Derivations I1.C 11.C.2

September-13-13  8:58 AM Show that ¢, = (nly) if [)) = Xy cnln)
OR

Show that ¢, = f A7 ¢ AW iEY() = z atbn ()

n
Just substitute

[t o @w@ = [ a7 i) [Z cm¢m(f)} =D n [ @O = Y cmbn =

m

i n = 479 DY@ = (i)

Alternate proof

) = Y (lemlm) = ) cnlm) = c,

m

11.C.3.a: The Dirac Delta Function
8(x — x") is defined such that

f dx f(x)6(x —x") = f(x")

11.C.3.b Proof of Closure Relation
Claim
For {¢,(7)} to be a basis set spanning the Hilbert space, then

D Biu () = 5G - )

Proof

n = i) = [argi )

w0 = Y| [ar'gi | gue)

w() = [arpa) [Z ¢;(r')¢n(r)]
Y((r) = fdr’z,[}(r')(?(r —r") (By definition of delta function)
) il alr) = 60— 1)

Alternate Proof

[$) =) caln) where c, = (nli)

[y = ) (alpdln) = ) In)nl)

-~ This holds iff

iyl =1

n

11.C.4 Matrix Representation of Vectors
v = ) vagn ()

n

@) = ) tngn ()
(vl = [arv Gy = [ a7 (Z v;;¢;(?)> (Z um¢m(F)) = > vi [ 705D
= Z VnUmOnpm = Z Uplp |

Alternate:
) =D valn),  wy = ) unln)
n n

(vlu) = (me;;) (Z un|m)> = D vitmnlm) = ) Vit Sum = ) vittn

m nm n
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I.C.5.a Matrix Representation of Linear Operators

Qlv) = |v') w.rt basis {|v)}is Z QumVm = Uy,
m

Wy =Y vwlm), )= vilm)
Q) vplm) = Y vialm)
D vmllm) = viylm)

m m
Operate on both sides by (n| (In other words, multiply both sides by ¢y, (r) and then integrate both
sides over [ dr)

(1l Y vllm) = (nl Y viglm)
Z v (nlQim) = Z Um{n|m)

m m

!
Z UmQpm = Vn

m

Example: Identity Operator
Ilv)y=v
Lym = (nlIlm) = (n|m) = 6p;p

11.C.5.b Adjoint of an Operator
Show that <n|Q*|m) = (Qn|m)

Qpm = <n|9~|m>
Ql = O = (mIQIn)*
(m|Qny* = [ f dF ¢:n(F)n¢n(F)] = j A7 P (P [ (D] = f A7 [Qepn (D] P (P)

(nl@f|m) = (n|Qm)t = (Qn|m)
Note to self: don't believe that (n|Qt|m) = (n|Q|m)T
In think it should be (n|Qf|m) = (m|Q|n)*

@ o 3)((1))11
[@ o @] =ot=0
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Derivations I1.D && II.LE

September-23-13 8:35 AM

I.D.1 The Eigenvalues of a Hermitian Operator are Real
Q|w) = w|w)

(w]Q]w) = (w]w|w) = w(w|w)

Take the adjoint of both sizes

(w]0F|w) = 0" (w]w)* = v (w|w)

If Q is Hermitian then Q = Qf so

w{w|w) = (W|Qw) = (0]0T|w) = w* (w|w)

Sw=0"20wER

I1.D.2 The Eigenfunctions of a Hermitian Operator are Orthogonal
Let |a) be one eigenfunction of Q (Hermitian) and |8) be another.

Qla) = ala),  QIB) = BIB)

BlQ]a) = alfla), {a|Q|f) = Bla|p)

1 )

Take the complex conjugate of (2) and subtract it from (1)

(B1la) — (@lQIB)" = alBla) — f*(alp)’

B19]a) — (BlQla) = a(f|a) — *(B]a)

0= (a—p")pBla)

Mine:

So either &« = B* or (B|a) = 0

If « = B then we have a subspace of eigenfunctions with eigenvalues = @ = 8. So we can take a

basis for that and get orthonormal vectors. In general, two eigenfunctions within that subspace to
not have to be orthogonal so the statement is not strictly correct.

More accurately: The eigenspaces of a Hermitian operator are orthogonal.

Note:
Board says: (@ — f*){a|B) = 0 = (a|B) = 0 but that is wrong.

Il.E.1 Continuous Components of a Wavefunction
Y@ = f AP YE)SG — 1) = f AP f dx we (W) = f da [ f dr'w;;(?')w(f')] e )

¥ = [ de c@m ()
where

c(a) = fd?W(;(?)I/J(?)

In bra-ket notation:

) = Ilp) = f de la)alyp) = f da c(@)]a)

Il.E.2 Scalar Product and Norm in Continuous Components
¥ = [ da b@yw )

P, () = f da c(@)we ()

i) = [ar pi@u = [ af [ da b @we® [ g c@ws@

= f dafdﬁ b*(a)c(B) fd? we (Pwp (7)) = f da fdﬁb*(a)c(ﬁ)é(a -B) = fda b*(a)c(a)
W) = f da c*(@)c(a) = f da |c(@)|?

ILE.3.a

1) & (#) = 8§ —7') is orthonormal

f A7 wi@Dw(P) = 8(a— ) = f AFS(F — )G — 77) = 8(F' — 7) = (7' |7
2) &3 () = 6(7 —7y) spans the space

f da iy (F) = 8 — ') = f AR 8 — 70)8(F — 7) = 8(F — 7)

f da Wi wy(F) = 6G — )
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fda (@) Fla) = FI7)
f da (Fla)al#') = (7I7)
I= fda la){al

I.LE.3.b
(rly) = fdr’fi(r’)nb(r) = fdr’S(r’ - y’) = ()

ILE.3.c
W lipa) = f A7 (D, ()

Wrla) = (Yo ll) = f AR Is) = f A7 PPy ()

ILE.4
i) = [ B B 62 )
1

B9 = [ a7 v 0 = —— [ a7 TPy = 9@
(2mh)2

Wrla) = W lla) = f A5 W11BYBIs) = f 45 91
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Derivations II.F

September-25-13

9:03 AM

ILF.1
(x) = f A7 @Dxp ()

(WalX12) = W IX[s) = f A7 (D EIXTs) = f A7 (P PFp,) = f G NG

(X) = (WIXIp) = f & " Dxp(@

Il.LF.2 The Momentum Operator
i) Show that Py(7) = ?(—f—x-l/)(?)
e S (F[p)
(2mh)z
W) = (F1Y) = F1) = [ a5 FIENEI)
Y@ = ! 3 f dp lﬁ(ﬁ)e%ﬁ'F Inverse Fourier Transform
(2mh)z

1p) = v (7) =

9 6) = —— [ @ 9 (22) e

Compare with

Pap(?) = (FIP) = (FlIP ) = f dp FIPNIPI)

1 inT 1 _ Qs
(F|Pclp) = —_Ef dp py(plp)e?'n = ____§fdﬁ (@R, @)

(2nh)2 (2mh)?2
1=
hoy (7
Py = 1240
or

S ho
(F|P ) = 1 ox (Fly)

ii) The expectation value
ho
1Pz} = 1Pz} = [ @7 QP IR) = [ diwi) T o)
h op(r)
i ox

(Po) = (PIP 1) = j 7 @)

1 [ 1 _ Qs
b9y =—— [ a5 ptplwyen?” =—— [ dpp ) i
(2mh)z (2rh)2
I.LF.3.a [R;, Pj| = ihéj;

FIX, Pd) = (FIXP; — PeX[) = (FIXPe[ih) — (FIPX )
Define [) = Pely), [¥") = X|)

ho ho
(I, B) = FIXW) = (FIPD") = x(F) = 5 (") = x(FIP ) = 3 (FIXT)
ho ., ho . he o ., 2 ., . h . s
= x 3o (1) = o eI = 7 (v (I = 2o () = 1)) = =7 (Fld = (7 1)
[X,P,] = ikl

Overall,
[R,R;]=0, [P,P]=0, [R,P]=ihd;, ij=x7yz

ILF3.b Ap,Ax > 1
Ax = <X’2), where X' = X — (X)
Ap = /(Px’z), where P} = P, — (P,)

1) = (X + AP )

A is areal parameter
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W'Yy = WIX = iAP) (X + iAP) ) = (YIX2|) + (YlIAXP, — iAPX 1)) + 22| PZ|1p)
= (X2) + iM[X, P]) + 22(P2) = (X?) — Ah + A%(P?)
W' Y'Y = 0s0(X?)+il{[X,P]) + A2(P?) = 0
= h? — 4(P2)X?) < 0 (discriminant)
2

= (B =

[XI'Px’] = [erx] =ih

since

XL = PIX' = (X = (KB = (B) = (B = (BN = () = = [, B
BB <

h
(PEN(X2) 2 5

h
AP AX = 5
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Derivations III.A & II1.B

September-30-13 8:46 AM

I1I.LA.2 The Superposition Principle

Y1 = [Pyle’, Py = lhylet, Y=+t

P =92 = [crhy + o |* = |y [y e + C2|1/12|€io‘2|2

= leya|? + ezl + crcs | [, e (@2 + (C1C§|¢1||1P2|€i(a1_a2))*
P = lcyp1|? + o |2 + ZRe(C1C§|¢1||¢2|€i(a1_a2))

I1l.B Measurement and Expectation Values

1 N
@ =5,
n=1
N N

(c)=ZCnPn, ZPn=1

n=1 n=1
() = f c(@P() da, f P()da = 1
(A) = (Y|A|Y), Wlypy=1

Example: Position operator X
(X) = X = XIY), 1= [ax

x) = [ax heixip) = [dx @loxtdp) = [dxy: o)

(X) = f * ()| 2dx

(A) = (WIAI) = (plIAlY), [ = f da |a){al

(4) = f da (YlaXalAlp)
Need (a|A|p) = a(a){a|yp) = (al4d = a(a){al, AT|a) = a*()|a)
(4) = f da (playa(@)ialp) = f Al da

[11.C.1 The Schrodinger Equation

L oY@,t) R
ih Fra Hy(7,t)
p?
H=—+V(#1t)
2m
P = ?1_]) = —lhﬁ
Not right:

a2 . . R . | ) R
(D cﬁw(r, t) = —%V Y@, t) + V(E, Y, t)

This is the wave equation. But does not describe particles

Need f & [y 012 =1 (2)

(1) does not guarantee this
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Diffusion equation:

61,[)(7’ t) hz
o = 5 V@O +VEDYE D 3)
(3) guarantees (2) but it is not a wave equation. So (3) is no good.
. h2k?
— —i(ux-wt) -
Y(x,t) = 2 Aze 4, c=o
ih*k
ho = —— (5)
. E)tl)(r t) h? o s . .
ih 5% %V Y@, t) + VI, Oy t)

Combines (1) and (2)

[11.C.2 The Time Independent Schrodinger Equation

in a‘”{gz D W0 +VE OB O

Assume V(#, t) = V(¥)
Y@ 1) =@ f()
arw R
ith (7 )— =5 fOV2PEF) + V() f(t)

Divide by qb(T)f )

; 1 of(t) w1
they o = zmam” PO V@

Each side is equal to the same constant. Call it E.

L 1 df@®)  _ df(e) iE Bt
L.H.S lhf(t) It =E, iF ———f() f(t)=e%
R.H.S.

hZ

2 _
2@ —= V() + V(@) =

—h—mv2¢<r)<+v<f)¢<f) = Ep()

[Hp() = E¢(P)]

Eigenvalue equation (H is operator)

Y@, 1) = p(A)f (6) = p(Pe” W . .

W@ O = G OPE D = ¢ Peh p@De = [p()1?

iEt iEt
(Xh4¢Mw0=fd%ﬁGkTXf7¢W)=fﬁ¢%ﬂﬁﬂﬂ=%MM¢>
HOu() = Euin®)
1/Jn(7' t) = ¢n(T)€ h
¢&O—quﬁk

n=1

PHYS 334 Page 8



Derivations IV.A

October-04-13 8:48 AM

IV.A.1 The Harmonic Oscillator

Hy(x) = E(x)
h? d?
o P+ V(x)l/)(x) = Ep(x)
h?  d?
2m T2 PP+ mWZXZIIJ(x) = Ep(x)

%(P2 + (mwX)?) P(x) = Ep(x)

P? + (mwx)? = (ip + mwx)(—ip + mwx)

1
az = (+iP + mwX)
* \/meiw
aa_ = T( iP + mwX)(+iP + mwX) = T — [P2 + (mwX)? + imw(XP — PX)]
! [P2+( X)?] + [XP]—lH 1=>H—h ( +1)
= 2hmw xw 20 T T2 - wlsa-Ty
1 1
a_ay —mH‘F—

[ 1= _ 1 H t_1 H 1_ 1

a-,a4] = a-0y — a4a- =3 +E—m +§ =

Therefore, if 1 (x) satisfies Hyp(x) = Eyp(x), then a1 (x) will satisfy Ha,p(x) = (E +
aw)a,(x) and Ha_p(x) = (E — aw)a_p(x)

Proof

Ha,y(x) = Aw (a+a + ;) a,Pp(x) = Aw (a+a a; + ; a+)1p(x) = hwa, (a ay + 1)1,[)(96)

=a, [hw (a+a +1+ ) (x)] =a, [hw (a+a + ) + hw]tl)(x) = a,(H + iw)yp(x)

= a,(E+ aww)y(x)
Ha,y(x) = (E + hW)(aHU(X))

IV.A.3 Normalization with Operators
f|¢n(x)|2dx =1
<¢n|¢n> =1, (n|7’l> =1

Assume 1 (x) is normalized.
Y1 (x) = Aja o (x)
1) = A1a,10),  (1]1) =1
(111) = |A1|2(0|a_a+|0)
Note: af = a,

Proof: observe

thw
[a_,a, a_a, —asa_ =1, a_a;y=1+a,a_
(111) = |A1| (Olaya_ + 1]0) = |A11>({0]aya_|0) + (0]0))
a_|0) = 0 since |0) is already the lowest level

So(1]1) = |A;1> =1 = [4; = 1]

Next, |2) = Aya,|1)

1
ay = —— (+lP + mWX)
1=
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(212) = 14,1%(1|a_a,|1) = |A,|*(1laya + 1|1) = |4, 12((1]aya_|1) + (1]1)),
a,a_=N,N|1) =1|1)

1
= 4211 +(1|1) = 2|4, > = 1= |4, = NG

n—1n—-1)=14,1>=(n—1la_a;|n—1) = |4,,1*(n — 1]|aya_ + 1|]n — 1)
=[4,12((n = 1IN|n = 1) + (n — 1|]n — 1)) = |4,1*((n — D(n|n) + (n|n)) = n|4,1*> =1
1

7

=4, =

a P (x) = Vn + 11 (x)
A (x) = V1 (x)
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Derivations IV.B

October-11-13 8:42 AM

IV.B.1.a Angular and Radial Equations
hZ
== V@ + VY@ + Ep(F)
nl1a,. oy 1 9 Y 1 (0%
_% [r—za (rz E) + 25in0 90 (Sln 9%) t 5= 72 sin2 9 <5Zb_'>> + V(T')l,b + EY
Lety(r,0,¢) = R(r)Y (6, ¢)
h? (Y d [ ,dR R 0
<r_25( E) T Zsin0 00

dY) R__o% + VRY = ERY
do N

0
(sm r2sin? 6 9?2

" 2m

2mr?

Divide through by RY and multiply by — 5z

1d<2dR> 2mr? Ve —E + 1(1 6( an) 1 9%y
Rar\' dr h? r sin 6 96 00/  sin? 6 d¢?
depends only on r depends only on 8 and ¢

;;r (ﬂ‘éf) 2mr Gy —E) = 1+ 1)

1/ 1 d( 96Y>+ 1 0%Y\ I+ 1)
sin df sin 90) sin2@0¢p2)

IV.B.1.b Angular Equations
Multiply by Y sin? 6

0 Yy 0%y
sm9%<sm9—) a¢2
LetY(6,¢) = 0(6)D(¢)

—Il(l+1)sin?6Y

d de d*® -
Cbsmﬁﬁ(smﬁﬁ>+®df¢2=—l(l+1)sm 600
Divide by ©®
! ed( ed >+l(l+1) 0+ — L &% =0

sm 70 sin 70 sin? (bdq)z
1 d doe
= i L2 2
<sm9d9(sm9d9>)+l(l+1)sm 6=m
2g
1o,
D dg?
D(p) = e™®

P(¢) = P(¢ + 21)

eim¢ — eim(¢+21‘r) — eimd)eimZn:
elm2m — 1

cosm2m +isinm2mr =1
>m=0,%1,%£2,1£3, ..
Magnetic quantum number

0(6) = AP (cos0)
Only has solution for I = 0,1, 2, 3, ...
Im| <1

IV.B.1.c Radial Equation
d dR 2mr?
&)

[V(r)—EIR=1l(+ 1R
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Letu(r) = rR(r),R =
dR ( du ) 1

U(r)
r

ar Uar %)

d ( 2dR) d( du ) d’u du du
—|r*—=)==r——ul|l=r—+———
drz dr zdr dr dr? dr dr
du Zmr
Multiply by — h—

h? d?u h?

o dz + V() — E]u———l(l+1)—
h? d%u h? l(l+1)
—%W‘F[V(T)-l-ﬁ 2 ]u—Eu

For normalization, we should have [[|y(7)|?d7 = 1
dr =r?sin@drdf d¢o

f|¢(r, 0, &)|2r? sin 0 dr d6 dep = 1

Y(r,6,9) =R@)Y(6,¢)

f|R|2r2dr f|y|zsin9 dodg = 1

Require fIYIZ sin® dfd¢ = 1 not justified in this class

fIRIZrZ —1  u@)=rR  |U]=r’R]?

f|U|2dr =1

IV.B.2.a The Radial Equation for Hydrogen

d*u me? 1 l(l + 1) _2mE 2mE
arz " [27‘[60le ] 2u’ K= \/i?ﬁ_
1 d?u me? 1 l(l +1)

K2 dr2 + [Zneohzﬁ ~ (Kr)? ] -

Letp = Kr

clz_u:[l_@+l(l+1) .

dp? 0 2

IV.B.2.b The Radial Equation of Hydrogen some More
Define v(p) such that
u(p) = p**te~Pv(p)

d?u I(l+1
2[1_@+ ( : )

dp? p

d?u _ . .

W =u forp — oo, u(p) = Ae P + BeP,require B = 0 since e - w0 asp - ©
d’u  1(l+1

dp? uu forp >0, u(p)=Cp"** + Dp~! require D = Osincep™ > wasp - 0
Finding the derivatives

du dv dv

2 plHl,,-p 7 1+1 e~ P l 1 p L,—p [ l 1-— _

& ptle dp+v[p + (L +DePpt] =ple? |+ p)v+pdp
dzu— Len 2-2l+ +l(l+1) +2(+1 )dv+ d*v
Substituting
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(l+1) dv d?v po LU+1)
1. .- 1 _
,De p<<_2_2l+p+ >U+2(l+1_p)d_+p___2>—<1___+___2_ p+1e pv

Simplifying,

d*v(p) dv(p)
dl;zp +2(l+1—p)z—;+(po—2(l+1))v@)=0

IV.B.2.c Recursion Relation

[ee]

v(p) = Z ¢ip’, power series

j=0
dv i ] . _ . _
- ZJC,-/J’ = z G+ Dejprp’ = Z(] +Dcjyp!,  since(=1+1) =0
j:O j=—1 ]=0

d?v o -
ok ZJ(] + Dejy1p 7t
P L

Substituting,

d?v

dv
—+2l+1—-p)— —-2(+1 =0
it I+ P)dp+(Po (I+D)v

Zj(j +Dejpp’ +20+1) Z(j + Dcjpip’ — zzj'cjpf + (po — 201 + 1))2 cip! =0
j=0 j=0 j=0 j=0

Equate coefficients of like powers
JG + Dejpr + 20+ DG + Dejpr — 2jc; + (po + 2L+ D) =0
GG+ D +20+ DG+ D)gjr = QU+ D) — po + 2))g

_ 2j+1+1)—pg
Cj+1_<j2 +j+2lj+2l+2j+2>cj

2+ 1+1) —pg
TEGEDG+20+2)7

p
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Derivations V

October-28-13 8:47 AM

V.A.2 Angular Momentum Eigenvalues

Pf=2f, Lf=uf

Define Ly = Ly + *iL,

[Ly L] = [Ly Ly +iLly| = [Ly, Ly] + i[Ly, L] = iALy, + (—ihLy) = ihLy + AL, = +hLy + ihL,
= +h(Ly +iL,) = +hLy

|[Ly,Ls] = £l |

[12,L4] = [L? Ly £ iLy] = [, L] £ i[L%, L, ] = 0

Since f is an eigenfunction of L? and L,, (L4f) is also an eigenfunction of L? and and L,
LP(Lf) = Lo (L2 f) = L+ (Af) = AL+ f)

Ly(Lyf) =L,Lof —LyL,f + LyL,f =[Ly Lilf + LiL,f = +AL f + Lypuf = +hLlyf + plf
=@&Eh+wW(Lef) = @t D(Lsf)

Since L, is just one of three components of L, it can't have a magnitude than the total angular

momentum of L
So there is a "top" angular momentum component

Lefe =0
Let the eigenvalue of f; be fl

sztzhlft' .Ll:hl' szft=lft

Lils = (Ly +iLy)(Ly £iLy) = L2 FilyLy + iLyLy + I3 = 12 + 1% + L2 — I2 % i[Ly, Ly|
=1?2—-12%Fi(ihL,) =1*—L, + AL,

12 = LyLy + 12 £ AL, |

L*fp = (L_Ly + L5 + AL fr = L — (Lefy) + L, (Lo fe) + hLzfe = hiL,f, + A*1f;

V.A.Extra Complete Set of Commuting Observables (CSCO)
a) Observables that share eigenfunctions commute
Apn = andn, Bon = bnopy
AB¢yn = Abyppn = bpanpn
Similarly, BA¢,, = Ba, ¢, = anb,d, = bpa,d,
. AB¢, = BA¢,, ¥n

Y= cadn

(AB — BA)Y = Z cn(AB = BA)p, = 0

n
~AB —BA=[AB]l=0
b) If[A,B] = 0 (A and B are observabalse)
assume a, are non-degenrate (¢, are the eigenfunctions of A)
[A, Blpn, = 0 = ABd,, — BAd, = 0 > AB, = BAd, = Baynp, = anBd,
So B¢, is an eigenfunction of A with eigenvalue a,
~ B¢, can differ from ¢,, only by a multiplicative constant, call it b,

~ By = bpy
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VI Derivations

November-08-13 8:39 AM

VI.C.1 Symmetric and Antisymmetric States

Single state to observe x; = a,x, =bandx; = b,x, = a

[V) & aly)

|Y(a, b)) = aly(b,a)) upon echange of particles.

ly) = Blab) + y|ba) = a[B|ba) + y|ab)] = f = ayandy = af
f=a?’f>a’=1>a=+1

Fora = 1,8 =y = [) = Blab) + Blba)

[1y) = lab) + |ba)]

Fora = —1 = = —y = |y) = Blab) — B|ba)
1) = |ab) — |ba)|

VI.C.2 Pauli Exclusion Principle

) = |wwz) — lwawq)
If particles are in the same state: w1 = w; = w
[Y) = low) — ww) = 0
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VII Derivations

November-11-13 8:45 AM

VII.A.3 First Order Perturbation Theory

a)

b)

Energy correction
Hn) = Ep|n)
(HO+ HY) (In®) + [nd) + ) = (B + B + -+ )(In®) + |n?) + )

HO[n®) + HO|nt) + HY|n®) + HY|n') + --- = EQIn®) + EQ|nt) + EX|n°) + EL|nt) + -

Ignore anything 2nd order and above
H%n% = E%|n%) so
H|n') + H'|n®) = EQ|nt) + EL|n°)

Multiply on left by (n°|
(n°|Hn') 4+ (n°|H [n®) = EQ(n°In?) + E;(n°|n°)
(n°n®% =1,  (n°HCIn?) = EQ(n°In?)

[EL = (n®|H"|n°)

Wave function correction
HO|nt) + H1|n®) = EQ|nt) + EX|n0®)
Multiply on left by (m?|
(m°|H®|n) + (m°|H|n®) = EQ(m°In') + E;(m°|n°)
EQ(mPInt) + (m°|H[n®) + EQ(m°|n')
mO|H|n®
(m°In') = %
En - Em

[n1) = Int) = > fmOmOlnty = ) (moln!)m?)

(m°|H|n®)

1
n =
In*) 0 EO

n+m

|mO)

VII.A.4 Griffiths problem 6.1
_J0 0<x<a

Ve = {oo otherwise

Solution: (PHYS 234 - Griffiths 2.2)

n?m2h? 2 nmx
0_ 0 — .
BR= ez W@ = [25in(T5)

Now with spike: H! = aé (x - %) I

E%=(nOIH1In°)=fdx(nolx)(x|H1|n°)=fdxlli;i(x)Hlllin(X)

= fa_z_f dx sin (T;—nx) S(x—%)sin (r;—nx) = 20:[(1966(96—%) sin? (%x)
= z-a sin? (T;—ﬂg) = gozsin2 (nz_n)
0 forneven

2a
— forn odd
a

VII.B.2 First Order Degenerate Energy Correction
Diagonalizing H?!

Ej = (n°|H'|n°)

El = (n|H'|n) Hypothesizing
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{|n)} is orthonormal
H'|n) = Ex|n)
(nlHtIn) = Ex(nin) = Ex

H°|n®) = E,[n°)
Hln) = Epln)
(m|HIn) = Enyminy = Hmn = EnOmpn diagonal

)= aili®)

L
HY) ainli®) = B3 ) ainli®)
i

i

D awHi%) = By ) ali®)

l

L
Operate with (p°|

D (e 1Hio) = B ) ain(p°li%)

L L

1 _ 1
Z aiani - Enanp

4

Z(H;i — Ex8,1)an; =0

1H111 — Eq H112 an1
( Hj H —Ep - )(a’.lz) =0
det(HY — E16,) =0
VII1.B.3 Griffiths Example 6.2
3

Fn®) = 98 ,2) = (5 sin (P2 sin (222 sin ()
2 hZ

T
0 — 2 2 2
Enxnynz = o2 (nx +ny + nz)

BY = (1| n%) = [ @i’ GHYEE)

ny = n, =n, = 1 ground state
3 a

Eiy = jdﬁ/)?n*(ﬂlpgn(a = (2) Vo fz sin? (%) dxf

3 0 0
2 a®
El :(_.) V. =2
111 a

a

sin® (%) dyf sin® (%) dz
0

N|Q

032 "%
0
E111=E{)11+Z
32 h?
0 _ 0 _ 0 _
E112—E121—E221—W
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VII.C

November-22-13 8:49 AM

VII.C.2 Spin Orbit Correction

(@ :
U e
B=r—, I==
. 2r T
|L|=|F><ﬁ|=rmvsin9
_27‘[T‘
V=TT
_ 2mmer? _ 2mmer?
I )
_ Mo __Moel

T 2rT Ammr3

1

C=——0ryy=
VEolo Ho c%eq

1 e

B=— ——1
4mey mcer

B 1 e
4me, mc?r3

(b) Solid ring, rotating with period T
Define magnetic dipole moment as current * area

- _ e g
i=~(5n)*
VII.C.2.d
’ ’ . 1 ez 1 §Z 31
Ef, = (Hio) = (jmyls|Heo|jmyls) = 8—n€0—mZ?(1mle|?-R | jmyls)

J=L+S§
J2=124+S24+S - L+L-S=12+S2+25-L
Yo 1 , J? L% s%.

S L|jmyls) = EUZ — 12 — $?)|jm;ls) == |jmyls) —?bmjls) -5 [jm;ls)

= |
L2|1) = A1 + D)
5 - h? h? h?
~ S L|jmyls) = —Z—j(j + 1)|jm;ls) —?l(l + 1)|jm;ls) —7‘5(5 + 1)|jm;ls)
—hz('(-+1) (1 +1) 3)|' i), | —1]
_2]]2 : 4]m]s, 5—2
s 1040
E3, = SegmZc? 2 jG+1) =11+ 1) 2 m;ls 3 jmjls
Problem 6.35.c¢) in Griffith's:

1y _ 1
<R_3-> ) (i +5) W+ Dn3ad

, _ € hz[j(j+1)—l(l+1)_%]
07 8regm?c? 2 l(l +%) U+ Dn3ad

, (Ep)? n[j(j+1)_l(l+1)_%]
SO mc2 l(l+%)(l+1)

P e \* 1
" 2n2 \4mey) n?
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November-29-13 8:34 AM

VIILA.2
<H>=<T>+<v>
2b (® 2 d* ., . bh?
() =5 f e e () = o 2 e e =g
- —bx? ;.2 5 —bx? _1 Ef’_\pf__r_
(V) = @pIVIp) = mw ff dx=m fnzm
hzb mw?2
(H)=—-—+ 2b
gs—<H>

d(H) _ A% mw?
db ~ 2m  8b?
Solving for b: b = %

) _hz(ma))_l_ wz(Zh)_hw_l_hoo_hw
min = om \ 24 2h2 T4 42

] hw

“he s

It turns out that this is exact: Egs = h7w

VIII.A.3 Griffiths Example 7.2

(HY=(T)+(V), ()= (Zb) _bx?

h2b
(T) =——

as before

W) =@V = [ 9 @V@RE dr = —a | $sepedx = —apO) = — j;

h%b 2b
(H) = S~ | 2 Egs Vb
2m T

(H) Co- h? 2 1 20(2m2
2m 2
h? 20( m? 2am _ a’m
E, <-—— _
& 2m nh4 T |7 h? Th?

VIII.B.1 Simplest Approximation for Helium

b= hzvz 1 2e? N hzvz 1 2e? Lt e’
“\ 2mt 4mey 2m % 4mey 1y Atey |1y — 75

The third term is dropped in this approximation

Hydrogenic charge 2e instead of e (2e? instead of e?)
r 4megh?

Y100 =

e awitha =
Eig0 = m (e Y’ = —13.6eV
1007 on2\4mey ) |~ 0¢

1
\/na3 mez
Ground state of Hydrogenic atom:
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Y100 =———=e ¢a

~ Ground state for Helium:

wgs(?l'?Z) = ¢100(F1)¢100(7_’)2) = ﬁ e

Ground state energy of Hydrogenic atom

8 _2(ritmy)
a

m [ e? \°
Eyop = —4 [Z_hZ <4n€0> ] — 4E, = 4 X —13.6eV = —54.4eV

Egs = 2 x (—54.4eV) = —108.8eV = 109eV

VIII.B.2 A Better Approximation for One Helium Atom
H =H, + Hy + Vs,

(H) = (Hy) + (H) + (V33)

(lpgslHlllpgs> = 4'E1<7~/)gs|7~/)gs> = 4'El

(H) = 4E1 + 4E1 + (Vee)

(%e) = (l/)gslveelll)gs> = ffd?ldFZ <lpgs|7_:1?2)<?1?2|vaze|l/)gs)

- f A7y Wi (o) Vio (P ) P 72)
- (%)
~ \mad

(V) = 8 e? 5a24 5 (e*\ 5E—34V
€’ ™ na3 \4me, ) 128 "= % 4mey) ~ 21T ¢

5
(H) = 8E; — EEl = —109eV + 34eV = —75eV

—4(ri+17)

- nars——=s
4meg |7y — 75l

VIII.B.3 An Even Better Solution

h? et 7 h? et Z e Z—2 e (Z-2 e 1
1= (5" ) 2% ) o

2m ' 4dmeymy 2m % 4meyr,)  4mey, 1y dtey, Ty Amrey |7y — 75|

e? > Ze? —» EgZ%FEy X 2 X 2Z°E,

B-a G-
— _)_’ — %_
' a T a
5 5
(Vee> = _EElﬂ <Vee> = _ZZEl

i <1>—222E +2(Z-2) e’ \2 SZE
rl 1 4meg)a 41

e
(HY=2Z%E;+2(Z - 2) <
4‘7'[60

27
(H) = (—222 + TZ) E,
d(H)—(4Z 27>E—0:>Z—27—169
dazv '~ 4)7 17 16
27\% 27 /27
o= [-2(2) 2

+
4
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