ( ]71) NN =0
=0

(Because N, N; commute, first =)

(Second =) j=nN;=0,j<n= 2n—j=n~N"" =0

0 = (D, — D)*"~diag(ui"&u3", .., uz") - uf" = 0= p;=0=>Dy =D
“Ny=T-D; =N

[

Cyclic Vectors

Ifmr(x) = x% + a_1yx? 1+ -+ a,
0=T%+ay_T* '+ +a;T + ayl
T4 = —ay_ (T — o —a;T — ayl

~ T € sp{x, Tx, ..., T4 x}

So sp{x, Tx, ...} = sp{x, Tx, ..., T% 'x}, where d = degm(x)
dim sp{x, Tx, ..., T 'x} < d
A necessary condition for T to be cyclic is degmy = n,i.e.my = pr

Note that my = pr < there is a single Jordan block for each eigenvalue.
nglx)

= l_[(x — 1;)%,where d; is the size of the largest Jordan block for 1;

i=0

s @
T~ Z (Ml +J4,)
i=1

A Jordan block with basis {ej, ..., e, } has a cyclic vector e,
Let v; € V; be a cyclic vector for Ty,

Letv=v; +v, + -+ v

Claim: v is cyclic for T

E; € A(T) Sov; = E;v € A(T)v = sp{v, Tv, ... }

“Thy, € AT =V, S A(Tv =V = Z V, = A(T)v



Linear Recursion Revisited
October-21-11 9:31 AM

Linear Recursion Formulae
Given xg, X4, ..., Xx—1 and the linear recursion Xy, + @p_1Xk4n—1 + An—2Xk4n—2 + .+ apx, =0
Find a formula for x;

0 1 0 0
0 0 1 0
LetA = 0 0 0 1
—Qp —a —Qn-1
Xk 7 Xo
xk:+1 — gk x:l
Xk+n—1- Xn—1
x -1 0 0 . 0 8 8
0 -1 0 x
Pat) = )(; . _1 |=1o 0 x 0 =x"+ ap X"+ apx™ %+ 4 ag
o An-2 Ao
ap als v Xt ap—q ao a1+—x— w Xtap—1+ x +---+)—Cm
Factor p,(x) = n(x — )%
i=1
Case 1: n distinctroots - A is diagonalizable
A~diag(/11,/12, ""/171)
1 A;
A 22
Letv;=| 22 |=Av; =
: i
A —@g —ady — = Ap_g AT
—Qo = @1y = = An AT = AT —pa(d) = A7
Ai
A
AUi = = Aivi
-t
A
So vy, ..., v, is the basis that diagonalizes A.
X0
X1
Express : =bv+ -+ by,
" Xn—1
x X
. X oA 4 by + e+ by AK
L= AR T | = ARy + o+ bpw) = by Avy + bpAS v + e 4 by Ay = :
Xg+n-1 Xn—1

So|xy = by Ak + - + b 2|
The set of possible sequences we get is the linear span of (1, A, Af, /1?, )

Note

Ifp € C[x] has repeated roots, say p(x) = (x — )?q(x)
Thenp’(x) = 2(x — Dq(x) + (x — D?q'(x) = (x — Dr(x)
Ifp(x) = (x — Dqx),q(1) #0

p'(x) = q(x) + (x — Dq' (x)

p'(A) =qx)#0

So p, p’ have a common factor (x — 1) iff A is a root of p of multiplicity > 2
= p has simple roots © gcd(p,p’) =1

Case 2
Repeated roots:

palx) = n(x — )%
i=1

A has a cyclic vector e,
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0 1 0 0 0 0 :
0 0 1 0 0 : 0

2 _ _ _
AT=A4 0 0 0 1 =4 o] |1
—Qp —a; .. —Op_1-'1 1 *
* *

-~ only one Jordan block for each eigenvalue

S @
A~ Z](/'li.di)
=1

Pick v; o € ker(4 — A;))% but not in ker(4 — A;1)%~1
Letv;; = (A— 4D/ vip, 1<j<d;—1

{vi,o, s Vi,dl-—l} is a basis for Jordan block 4;1 + /4,
So{vyj:1<i<s0<j<d;—1}isabasis for V

Xo
Write[ : ]=Zbijvij
Xn—1
What is A¥v;;?
A1 0 O 8 0
_loa 1 of _IV, _|1
Mtla=lo o 2 1|"w0= (')"’W‘ 0
0 0 0 A 1 :
X 0
A1 0 0 & d-1
0 4 1 0of _,y k _ kk—li_zkk—li
0 0 2 1| =@t ‘Z(i)l Ja= ({4
000 2 . =0 i=0
K k-1 k+1-d;
Mgkt (d_l)/'l
= ki k+1-q;
=lo A . (d_z),l
0 /1k
ARvi o = %00 + kde_1v; +...+( k )Ak+1—di
,0 ,0 k—-1Yi1 d—1

_ K\ k-
Akvi‘j = Akvi,j + kﬂ.k 1vi‘j+1 + 4 (?)/‘lk ?vi,di—l

Xo
() Zom
Xn—1
x¥ Xo
< >=Ak< ) =zbiAkvi,j =Zbi(/lkvi,j‘l'k/lk_ll?i’j_'.l+"‘)
Xn-1

Xk+n—1 n-
X = z b; (livi(j-) + klk‘lvi(}ll + ) = z M(cio+ cirk + cigh? + -+ ci_di_lkdi‘l = Z Aq(k),degq; < d;
ij i i

General Solution
xi= ) 2ai(h)
i

has n unknowns q;(x) = ¢;o + ¢j1 A+ - + ci_(di_l)ldi_l
Know xy, ..., Xx,—1 solve for ¢;

Solution space is spanned by
(LA, 22,23,...)
(0,4;,242,323,...)
(0,4;,2%7122,3%-123, )
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Markov Chains
October-24-11 11:25 AM

Discrete State Space
A discrete state space X is a finite set of possible states.

A discrete process provides probabilities for transition
between states at discrete time intervals.

A process is stationary if the transition probabilities are
time independent.

A discrete stationary process is called a Markov process.

Regular Markov Process

A Markov process is regular if there is an N so (AN)U >
0 Vi,j

i.e. Itis possible over time to move from any state to any
other.

Lemma
A= (a;)eL)

Let p(4) = max Z|au| (max of row sum)
1s<is
=1
Then o(A) < {A: 1] < p(A)}

Theorem

A= (aij) is a transition matrix.

Thenl €eoc(4) €D ={1:|1] < 1}

Moreover, if A is regular then 6 (4) € {1}u D = {1} U
LA < 1}andnul(A—D =nul(A-D? =1

Euclidean Norm

lall, =

o

Usual Euclidean norm on R™

Claim
1AB]l < lIAll1IBIl;

Proof
lABII3
n n n n
53 () =535 (5)
i=1j=1 \k=1 i=1j=1 \k=1 =1

By Cauchy-Schwarz inequality

_ (Z Z agk> (}Zi b;,.> = IAIZ B3

i=1k=1

Corollary

If A is a regular transition matrix, then A™ converges to L =

vu® where Av = v, v has entries ; v; = 1 and ut =
(1,1,..,1)

This is the idempotent in A(A) with range ker(4 — I).
Moreover, if w is any probability vector then

lim A"w =v
n-—-oo
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Label the states X = {1, 2, ..., n}. The probability of moving from state j to state L is p;; >

0.So Z?:lpi]' =1 V]

P11 P1in
L _ _ P21 P2n
etA = [pif]nxn = Column sums are 1

pnl
What is the limiting behavmur as time — oo?
a
Initial state py = <
an
Interested in lim A™p,
n—oo

>At time 1 p; = Apg, Pp+1 = App Yn =1

Example

A microorganism has 3 possible reproductive states: Male, Female, and Neuter.
Male one day - M 2/3 time, N 1/3 time next day

Female one day — F 1/2 time, N 1/2 time next day

Neuter oneday->M1/6,F1/2,N1/3

2 0 1
3 6
1o o
A=[0 = Z| Initiallyp, = | fo |, pn = A™py
2 2 o
1 1 1
3 2 3
2 0 1
1 3 1 i 1 1 1 1
AT [1] =0 = = [1] = [1] In general A® [1] = [1]
1 2 2yl b
1 1 1
6 2 3

so 1 is always an eigenvalue since d(4T) = g(4)

7
()—( 1)( Sx-), o= YEV3E Diagonalizabl
pr =W Zxo 12 a = ) 4 S lagonalza e

f 1 00

a=s1| T 0 SAsn - oo, A"=S‘1[0 0 0]S=L
. \F 0 0 0

-3

—

L = L2 is the idempotent in A (A4) with range span(v where Av = vand vis a
probability vector.

0 0

! 0
3

Nl RO -

2 0 —1y11
ker(A—1) - [0 1 —1] [Z] =0
0 0 o0-'2

N

0
1
3

N =
|
wl

1 0.2
Normalize [2] to get the probability vector v = [0.4]

2 0.4
Have vectors v, v,, vz abasis s.t.

7 7
1+ 7 -7

Av =, Av, = —4—— vy, Avz = 7 — V3

Ifpg = a1v + a,v, + azvs

£

4

Pn= A'py = al”"'(

1
u= [1],ATu =uandu’A =uT
1

uTpg=mg+fo+np =1
2 >0

uTp, = uT(A"py) = W' AMpy = uTpy = 1,and p, = lfn > O] because a;; = 0
W =0

So p, is a probability vector.

v =p, = ii_r&A”po, 1=ul(gv)=a;>a;,=1

Therefore in the limit as n —» o is 20% M, 40% F, 40%N

Proof of Lemma

Suppose 1 € a(A),Av = Av,v # 0
V1
v =

. Pick iy such that |vi0| >|ylvi<i<n

n
X Zlamnm < (Zlaml) v < P |

12

|Avlo| -




2121 < p(A)

Proof of Theorem

=(1,1,..,1) then uTA = uT because column sums are all 1. So ATu =u,or1 €
a(AT) = o(A) - Since A~AT so det(4) = det(4T)
p(AT) = max{1,1,..,1} = 1 - 6(4) = 6(4™) € D by Lemma

Proved first part, now prove that (1, ..., 1)7 is the only eigenvector for 1 or -1
Ais regular so 3N such that AV = (CU) ¢ >0

Observe that AN** has strictly positive entries.
Uy
T Uz
Suppose [A| = 1,ATu=Au, u=| .| #0

Un

Repeat argument in Lemma for (4Y)T and (A¥*+1)T
(AM7T = (ci,-)T has row sums = 1

Pick ij s.t. |ui0| > |yl vi
n
=2 Zcuolull <3 (z (.'110) |ulo =4 |ui0|

n
i=1 i=1

Z CiigUi
i=1

1: Since ANu = (AM)Tu

2: Since ¢, > 0 do not need absolute values about them.
3: An equality iffu; = w;Vi

4: (A™)T has row sums 1

This is an equality therefore if u;, > 0 then u; = 0 Vi.

3 must be made equal so u; = u;, Vi so 2 is also an equality.
1

1

[wiy| = 12V |uio| =1

SU =W DUESP

-

cdu=Alu=u=21=1
Soo(4) c{1}uD

nul(A—1 =nul(AT-0) =1
~ Single Jordan block for 1

1

A~Cli+ i) @Z/(Al.k )l <1
I +J = S714S
(STHAS™ = U+JO™ @ ) J0y k)™,

For|l] <1
JAIO™ = Qi + i)™ = 2 + () e+ () AR 4 e (1) AR

—_ m _k
=('1m maAmT (k—l)AmJrl >—>Oasm—>oo

(I +]k)m:(1 m (krill))

m=1: (1) - (1)
m > 2: (7)1 +J)2 2 m - o0

On the other hand
1(S~TASY™I, = ISTLA™S I, < IS NA™ (LIS
Am is a transition matrix so

szz >0

bflsb

n n
So [lA™12 = ZZ 3sZZbU

j= 11 j=1i=1

= lIs7rAS|l < valiSliz IS,

U+J0m+ Z](/li, k)™

®
U+ m+ Z}(Ai.ki)m >mlfnul(A-DN%>2

snul(A-D?=1

Proof of Corollary
The last argument shows that

(sHS)™ = (1) @ Z/uvk o (M@0
This is the 1dempotent in A(T) with range ker(T —1I)

Am=STmS 15 s((D@0)S~t=1L
L is the idempotent in A(A) with range ker(4 — I)
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Soker L = span{ker(4 — 1,)%,1 <i <s}
Letv € ker(A—1)
1
Knowu = 1 is an eigenvector for A7, eigenvalue 1
1
SouTA = uT. Look at A™ (i u)
1 1 n
uTl (Am—u) =@Wam)-u=u"-u=-=1
n n n n
%u is a probability vector (w prob. vector & w; = 0,utw = Yw; = 1)
1
u’l (Am —u) =1
" 1
Aam);=0= (Am;l'u) >0Vi
i
Eventually (4™);; > 0 = (Am “u)>0
1 1
L-—u= lim A™ —u = cv, probability vector
n m-c n

ranL =ker(A—1) =1Iv
Normalize vsothatu’v =1=.c=1

1
A™ (;u) -V

v=Av = A" = (b;) (:1) - (::)

n
For mlarge m;; > 0,v; = 0
n

SV = Zbijvi >0
j=1

L eA(A)

LA = lim A™A = lim A™*1 =]
m—oo m—oo

AL = lim A™+1]
m—oo

Write

L =|a;&a,&...&a,]| ,a; € R"
L=AL = [A0,&Aa,& ... &Aa, ]
~ Aa; = a;,50 a; = c;v

Similarly,
BT
,BT
L=|P2|,peRrn
Br
Bl A
T
L=14=|P4
T T nA
~BlA=pl or AT = p;
1
py=duu=|1
1
So each row of L has all entries the same.
v Vi Uy .. Vg
v Vy Uy e U
va=I;2]=>L=c 27 2
Uy Vp Uy e U
Lis a transition matrix . ¢ = 1
Vi Vp .. Vg v
Vy Uy . U v
L=|2 27 =211 . o1l
Up VUp e U Up
Wy
w3 s
w = | .”| probability vector
Wn
lim A™w =Lw = (wuDw =vw) =v
m—oo
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Markov Chain Examp]e Example: Hardy-Weinberg Law
A certain gene has a dominant form G and a recessive form g. Each individual has either GG, Gg, or
gg. At time 0, the probability distribution of these types is (po, o, 70)-
Assume:
1) The distribution is the same for both sexes
2) This gene does not affect reproductive capability

October-28-11 9:30 AM

po of time, father is GG. Probabilities for offspring in terms of mother's type:
GG Gg gg

110
2
011
2

0 0

qo of time, father is Gg. Probability of offspring is
GG Gg gg

1 1
2 4
111
2 2 2
11
4 27
1o of time, father is gg. Probability of offspring is
0 0 0
1 L 0
2
0 L 1
0 5 1l
Total probability:
1 EE 00 +2 Zpo+3 0
1 3 0 > 2 ] Po T390 2PoT 740
11 1 1 -0 1 1 1 1 1
Polg X 1|+ 9]|; 3 Z|T70 2 =39 *+70 ZPot3q+3T0 Pot;q0|=M
: 0 L1 02 1 0 1,41 1
0 00 T 3 2 290 1370 290+ 7o

1 1
Letag = po +540, Bo=73q0 + 7o

1
ag zag O

2
1
M =B, 2 Qo
0 1
SBo Fo

To find the new probability distribution for the next generation, apply this to the probability
distribution of females.

Qo —050 [0 Po +5 ‘IO)
ag
Bo 4 ] .Bopo + 5o +aoro| = | 200
B&
0 —ﬁo Bo % + ro)
af
Get a new transition matrix for a new generation (by applying the above with [2af, |, substituted
Bé
for [ ]
1
=1 + S0 = ag+- 2aoﬁo = aglag + Bo) = ag
1
pr=mn+s3 S0 = BE+aB =B
So the new transition matrix
1
aq Ea’l 0 24 E(ZO 0
1 1
B 2 as[=1Bo 2 Qo
1 1
0 5h B 0 5h Bo
~ system is Markov.
In 2nd generation new probabilities:
ag + agfo (a0 + Bo) as D1
[ ] =B 5 ZaOﬁ" agBo + aoBo| = [@oBola + 1+ Bo) [ = |2a0Bo | = [‘h]
aofBs + B3 Bs BS "
0 5 o Bo

Stabilizes after 1 generation.
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Inner Product Space conjugate in 2nd Variable

2=
October-28-11 9:55 AM B _
<uav+fpw>=<av+pwu>=a<vu>+f<wu>=a<v,u>+ f<wu>

=a<uv>+f<uw>

Inner Product Conjugate linear in second variable.
An inner product on a vector space Vover F = Cor Risa Sesquilinear form (1/2 linear)
function (*,):V X V - Fs.t.
1. {av + pw,u) = a(v,u) + f{w, u) Examples
Linear in first variable n
2. (v,w) ={w,v) 1) V=Ch\< (), () >= inyi

3. {iv,v)>0ifv+#0

Positive Definite n

2) V=R",<(x),(y)) >= Z x;y; (dot product)

2= i=1
_ > X Y — — - —
(u, av + pw) = au, v) + B{u,w) 3) V=C? < (x;)’ (y;) > = x1Y; — X1¥3 — X2¥1 + 3%,
Check properties:
Norm 1. Linear in 1st variable
The normon (V,{,)) is ||v|| = /{v,v) 2. Symmetric
x X .
< (52), (&) = bxal? = 203 — 2277 + 31,17 = Ity = 2oy — 251 + 200, 2
Theorem ENE
v F =lx; — %512+ 2[x,]2 =0
vuela e_ And equals 0 iff x;,x, = 0, So positive definite.
D lavll = lalllv] 4) V = (|0,1] (Continuous functions from [0,1] to [0,1])
2) Ivll=z0lvll=0=v=0 1
3) Cauchy-Schwarz inequality <f,g>= f f(x)g(x)dx
[(w, )l < lull - |lv]| 0

Equality & u, v collinear L - -
4) Triangle inequality - Linearin 1st variable
llu+ vl < llull + vl 2. Symmetric

Equality = u, v collinear 3. <ff>= f If GO 2dx
If f#0,f(xy) #0 bycontmulty [fG)=6>0 on(xg—r1,x0+71)
« [irerax >f "s2dx > 0
Xo—T

Proof of Theorem
1,2 easy
3. wlogv # 0.
0<|lu+avl?=u+av,u+av) = (wu) + alv,u) + @&y, v) + |a|3w,v)
Take a = t{u,v), t ER
= (u,u) + tl(w, v)1? + tl{u, v)|% + 2 [(u, v) 2|Vl

. B iy q 1 i L
Quadratic; minimized if t = o Setingt = e

2 [{u, v) 2wl [{u, v)|?
0 < Jlull? = 7= Kw, v)|? + ———— = |lull* — =
[lvll2 llvll* Ilvll2

=, v)? < Nlullllvii?
<uv>
vl
4 flx+yllP=<x+yx+y>=<xx>+<x,y>+<y,x>+<y,y >

= lIxlI? + 2Re(< x,y >) + lIylIZ < llxl? + 2lixllyll + llylI? = Clxll + llyl)?

equality < x,y collinear and < x,y >>0

Equality = 0 = ”u - 1;”2 = uis a multiple of v

Example

lyl

< (Z'W)(Zly |2)
(f J (")'zd’f)(f |9(X)|2dx>

Example

f FgGdx| <
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Orthogonality

October-31-11 9:35 AM

Orthogonal
Say u is orthogonal to v (u L v) if (u,v) = 0

Orthonormal
A set{e;};g; is orthonormal if

(0i %)
e = {31 2]
IfMcVletMt ={veV:(vym)=0vVme M}

Remarks
1. fulwv,then|u+v||?=<u+vut+v>=
lull? + 2Re < u,v > +|lvlI? = [[ull? + [lv]I?
Pythagorean Law
2. M+t is asubspace
IfuveMt,a,f ECMEM
(au + fv,m) = afu,m) + f{v,m) =0

Lemma
Let{ey, ..., e} be an orthonormal (o0.n.) set, and x €
span{ey, ..., e, } then

n n

x = Z(x, ej)e; = Z a;e;
i=1
n

i=1
n
Ifye Z Bie;, then (x,y) = Z a;B;
i=1 i=1
and ||x]|| =
Note

If{ey, ..., e, } are orthonormal, and v € V, then
n

v— z (v,e))e; L spley, ..., en}

i=1

Gram-Schmidt Process
Start with a set of vectors {vq, v, ..., Uy}
Build an o.n. set with the same span.
1. Throw out v; ifv; € sp{vl, . v]-_l}
So wlog {v4, ..., v, } is independent

2. Lete, = 2

L7 vl ( )
v, —{(v,,eq)e
Lete, = 2 271771
lvy = (va, ex)el

3. Ifey, ..., ex_q are defined and 0. n. Let
v — D, e)e;

|vie = ZEHw, epde|

ek=|

spaniey, ..., e} = span{vy, ..., v}

Lemma
If {e;} are orthonormal, then they are linearly
independent.

Lemma

Every finite dimensional subspace M € V has an
orthonormal basis.

MATH 245 Page 39

Proof of Lemma
n

Write x = Z a;e;

i=1

Example
H = C[0,1] with
1 -
f,9) = f 09 dx
0

Let e, (x) = e2™i"X n € dZ
1 1

(en'em) :f ezmnxezmmxdxzf eZm’(n—m)xdx
0 0

1, n=m
= 1

2mi(n — m)

X 1
emin-mr| —1-1=0, nzm
0

So {e,, n € Z} is orthonormal
If c € C|0,1] get a series

D (Frenden = ) fmeerin

n=-—oo —00

Fourier Series

Proof of Lemma

n
IfO = Z a;e;
i=1 n n
then 0 = [l0l] = || aser|| = > sl
i=1 i=1
~a; = 0vi

Proof of Lemma
Take a basis {vy, ..., v} } for M and apply the Gram-Schmidt
Process to get an orthonormal basis.

Proof of Theorem(Projection)

1.

ran P = spley, ...,en} =M

ker P = {v: (v,¢;) =0 for1 <i<n}={e,.., e}t
= (spley, ...,en%)l =M+

IfweMw= Zaiei
i=1

n

Pw = Z(W, e)e; = Z ae; =w

i=1
P2y = P(Pv) = Pv
~Projection onto M

2.

veV,PveEM
(v—Prv,g;)=0forl1<i<n
~“v—PveMt

v=Pv+ (v—Pv)

lvll> = lIPv||* + llv — Pv||* (Pythagorean)
Supposem € M

v—m=(Pv—m)+ (v—Pv)

“Alv =mll? = IPv —ml|I? + |lv — Pvl|*> 2 |lv — Pvl|?
equality & m = Pv

~ Pv is the unique closest point

~ Pv is the only projection onto M because Pv =the closest point

onMm



LCIlnnIa
Every finite dimensional subspace M € V has an
orthonormal basis.

~ Pv is the unique closest point
=~ Pv is the only projection onto M because Pv =the closest point
onMm

I I — P is written P+ and P+ is the projection onto M+
Projection

V inner product space. P € L(V) is a projection if P =

P? (idempotent) s.t. ker P 1L ran P Proof of Corollary

If S is finite, not problem

Theorem (Projection) LetM = splen:n € S}

Let M be a finite dimensional subspace of V with Pv = Z(V. enlen
orthonormal basis {ey, ..., €, }. Define P € L(V) by nes
n
2> 2 — 2
po=Y te0e and [[v]]2 2 1PvI2 = ) [(w,e,)
4 nes
i=1
Then:

If S is infinite for each finite F € S let My = sp{e,,n € F}

1) Pisth jecti f M o
) is the projection of V onto P, ,projction onto My

(ie.ran P = M, ker P = M+, P = P?)

2) veV,|vl?=|Pv|?+ v - Pv|? Then [[v]|? = [|Ppv||? = ZI(V. en)|?
3) Puvis the unique closest pointin M closest to v neF
. ~wl|2=  su v,e 2=Z v, e,)|?
Corollary - Bessel's Inequality Il ng_fﬁlitew'( )l nESK nl
If Vis an inner product space and {e,,: n € S} is At most [|v||? coefficients (v, e,) have (v, e,)] = 1
orthonormal then Otherwise 3finite N > ||[v||? and |F| = Nst. |(v,e,)| =1, n€F
2 2
D el < vl vvev = D 1w en)l2 =N > v
nes ner
At most 4% ||v||? coefficients with (v, e, )| = —1,;
Corollary 1 2
feclo1l, {e¥m*:n € Z}orthonormal F = {n (v, en)l = 2"}
F
Soif a = f(x)ez"‘""dx oIl > Zuu el > il "'
then Z la,|? <f |f (x)|2dx o | Fel <4k||17||2
h=—o00

So {n:(v,e,) # 0} = U{k: [(v, ex)| = 27K}
k=0
Is countable

List them nq, ny, ng, ...

Z|ven —lll_)rg2|ven

Zuv el < IVl

nes
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Canonical Forms in Inner Product Spaces
November-02-11 9:33 AM

Theorem

If Vis a complex inner product space, dimV < oo, T € L(V).
Then there is an orthonormal basis 8 = {e, ..., e,} such that
[T]p is upper triangular.

Adjoint

V inner product space, T € L(V)

The adjoint of T is the linear map T* such that
(T*v,w) = (v, Tw)Vv,w €V

Fix an orthonormal basis ¢ = {ey, ..., e,}
[Tle = (6] .,
tj = (Te], i)
Then [T* ]g = [tji]nxn
Proposition
IfS,T € L(V) then
1) () =S .
2) (aS+BT)" = as” +fr*
3) I'=1
4) (ST =T'S*

Hermitian (Self-Adjoint)
T € £(V) is Hermitian or self-adjoint if T = T*

IfT = [t;;] = T* = [§;]
Thenﬁ = tij and tii = tTl ER

If we check that [T]z = [T*]g then it has [T]; = [T*]; on every
basis.

Reason:
T=T"<(Tuv)=(u,Tv)Vu,veV
This is basis independent.

Theorem
If T € L(V),V finite and a C inner product space, and T = T~,
then there is an orthonormal basis & such that

d, 0 0
[T]e = 0 ] is diagonal with d; € R
0 0 d,

Soa(T) € Rand ker(T — A;1) L ker(T — Ajl) if 2; # 4; € a(T)

Corollary
If V is a finite R —inner productspace. T € L(V)st.T =T"
then there is an orthonormal basis & such that

d, 0 0
[T]g = lO 0 ] is diagonal
0 0 d,
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Proof of Theorem
Since C is algebraically closed, py(x) splits into linear terms. Hence there is a basis
{v4, ..., vy} such that T is upper triangular with respect to {v;}

Apply Gram-Schmidt process to {vy, ..., v, } to an orthonormal basis {e, ..., e, }

Tv, = t11171

Since e; = ” ” =t16

Tov, = tye5 + tipeq
—(vye1)e;

[lvy = (va erdeqll
Te, = a;Tvy + a,Tv, € sp{vy, vy}

ey = =a.v; +av,

T upper A with respect to {v, ..., v} means My, = sp{vy,v,, ..., vy} is invariant for T
But span{ey, ..., ex} = span{vy, ..., v}
k

~Ter € My <l. e.Tey = Z bikei>

=1
So [T is upper triangular.

What is T*?
Fix an orthonormal basis ¢ = {e, ..., e,}
[Tle = [t5] .,

n

T€]' = Ztij,ei = (Tej,ei) = tij
i=1
(Tejei) = (e, Ter) = (Tey 1) = T
so17°1c =[5
Conjugate transpose of T

So we can define a linear transformation
T* € L(V) with [T*]¢ = [t;]

Need to check that the identity holds for all vectors v,w € T
n n

Takev:Zaiei, w :Zﬁjej
=1

i=1
Calculate
n n n.n n n
(T*v,w) = <TZ aleL.ZB,ej> = Zaiﬁj(T e, €)= ZZ“‘ﬁJ(TePeL)
=1 j=1 i=1j=1 =1j=1
n n 71.
=) a@by{rese) < Zﬁ,ej,Zalel> Tw, v} = (v, Tw)
i=1j=1 1 =
So T* is a well defined linear map.

Proof of Proposition

1.
Fix an orthonormal basis &
(S)e = [s4/]

(5" =[5

5" = [55] = IS¢

2.

[aSle = [asy]

[(@$)¢ = [as] = a[s;] = als~1¢

[T1e = [t]
[a5+ ﬁT]f = [asij + ﬁtij]f
[(aS+ BT)Ig = [aS;; + Bti] = a[s;] + Blti] = als*1¢ + BIT ]

3.
1 0 0
I= [0 0] ="
0 0 1
4.
§= [Sl]]nxn = ”]nxn

[t
S_S]l []

ST = [Z slktk,]
=~ (STY = [Z sjktki]

k=1



n

> tks,k] — (s m

k=1

T*S* =

Proof of Theorem
Since V is a C-vector space there is an orthonormal basis ¢ such that [T]; is upper

triangular.
tin - tin tn -+ 0
[Tlfz[s s]:[r*]gz s
0 - tyn N [
Ifi <jrtij =0 Ifi =jti;=t; €ER
t;7 0 0
[T]€=[0 O],tiiElR
0 0 tyy

oM ={t:1<i<n}cR
ker(T — A;1) = sp{e;: t;; = ;} are pairwise orthogonal. m

Proof of Corollary
Fix an orthonormal basis 8, T = [tij]ﬁ = [tji]
Think of T as acting on C"

B

n
T = T* so by Theorem pr(x) = H(x —1;) and 4; € R
i=1
So pr splits in R[x]
=T is triangularizable over R 3¢ s.t. [T]; is upper triangular
Apply Gram-Schmidt to basis to get an orthonormal basis ¢ and [T]; is upper Triangular
and self adjoint, so the same argument shows [T]; is diagonal. m
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Unitary Maps

November-04-11

Unitary and Orthogonal Maps

V, W C- inner product spaces.

U € L(V,W) is called unitary iff it is invertible and preserves inner
product: (Uvy, Uvy)y = (v, v2)y

If V, W are R-inner product spaces, call such a map orthogonal.
Theorem

IfdimV =dimW < o, U € L(V,W), TFAE
1) Uisunitary

2)
a. U preserves inner product
b. Uisisometric (preserves norm)
3)
a. U sends every orthonormal basis of V to an orthonormal
basis for W
b. U sends some orthonormal basis of V to an orthonormal
basis of W
Remark

IfV = C = spfe}, W = C* = sp{fy, fo}
T(aey) = af; preserves inner product but not onto so not invertible.

Proposition

U € L(V,W)is unitary <
U*U = Iy and UU* = [, &
Ut=vur

Unitarily Equivalent
Say two transformations S € L(V) and T € L(W) are unitarily
equivalent iff 3 unitary U € L(V,W) s.t.T = USU™ = USU*

Corollary
If T is self-adjoint (T = T™*) then T = D (T unitarily equivalent to D)
where D is diagonalizable with real entries.

Just a restatement of theorem that T is diagonalizable with respect to
an orthonormal basis {fi, ..., fu} say Tf; = d;f;, d; € R

Say T = [t;;] in {ey, ..., e,} orthonormal basis. Let Ue; = f; 1 < i <n
Then U is unitary (takes one orthonormal basis to another) and
(U*TU)ei = U*Tfl = U*dlfl = diei

WU*=U1Ys0Uf; =¢)

~ D =U'TU = diag(dy,dy, ..., dy,)
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Proof of Theorem
1 = 2a By definition

2a=>72b
lUv||1? = (Uv, Uv) = (v,v) = |[v]|?

2b = 2a
Assignment 5 #5a

1
(Uv1,12) = = (lvy + 217 = llvg — w212 + illvg + iv,]12 = illvy — iv,]1?)
4

2a=3a

If {eq, ..., €5} is an orthonormal basis for V, Let f; = Ug;
(i, f;) = (Uei, U;) = (es, ¢;) = &;; - {f;} is orthonormal
Since dim W = dim V, {f;} is an orthonormal basis.

3a = 3b Obvious

3b=>a

Let {ey, ..., e, } be an orthonormal basis such that f; = Ue; is an orthonormal

basis for W.
U takes a basis for V to a basis for W .U is invertible

Letv; = Zaiei LUy = Zﬂjej

n

(wv2) = ) aif

i=1

Uvi =) @i, U= B
~ (U, Uvy) = <Z aif,-,Zﬁjfj> = Z a;B; = (v1,v;)

So it preserves inner product. .. U is unitary m

Proof of Proposition

3nd and 2rd statements are clearly equivalent.

=

Letvqy, v, €V, w; = Uvp;

(01, U*wy) = (U, wy) = (Uvy, Us) = (v1,75) = (v, U™ wy)
W, U'w, — U 'w,) =0V, €V

2 U'wy, = U lw,,Vw, EUV =VieU*=U"1

&=

U is invertible and

(Uvq,Uvy) = (U*Uvq,v,) = (vq,v,) preserves (,) m



Normal Maps

November-07-11 9:40 AM

Definition
N € L(V) isnormal if N*N = NN*

Theorem

T € L(V) is normal &
There is an orthonormal basis which diagonalizes T.

Corollary
If T is normal and

o(T) = {A4, ..., As} thenmp(x) = n(x —A)

and V; = ker(T — A;I) are pairwise_orthogonal

Corollary

If U is unitary, then

o) cT={AA=1}

and U is diagonalizable w.r.t. some o.n. basis.

Corollary

If Nis normal 6(N) = {44, ..., A;} and V; = ker(N — 4;I)
The idempotent E; € A(N) onto V; is the orthonormal
projection of V onto V;. Moreover N = Yi_; LE;

Corollary
If p is a polynomial, N normal write N = ¥¥_; 4;E;, E; as above
S

Then p(W) = ) p(1)E;
i=1

Rank 1 Matrices

Suppose T € L(V,W) and rank(T) = 1

LetK =kerT €V

n=dimV =nul (T) + rank (T) = dimK + 1
~dimK=n-1

Picka unitvectore € V,e L K.Letw = Te (# O since e # K)
V=K®K'=K®Fe
IfveV,v=k+ e, ke K,A€F

Tv =T(k + Ae) = ATe = Aw
aqq
a

Think of e =

a,]
Soe € L(F, V) by e(1) = Ze
e* = [ag, 0y, ..., ;] € L(V,F)isal X n matrix

asan X 1 matrix

V1
Ifvev, v= }
Un

Uy n
S —|V2 _
v =@ T T || = ) @i = (ve)
Vn i=1

e*(k+1)=0+Ael>=2

Wy Wiy Wily .. WiQpn

wyl . __ Wty Waly .. WOy,
we* = | C|[ay, @z, .., %] = : : . :

Wp, Wpl{ Wnply ... Wply

we* € L(F,W) - L(V,F) =LV, W)
(we*)(k + 2e) = Aw =T(k + 2e)
T = we"* =Tee"
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Example of Normal Maps
1. T=T"arenormal (TT =TT)
2. Unitaries are normal (U*U =1 = UU")
3. IfDis diagonal w.r.t an orthonormal basis
D = diag(dy,d, ..,), D" = (dy, dz, ..., dy)
D*D = DD* = diag(ld4|%, |d, 1%, ..., |dnl?)

Proof of Theorem
< Example 3
= If T is normal then ||Tx|| = ||T*x|| Vx € V because:

ITx]12 = (Tx, Tx) = (x,T*Tx) = {x, TT*x) = (T*x, T*x) = ||T*x]|?

Choose an orthonormal basis {ey, ..., e,} so that [T]z is upper A

tiy tis e tin t; 0 .. 0
r=|9 f2 o G| |tz B2 o O
0 0 .. tp tin tin o tan

ITesll? = ity el = ltas |?

ITesll? = I1T*eylI? = IEire +Tizes + -+ Frneall2 = thul
j=
t1j=0for2<j<n

) ;
Repeat [|Te,|| = [tzo] = [IT"e2ll = [E,[t2)]

~ T is diagonalm

Proof of Corollary

|1511|2 +Z|tu|

Since T is diagonalizable wrt some basis, my(x) = [[(x — A;) has only simple roots.

Say {e;}-; orthonormal, Te; = d;e;
V; = ker(T — ;1) = sp{e;:d; = 4;}
+ V; are pairwise 1

Proof of Corollary

U normal - diagonalizable

Say Ue; = d;e;, {e;} orthonormal
lUe;ll = lle;ll = 1

1Ue;ll = |dille:ll = il

aldil =1

Proof of Corollary
E; is the projection onto V;

The range of E; is V; and
ker(E;) = Z =Vt

J#i

V; = sple:di = 4;}
Z V] = sp{ek: dk * Al} = V,:J'

j#i

NE; = E;N = LiE;

M:N(z )- z”

Example

Orthogonal projection on to Fe

Te =eso
a,

T=ee*=[E ][071 @) = @]
An



Polar Decomposition
November-09-11 9:30 AM

Complex
z€Cz=re', r=lzl,|e?| =1

Positive
T € L(V),V C —vector space is positive if T = T* and o(T) < [0, )
WriteT = 0

Proposition
IfT € L(V) then T*T = 0

Square Root

T*T can be diagonalized with orthonormal basis ¢ = {ey, e, ..., en}
[T*Tlg = diag(dl,dz, ...,dn), di > 0

\/d—i the square root of d;

[Als = diag(\/dy,\/dz, ...,\/dy) and A2 = T*T

i.e. A is the square root of T*T call this |T| (absolute value of T)

Fact (Homework)
The square root of T*T is unique

Want to write T = U|T|

Partial Isometry
A partial isometry is a map U € L(V, W) such that Uy, ,+ is
isometric (preserves norm)

Examples

U:C* > C¥hyU(x,y) = (x,y,0)

U*:C3 - C%2 by U(x,y,2) = (x,y) —not unitary
U unitary is a partial isometry

Proposition
U e L(V,W) TFAE
1. Uis apartial isometry
2. U*Uis a projection (onto (ker U)*)
3. UU* is a projection (onto ran U)
4. U=UU"U

Theorem (Polar Decomposition)
If T € L(V,W) then there is a unique partial isometry U with
kerU = ker T such that T = U|T| (ITI = \/T*T)

S-Numbers
The s-numbers of T € L(V, W) are the eigenvalues of |T| (including
multiplicity) in decreasing order.

Geometry of how T acts

|T| = diag(sy,sz, ..., Sp) wrt{eq, en}

If considering the action on a unit sphere, T stretches it onto an
ellipsoid (axis length defined by s-numbers). U is a partial rotation
in space.
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Proof of Proposition
(T*TY =T*T* =T*T

IfT*Tx = Ax, |Ix] = 1
A= {Ax,x) =(T*Tx,x) = (Tx,Tx) = ||[Tx||> >0
~T*T=>0

Proof of Proposition

1=2

kerU 2 kerU*U

x EkerU*U = 0 = (U*Ux, x) = (Ux, Ux) = ||Ux]||?
~ x € ker U,kerU < kerU*U

~ kerU =KkerU*U

If x L ker U then ||Ux]|| = [|x]|
(x,x) = |lx|I? = [lUx]|? = (Ux, Ux) = (U*Ux, x)

ran (U*U) L ker U since y € ker U:
(U*Ux,y) = (Ux,Uy) = (Ux,0) =0

x,y € (ker U)*
(U*Ux,y) = (Ux,Uy) = (x,y) (because of isomorphic)
U*Ux € (ker U)*

Take orthonormal basis {ey, ..., e, } for (ker U)*
(UrUe;, ¢)) = (ei ) = 6

U*Uei = Z(U*Uei,ej)ei =e

~ U*Ux = x for x € (kerU)*+
=~ U*U is the projection onto (ker U)*

2= 1,ifx € (kerU)*
1Ux|1? = (Ux, Ux) = (U*Ux, x) = (x,x) = [|x]|*

1=3
Claim:
If U is a partial isometry so is U*

Claim
ker U* = (ran U)*

Proof of Claim

Ify L ranU,then0 = (y,Ux) Vx €V
0=(U"y,x), Takex = U*y

0 =(U*y, U*y) = lUyll?

IfyekerU*,xeVv
(y,Ux) =(U"y,x) =0
~ylranU

~kerU* LranUm

On theran U

U*(Ux) = Py yx

y € ran U replace x by U*Ux becomes x — U*Ux € ker U
0= Ux —UU*Ux = Ux = UUUx (234)
y=Ux,x=U"Ux,U'y=U"Ux=x

y = Ux, x = U*Ux
U'y=x

1=yl = llxll = lUx|l = Iyl
U* is a partial isometry

=

UU* = U™U" is a projection

4= 2

U=UU"U

~ U*U = U*UU*U = (U*U)?

Self adjoint, idempotent .- projection

Proof of Polar Decomposition Theorem
Diagonalize |T| = diag(sy, Sy, -, Sn), S1=285,225,20

Claim

[ITx|l = IT|x|| vx € V

Proof

NT1xlI? = (IT|x, IT|x) = (IT|%x,x) = (T*Tx,x) = (Tx, Tx) = [|ITx||?
| |

ker|T| = kerT = sp{e;:s; = 0}
ran |T| = sp{e;:s; > 0} = (ker T)*
Define Uonran |T| by U(IT|x) = Tx



U is isometric on ran |T| by Claim (above)
Since ran |T| = (ker T)* have that Uy, 11 is isometric. Hence U is a partial isometry.

Define Ulgerr = 0

3 3
U(Zaiel) = U(Z aiei), ae; €ranT
i=1

i=1
U is a partial isometry T = U|T|

Remark
{eq, ..., e} orthonormal basis for (ker T)*. Let f; = Ue;,1 <i < k
f; are orthonormal in W

k

IT| = E sieie; , eef is projection to Ce;

i=1
k
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Least Square Approximation

November-11-11  9:30 AM Example
X1 X y ax
An experiment is run to test whether the output, y is a linear function of the input 7 3 1.6 1.86
variables: x4, ..., X,
Run the experiment m times (m > n) to get a bunch of data. K 2 21 1.94
5 5 2.0 2.02
X1 X Xn Yn
4 6 2.2 2.10
X11 X12 X1n V1
3 1 0.8 0.73
3 2 1.1 0.98
Xm1 Vm
. «y _ [189 971 .y, _ [54.6
L1<1)ok1ng for ay,...,a, € Ror Cso that XX = [ 97 0781;: Y —0[%5172!)
3 * -1 — . — VY.
Z ajXij = Yi fori<i<m (X X) (—00176 0.0324 )
= a= [0.161
m N 2 0.243
minimizeg, 4, Z Vi — Z ajXij
i=1 y=1
X11 Xj1 1 Y1
X Xj
Letx, = | 2|, x=|"7| 1<j<n v=|"
X1m Xjm Vm

Problem becomes

n
=1

minimize,, o = dist(Y,span{Xy, ..., Xp}) = ||Y - PSP{X,'}Y”Z

2

n

We must choose ay, ..., a, so that z aX; = PSP{X},}Y

j=1
n

These are the scalars such that <Y - Z a;Xj, X;
j=1

]:
n
<Y - Z a}X] ,Xi
j=1

=0, 1<i<n

n

n
=Y, X;) — Z a;(X;, X;) = X;Y — Z aX;X;
j=1
n

Jj=1

_ZQJXIX]_
j=1
X: 9604 n
Let X = [Xq, .., X ], then X"y = | X2 |y = | X2¥ | = ZainXi
: : j=1
xil o barl |
,Zanr’in,
j=1
_X* * *
Xi X1X1 X1 Xn
XX =|"2X1 Xz .. Xpl=| : :
: Xidi o Xiky
n
_ZCIJXIX]_
=1
aq n
2| _ Z“J‘XEXJ — X"Xa = XY
: =
an :
n
,Zanr*le,
j=1

If Xy, ..., X;, are linearly independent then X has rank n.

Claim

rank(X*X) = rank X

Proof

rank(X) = dim(domain) — nul(X) = n — nul(X)
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rank(X*X) =n —nul X*X

If x € ker X then X*Xx = X*0 = 0,s0 x € ker X*X

Ifx € kerX*X, 0 = (X*Xx,x) = (Xx, Xx) = || Xx||?, sox € kerX
n

~If X4, ..., X, is linearly independent then X*X is invertible. d

X*Xa = XY
ca=XX)"1xy
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Sesquilinear Forms

November-11-11 10:09 AM

Sesquilinear Form

V C vector space.

A function F:V x V — Cis a sesquilinear form if it is linear in the first
variable and conjugate linear in the second variable.

F(a,vy + ayvy,w) = a1 F(vyw) + a,F (v, w)

F(v,a,w; + a,w,) = @ F (v, wy) + @, F (v, w,)

Definitions

Say F is Hermitian if F(w,v) = F(v,w)

F is non-negative if F is Hermitian and F(v,v) = 0
F is positive if F > 0 and F(v,v) > 0 forv # 0

Theorem
If F:V X V — Cis sesquilinear form, then there is a unique Ty € L(V)
such that F(v,w) = (Tpv,w) forv,w € V

Moreover, the map F + Ty is a linear isomorphism from the vector
space of sesquilinear forms onto £(V)

Principal Axis Theorem
If F(x,y) is a Hermitian sesquilinear form then 3 an orthonormal
basis {ey, ...,e,} and d; € Rs.¢t.

F (Z ae; vZﬁi‘#) = Zn:di“iﬁi
=1

e; are principal axes.

Symmetric Quadratic Form
A symmetric quadratlc form on R™ is

q(xq4, 0, xp) = ZZaux X,

i=1j=1
Any quadratic form in R™

qx) = Z Z b;jx;x;

b;; + bj; . .
Replace b;; by a;; = 5 now it is symmetric.

where a;; = a;; € R

Diagonalization

Again, this quadratic form can be diagonalized
A=lay] =&

3 o.n. basis {e;, ..., e,,} of R" consisting of eigenvalues

Ae; = d;e;, 1<i<n, d; €R
C1i
Co:

e = 21 , U=[er e .. e]= [Cij]nx U orthogonal
Cni

U*AU = diag(d,, ...,d,) = D

o LYo
o] 2]

o2 [0 ) -
qQxg, e, xy) = Zd,- (Z Cini>2 =

n

E Ci1Xi
i=1
L

¢ ER

CinXi

=
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Proof

Fix an orthonormal basis ¢ = {ey, ..., e, } for V. F sesquilinear form.
Need (Te]-,el-) = F(ej,ei), 1<ij<n

Let [T]; = [tif]an where t;; = (Tej, e;)

T is the unique map on L(V) such that (Te,-,el-) = F(e,-, el-), 1<ij<n

n
Letv = Zaiei,

Show Ty is uniquely determined by F, F = T is linear.
Tr=0F=0-~1to1

Onto if T € L(V), define F (v, w) = (Tv,w) is sesquilinear
SoF » T,onto

Proof of Principal Axis Theorem
F(x,y) = (Ax,y) = (x,A"y)

F(x,y) = F(y,x) = (Ay, x) = (x, Ay)

«~ A = A" is Hermitian

A is diagonalizable w.r.t orthonormal basis
&= {31; ...,en}

[A]g =diag (dy, ..., dp), d; R

(Y Y he) (12 a3 e = (Y i 3 )= Y s




Conics
November-14-11 10:07 AM

Ellipse
Take two points F;, F,, with separation 2c. Picka > ¢
Ellipseis{P = (x,y) : [P — F;| + |P — F,| = 2a}

2 2

Xty
a? ' b?_
b% = a% — c2,

1

c?2 =a?+ b?

Hyperbola
Take two points F;, F, with separation 2¢
Hyperbolais {(x,y) : |PF;| — |PF,| = 2a}

Fi=(=c0), F=1(0)
xZ 2

S -5=1

a%? b2

Parabola

Focus and line. The set of points equidistant to focus and line.
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Formula of an Ellipse
Translate so F; = (—¢,0), F, = (¢,0)
(o)l + e+ 1= o)) = 2a} = {0 y): G+ 2 +y2 + = 7 + y7 = 24}

e+ +y2=2a—Jx—0)? +y?
(x+0)?%+ yz_=_4_a2 —4a\(x — )2+ y2+ (x — )% +y?
4a\/(x — )% +y? = 4a® — 4cx

c2x?
x2—26x+c2(x—c)2+y2=a2—2cx+7
2

a’—c

2 2

x2+y?=a’-c

2 2

x y
St—=1
a2 aZ_CZ

General Conic
ax®?+bxy+cy?+dx+ey+f=0

ax? + bxy + cy? is the quadratic form

DIESH

A=

NS Q

c
<A G), (;» = ax? + bxy + cy?

Diagonalize w.r.t. orthonormal basis:

. _ (1 _ (%2
Eigenvectors v; = (ﬁ1)’ v, = (ﬁz)
Avy = 4ivg
AUZ = /12172

_ (01 a2 .
U= (ﬁ1 Bz) orthogonal matrix

a B
v=(a 1)

a B
N AN _ «
UAU—(0 Az)_D' A =UDU
So

- (). ) = {pv G)- v )

)) = Ni(arx + B1y)? + L (azx + Bry)?

2 2 X\ /X
ax®+bxy +cy® = (A (y) s (y))
<D (alx + ﬁl)’) (alx + 1y

axx + Bry) \azx + B1y

Ay, =detD = detA
A1, > 0 ellipse
A1, = 0 parabola
A4 < 0 hyperbola

Write (z) =d (Zi) +e' (Zj)
dx + ey = d'(a1x + B1y) + ' (azx + Bry)

The equation

ax?+bxy+cy?+dx+dy+f=0

becomes

N (ayx + Biy)? + Lo (azx + Boy)? + d' (ayx + Bry) + e (apx + Boy)i+ f =0
d e’ 2 dlZ eIZ

M <a1x+[31y+2—21> + 1, <a2x+ﬂzy+%> = <211 +212 —f) =f'

Zd/ drz 26" erz
Magx + By)* + A1E (ayx + B1y) + Ez + A (apx + Boy)? + ap E (a2x + Boy) + a;
Translate to eliminate constants
d e
21, 22,
Rotate by U to get
Mx?+ Ay% =f'
X2 y?
—S+==1
a? B3



Duality Dual Space Basis
Suppose ¢ € V*

N ber-16-11 10:00 AM .
ovember Leto(v) =B, 1<i<n
n

Dual Space Y= Zﬁi‘%‘ evr
If Vis a vector space over F then the dual space of V is j=1
V* = L(V,F). Elements of V* are called linear functionals.
YD ) B8 = i
Fix a basis § = {vy, ..., v}, ..., vy} for V o=t ) ) )
n A linear map is determined by what it does to a basis, so ¢ = ¢
Define &; € V" by §; <Z aivl—) =aj
=1 Proof of Proposition
§5:(v) = {0, L#j_ 5 I expressed every ¢ € V* as a linear combination of 8, ..., §, which are linearly independent.
j\Vi) = 1, i = ] = 0Oij
Kronecker Delta =
0= ai6i
Proposition =1
dimV* = dimV and .{61, ..., 6} is a basis for V* 0= <Z aifi) (1;].) =g
(Called the dual basis of {v4, ..., v, }) ~
Sag=a="=a,=0
Note So 8y, ..., 6y, are linearly independent span V* .. is a basis.
v =LV, F) dimV* =n =dimV m

Ifv € V define ® € V** by 9(¢) = ¢(v), ¢ €V*
Proof of Theorem

(ap + by) = (ap + byP)(v) = ap(v) + byp(v) = av(e) + bO () Fix a basis vy, ..., v, for V

Construct the dual basis 6y, ..., 8, for V*
Thus there is a natural linear map Construct the dual dual basis ¢, ..., &, for V**
i:VoV*byi(v) =D
This is linear. f;\i((gj) = &j(v;) = §y;

&(8) = 8
Theorem So ¥; and e; agree on a basis ~ U; = ¢;
The natural map i: V - V** is an isomorphism. n n

Soi <Z a,-v]-) = Z ajgj is 1-1and onto m
Remark = =

This fails dramatically for infinite dimensional vectors spaces.

Example
Let coo = {sequences (xq, x5, x3, ... ) x; = 0 except for finitely often}
e; =(0,...,0,1,0,...) is a basis for ¢y

@ ECs, wle)=a, o@= Z a;6;
cgo = s = {all sequences (ay,a,,...)}

dim § = 2%
S* is humongous.

Isomorphism
Since we have an isomorphism i: V = V** we say

V** =V and identify i (v) with v.

Vis reflexive
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Duality on Inner Product Spaces

November-18-11 9:31 AM

Theorem
Let V be an inner product space. Then for each ¢ € V*
there is a unique w € Vst.p(v) = (v,w) Vv €V

The map which sends ¢ + w is a conjugate linear map of
V* onto V.

Corollary
Vinner product space, we convert VV* to an inner product
space by

<Z ai(Si,z ﬁi6i> - i P

i=1

If € V* then |lglly- = IISlITp )|
vll<1

veV
Notation
n n
<Z aiei ,Z ﬁ]6]) = Zﬁlé} <Z aiel->
j=1 i=1
Definition

Let V be a finite dimensional vector space.
IfScVietSt={p eV :p(s) =0Vs €S}
This is the annihilator of S

Proposition
S € V then
1. Stisasubspaceof V*
2. St =span(s)
3. dimS* + dim S+t = dimV

Relationship between perps.

H inner product space

H* conjugate linear isometricv... to H

@ €EH*, 'y € Hs.t.p(x) = (x,y), ¢ - y conjugate
linear

Mc H Mt =H(-M = {y:(x,y) = 0 Vx € M}

Mt = M° = {p: p(x) = 0Vx € M}
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Proof
Let & = {ey, ..., e, } be an orthonormal basis for V. Let &y, ...,
IfpeVletple) =F,1<i<n

n n

So ¢ = ; B;6; because (]Zl ﬁj5j> (e)) = B;

B, 1<i<n

6, be the dual basis for V*

Wantw € V s.t. (g;, w) =
n
<ei,zﬁjej> = ﬁi
j=1

So define T:V* = V by

(i o) -2

1 i

Bie;

M:

(v,w) = <Za eerﬁLQ) zaiﬁi =)

T is not linear-it is conjugate linear. T is 1-1 and onto m

-

Proof of Corollary
Clearly this makes V* an inner product space
n

j=1

llolly: =
Ifvev,
|<p(v)|=‘(z ) = |2 = [t /Zmlv—nvnvnwuv
So get:
sup lp)| < Sup lvitllelly- = llelly-
V =

i1
To get equality, take

21 13191 z lﬁlﬁl

= mie T Sae

Proof of Proposition

= \/ﬁ = llolly

1.

0est

Ifp, 9 €St SES, a,fEF

(ap + BYP)(s) = ap(s) + By(s) =0

2.

S+tLis a subspace of V** = V which contains S because s € S, ¢ € S*

i(s)~s(p) = p(s) =0
So S+t 2 span(s)

Suppose v € span(S)
Take a basis for S, say vy, ...,
Note, used v in the basis.

v, (dim S = k) and extend too a basis vy, ...

Let 4y, ..., 0, be the dual basis of V*

S (w) =0, 1<i<k= €St
Sre1(w) =10, Lvg St

SoStt  span S - equal

3.

Claim:

St =span{8y41, -, 6n},
So span{Sy4q, -, 0p} S St
n

Let(p :Zﬁi(Yi ESJ'

0=¢W) =pi = ¢ € sp{Srs1,-, 60}
dimS =k, dimSt=n—-k,n+n—-k=n

jzk+1: 5;(w)=0for1<i<k=¢ €St

i<i<k

yVir U, Ve 2y oon

»Un



Transpose
November-21-11 9:39 AM

Transpose Map

If T € L(V,W) define the transpose of T to be the map Tt € L(W*,V*) by

(T'p)(v) = o(Tv)
Tto=¢@oT € LV,F)

Claim
Tt is alinear map

Claim

"transpose" is a linear map
(aS + BT)t = aSt + BT

Theorem

TeLWV,W),Tte L(W*V*)
If B = {vq, ..., v} basis for V, g’ = {6y, ..., 6} for V*
C = {wy, ..., wy} basis for W, C" = {gy, ..., &} for W*

1.

W

If[T15 = [tij]mxn,then [T]

T & Tt is alinear isomorphism of L(V, W) onto L(W*,V*)

r

[65¢]

ran Tt = (kerT)* and ker Tt = (ran T)*

rank T* = rank T
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Proof of Claim
T (ap + ) () = (ag + BP)(Tv) = ap(Tv) + pp(Tv) = (aT ¢ + BT ) (v)

Proof of Claim

QEW vEV

(@S + BT (@) () = Y((aS + BTI(W)) = Y(aSv + BTv) = ap(Sv) + fY(Tv)
=a(S')(W) + BT Y)(v) = (aSt + BT ()W)

Proof of Theorem
1

([Tt]g’)l] = al—]- where (thl')('l]i) = (Z ak16k> (17[) = aij
k=1

(Ttgj)(vi) =¢£(Tv) = ¢ (Z tkiwk) =i
k=1
[qu,l = [tji] = ([T]g)t

The matrix of the transpose is the transpose of the matrix.

2

E;j = [byl whereb = 1if k =1i,j = land b = 0 otherwise

E;jis a basis for L(V, W). E; = w;§;

Efj = Ej; sends a basis for L(W*,V*) to a basis for L(V, W). - 1-1 and onto.

3
pEkerT'eW* 0=TtpeV*
S 0=TlpW)Vv €V = p(Tv) & ¢ € (ran T)*

~v€kerT =kerTt = (ran TH)*
s (kerT)t = (ran TH = ran Tt

a4
rank Tt = dimran Tt = dim(kerT)* = dimV — dimkerT =ran T

Since
M C V, basis for M, extend for V. Dual space 6y, ..., 6,
Mt = sp(Sgs1, o) 6} = dim M+ = n — dim M



Quotient Spaces
November-21-11 10:02 AM

Quotient Space

V vector space, M subspace of V

Sayv; =v,iff vy —v, €M

%is the set of equivalence classes v = v+ M
Make % into a vector space by
tv=tlv+M)=tv+M

v+w=w+w)

% is called the quotient space of V by M.
The map IT: V — %by [I(v) = vis called the quotient map.

Proposition

%4
Mmecrl (V, M) is surjective and ker Il = M.

Theorem
i oA i v * ~ ML
If M is a subspace of VV then M* = Py (isomorphic to) and (M) =M

Relations
V* _)R M*
* v *
V' =g () e
R(p + ML) = Re well defined because of
01,92 €Q, 01—, = EM:
‘P2~|M =¢1 |M +y |M =¢1 |M
~R1-1
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Proof of Well Definition

Ifvy =v,thenv; —v,=meM

sty —tv,=tmeM

.ty = to,

So tv is independent of choice of representative.

If vi=v,w; =Ewysayw; —w, =n €M

U, +w, =v+m+w, +n=w, +w)+(m+n), (m+n)eM
SV Wy, E vt wy

So v +w = (v 4 w) is well defined.

Proof of Proposition
[1is linear, surjective by definition.
kerll={v:v#*0}={viveM}=M

Proof of Theorem
LetIl:V — %be the quotient map, then I¢: (1‘\—;) -V
ker It = (ran I+ = {0}
=~ It is injective
ranTlt = (ker )+ = M+
So IT* maps (%) 1-1 and onto M*. - Linear isomorphism
The connection is given by :
LANE T .
Take(pE(M) s li[(p-(p Nev
(po(m) =@(0)=0vmeM

So (%) =Mil=M

If ¢ € V* the restriction map Ry = ¢|,, is a linear map of V* onto M*
ker R = {@: ¢y = 0} = M+



Convex Sets
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Convexity
A subset C of R or C is convex if Vcy,c, ECVO <t <1,(1 —t)c; +tc; €C

Hyperplane

His a hyperplane if 3p € V*, ¢ # O such that H = {v : Re p(v) = a}
A half space is a set of form H* = {v : Re p(v) = a}

Note: H and H* are convex.

Proposition
1. The intersection of convex sets is convex.
2. IfS € V,conv(S) is the smallest convex set containing S
r T

conv(S) = lz tis;i:r €EN,s; €S, t; = O,Z t; = 1]
i=1

i=1
Theorem (Carathéodory)

If V is a real vector space of dimension n, S € V then every point in conv(S) isa
convex combination of n + 1 pointsin S

Remark

1. IfVisa complex vector space of dimensions n, then it is a real vector space of

dimension 2n. So 2n + 1 points are needed.
2. InR"take S = {0, eq, €3, ..., e, } the point
n

1 1
o 0+ 2—4_—1 e; € Srequiresn + 1 points.

i=1

Corollary
If S € V is compact, dimV = n < oo then conv(S) is compact.

Remark: From Calculus
Aset C € R"is sequentially compact if every sequence {c, : n = 1} of points in C
has a convergent subsequence limy_, cp, = ¢,c € C

Heine-Bore Theorem
C S R"is compact < Cis closed and bounded

Extreme Value theorem

If C compact, f: C = R is continuous then f attains its maximum and minimum
values.
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Proof of Proposition
1.

C;,i € I are convex setsinV
C= ﬂ G,
i€l
1, €ECi=> (1 —t)ey +tey, €C; Vi

5 C1,62,EC

c1,¢2 €C, 0<t<1

2.
conv(S) exists - it is the intersection of all convex sets containing S
Claim

r

Z t;s; € conv(S),
i=1
Suppose

k

t.
vy = Z (k—lt-> s5; € conv(S)
i=1

j=1%
True fork =1
If true for k then

et tir
Vg1 = S v + Zk“ Sk+1 € conv(S)

Convex combmatlons of 2 points of conv(S)

s1 € conv(S)

By induction v, = Z t;s; € conv(S)
i=1

T r’
If Z tiSi,z t]-’S]-’,
= =

For0<u<1,

7!

’ _ _ ’
weo Yu-1-3

j=1

-
1- u)Ztisi +uz tisi=1
i=1 i=1

So the convex combination of two convex combination of two convex
combinations of pointsin S is a convex combinations of pointsin S

po
{Z tis;:r=>1,6,2>0, Z ti=1,5; € S} is the smallest convext set 2 §
=1

Proof of Theorem

r

Take a point v € conv(S). Can write v = z tisi, S;ES ;= O,z ti=1
i=1

Claim

If r = n + 2, we can find another convex combination equal to v using fewer of

the {s;}'s.

wlog, t; > 0 (if ¢;, = 0 throw s; out of the set)

The set {s; — s;,S2 — Sy, ..., Sp—1 — Syt hasr — 1 = n + 1 elements = linearly

dependent
~ 3a; € R, not all zero such that
r—1 r—1 r—1
0= Z ai(si—sy) = z a;s; + a,s, where a, = —Z a;
i=1 i=1

So Zal—OandO Zalsl

t; t
Let/) ={i:a; <0}, Letd = mm{ } ,for some iy €]
|al| |al |

r T r
v= Z tis; + 62 a;s; = Z(fi + 8;a;)s;
i=1 i=1 i=1

lE] tl+6al_ =ti—ti=0

+—a

|ai| '

ii: ti0+6ai0=ti0—ti0=0

LE] t; +5al>t >0

Z(t,+6al)—2tl+62a,—1+50—1
i=1

This new combination does not need s;, because the coefficient is 0. So we
have reduced r tor — 1.

Proof of Corollary
Every v € conv(S) is the convex combination of n + 1 pointsin S

n+1
™ = {(51,52, ) Snt1): 5 € 53, Apy1 = {(fb wotngr) Tt 2 O.Z &= 1]

S X Apypq € VL x R, §7+1 compact
n+1

f((51,52. v Spatr b b2 ey tn+1)) = Z tisi
i=1

. on+1
frS"E X Apyg = Vg,

fis continuous
The continuous image of a compact set is compact (by EVT)
conv(S) = f(S™1 X A, 1) is compact



Convexity
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Theorem

Let V be a finite dimensional inner produce space (F = R or C).
C C V closed convexset,p €EV,p & C

Then there is a unique point ¢, € C closet to p.

Let p(x) = (x,p — ¢o)

Then Re ¢(p) > Re ¢(cy) = Re p(c) Vc EC

i.e.C S {x:Re p(x) < Re ¢(cy)}, thisis called a half space

Separation Theorem
V finite dimensional vector space over R or C
C € V closed convexset,p € V,p & C

Then 3¢ € V* such that
Re ¢(p) > sup Re ¢(c)
cec

Corollary
If C is a closed subset of V then C is the intersection of all closed half
spaces which contain it.
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C'u H = {x:Re(p(x)) = Re(p(co))}

Proof
Define f:C - Rby f(c) = llp — cl|?
fis continuous, f(c) > 0

Pick ¢; € C the closest pointlies in C N By,_, (p), which is closed and bounded.

So fachieves its minimum value by the extreme value theorem.
So there is at least one closest point ¢,

Uniqueness
Suppose ¢y, ¢; € C are both closest
lp—coll=llp—cill =8 < llp—cllvc e C

Co+ ¢ . Cot o
But then ——— € C and if ¢y # ¢, then ”p -

=

Alternatively

co+ c1||Z B <p —cy
”p 2 Il 712 *
_ 1P =%
_” 2 ||+2Re< 2 —4
Inequality is Cauchy -Schwartz and must hold with equality

JPTa P > 0 t>0butt=1-

pP—G p_fo
>

«C1 =Cg

So the closest pointis unique.,

o(x) =(x,p — co)

ep—c)) =lp—coll>>0

o — co) = p() — p(co)

~ Re () = Re p(cy) + lIp — ¢oll> > Re (cy)

Claim
Re ¢(c) < Re p(cy) VcEC
If not, 3¢, € C sit.

Re ¢(c;) = Re p(cy) + &, >0

Re ¢(p — ¢;) = Re ¢(p) — Re ¢(c;) = Re ¢(p) — Re p(cp) + e = Re p(p — o) — ¢

=llp—coll> —¢

Lookat f(£) = |lp — (1 = )co + tcz)||2

= (1 =)@ —co+t(@—cz (1= = co) + t(p — ¢3))

=1 =t)%p—coll2 + 2 Re(t(1 — t){p — c2,p — o)) + t2llp — c,|I?
= (1 =2t —t)lp = coll* + 2(t = t))Re p(p — c3) + t2]Ip — ;12
=1 -)%p —coll> = 2(t = tDe + t2[lp — ;I

F1(®) = =2tllp = coll* = (2 — 4t)e + 2tlp — c,|?
f'(0) = —2¢, decreasing
So for t > 0, small, f(¢t) < f(0) so ¢y is not the smallest point. m

Proof of Separation Theorem
Pick a basis {vy, ..., 1, } for V. Impose an inner product:
n

<Z aivi'z ﬁivi> = Z aiB;
i=1

Use previous Theorem to get ¢ € V* such that
Re ¢(p) > Re ¢(cy) = Su](? Re ¢(c)
ceC

Proof of Corollary
Let {A,} be the set of all closed half spaces such that H 2 C
Clearly C € NH,
Butifp € C,3p € V™ s.t.
Re p(p) > supRe p(c) =C
ec

C
H = {x:Re ¢ < L} half space
CEH,pEH,-’-pEﬂHa [ ]

” < §, by geometry

) ||p_“|| <30 +2[752 P

P—©Co

I+3

§2=62



Normed Vector Spaces Examples

vl = J{v, v}

V = C™ usual inner product

November-28-11 9:30 AM

F=R,C By is unit ball in Euclidean norm
Norm 2
A norm on a vector space V over F is a function ||-||: V - [0, ) such that V=Cc"v=_(ay..,an)

1) vl =0, [lvll = 0 & v = 0 (positive definite) Ivlle = max{la;l,i < i <n}

2) lltvll = [¢lllv]l vt € F, (homogeneous) Satisfies 1, 2

3) llv+wll <lwll+llwll,  (triangle inequality) llv+wll = llay + by, .., an + bpllw = max(la; + b} < max(la;| + b;1)

< max(la;) + max(|b;]) = vl + [Iwlle
Unit Ball
B, or B;(0) = {v:|lv]l < 1} By = [-L11" = {(ap): la;l < 1}
By = D" = {(a): la;| < 13
Proposition
(V, lI-Il) normed vector space then B, is convex, 0 € By, balanced 31 . .
(if v € B,, tv € B, V|t| = 1). Hence |t| < 1 by convexity. bn, V =C"orR
Example Iolly = Z lail
If V, W are normed vector spaces, then L(V, W) can be normed by Satlsﬁes 1 2
71 = Hsllllp ITvllw
vllys1
v ||v+w||1—Z|al+b|<Z|al|+|b | = livll + liwl,

1)
ITvll z0= 1Tl =0 4
g)T”:O:P‘”TU”=0VU=>T1J=OVU=>T=0 » 1<p<oov Fn

leTll = sup ItTvllw = sup [tllITvllw = [¢lITI

Ioly<1 Iolly<t vl Zla w)
3) P

S,TeLV,W) Satisfies 1 2
IS +Tll = HSIFP IS+ Tivily < . Sllllp ISvilw + ITvilw Satisfies 3 but hard to prove
< sup [ISvll + sup [ITv]l = [ISII + Tl 1

Ivlls1 vl Bxip =1

2
Special Cases ||U||1 = (\/ lay| ++/ |az|)
1) W =F, L(V,F)=V*dual normonV*

lloll = sup o)l Pl .
llvlls1 t

2) W=V, L(V) algebra {
ISTI < sup IS(Tv)l < sup [ISwll = [IT]l sup [|Swll il
Ilvll<1 [wli=<liTil lwlis1 |

=Tl - 1Sl : [ e
3) TELWV,W),veEV S S B

et = | ()| = i | (o) | < - e

Lemma |

V finite dimensional normal space. I N i
LetT: (F™, |I-ll;) = V be a linear isomorphism

Then T is uniformly continuous Proof of Proposition
Balanced follows from 2
Theorem Convex follows from 3, 2
V finite dimensional normal vector space vl < 1lwll<1,0<t<1
T:F™ - V linear isomorphism ltv+ @ —Owl <litwll +lIlg —Owl < el x 1+ 1 -t x1=1
Then 3 constants 0 < ¢ < € < oo such that
cllvll < ITvll < Cllvll vv eV Proof of Lemma
Let ey, ..., e, be the standard basis of F™.
Equivalent Let v; = Te; this is a basis for V
Say two norms |||, and [|-||, are equivalent if 30 < ¢4, ¢, such that n
allvlle < vl < callvllg = (ay,..,an) = Zez

1 1 i=1
—lvllp = lvllg < —llv
ol < lvlla < vl
ey Il = [ Zna vill = Zlalnmn < Zm 2 valnz
=
Corollary
If V is a finite dimensional normed vector space then any two norms on
V are equivalent. ITIl = sup [ITwll <
lwli=1
Convergence o = Twy — Twsl| = ||T(W1 —w)ll < ITlwy = wall < Lllwy — wel|
Say a sequence v, € V converges to v if lim,_,ellv, — voll = 0 This is a Lipschitz function.

Ife>0,let 8§ =2, [lwy —wall <8 = |ITwy —Tw, | <LE = ¢

Corollary says that convergence in a finite dimensional normal space is . . .
« T is uniformly continuous m

independent of choice of the norm.

So (V, |I-llg) and (V, ||-]|,) have the same closed sets, hence the same Proof of Theorem
open sets. Lemma shows C = ||T|| < o
Let S = {w € F™:|lwl|, = 13}, unit space
B, is a closed balanced convex set containing 0 on the interior. Tis1-1,sTs #0Vx €S
If logll < L,v, 2 v = llvgll < 1 T is continuous, S is compact so by Extreme Value Theorem the minimum values is
(e>0,anllv, —voll <t = llvoll < llvall + llvg —vull S 1+ eLete — 0 attained:
[IIl is continuous in the norm Ml}éfS”T wll = ITwoll =c#0
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By, 1s a closed balanced convex set containing U on the interior. L1517, 515 FUVX €D

If lvgll < 1L, v 2 v = llvell < 1 T is continuous, S is compact so by Extreme Value Theorem the minimum values is
(6> 0,3n [|vy = voll < ¢ = llvoll < vl + lvo — vall < 1+ Lete -0 attained:
|||l is continuous in the norm JJ%E”T wll =lITwell =c#0

By Homogeniety cllwll, < [Twll < Cliwll,
{v:llvll = 1} is closed so {v: ||[v|| < 1} = B1(0) is open.

Proof of Corollary

Let T: F™ — V isometric

Use Theorem, get 0 < ¢4, Cy, ¢3,C;

cliwlly < ITwllg < Gliwll,

cliwlly < ITwll, < Gliwll,

2 G
7 1Twlle < colwllz < ITwlly < Collwllz < =1ITvll, m
1 1
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Norms
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V normed vector space
V* = L(V,F) has the dual norm
lloll = sup lp@)|
lIlvlis1
V** has a norm, V-V () = i(w)(p) = )

[12lly= = sup [2(p)| = sup lp()| < lSIﬁp llolly-llvily = llvily
i )

Theorem
The natural injection i: V - V** is isometric.
Le [li)lly= = lIvlly

Corollary
Ifv € V,then 3¢ € V* with [|¢|| < 1and ¢(v) = ||vl|

Quotient Norm

If M is a subspace of a finite dimensional subspace V, put the
quotient norm on 1\_‘; by
v=[vly=v+M={ww=vmod M}={w:w—v e M}

lolly = inf |[lv + m|| = inf{llwl:w € [v]} = dist(v, M)
M meM

Proposition
The quotient norm is a norm.

Question
IfM €V showed M* =, M* ={p € V:ply = 0}, (5;) = M*

These are linear isomorphisms.
Are they isometric when V is normed?

Lemma
If T € L(V,W) is an isometric isomorphism, then Tt € L(W*,V*)
is also in isometric isomorphism.

Theorem

V finite dimensional normed space, M € V subspace. Then the
linear isomorphisms

* *

= (g7z) ana (57) =t are omers
=L an M) = are 1sometric.

Corollary
IfMCV,f € M*then3p € V*s.t.@|y = f and |loll = |Ifl
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Proof of Theorem

Have ||7]ly+ < llvlly = sup By € By«

Suppose v € V, ||v|]| > 1. By the separation theorem 3¢ € V* such that

Re p(v) > sup Re p(x) = sup Re ¢(Ax) = sup sup Re Ap(x) = sup|(p(x)| = lloll

X€By |4]=1
Ill 1

- ¢ -
Lety = ol il =1
Solloll = sup [9(p)l =[0I >1

llelly+=1
Thus [[v]l > 1= ||?] > 1

[y ()] > Re p(v) > ”"’” 1

& By 2 By = By = By« = |||y~ = |lvlly
because ||[v|| = inf{t > 0:v € tBy} = inf{t > 0: D € tBy+}

Proof of Corollary

vl =19l = I51|1131If7(<0)l = ISl|1131|<p(17)l = lpo(v)l,  attained by EVT
o|< |
Choose |1| = 1 such that Apy(v) = |po(v)| = vl

Take ¢ = Agq

Proof of Quotient Norm
1) lwllz0lvl=0=dist M)=0=veEM = v=0
2) ||(t'v)|| = |lewll = dist(tv, M) = |t|dist (v, M) = |¢]|ID]|
3) ||(1J + w)|| = mf lv+w+m]| = - mf ||(1; +mq) + (w+my)|
< mf v+ m1|| +llw +my|l = IIVII + ||W||
mZEM

v
So W has anorm m

Proof of Lemma

T:V - Wis 1-1,onto and ||Tv| = |[v|| Vv €V

~ T(By) = By.Now letp € W*

IT @lly+ = sup [(T*@)(W)| = sup lp(Tv)| = sup lpw)| = llollw
vEBy vEBy WEBy,

So Tt is isometric

kerTt = (ranT)* =Wt ={0}~1-1

ran Tt = (kerT)* = {0y}* =V* ~ onto m

Proof of Theorem
Recall the quotient map I1: V — %, n(v) = v, lis onto, kerl1 = M

e (VY e
H.M -V,

So I1* maps (ﬁ) 1 — 1 and onto M* .. linear isomorphism

e
ker It = (ran* = (I_VI_) ={0}, ran It = (ker )+ = M+

*

V t 1
Takefe(ﬁ . Nif=@=folleM
ANy = sup IfF@I= sup |[fOW)|= sup lew)l= sup |pw+M)|
( ) v vev vev vev
VeR7 dist(v,M)<1 dist(v,M)<1 meM
Ilvlls1 dist(v,M)<1

Ifdist(v,M) <1thendm € Mso|lv+ml| <1lsov € By + M
Conversely, if v € By + M then dist (v,M) <1

[Ifll yye = sup  lp(w+M)| = suplopw+m)|= sup lp@)|=lloll
(m) veV Ivls1 Ivlis1
meM meM
dist(v,M)<1

So IM* is an isometric isomorphism of (5) onto M+
Apply that to M+ c V*

v
(MI) = (M%)t € V** which is isomorphicto M € V

So we have an isometric isomorphism

V* E N V»:
]:(Ml) ﬁMbynewlemma]‘:M*ﬁ(m) ="

Proof of Corollary

feM =
eV st.feop=p+M
sop|, = £ Ifl=llgll = inf llo+yl

Since dim V < oo, this inf is attainable from EVT
£l = llo + Woll, @ + o is the desired extensions m

(<p+1/10)|M=<p|M+<po|M=f+0=f

T Is isometric isomorphism



Norms in Matrices Examples

1 Tl = Tv|| < 0o by EVT
December-02-11 9:53 AM ) Tl ”ilﬁglll vl <o y

Restrict to an inner product space (V,(, ))
2) T =1ITllo = sup [ITv|

llvll=1

Matrix Norm Polar decomposition T, VT*T = D unique positive square root
V normed finite dimensional. D is diagonalizable. 3 orthonormal basis {uy, ..., u,}
A norm on L(V) usually should have an additional property Dy =su;l<isn, 52522520
4) |ISTI < IISNITI U partial isometry, U:ran D = ran T isometrically, T = UD
Let v; = Uy; {v;|s; > 0} is orthonormal
n
Trace Norm Z .
T= Siviu;
T € L(V).V finite dimensional inner product space. =1
Polar decomposition
T=up Il = sup ITvll = sup NUDvll = sup 0wl = sup || sie
D =VT*T = diag(sy,53, ., Sp),  S1 =82 25,20 livii= Ivii=1 V=X dity
S-numbers of T, s; =s;,(T) Ylail>=1
n
Tl = ) si(m) = Flaf=s sup [Nk =s,
i=1 Ylail?=1
D) TN, =0,if IT=0=s5=0vi>D=0=>T=0 3) |IT|l, fix an orthonormal basis {ey, ..., e,} = &
2) s;(tT) = ts;(T) since tT = U(tD) T =[T]¢ = [t;]
Lemma 1l Define ||T]|, =
If {e;}1, {f;}} are orthonormal bases for V, then
n
Z|(T€i'fi)| <|ITll, Makes M, into an inner proq[uct space
Is1=lsyh (ASLITD = ) sty
Corollary Lj=1
IS + 71y < ISy + 1Tl . = ST+ Z z = ondi y
= = S has Sir i on diagonal (i, i
Hence ||-|I, is a norm [T*1¢ l 1J [ST*]¢ = itik iklik g ((4))
~A[SLIT]) = er(ST™)
Lemma 2
T € L(V), 1<j<n n on|n n n n n
. . . 2
Sj(T) = rankl(g)fsj—lllT ~Flleo = dLSt(T,:Fjil) matrix of rank ”ST”% = ZZ Z Slktkj ZZ (Z|5iklz> <Z|tzj| )
Sj -1 i=1j=1lk=1 i=1j=1 = =1

n n n n
_ 2 1% ) = 2 2
Corollary B (Zzlslkl ) ZZ'“/' ) ISHZIITIZ

IfA, T € L(V), then

$i(AT) < ||Alleos; (T), If U,V are unitary

5;(TA) < lAllos;(T) IUTVII3 = UTV,UTV) = tr((UTV)(UTV)*) = tr(UTVV*T*U*) = tr(UTT*U™)
= tr(U*UTT*) = tr(TT*) = |IT|I3

Corollary?
A, T € L(V) then So lUTV ||, = ||T|| (unitarily invariant norm) (so is [|T|l)
ATy < 1Al NTL < Al NIT I, In particular, this definition does not depend on choice of o.n. basis.

ITAll; < TNl 11Alle
If fi,..., f on. basis {. Let Ue; = f;,
Therefore ||-||; is a matrix norm lai].J =[T]; = U[T]U* = UltijJU*

n n
Remark 2 2
- ) — 2 _
Same argument shows that Z lag|” = NuTU*ll = IT1I? = Z It
AT, < AT, ITAll; < IT:1IAllG, vt W=
T = UD polar decomposition, Uu; = v;, 1 <i <k, s, > 0,549 =0
Theorem extend vy, ..., Uy to orthonormal basis. Define Vu; = v;,1 < i < n Unitary
The dual of (L(V), ||lle) is (£(V), |I-]l;) via a paring T=UD=VD

or(A) = Tr(AT)

n

ITll, = WD, = DIl = |57, where Dy = diag(sy, 5z, 5,)

Remark 1 ~
[|]l; is unitarily invariant
IfFT € £(V), U,V unitary then [[UTV ||, = IIT]l; Proof of Lemma 1
T=UD
Remark 2 Choose an orthonormal basis {u;}} which diagonalizesD. Du; =s;u;, 1<i<n
. k lf Sk+1 = 0
P= : <i<
Ky Fan Norn;s Letv; = Uy, 1<i< nif s, >0
k
ITlle, = ) si(T)
‘ i=1 l Z (1)
. . s . . j=1
is a unitarily invariant matrix norm nok
Theorem (Ky Fan) l(Te"fl)l - Z ZS’ e 1) U"f‘)‘
Every unitarily invariant matrix norm on M, is a convex = ==
combination of the Ky Fan norms. K n n k
<355 Hewww, fl <cs Zs,- D M.l Z| v fll = Zsjnu]nnm pX
=1 =1 =1 |i=1 =
=TIy

Proof of Corollary

S+T=UE, E=|S+T|={E+D*(S+T)

MATH 245 Page 60



S+T= Zsi(S + Tvu;f, {w;}1, {v;}T orthonormal

n
Z(Sul,v, + Z(Tu,-,vi)
i=1

IS+ 7l = Zsl Z((s+ Ty i) <

SoA < holds hence || ||1 isanorm m

Stemma1 IISIly + 1Ty

Proof of Lemma 2

n j—-1
Write T = Zsi(viul*), Let F; = Z si(viuy) € Fj_q
= =)
n
LetT — F; = Zsi(viuf) =U diag{O, 0,..,0,s;, ...,sn}
=]

IT=Ell =T - Fll , = maxs;(T - F) =, dist(T,Fj_1) < 5;
Supposerank(F) <j—1,nu(F)zn—-(G-1)=n+1—j
dim(sp{uy, ...,en}) +nul(F) 2j+n—-(G-1)=n+1
~dim(sp{uy, .., u;} nker F) > 1

J
Pickx € sp{ul, u]} NnkerF,|lx|| =1, x = z au; € ker F
i=1
n
D sHailz =5 [ Y lail? = sl
i=1
Proof of Corollary

s;(AT) = dist (AT, F;_y) < [|At = Af|| = [|A(T = )| < NAllo|IT = Bl = 1Allws;(T)
Other side is similar.

J
(sjar)vi|| =

i=1

ST =FI = I(T = F)xll = ITx|l =

:Sj

Proof of Corollary

larll, = Z si(AT) < ZnAnmﬁ(T) = Aol

1
Other 51de is similar

Proof of Theorem

Choose orthonormal basis { = {ey, ..., e} matrix units E;; basis for L(V), 1 <i,j <n
@ €LWV),  Lett;=q(E;), LetT = [tjijf

Soif [A]; = [au] Ae L(V)

tr(AT) _Z[AT]” ZZ[A T = ZZ“” J

i=1j= i=1j=

A =ZaijEij' @(A) =Zaij<ﬂ(5ij) =Zaijfij
So @(4) = Tr(AT) = 7 (4)
lloll = . sup |p(A)| = sup<1 [Tr(AT)|

o<1
n
= sup (ATe_e) < sup ||AT|| < sup Al ITH, = NITl
lAlleos1 |4 pR e e 1+ Scorotlary? | SUP MAlleo Tl !
T=UD, LetA=U* [Ally=1

@7 (T) = Tr(U*UD) = Tr(D) = Tr(diag(sy, sz, -, 5)) = ITll;
Mozl 2 TNy = ozl = 1Tl

Proof of Remark 1

TV < Ul ITNL VIl = IIT Iy
IT1ly = NU*WTVIV |l < 10l IIUTVII, = VTVl
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