Vectors & Tensor Notation
January-09-13 11:34 AM

Tensor Notation (Einstein Notation)

aibi = Z aibi

13
&-EzZaibi :aibi
i
arby  ayb; aibs
A®b= Ia2b1 ayb, a2b3] = a;b;
azby azb, azbz
X B = eijkajbk

u
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Consider 2D trajectory motion:

N xl
()

@™ |

x; = (v, cos B)t

1
X, = (g sin O)t + Egt2

These equations are valid (assuming no air resistance, etc.) but only for this specific choice of
coordinate system

Now consider the similar problem with the projectile along an incline. The problem may be easier
to analyze using the prime coordinates.

2 L
x1 = (vg cos(a + 6))t + 5 (gsina)t?

1
x5 = (vgsin(a + 6))t + 3 (gcosa)t?

which, in the @ — 0 limit become (1)

In other situations it may be advantageous to move the origin to give
3) L
X, = (xio) + (vycos(a + O))t + Etz(g sin )

1
Xy = (xzo) + (vg sin(a + )t + 3 t2(g cosa)

In physics it is usually a good idea to ad a level of abstraction by removing the specific choice of
origin from our equations. We do this by using vectors. (or, more generally, tensors). Eq. 3 can be
written as
I S
F=To+ vt +3gt
which makes no assumptions about the coordinate system.
This is an extremely important abstraction both conceptually and computationally as this equation
is valid for any choice of coordinate system. We have the freedom the choose a coordinate system
so as to make subsequent calculations easier.
Further benefits are:

- its compactness

- ease of computer implementation

- easy to extend to higher dimensions

- easy to compare to other systems

- we can ad further abstractions to understand even more interesting systems.

Because it will greatly simplify our work later in the term, we introduce a further abstraction by
using for unit vectors é;, i = 1,2,3 instead of i, j, h as this allows us to use tensor notation.



Rotations
11:28 AM

Notation
Doubled letters (R) represent matrices.

Rotation Matrix

cosa sina
R = (00, o)
—sina cosa
cosa —sina
R(@) = (§ )
sina cosa

R(a) rotates vectors by angle « in the counter-
clockwise direction.

If {&,,é,} is a coordinate system and {&1, &5} is
another coordinate system rotated from the first
by an angle of a counter-clockwise then

At A A
é,-é1 @é,-@ o
R(a) = (' 2 ' Z)=¢-¢é
. 5! . 8! %

€2°€1 €36

Note that é; -
tensor)

¢/ is a2 X 2 tensor in 2D (rank 2

Tensor

Generalization of scalar/vector/matrix

The rank of a tensor is the number of indices used
to indicate elements.

Consider a vector 4 and its representation in two coordinate systems.
A = A(cos6é, +sin6 é,)

A = A(cos(6 — a) é1 +sin(6 — a) &5)

[é1, 5] is rotated with respect to [é4, é,]

P A
N R ~

|
=%

4

\PKI

A = A((c059 cos @ + sin 0 sin @)é; + (sin 8 cos a + sin a cos B)éz)

_ ( cosa sin a) (cos 9)
= . . A
—sina cosa’/ \sin@

Example

x1 = (vg cos )t

€y

1
x, = (vysin B)t — Egt2

1
x1 = (v cos(a + 6))t + > (g sina)t?
2)
1
xy = (vg sin(a + 0))t + > (—g cos a)t?

(vy cos O)t
7= 1
((vo sin 8)t — > gt2>
7 = R(a)7

R(a) - R(—a) = (é 2) 1

Three Dimensions ><";l, r

Unit vectors

0
<
a

To get 7 from &5, rotate 6 along x, axis then rotate by ¢ along x5 axis

cos¢p —sing 0\ ,cosf 0 sin6

é = (sin¢> cos ¢ O)( 0 1 0 )éi = R3(p)R,(0)é;
0

0 1/ “—sin@ 0 cosé@
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sin¢pcosf cos¢p singsinf
—sin@ 0 cos 6

(cos ¢pcosfd —sing cos¢sin 9)
= é;

PHYS 263 Page 3



Example (Problem 1.23)

Use the €;j; notation to derive the identity
January-14-13 11:29 AM RN N NN s oy —
(AxB)x(CxD)=(ABD)C — (ABC)D
Problem 1.11

where ABC = ( x B) - ¢ = BCA = CAB

& & & i G G

AXB= A A, Azl=> C- (/f X §) =|A; A, Asz|=any cyclic permuation of rows
B; B; Bs By B, Bs

=4-(Bx()

ABC = Ci(6ijkAjBk) = eijkAjBkCi

Problem 1.22
€ijk€krs = Oi-Ojs — 8isOjr

I‘T X § = EijkAjBk

CxD= €mnCmDn

(4% B) x (C x D) = epu(€ijxdiBi) €tmnCmDn)

Using identity from problem 1.22

= (Epileijk)elmnAjBkaDn = (elpieijk)elmnAjBkaDn = (6lj5pk - 6lk5pj)€lmnAjBkaDn
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Vector Differentiation Scalars

Consider some scalar function of space (e.g. temperature or pressure) ¢(s) evaluated along some
January-16-13 11:30 AM . L
curve I'(s), parameterized by s, which is also a scalar.
Since both ¢ and s are scalars (i.e.. they can't change under a coordinate transformation) we must
have that ¢(s) = ¢'(s") = ¢'(s)

(Where x4, x, is the original coordinate system and x1, x5 is another coordinate system)

So

dp d¢' (dqb)'
ds ~ ds’ ~ \ds
Vectors

Now consider a vector quantity which is a function of space, A = A(#), which can also be
evaluated along the curve I'(s). The components of A transform the usual way.
A" =RAor 4] = R;;4;

So

d .. d .. d o d s
(i) = 2 (A1) = - (RA) = R (4)
or

dAg_ dA;

ds’ ~ Ulds

dA
and e also transforms as a vector.

. . . . . . 5 df 3 dPF
The obvious situation where we will use this is when we find 7 = T and7 = ]
We can write:
F = riéi = T1é‘1 + Tzéz + T3é3

F = f‘iéi, F = i;iéi

Polar Coordinates

Things are more interesting in polar coordinates (7, 6) in which the unit vectors # and 8 are
functions of position (and so time for a moving particle).

[ | From the diagram (see 0'Donovan's notes posted online) we see that:
=06, 0=-6r
so in polar coordinates we have for velocity and acceleration:
F=rf

F=7f+rf=7F+760

# = #f + 7 + 700 + 160 + 160 = (¥ — r62)F + (r0 + 276)0
Exercises

Exercise 7

_oF o

7l 3 Al 0

7 =1r(cos 6 é; +sin 0 &)

-

7
—=cosBé; +sinbé,
ar

ar)? ) =

—| =cos“60 +sin“6=1

ar

7 =cos6é; +sinb é,

or o R

%zr(—sm961+coseez)

ar

36 = r2(sin% @ + cos? 6)
ar

6= o7 = —sinf é; + cos 0 é,
Gl

Exercise 8

7 =%(r,0)

. OF dr

"Tordr
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Vector Calculus
January-18-13 11:38 AM

Polar Gradient

- 0 10f -
G O ., 10f

Example
What is V7

We haver = ,x% +x2 +x3

r? = x;x;
or  0x; ox; 0x;
Zra; = a_x,»x" +xi6_x}- =2x za = le6l]
or XX
0x; 1 XXk
r=/xX;
1

ar 5 a 1 x
— =2 (xx) = — 2 = ——
an \/J—Ckxk ﬁx} 2\/J—Ckxk \/x_kxk

1 d 1 d : 3 i
N ) R -3 X N T 7
V—_(e )‘—:_ el_(x}x]) = = 3T T2

r dx; ﬁjxj 0x; Ceexi)? (V&%) r r

In spherical coordinates:

T 6+G 6 .1 0
6 ¢r51n06q’)

ﬁ1 .0 1 _ 7

r Tar( )_ r2

Example

Consider a function in polar coordinates, f(r, 8). What is its gradient v

User? = x? + x% and tan = x,/x, along with the chain rule we have
2 _ .2 2

ré=xi+ x5

2 or =2
T 6xi =N
ar X o
PP cos
or — sing
0, sin
Also,
X2
tanf = —
X1
0 Xz _ —rsinf
2 9—_ —
sec 0x, xf (rcos8)?
a6 _ sin®
ox; r
a6 _ cosf
ox, T

Unit Vectors

é, =cosOF—sin6f
é, =sin@+ +cosf
7 =cosfé; +sinf é,

6 =—sinfé; +cosbé,
6f 6f or 6f a0 6f 058 6f sin 6
Bxl T or 6x1 a6 6x 6r 0 r
6f _of o0+ 6f cosG
o, oot
_ . Of af 6f cos 6 _
Vf e1%+ eza = (cos@r— sm99) (—cos@ kTl _r_) + (0=

Now we use the fact that the total derivative if Cartesian can be written as

of of S e
df = Py dx; + P dx, = (Vf) - df

We have
df = Vf-di =Vf - (dr# +r d6f) and
of of

df =—-dr +-do

Example Rotations
A rotation of g about x, is x3
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10 0
]R1=<0 0 —1)
01 0

A rotation of % about x, is

0 01
R2=<0 1 0>

-1 0 0
0 1 0
RZR1 = ( 0 0 —1>
-1 0 0
0 0 1
R,R, = (1 0 0)
010

So rotations do not commute in general.
However, infinitesimal rotations do commute.
dé

“-s
dt
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Newtonian Mechanics Problem With Moving Charges
Charge g, moving in é, direction
January-21-13 11:27 AM

Charge g, moving in é; direction

Induce magnetic fields with strengths B, and B, at each other.
1j21 = gV X 51 = q2V2B18; X &3 = quv, 818,

Newton's Laws . I .
Fip = @101 X By = q1v1B281 X €3 = —q111B2&;

1. IfF = 0 then ¥ = const.
2. Z F=md= 1_5 (N2L -Newton's 2nd Law) Why do these not obey Newton's Law #2?
Some momentum goes into the magnetic fields.
3. Action + reaction
Fy=—Fy Example Equations of Motion
1
7 =7y + Dot + 5 gt?
Reference Frames 0T TotT 39
In order to apply Newton's laws we will need a reference frame.
Specifically, N2L in its simplest form Zﬁ = md is only valid in an

Resulted from m# = mg

inertial reference frame — one that assumes that space and time 7 = Ry cos(wt + ¢)
are homogeneous and isotropic. A measurement of the acceleration in from
such frames yields zero in all places (homogeneous) and directions 7= —w’f
(isotropic).
Example
Isotropic Consider two blocks, masses m; and m,, connected by a light, inextensible string
Nothing differentiates any direction of space from the others which passes over a light pulley as shown.
Homogeneous )(3'

Same everywhere in space and time.

Acceleration in a Frame

Acceleration of a reference frame at a point and time is the value Ad
such that ¥ F = m(d — A@) holds.

(My own definition)

In order to apply N2L we first need to select an inertial reference
frame (IRF) (or a suitable approximation). Then, for each of N

ea
particles, determine all external forces acting upon it. The usual {7 E& E‘ m i
method is to draw a free body diagram (FBD) and then add the vector / v | 3 A
& . !

Equations of Motion - E [T_J /|\ FT

forces and resulting vector acceleration. Then we apply N2L to obtain
the EoM (Equation of Motion) E‘ £ _

O = (7o), mp=1.N
Each particle depends on state of all other particles

myd, = Fy + Fr + Fy,

>

R o
mya; = Fr, +Fy,

Problem Solving Steps

Read problem

Free body diagram

Coordinate system

Equations of motion (with coordinate vectors)
Solves equation of motion

-mya,é, = —mygé, + Fé,
—Mya,8; = Fyé, + Fré; + myg(—sin 6 é; — cos 6 é,)

A

—ma; = —myg + Fr=Fr=mg—maq
—mya, = 0+ Fp —m,gsinf
0=Fy+0—mygcosf = m,gcosb

Have 3 equations and 4 variables: Fr, Fy, a4, a,
Add constraint on length of string: x; + x, + R (g + 9) =X, = —X,
. 'my; —m, sin 6
X1 =— (——) g=a constant
my +m,
1
x1(t) = xg + vot + Eatz

Introduce v = %

. dv
v=a=—

dt
fdv=afdt
v=at+C>v=vy+at
dx
Ezv—v0+at

fdt = fdt(vo + at)
1
x:v0t+§at2+C

1
X =X +v0t+§at2
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2D Mechanics 2D Motion
N2L is

_=Zﬁ

Trajectory motion with drag ﬁD = —mk?v

(In1t1al conditions: #(0) = 0 and (0) = Vo)

mr—F + Fp = mg + mkv(—0)

Choose g = —gé, and é; horizontal

m(¥é; + %,8,) = —mgé, — mk(x,€, + xé,)

m¥X, = —mkx,

mX, = —mg — mkx,

and so the equations of motion are uncoupled (i.e. they can be solved independently of each other)
vy = vge

_ Y10 (1 e~t)

vy, = —%+ (%+ vlo)e_kt

gt g v _
X2=——k—+(p+%)(1—e kt)

January-25-13 11:54 AM

The projectile will impact the horizontal plate at z, (tf) =0
t v
0= —ﬂ‘l‘( OE) (1 —ktf)

+ vork
_ g 02 (1 _ e_ktf)
Transcendental equation, can't solve exactly

Method 1
Fixed Point Iteration

gt Voz —kt:
tiy1 = — k ( )(1 ktl)
with t, = 12’2 thek = 0 solution.

Usek =2,9 =10,vy = 10 and 6 = 45° to get
to=14,t; =0.67,..,t5 = 0.41, ..., t19 = 0.37, ..., t39 = 0.3692

Method 2

Numerical Root Finding

Write

f(t) =t _%“;02]{(1 _ e—kt)

Could plot to get interval for the root, then use root finding algorithm to get root.
Example

Motion of a charged particle in a uniform B field with B.C.
7(0) =0

(0) = ¥q

m? = q¥ X B choose B = Bé,

7_Z = xiéi

mx;é; = qX;&; X Bé, = qBe;pjéjx; = qB(%1é5 — %3€;)

5("1 = _(LU'C?,

X, =0

?’53 = (l))‘(l

where w = 22 1s the "cyclotron frequency"

Z =X + iX3
z=Aet +C
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Conservation Theorems

January-28-13 11:43 AM

Linear Momentum
"The total linear momentum g, of a particle is
conserved when no net force acts on the particle.”

Zﬁ' =0=0=p=p(t) = constant
Note that this also holds for each component of

ﬁ-é:Zﬁ-é:O

= component of p parallel to é is conserved.

Angular Momentum
[=)W
"The total angular momentum L ofa particle is

conserved when there is no net torque on the
particle.”

Ys-
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Example

Consider a bowling ball (mass m, radius R) which initially has velocity ¥, (and no rotation) as it slides along the
horizontal alley. The kinetic friction causes the ball to slow and to rotate until it is rolling, at which point the
frictional force is zero and ¥ is a constant. What is this speed?

i

T:F%O—ﬁ‘b
\’

g

md=F+Fy+F

—ma &, = —(uFy)é,
0 = Fyé, — (mg)é,
F, =mg

ma = umg

a=pug,  constant
v =, — pgt

—laé; =0xFy+0xF,+RxF

2
- (— mRz) aé; = —R(umg)é,

- ©
r@o\

R

5
sug
2R
w=0+at
_ Sugt
~ 2R
Rolling when v; = w,R
5ugty
—ugty; = R
Vo — Hg4 2R
7ugty
ol oy,
2vg . . . <1
t; = — Time when ball is rolling not sliding
7ug
_ (21;0)
Vo =Vo— U9 Tug
5
vy = = vy

With Conservation Laws
[=)'F
N- Torque

Chose origin along line of action ﬁf so
Nfzaxﬁf=0and

N, = Ny
D=0
Lo = Ré, x (mvyé;) = —mvyRé,

- 2 v,
Ly = Ré, X (mv18,) + & = —mvyRé; — ngz ke

- 2
Ly =Ly » mvyR = mv,R + gmle

V1 =35V

N



Special Relativity Example: Harmonic Oscillator
N2L: mi = —kx
which has the known solution x(t) = A sin(wt + ¢)

k . .
where w? = - and 4, ¢ are integration constants.

January-30-13 12:02 PM

Similarly, we can choose any inertial reference frame we wish there is also no

absolute kinetic energy. Ml,l,l,tllily_l\;f]f by %
As a result, only changes in energy can have any physical meaning in classical mxx = 1xx d
physics. As we shall see, in special relativity (SR) the rest frame of an object is mov = —=k—(x?)
special in which the absolute energy is mc2. In any other frame is ymc? where y = d z dt 1d
"Lorentz factor” and v is the speed relative to observer's rest frame. 2™ w* =- 2dt (x?)
J -5 dia , 1
-1 —(—mv +-kx ):
. . . . v2\ 2 dt\2 2
Interestingly, for small v < ¢ we can do a binomial expansion y = (1 - ;) ~
1+ %32 And we can conclude that £ = %mv2 + %kxZ is a constant w.r.t. time.
(4

We can rearrange this to

2
SoE =ymc?~ (1 + ;:—2) mc? =mc? + imv2 which is the rest energy plus the
2E k dx

Kkinetic energy.

v=X= |[———x
m m dt
Returning to classical physics if we define energyas E = T + U then E = T + U dx
and from the WKE theorem _ZE k__ =dt
dT=ﬁ'dFﬁT=ﬁ“5=Fi5(i f___xz
andU = U(X,t) x t
0 aU,+dU_VUﬁ au J dt=t
BT ot % |2E_ k Xz 0
so
p=iirvu i+ o (Frvn)-i+ o
_# r_) o= T+ L Esmd)
but F = —VU for conservative forces |k
then
E= au e 2F .
=3 . x = k cos ¢ do
and we can conclude that if the potential isn't an explicit function of time then E = o5
0 and energy is conserved. ¢ d¢ 7‘C05¢ \/mf"’d(p 1 (b — o)
t= —_— = - = [— =— — o
Lagrangian ¢o |2E /1—sin®¢ k Jg, @
L=T-U m
d (0L) oL 0 where w? = —
de \ox) ~ ox
¢ = wt + ¢0

2E
x = Tsin(wt + ¢o)
as expected.

We can do this for any 1D conservative force for which F = — a

dx
d (1
dt< mv +U(x)>

E = —mv + U(x) = constant

|7

— =t
(E U)
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Last day we were examining 1d conservative problems and found that we could write the solution as

Central Forces

X
February-01-13 11:32 AM t= f —_—
xO\P

Central Forces

F =F@)f

For central force problems there is no net torque
FT=FXF=FFxf=0

and so the angular momentum is conserved.
L=Fxmb=>L=Fxmb+7xmi

but® = 7

soL=0

Furthermore, since

L=7#xp wehaveL 7 = 0and so 7 is tin the pane perpendicular to L. (aka the "orbital plane™)

So our 3D problem is 2D with the right choice of coordinates. (e.g. L= Lé3)

And because we have a constant of the motion (i.e. Z), this will allow us to eliminate another coordinate.
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Origins of Special Relativity

February-04-13

11:29 AM
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In 1864, James Clerk Maxwell unified electricity and magnetism. In vacuum his equations are:

- - T

J
V-E=0, V-E=-—B
ot 5
V~§=O, V~§=uoeoaﬁ
These equations can be combined usingv X (V X /T) =V. (V . /T) —v24
- 9% .
V2E = — —E
Ho€o 61522

-

V2B = —,uoeoa—B
at?

In on space dimension, these are

92E 9%

977 = Mgzt

S . . 1 .
which is a wave equation with wave speed ¢ = == and solutions
0€0

E(z, t) = EO sin(kz — wt)
1

h W
where — = =c
k

VHo€o -

Maxwell realized that his equations where not invariant with respect to Galilean transformations.
(i.e. they change in different inertial reference frames.)



RelatiVit}’ of Simlﬂtaneity Last day we were considering "events" - a flash of light at the origin of space-time diagrams.
February-06-13 11:30 AM

| 1t ,x=ct

1\'| B

A B

But when we examined the same event in a different IRF we found that the flash did not arrive simultaneously

at A and B. ¢ 'e .
\
1 C"[ x! ;VA\
X
e

=

Lets look at a "Newton Diagram"

vt v
tan¢=a=z

Event A has coordinates
(x4,tq) and in printed IRF
(x4, t4) = (xA — vty, tA)

or
x\ _ (1 —v\(x
()=6 6
Causality
If we include 2 space dimension:
s
ng’ht cone

The light cone is the world-line of photons emitted at the origin.

Lorentz Transformation
Replace Galilean

x=x"—vt
t=0+t'
with

X = a11X’ + alzt’
t= a21x' + azzt’

X\ _ (1 Q12 (x'
(l’) - (a21 azz) (t’)
Note> we will eventually introduce x4 = ict so we have x;, withp = 1,2,3,4 and x,x, = x1x1 + )
Consider the motion of a point fixed in the primed system.
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(i.e. x" = constant) we have

dx = alzdt,
dt = azzdt’
dx ai
dt  app
here » = &% _ _ 4%’
wherev = —- = —-%

is the relative speed of the two IRFs.
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Lorentz Transform As d1§cussed last week, we require t.he tr.ansforrrllatlcl)n b.etween inertial referepce f.rames tf’ be
inertial (so that un-accelerated straight line motion is still un-accelerated straight line motion and
February-11-13  11:33 AM such transformations are additive: i.e. T(v; + v,) = T(v1)T(v3))

For reference the Galilean transformationisx’ =x —vt, t' =t
the Lorentz transformation must have the linear form:

X = ay1x" + agpct’

ct = ay1x’ + ay,ct’
where the a;; are dimensionless constants.

Consider the motion of a point fixed in the primed IRF. (i.e. x" = constant). We have that
dx = aqcdt’

cdt = ay,cdt’
dx [ a1z
dt - [e5Y) -

dx
where v = It is the relative speed of the two IRFs

Now consider a pulse of light travelling in the +x direction. For convenience we emit this pulse at
t = 0 from the origin when the two IRFs are coincident. The position of the pulse is then
x =ct, x'=ct
(by the second postulate).
x =ct =ay1x" + agpct’ = (agq + agp)ct’
ct =x = ayx' +azct’ = (a1 + azy)ct’
s0[a11 + a1z = Gp1 + Gp2 |
Similarly, in the -x direction we get
[a11 — a1z = —ag1 + ays|

Combining the boxed equations (2) and (3) we get
a11 = azz and ay; = dy;

Using (1), a5 = %azz

X =ag1x" + agpct’ = y(x' + vt')

ct = azx’ + ayyct’ =y(wx' + ct’)

v
1 - !
©=r(s <))
This can becinverted to
v
’ 1 -
= @
c

Now we exploit the first postulate and swap the two IRFs and replace v with —v
v
1 —_—
x"\ c X
G =rl v )@
c
1
—_— y P S —
v\? 2
V<1_(E)) .[1—6—2

is the Lorentz Factor

>y =

Recall that for a Galilean transformation
x\ _ (1 v\(x
(t’) - (0 1) (t)
and now we have
v

1 - —
x' _ Cc X
v )@
c
Try two Galilean transforms

=6 D6 VO=-6 170
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Addition of Velocities

February-13-13 11:33 AM

Addition of Velocities

Consider an object traveling with a constant speed u in the primed system. Its position is then
! !
x' =ut

u v
y(x —vt) =zy(—zx+ct)
uv
x(1+c—2)=(u+v)t
u+v .
X =—%
<1+”—'z’>
c

so the position of the object in the unprimed IRF is x = wt where

u+v
W=—7
uv
i
Example

Show that if Bob is moving with velocity ué; relative to Alice and Eve has velocity vé; relative to
Bob, that, using a Galilean transformation,

(=6 DG
that Eve has velocity (u + v)é; relative to Alice

=G DE)=6 D6 DEO-6 “I0

Repeat with a Lorentz transformation

1 u
x"\ _ c\(x
@)=nlv )@
c
v v u uv u+v
(¥) = b (¥) - Loy (e () = Itz (%)
ct" =Y E 1 ct! =Y E 1 Yu E 1 t =YVu u+v L uv | \ct
c c c e +EE-
uv u+v
(ot S S (A [
ct") ~ 2 U2 u+v uv | \ct
1-=)(1-= 1+
\/( cz)( cz) c c?
Consider the square of the 1-1 term
2 2
(1+%7) 1+ 57+ ()
v2 u?\ 2uv  (uv\?\ u?+4+v?2 2uv
(=B -5) (B )
uv\2 u+ v\?
. (1+%) e e ()
11 = 2 = 2z~ Yw 2 = 2
(1+%) —6—12(u2+2uv+v2) 1-%5 ¢ (1+1—;§)
So
aflzy‘f,:a%z
af, = w?
and
1 w
x"! B ? x
E)=nlw <)@
c
u+v
W= —7
1+c_2

is Eve's speed relative to Alice.
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Now use the rapidity a such that tanh o = E

and show that two successive Lorentz transforms is also a Lorentz transform.
Iftanha = %then cosha = y and sinha = %y
and
x'\ _ (cosha sinha)/x
(ct’) N (sinh a  cosh a) (Ct) _
(x” ) _ (COSh,B smhﬁ) (cosh a sinh a) (x) — (COSh(Of +p) sinh(a+ ﬁ)> (x)
sinh(a + ) cosh(a + B)/ \ct

ct" sinhf coshf/\sinha cosha’/ \ct
and so
u . v
W, h(a + B) tanha +tanhp - +¢
— = tanh(a = =
c 1+tanhatanhp 1 4 4WY
c

Draw the space-time diagram

ct CT' cZ'

X =cf'

5+

_\?

-\
o

Proper Time
Consider the quantity

2
v
212 = 212 — 42 = <y (Ex, + ct’)) - (y(x' + vt’))2
v N2
=y? (—x’) + 2vx't’" + (ct')? — (x")? — 2vx't’ + (vt')?

c

2 2
— ]/2 <_(xl)2 <1 _ Z_2> + C2 <1 _ Z_2> (tl)2> — (ctr)z _ (xr)z — CZTIZ

So 7/ = tis invariant under Lorentz transforms.
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Oscillations F
February-25-13 11:31 AM

stable equilibrium

\\-\ X

unstable equilibrium

F(x) = F +dF +1d2F
ORI IS WPl It
define k = —%}F—c lo, if Fy = 0 then

Hooke's law: F = —kx

2

N2L: m¥ = —kx
x(t) = Asin(wt — §)

2

k . .
we=—, A & § are integration constants

The kinetic energy is T = %mxz = %m(wA cos(wt — §))? = %kA2 cos?(wt — &)
The potential energy is

1
U=—-AW = —dexz—f—kxdx=§kx2

1 1

E=T+U-= EkAz(cosz(wt —8) + sin®(wt — 8)) = EkAZ
So the total energy is constant.
! kA? = 1k 24 L w2
2 T3 x2 2™

v
A% =x%+ —

w

Example

Find x(t) for x(0) = xy & x(0) = v,
x(0) = xy = Asin(0 — §) = sin(—6) = J—}

butA2=x§+(’:—g2 A
o
-8

"/

SO

2
v, Xow
x(t) = x§+—ozsin(wt—tan‘1 (—0 ))
w Vo

x(t) = Asin(wt — §) = A(sin(wt) cos(—8) + cos(wt) sin(—45)) = A (sin(wt):—z) + cos(wt) %O)

v
x(t) = xq cos(wt) + EO sin(wt)

Again, the complex way
N2L: % + wdx =0

Use the Ansantz

x(t) = Re(de™?)

Re ((—iw)zx + w(z)x) =0

Re(—w?x + wix) =0, (—w? + w3)Re(x) = 0

= wi = iwo

x(t) = Re(A ei®@ot + A_e~iwot)

= Re(4,) cos(wot) — Im(A,) sin(wgt) + Re(A_—)cos(—wot) — Im(A_)sin(—wot)
= Re(A, + A_)cos(wot) —Im(Ay — A_)sin(wgt)

Example - As before
x(O) = Xp- X(O) =7y
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x(0) =xo =Re(A, +A_)
x(t) = —woRe(Ay + A_) sin(wgt) — woIm(A; — A_) cos(wgt)
x(O) =Vy = _wolm(A+ - A_)

v
x(t) = xq cos(wgt) + w—osin((uot)
0

as before

Damped Oscillations

FD = —bx
mi = —bx — kx
X+20x+woex=0

2 _k )
where wg = - and 2 = -
Ansatz
x(t) = de™ ot

(—ia)?x + 2B (—ca)x + wix =0
(—a? = 2ifa + wd)x =0

ay =—if+ ,—ﬁz + w3
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Damped & Driven Oscillator
February-27-13 11:30 AM

Last day we looked at the harmonic oscillator
¥+ wi=0

and used the ansatz

x = Re(Ae™@t)

to find x(t) = x, cos(wt) + 17;0sin(out)

Damped Oscillator

Damping force proportional to velocity, —bx
N2L:
mX = —kx — bx
or
¥+ 2B%+ wix =0
where 2 = % and w3 = % both with units of frequency.

Use the ansatz:
x = Re(Ae™it)

as before to get
Re(—a?x — 2ifax + wix) =0
(a? + 2ifa — wd)Re(x) =0

ay, = —if + /a)g—b’zz—i[)’iw, w? = w3 — p?

x(t) = e PtRe(A et + A_e™@t) = e"Pt(Re(A; + A_) cos(wt) — Im(A; — A_) sin(wt))

Example

x(0) =xo,  %(0) =y

= x(0) =x9=Re(4, + A_)

x(t) = Re (—,Be'ﬁt(AJ,ei“’t +A_e70t) e Plig(A eIt — 4_e~iwt ))
%(0) = Re(—B(A; + A) +iw(A, — AL))

Vo = —Bxo— wIim (A —A_)

vy + px
Im(A+ —A) = _O—'BO

Note
For

v
x(t) = xo cos(wt) + Z)gsin(a)t)

Can rewrite

x(t) = ’ (%)2 (cos & cos(wt) + sin § sin(wt)), § = atan (:—Z})
0
x(t) = (%)2 cos(wt — &)

Back to example

x(t) = e Pt x, cos( /wg —,82t> +Lﬂxosin< W - ﬁ2t>

Possibilities
Underdamped: wo > 8
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FOUSSIDILIILIES
Underdamped: wg > 8

N —_
N__— ~——

Overdamped: wy < f8

[~

Critically Damped: wg =

N

Driven Oscillations
m¥ =—km—-—bx+F

Will use F cos(£t)

¥+ 2% + wix = Acos(Qt)

) _ b ,_k
'B_m' o=

_F
’ m
The complementary solution is the solution to the homogeneous equation and the particular
solution is
xp(t) = By cos(Qt) + By sin(Q1t)

5 — (w2 - Q%A
T (wE - 022 + (2p0)?
2B0A
Bl =

(0§ —02)2 + (28Q)?
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Driven Oscillations
March-01-13 11:31 AM

Last day we were looking at driven oscillations,
F
¥4 2B% + wix = acos((ut) (D

and we had the complementary solution the same as the un-driven oscillator and particular
solution
x,(t) = A’ cos(wt — 5)

where
A
A =
@3 - 022 + G2pay
26Q
tan 6 = Jg——ﬂz

which we will no derive
x, (t) = By cos(Qt) + B, sin(Qt)
Plugging into (1)
F
—Q%x), + 2BQ(—B; sin(Qt) + B; cos(Qt)) + wix, = 7—n—cos(ﬂt)
F
(w3 — Q2)(B; cos(Qt) + B, sin(Qt)) + 2BQ(—B; sin(Qt) + B, cos(Qt)) = = cos(Qt)
F
cos(Qt) ((w(z) — 0%)B, + 2/;932) + sin(Qt) ((a)(z) — 0B, — ZﬁQBl) = —cos(Q)

=
(w§ — O*)B, = 2B,

F
(w3 — Q?)By + 2BOB, = -

B — (w§ — QHA

P (0§ - 022 + (2B0)?
5. = 2B0A

27 (wZ - 022 + (20)2
So

xp(t) = Acos(Qt + 5)

Resonance
In some situations, A’ can be large. It is a maximum at "resonance" which occurs at Q = Qp
where
d , _ B 5 ;
EA =0, Qr = [Q5—28
Q=0p

General Driving Force

We have
(d roply )x=F@®
2Tt w)x=
Introduce
d? )
D= 12 +2f r +\omevag

a linear differential operator

D(a1f1 (t) + dof, (t)) =a,Df; +d;Df;

So if we can solve our EoM (equation of motion) for each driving function f;(x) then the
solution for the driving function

F© =) afi®

14
will be the sum of the solutions.
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Fourier Series
March-01-13 12:14 PM

If we have some function f(t), that is defined on an interval [0, T] or which is
periodic with period T then we can write it as a series

2nnt . [2mnt
f@® =—a0 + Z ancos( T )+ by, sin (—T—)

and the coeff1c1ents a, and b, can be found by operating with

f dt cos and = f dt si ——) respectively.
There may be errors in equations after this point.
2
0=

T
%fo (dt cos(mwt) F(®))

T
ao%fo dt cos(mwt)
1w T T .
+ %; (an fo dt cos(mwt) cos(nwt) + by, fo dt cos(mwt) sm(nwt))
cos(A + B) + cos(A — B) = 2cos Acos B
T
f (dt cos(nwt) f(t))
Jo
had T
= ‘—lg + % Z anf dt (cos((m + n)wt) + cos((m — n)wt))
Tf cos(mwt) f(t) = —am
= ff dt cos(mwt) f(t)
0

similarly,

2 T
m = 5 dtsi
qur t sin(mwt) f(t)
1
=—| d
Qo TJ; tf(t)
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Example
Square wave

T
A if0<t<§
@) = r
—-A if5<t<0

2 T
ao=Ff0 dtf(E) = 0

2 (T 2 g 2 (T
= —f dt cos(nwt) f(t) = —f dt cos(nwt) (A) — %fT dt cos(nwt) (A)
2

[sm (nwt)] [sm (nwt)

ZA(_ (an) 0 — sin( T)+ . (an))_O
nTw sin 2 sm(nw sin 2 =

9 (T
= }f dtsin(nwt) f(t) = -
0
_ _i(cos(nn) — 1 — cos(2nm) + cos(nm)} = A a--nm
2mn ™

A
_J)J— mnodd
=\nn

0 neven

f@) = z %sin(nwt)

n odd



Fourier Series Cont.
March-06-13 11:39 AM

Last day we were looking at Fourier series,

a
f(t) = ?0 + Z (a, cos(nwt) + b, sin(nwt))
n=1
and found that the Fourier coefficients were given by

T
a, = ;J; dt - cos(nwt) f(t)

2 T
b, = —f dt - sin(nwt) f(t)
T Jy

2T
where w = T

We did an example of the square wave and found that
4A
=0 b,=—>Q0Q-(C-D"
an=0, by=5—(1-(-1D"
so that
4A 1 1
f(t) = — (sin(wt) + §sin(3wt) + gsin(Smt) + )

We can instead write

) = i fae™met

n=-—oo
where
1 (T .
fo = ?f dt e MO £(¢)
0

Itis easy to show that f = %ao

fat fon = an, i(fa = fen) = by

Superposition Principle

If we have a linear ODE

e.g. ¥ +2Bx + wix =0

then the response to a driving force F(t) = F,(t) + F,(t)

is just the sum of the responses to the individual driving forces f;, (t)
Xp + 2B%; + wix; = Fy(t)

¥y + 2B%; + wixy = Fp(x)
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Gravitation
March-08-13 11:32 AM

Newton's Law of universal gravitation

S Gmim, |
=7
2 12
T2

Pla=T,—1 )
where G = 6.674 x 10" 1IN —
kg

= . T2
112 = |72l and 1, = —
T12

For a continuous distribution of density p(#) then dm = p(¥)dV
and the net force on a small test mass is

Gmdm 72
F@) = f - —Gmf Mr —r'dV

| /|2 v |T' —7 |2

7 is the location of the test mass, 7' is the dummy variable for the position of a dV

Itis useful to define the grav1tat10na1 field g as

_,

R -7
j=—= —Gf dv p(r") =——=—= FITE
and the gravitational potential ® such that its negative gradient is g
§=-va
We can do this because the gravitational force is conservative.

<

Il
—

QU

=

T

w=ar F=[ad xF
c A
(Stokes theorem)

The gravitational field due to a mass m at the origin is

Gm# Gm?r

g@) = —r—2= 3

and the corresponding potential is

O(F) = d(r) = —GTm

Recall that

v = ( >("1"1)_ < "X+ X 0— > Coex)Z ' = éi(25ij"j)§' (r)z7' = g2 = fnrn 2
l
soforn =1we get
=1 o7
r 13 r2
So

= /1 Gmr
V& = —GmV (;) =—g

and we have, by conventlon, chosen
lim ®(r) =0
T—00

For a continuous density distribution, p(#), the gravitational potential is
r
O(F) = Gfdv p()l

The potential energy, U(#), of a mass m in this field is
U@@) = mo(r)
and the gravitational force is
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F = —VU = —-mVd = mg

Example: Spherical shell

An important problem is the gravitational field due to a spherical shell of mass m and radius R
Point a distance 7 from center of shell. s is distance from dm to test mass.

a is angle between dm and center of sphere relative to test mass.

0 gives angle between dm and the test mass relative to the center of the shell.

R
dg(@) = Go - S—zde -Rsin 0 cos a (—#)

where 0 = the mass per unit area

m
4mR?
Cosine rules
s2=R?*+1r?2—2rRcos@
R? =s?+71?—-2rscosa
S0

L (T, . sP+r?—R?
g = —1TaGR df sin 0 —————
0

2rs s?

2sds = 2rRsin0 d6
L, 26 (R r? — R? _moRG
g —ToR 7R _Rds 52 +1)|=-=-7 3 4R
buto = mzso

4TR
- Gm/\
g=—2"

So the shell is equivalent to having a point mass at its center of the same mass.

PHYS 263 Page 27



More Gravitation
March-11-13 11:49 AM

Ring

dm
dg = G— (— cosae3+sma(sm¢el+cos¢>e2))

Zn G 21
g = = ¢ (—cosae + sina (sing é; + cos¢ é ))————r—n—-cosaé f do
7 o 2m ’ ! 2 2ms? *Jo
_ Gm .
=g cosads
Sphere

1
(2nR sin 8)(RdO) = —m sin8 do

d —
™ R2
dm
dg = G—cosae3
1 m __ (Rcosasin@df Gm |
= S—ZcosaegzmsmedﬁziG é3 _RT—— = =76
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