Test Problem 1 (Linear) [6, p.14]
ey —y=0, y0)=1,y(1)=0.
Exact solution is y(z) = (exp(—x/+/€) — exp((z — 2)//€))/(1 — exp(—2/+/€)).

The solution has a boundary layer of width O(y/€) at = 0.

Epsilon = 0.1, 0.01, 0.001

0 0.2 0.4 0.6 0.8 1

Figure 1: Test Problem 1, y(z) versus x



Test Problem 2 (Linear) [6, p.14]

efy —y' =0, y(0)=1, y(1) =0.

Exact solution is y(z) = (1 —exp((z — 1)/¢€))/(1 — exp(—1/¢)).
The solution has a boundary layer of width O(e) at # = 1.

Epsilon = 0.2, 0.1, 0.01

0 0.2 0.4 0.6 0.8

Figure 2: Test Problem 2, y(z) versus x



Test Problem 3 (Linear) [6, p.133]

ey 4+ (2 + cos(mz))y — y = —(1 + en?) cos(ma) — (2 + cos(mz)) 7 sin(mz),
y(=1) =y(1) = -L

Exact solution is y(z) = cos(mz).

The problem has no turning points and the solution is smooth.
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Figure 3: Test Problem 3, y(z) versus x



Test Problem 4 (Linear) [6, p.136]

' +y —(1+ey=0, y(=1)=1+4exp(=2), y(1) = 1+ exp(=2(1 + €)/c).
Exact solution is y(z) = exp(x — 1) + exp(—(1 + €)(1 + z)/¢).

The solution has a boundary layer of width O(e) at = —1.

Epsilon = 0.5, 0.1, 0.01

-1 -0.5 0 0.5 1

Figure 4: Test Problem 4, y(z) versus x



Test Problem 5 (Linear) [6, p.138]

e/ —zy —y=—(1+er?)cos(ma) + mesin(mz), y(—1) = y(l) = —1.
Exact solution is y(z) = cos(mz).

The problem has a turning point at z = 0 but the solution is smooth.
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Figure 5: Test Problem 5, y(z) versus x



Test Problem 6 (Linear) [6, p.138]
ey + zy = —erm? cos(mz) — wrsin(rx), y(—1) = =2, y(1) = 0.
Exact solution is y(z) = cos(mx) 4 erf (x/v/2¢) Jerf(1/+/2¢).

The solution has a shock layer in the turning point region near & = 0.

Epsilon = 0.1, 0.01, 0.001

o1 05 0 0.5

Figure 6: Test Problem 6, y(z) versus x



Test Problem 7! (Linear) [6, p.142]
e/ + 2y —y=—(1+ en?)cos(ma) — mesin(mz), y(—1)=-1, y(1) = 1.

zerf(x/\/2€) + /2¢/m exp(—x? [ 2¢)
erf(1/2€) + \/2¢/mexp(—1/2¢)

The solution has a corner layer in the turning point region near x = 0.

Exact solution is y(z) = cos(mwz) + »

Epsilon = 0.01, 0.001, 0.0001

o1 0.5 0 0.5 1
Figure 7: Test Problem 7, y(x) versus x

!The layer region for problem 7 is illustrated more clearly by y'(z) than by y(z).



Test Problem 8 (Linear) [6, p.14]

e/ +y =0, y(0)=1, y(1) =2.

Exact solution is y(x) = (2 — exp(—1/¢) — exp(—x/€)) /(1 — exp(—1/¢)).
The solution has a boundary layer of width O(e) at # = 0.

Epsilon = 0.2, 0.1, 0.01

0 0.2 0.4 0.6 0.8

Figure 8: Test Problem 8, y(z) versus x



Test Problem 9 Modified Runge Problem (Linear) [2]
(e+2®)y’ +dey +2y =0, y(=1) =y(1) =1/(1 +e).
Exact solution is y(x) = 1/(e + z?).

The solution has a spike of height 1/¢ at = 0.

Epsilon = 0.05, 0.02, 0.01
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Figure 9: Test Problem 9, y(z) versus x



Test Problem 10 (Linear) [6, p.14]

e +xy =0, y(-1)=0, y(1) =2.

Exact solution is y(x) = 1 + erf(x/+/2¢)/erf(1/v/2¢).

The solution has a turning point of width O(/¢) at = 0.

Epsilon = 0.1, 0.05, 0.01

1.5
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Figure 10: Test Problem 10, y(z) versus x



Test Problem 11 (Linear) [2]

ey —y = —(en? + 1)cos(rz), y(=1)=y(1) = -1.
Exact solution is y(z) = cos(mz).

The solution is smooth.
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Figure 11: Test Problem 11, y(z) versus x



Test Problem 12 (Linear) [2]

ey —y = —(en? + 1)cos(rz), y(=1)=—1, y(1) = 0.

Exact solution is y(z) = cos(wz) + exp((z — 1)//€).

The solution has a boundary layer of width O(y/€) near z = 1.

Epsilon = 0.01, 0.0025, 0.0001

o1 0.5 0 0.5

Figure 12: Test Problem 12, y(z) versus x



Test Problem 13 (Linear) [2]

ey —y = —(en? + 1)cos(rz), y(=1) =0, y(1) = —1.

Exact solution is y(z) = cos(7z) + exp(—(z + 1)//€).

The solution has a boundary layer of width O(y/¢) near x = —1.

Epsilon = 0.01, 0.0025, 0.0001

o1 0.5 0 0.5

Figure 13: Test Problem 13, y(z) versus x



Test Problem 14 (Linear) [2]

ey —y = —(en? + 1) cos(mz), y(=1)=y(1) =0.

Exact solution is y(z) = cos(wz) + exp((z — 1)/+/€) + exp(—(z + 1)/ /€).
The solution has boundary layers of width O(+/¢) near x = —1 and z = 1.

Epsilon = 0.01, 0.0025, 0.0001

T 0.5 0 0.5 1

Figure 14: Test Problem 14, y(z) versus x



Test Problem 15 (Linear) [6, p.14]

ey —zy=0, y(-1)=y()=1

Exact solution is y(z) = AAi(xe_l/?’) + BBi(xe_l/?’).

Here A;(xz), B;(z) are Airy functions. The solution has an oscillating part
coupled to a smooth solution which is in turn coupled to a boundary layer.

Epsilon = 0.01, 0.005, 0.003

T 05 ) 0.5 1

Figure 15: Test Problem 15, y(z) versus x



Test Problem 16 (Linear) [2]

ey’ + nly/4=0, y(0)=0, y(1) = sin(n/2¢), 1/e odd.
Exact solution is y(z) = sin(mz/2¢).

The solution oscillates rapidly for small e.

Epsilon = 0.11

1 0.5 0 0.5

Figure 16: Test Problem 16, y(z) versus x



Test Problem 17 (Linear) [7]

"= —3ey/(e +2?)?,  y(0.1) = —y(=0.1) = 0.1//e +0.01.
Exact solution is y(z) = #/vVe+ x2.
The solution has an interior layer of width O(y/€) at = 0.

Epsilon = 0.01, 0.001, 0.0001

o1 0,05 0 0.05 0.1

Figure 17: Test Problem 17, y(z) versus x



Test Problem 18 (Linear) [6, p.14]

ey =y, y(0) =1, y(1) = exp(=1/e).
Exact solution is y(z) = exp(—x/e€).
The solution has a boundary layer of width O(e) at # = 0.

Epsilon = 0.2, 0.1, 0.01

0 0.2 0.4 0.6 0.8

Figure 18: Test Problem 18, y(z) versus x



Test Problem 19 (Nonlinear) [6, p.154]

ey’ +exp(y)y — gsin(ﬂ'x/Q) exp(2y) =0, y(0) =y(1) =0.

The asymptotic solution for ¢ — 0 of this problem is given by O’Malley [9,
p.123]. The solution is y(x) = —In((1 4 cos(7z/2))(1 — £ exp(—z/2¢))) + O(e).
The solution has a boundary layer at z = 0.

Epsilon = 0.05, 0.03, 0.005

0 0.2 0.4 0. 0.8 1

3
Figure 19: Test Problem 19, y(z) versus x



Test Problem 20 (Nonlinear) [10], [12] and [6, p.158]

e/ +(y)? =1, y(0) =1+ elncosh(—0.745/¢), y(1) = 1 + eIncosh(0.255/¢).
The exact solution is y(x) = 1+ elncosh((x — 0.745) /¢).

The solution has a corner layer at x = 0.745.

Epsilon = 0.5, 0.3, 0.06

0 0.2 0.4 0.6 0.8 1

Figure 20: Test Problem 20, y(z) versus x



Test Problem 21 (Nonlinear) [3]

ey =y+y* —exp(—2z/\/e), y(0) =1, y(1) = exp(—1//e).
The exact solution is y(z) = exp(—=z//€).

The solution has a boundary layer of width O(y/€) at = 0.

Epsilon = 0.2, 0.1, 0.01

0 0.2 0.4 0.6 0.8

Figure 21: Test Problem 21, y(z) versus x



Test Problem 22 (Nonlinear) [8]
' +y +y* =0, y(0)=0,y(1) =3
The solution has a boundary layer near z = 0.

Epsilon = 0.1, 0.05, 0.01

0 0.2 0.4 0.6 0.8

Figure 22: Test Problem 22, y(z) versus x



Test Problem 23 Troesch’s Equation (Nonlinear) (see e.g. [11])

y" = psinh(py), y(0) =0, y(1) = 1.
The solution has a boundary layer near x = 1.
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Figure 23: Test Problem 23, y(z) versus x



Test Problem 24 (Nonlinear) [1, p.21], [10] and [6, p.162]

cAlx)yy" — (HTV - 6A’(l‘)) vy + %’ + i/((f)) (1 - (77_1) yz) =0,
y(0) = 0.9129, y(1) = 0.375.

In our tests A(x) =1+ z? and v = 1.4.
This equation represents a shock wave in a one dimensional nozzle flow.

Epsilon = 0.03, 0.01, 0.001

0 0.2 0.4 0.6 0.8 1

Figure 24: Test Problem 24, y(z) versus x



Test Problem 25 (Nonlinear) (see e.g. [4, pp.29-38] and [6, p.159])
ey’ +yy —y=0, y(0)=—3, y(1) =3
The solution has corner layers at © = % and ¥ = %.

Epsilon = 0.1, 0.01, 0.001

0 0.2 0.4 0. 0.8
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Figure 25: Test Problem 25, y(z) versus x



Test Problem 26 (Nonlinear) (see e.g. [4, pp.29-38] and [6, p.159])
ey +yy —y=0, y(0)=1, y(1) = —3.
The solution has boundary layers at x = 0 and =z = 1.

Epsilon = 0.1, 0.02, 0.005

0 0.2 0.4 0. 0.8
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Figure 26: Test Problem 26, y(z) versus x



Test Problem 27 (Nonlinear) (see e.g. [4, pp.29-38] and [6, p.159])
ey’ +yy —y=0, y(0)=1,y(1) = 5.
The solution has a boundary layer at x = 0 and a corner layer at = %

Epsilon = 0.1, 0.02, 0.001

0 0.2 0.4 0.6 0.8 1

Figure 27: Test Problem 27, y(z) versus x



[4, pp.29-38] and [6, p.159])

Test Problem 28 (Nonlinear) (see e.g.
e +yy —y=0, y0) =1 y(1) =3
The solution has a boundary layer at z = 0.

Epsilon = 0.1, 0.03, 0.001

0.4 0.6 0.8

0.2
Figure 28: Test Problem 28, y(z) versus x



Test Problem 29 (Nonlinear) (see e.g. [4, pp.29-38] and [6, p.159])
ey +yy —y=0, y(0)=0,y(1)=3.

The solution has a boundary layer at z = 0.

Epsilon = 0.1, 0.02, 0.005

0 0.2 0.4 0.6 0.8

Figure 29: Test Problem 29, y(z) versus x



Test Problem 30 (Nonlinear) (see e.g. [4, pp.29-38] and [6, p.159])
ey +yy —y=0, y(0)=-5 y(1) =3
The solution has a shock layer at & = %

Epsilon = 0.1, 0.02, 0.005

0 0.2 0.4 0. 0.8
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Figure 30: Test Problem 30, y(z) versus x



Test Problem 31 (Nonlinear) [1, p.18]
y =sinb, /! =M, eM' =—-Q, e =(y—1)cos0 — MT, T =secl +eQ tand,
y(0) = y(1) = 0, M(0) = M(1) =0.

This equation models nonlinear elastic beams.

Epsilon = 0.1, 0.05, 0.01

0 0.2 0.4 0.6 0.8 1

Figure 31: Test Problem 31, M (x) versus



Test Problem 32 (Nonlinear) [1, p.§]

y" =Ry —yy"), wy(0)=y(0)=0,y1)=1 y(1)=0.

This problem arises from fluid injection through one side of a long vertical
channel.

R = 100, 500, 10000

1.25}

0 0.2 0.4 0.6 0.8 1

Figure 32: Test Problem 32, ¢/ (x) versus x
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