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Abstract

In this work, we establish risk bounds for the Empirical Risk Minimization (ERM)
with both dependent and heavy-tailed data-generating processes. We do so by extend-
ing the seminal works [Men15, Men18] on the analysis of ERM with heavy-tailed but
independent and identically distributed observations, to the strictly stationary expo-
nentially S-mixing case. Our analysis is based on explicitly controlling the multiplier
process arising from the interaction between the noise and the function evaluations
on inputs. It allows for the interaction to be even polynomially heavy-tailed, which
covers a significantly large class of heavy-tailed models beyond what is analyzed in the
learning theory literature. We illustrate our results by deriving rates of convergence for
the high-dimensional linear regression problem with dependent and heavy-tailed data.

1 Introduction

Given a random vector (X,Y) € R? x R, with joint distribution (X,Y) ~ 7, and a class
of closed, convex set of functions F C La(7), the objective in statistical learning theory is
to find the best function in the set F that maps the input X to the target Y. The quality
of this mapping is measured by a user-defined loss function ¢ : R — R* U {0}. The most
well-studied approach for the above task is that of risk minimization, where the best function
is defined as the one that minimizes the expected loss over the set F:

f* =argmin Ply = argminE, [( (f(X)—-Y)].
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The above problem requires the knowledge of the distribution 7 which is typically unknown
in practice. However, we are usually given observations Z; = (X;,Y;) fori =1,..., N, from
the distribution 7 which leads to the Empirical Risk Minimization (ERM) procedure defined
as

) N

1
= argmin Py¥; = argmin — ((f(X;)—-Y;).
f gmin Pty e N; (f(X;) = Y))

The convergence of the empirical risk minimizer f to the true risk minimizer f* is typically
analyzed by considering the underlying empirical process, a topic which dates back to the
seminal work of [VCT71]; see also [VDVWO96, vdG00, BBM05, Kol06, Kolll]. In a repre-
sentative analysis in this setting, a majority of the works assume the observations Z; are
generated independent and identically distributed (iid) from 7, and the analysis is based
on uniform concentration. However, there are important limitations associated with this ap-
proach, particularly due to the (Talagrand’s) contraction principle which naturally requires
a Lipschitz loss function (see, for example, [LT13, Corollary 3.17] or [Kol11l, Theorem 2.3]).
As a result, in order to work with standard (unbounded) loss functions such as squared-error
loss or Huber loss, it is generally assumed that the range of f € F is uniformly bounded
and /or the noise £ =Y — f(X) is also uniformly bounded m-almost surely.

Several attempts have been made in the literature to overcome the limitations of the
standard ERM analysis. A significant progress was made by Mendelson [Menl5, Men18],
who proposed the so-called learning without concentration framework for analyzing ERM
procedures with unbounded noise or loss functions. The approach is based on a combination
of small-ball type assumption on the input samples X;, along with developing multiplier
empirical process inequalities under weaker moment assumptions. We refer the interested
reader, for example, to [Menl7b, Men17a, LM18, LRS15, GM20] for details. The afore-
mentioned works, while relaxing the prior analysis of ERM to handle heavy-tailed data-
generating process (DGP), still require the more stringent iid assumption for their analysis.
This restricts the practical applicability of the developed theoretical results significantly.
Indeed, heavy-tailed and dependent data appear naturally in various practical learning sce-
narios [BF89, JM01, DKBRO07]; however, theoretical guarantees are still missing.

Our Contributions: Aiming to fill the above gap, we analyze ERM with convex loss
functions (that are locally strongly-convex around the origin) when the DGP is both heavy-
tailed and non-iid. We do so by extending the small-ball technique of [Menl5, Menl8] to
the strictly stationary exponentially S-mixing data. In the iid case, the interaction between
the noise and the inputs is handled by an analysis based on multiplier empirical process.
However, developing similar techniques in the non-iid case is fundamentally restrictive due
to the limitations of the analysis based on empirical process. We side-step this issue for
the non-iid case by directly making assumptions on the interaction, which allows for it
to be either exponentially or polynomially heavy-tailed. For the exponentially heavy-tailed
interactions, we leverage the concentration inequalities developed by [MPRI11]. For the
polynomially heavy-tailed case, we develop new concentration inequalities extending the
recent work [BMdIP20] to S-mixing random variables. We illustrate our results in the context
of ERM with sparse linear function class and stationary -mixing DGP under both squared
and Huber loss.



Motivation: A natural question arises in this context: Why study ERM with convex loss
functions when the DGP is heavy-tailed? Firstly, convex loss functions cover a large class of
robust loss function that are tailored to deal with the heavy-tailed behavior present in the
noise and/or input data. Some examples include the Huber loss [Hub92], conditional value-
at-risk [RU02, RS06, MGW20, SY20] and the so-called spectral risk measures [Ace02, HH21].
While there exist studies for nonconvex loss functions suited for heavy-tailed input data
(for example, [Loh17]), such analyses are mostly in a model-based setting and focus on
estimation error. Secondly, while alternatives to ERM have also been proposed and analyzed
in the literature for the iid case (with the most prominent one being the median-of-means
framework and its variants [MM19, LM19, LL20, BM21]), it is not immediately clear how
to extend such methods to the dependent DGP that we consider in this paper. We view our
work as taking the first step in developing risk bounds for statistical learning when the DGP
is both heavy-tailed and dependent.

Related Works: The seminal work [Yu94] extended the analysis based on empirical pro-
cess to the stationary mixing process using a blocking technique. [Irl97] and [BR97] studied
consistency of non-parametric regression methods under mixing and exchangeability condi-
tions on the DGP, respectively. [Nob99] established lower bounds to achieving consistency
when learning from dependent data. [SHS09] studied consistency of ERM with Z; being
an a-mixing (not necessarily stationary) process, when F is a reproducing kernel Hilbert
space. More recently, [Han21] and [DT20] studied learnability under a general stochastic
process setup. The works [AV90, BLI7, Pes10, Gam03] extend Valiant’s Probably Approx-
imately Correct (PAC) learning model to Markovian and related drifting DGP, assuming
bounded loss function and/or noise to obtain rates of convergence. Furthermore, [ZCY12]
and [HS14] analyzed ERM for least-squares regression (with bounded noise) with clipped
loss functions and an a-mixing DGP. Rademacher complexity results for predominantly sta-
tionary dependent processes were developed by [MS11] and [MRO08]. [RSS10] and [ALW13]
developed PAC-Bayes bounds in the non-iid setting. [RST15, RS14] developed notions of
sequential Rademacher complexity to characterize the complexity in online nonparametric
learning in the worst-case. More recently [DDDJ19, KDD"21] considered learning under
weakly-dependent data for specific models. However, such works mainly rely on bounded
loss functions in their analysis. Furthermore, [Mei00] and [AW12] studied model selection for
time series forecasting in a possibly unbounded setup. However their work does not consider
conditional prediction and is limited to light-tailed cases.

Apart from the aforementioned works, the recent works [KM17, HW19, WLT20] are
closely related to our setup as they consider rates of convergence of ERM under heavy-tailed
and dependent DGP. In [KM17, Section 8|, generalization bounds are developed when Z; is
an asymptotically stationary S-mixing sequence. However, their conditions on the function
class F are rather opaque and it is not clear if their method actually handles the heavy-
tailed DGP that we focus on. [HW19] considered a setup based on a statistical model:
fori=1,...,N,Y;, = f*(X;) + €, with the following conditions: (i) €; being independent
of X;, (i) X; being independent of each other, and (iii) ¢; being arbitrarily dependent.
For this setting, they assumed that the noise has a bounded p-th moment (with p > 1)
and F satisfies the standard entropy condition (see, for example [Kol06, Example 4]) with

exponent o € (0,2) and obtained convergence rates of the order O(N s £ N _%Jrﬁ),



Finally, [WLT20] provides an analysis of L;-regularized ERM with quadratic loss and linear
function class where the heavy-tailed behavior is induced by a sub-Weibull assumption, and
data dependency is characterized by a stationary S-mixing condition. However, their analysis
specializes to sparse linear function classes and their focus is on parameter estimation error
and in-sample prediction accuracy.

2 Assumptions and Preliminaries

We assume that there exists a function f* € F that minimizes the population risk E[¢(f(X)—
Y)]. In what follows, we provide the conditions that we require on the DGP, specifically, the
exponentially S-mixing condition, for characterizing the dependency among data points.

Definition 1 ([Yu94]). Suppose that {Z;}° is a strictly stationary sequence of random
variables. For any i,j € Z U {—o00, 00}, let o} denote the o-algebra generated by {Z,}_,.

Then for any positive integer b, the [S-mizing coefficient of the stochastic process {Z;}32
is defined as

1=—00

1=—00

B0 =sw B [ swp [P(4]B) - P(4)]].
oo AEUner
The sequence {Z;}°_ is said to be B-mizing if f(b) — 0 as b — oo. Furthermore, it is
said to be exponentially B-mizing if there exist By, B1,7 > 0 such that 5(b) < Boexp(—/510")
for all b.

The f-mixing condition is frequently used when studying non-iid DGP, and imposes a
dependence structure between data samples that weakens over time. The coefficient [3(b)
is a measure of the dependence between events that occur within b units in time. Indeed,
[-mixing is often used in the analysis of non-iid data in statistics and machine learn-
ing, [Vid13]. Before stating our assumptions formally, we present the following decomposi-
tion of empirical risk for a convex loss using Taylor’s expansion'

Pfo—mNZf”& (F =1 Zm (f = F)(X0), (1)

where '5, is a suitably chosen midpoint between f(X;)—Y; and f*(X;)—Y; = &. For quadratic
loss functions ((t) = t2, "(&) = 2, and £/(&;) = 2& Vi. At a high level, establishing risk
bounds boils down to proving a positive lower bound on the second term on the Right
Hand Side (RHS) of (1), and a concentration result for the first term on the RHS with
high probability. We now introduce the precise assumptions we make on the DGP and the
function class to formalize the above strategy. For the sake of clearer exposition, we first
introduce our assumptions in the context of quadratic loss and then indicate the changes
required to handle more general locally strongly-convex loss functions.

Assumption 2.1 (Squared loss). The DGP {Z;}°
following:

(a) B-mixing data. The process {Z;}32 . is a strictly stationary exponentially [5-mizing
sequence, i.e., B(k) < exp(—ck™), for some ¢, > 0, with strict stationary distribution
.

and the function class F satisfy the

1=—00



(b) Small ball condition. Let F C Lo() be closed, convex class of functions and define
F—F={f—h:f heF}. Then, the function class F is such that there is a T > 0
for which Qr_z(27) > 0, where Qu(u) = infrey P (Jh| > ul|h||L,) -

(c¢) Deviations of interaction. The stationary noise & and the error (f — f*)(X1) satisfy
either:

(i) Forall f € F, and Zy ~ m, for some ny > 0 we have

P& = )(X) —E[G(f = XD =) < exp(l — 7). (2)

or,

(ii) For all f € F, and Zy ~ 7, for some ny > 2, and ¢ > 0 we have
P(&(f =)&) —Ela(f = MX)] [ =2 1) <™. (3)

(d) Heavy-tail/data-mixing trade-off. Under condition (c)-(i), 1/n = 1/n+1/ns > 1.

Condition (a) above, exponentially S-mixing data, has been assumed in various works,
see for example [Vid13, WLT20, KM17], to obtain rates of convergence for ERM procedures
in general. Indeed, (exponential) mixing assumption holds in several time-series applica-
tions. For example, [Mok88] showed that certain ARMA processes can be modeled as an
exponentially -mixing stochastic process. Furthermore [VK06] showed that globally expo-
nentially stable unforced dynamical systems subjected to finite-variance continuous density
input noise give rise to exponentially mixing stochastic process; see also [FS12]. Condition
(b), referred to as the well-known small-ball condition, has been previously employed in the
iid case [Menl5]. Intuitively, it models heavy-tailedness by restricting the mass allowed
near any small neighborhoods of zero; thus, forcing the tails to be necessarily heavy. To
our knowledge, the small-ball condition has not been used under dependent DGP assump-
tions. Condition (c) is proposed in this work as a way to model the interaction between
the stationary noise & and the stationary error (f — f*)(X;). For the iid setting, [Men15]
modeled the interaction between & and (f — f*)(X;) uniformly over the class of F via the
multiplier empirical process and captured the complexity through a parameter ay (see (115)
for the definition). This requires using symmetrization argument in the proof which is not
applicable in the non-iid setting that we consider in this work. In addition, how different
tail conditions on the data and noise affect the high-probability statement on the learning
rate is not apparent from the parameter a,. We revisit the relationship between our condi-
tion (in the context of iid observations) and the multiplier empirical process approach used
in [Menl15] in Section F. Finally, condition (d) models the relationship between the allowed
degree of dependency and the allowed degree of interaction between & and (f — f*)(X7).

Next, we modify condition (c) in Assumption 2.1 for the case of general locally strongly-
convex loss functions because now the interaction part involves ¢'(§) instead of € (recall the
decomposition (1)).

Assumption 2.2 (Convex loss). When the loss function is locally strongly-convex around
the origin and globally convezx, condition (c) in Assumption 2.1 is modified as:
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(c¢) Deviations of interaction. The stationary noise & and the error (f — f*)(X1) satisfy
either,

(i) For all f € F, and Zy ~ w, for some ny > 0 we have
PGS = X)) —EE)Sf = X)) [ =2 8) Sexp(l —t™).  (4)

or,

(ii) For all f € F, and Zy ~ w, for some ny > 2, and ¢ > 0 we have
P& = f)X) —E[C(E&)(f = X[ =) < ct™™. (5)

Complexity Measures: We now introduce the complexity measures that play a crucial
role in characterizing the rates of convergence. The use of f-mixing assumption enables
us to define complexity measures based on the blocking technique proposed by [Yu94], also
utilized by the works of [MR08, KM17, WLT20]. We partition the training sample of size
N, S = {Z;}X,, into two sequences of blocks S, and S,. Each block in S,, and S, is of
length a, and b respectively. S, and Sy, both are of length pu, i.e., u(a + b) = N. Formally,
S, and S, are given by

Sa = (Zfa)u Zéa)u o 7Zl(la)) with Zi(a) = {Z(i—l)(a—l—b)—l—h T 7Z(i—1)(a+b)+a}7
b b b . b
Sy = (Zf P, ,Z;S)> with Z” = {24 1y@inyratts > 26-D@rb)yrars}-  (6)

Based on this blocking technique, we require the following definition of Rademacher com-
plexity.

Definition 2. Let {)?Z}i‘zl be an 1id sample from the strict stationary distribution w. Let
D be the unit-Lo(m) ball centered at f*. For every v > 0, define
] < W’} , (7)

1< ~
= eh(X))
’uizl

where {€;}'_, are 1id Rademacher variables taking values +1 with probability 1/2.

sup

wy(F = F,v) = inf{r>O:E
he(F—=F) N rD

The quantity w,(#,y) provides a localized complexity measure for the function class
F, and serves as a generalization of the standard Rademacher complexity in the non-iid
setting. For the case of locally strongly-convex losses, we need the following related measures
of complexity.

Definition 3. For a function class HC Ly(7), a sample of size N from a strictly stationary
B-mizing sequence with stationary distribution m satisfying Assumption 2.1-(a), and (1, (s >
0, we define:

wl(%v N7 Cl) = Hlf {T >0: E [HGHHOTD] S CITN2(1TW1) } and MQ(Hu K, C2) = wu(Hv C2)7

n
where p = N . N|Gll% = suppey Gn, and {G), : h € H} is the canonical Gaussian process
indexed by H with a covariance induced by Lo(m). Moreover, we let

wo(F — F, N, (1, (o) = max(wi(H, N, (1), w2 (H, i1, (2)).
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Note that in Definitions 2 and 3, the scaling is in terms of number of blocks i instead of
N. The number of blocks ;1 can be thought of as the effective sample size under dependency,
and as 7 — oo, one has u — N. The term E [|G||nrp] appearing in Definition 3 is
termed as the localized Gaussian width and is also a widely used complexity measure in the
literature. Note that while in the case of quadratic loss function, the bound is in terms of
local Rademacher-based complexity measure, whereas in the convex case, we require both
Gaussian and Rademacher-based complexity measures to establish the bound, mostly due
to technical reasons in the proof. An intuitive explanation for this has eluded us thus far;
see also [Menl8, Lemma 4.2].

Concentration Inequalities for Heavy-tails: We now restate [MPR11, Theorem 1],
in a form adapted to our setting below. This result is required to handle interactions of noise
and input that satisfy condition (c)-(i) of Assumption 2.1. It is straightforward to check that
the conditions required by [MPR11] are immediately satisfied under our Assumption 2.1.
Indeed, while the results in [MPRI11] are stated for 7-mixing sequences, condition (a) in
Assumption 2.1 implies that the process {Z;}7°__ is exponentially 7-mixing [CSG16], i.e.,
for a constant ¢ > 0, 7(k) < e “*".

Lemma 2.1 ([MPR11]). Let {W,};>1 be a sequence of zero-mean real-valued random vari-
ables satisfying conditions (a), (c)-(i), and (d) of Assumption 2.1. For M > 0, define
sy () = (x ANM)V (=M), where (x Ay) = min(z,y), and (x V y) = max(z,y), and set,

V = sup sup (VAR(%M(WZ-)) +237 CoV (520 (W) + 52 (W) ) (8)

M>0 i>0 i
Note that V' is finite. Then, for any N > 4, there exist positive constants Cy, Cs, Cs, and Cy
depending only on c,ny,my such that, for any t > 0, we have

J

’ (?;% 2

i=1

(n(1—=mn)

_ " 2 _ 2 (7)
W; Zt) < Ne Ci ¢ CFNV 4 ¢ T3 P\ T loan)7 . 9)

To deal with polynomially tailed interactions, i.e., under condition (c)-(ii) of Assump-
tion 2.1, we prove a concentration inequality for the sum of exponentially S-mixing random
variables with polynomially heavy-tails, which may be of independent interest.

Lemma 2.2 (Concentration for heavy-tailed [-mixing sum). Let {W;};>1 be a sequence
of zero-mean real valued random variables satisfying conditions (a) and (c)-(ii) of Assump-
tion 2.1, for some ny > 2. Then for any positive integer N, 0 < d; < 1, and dy > 0, and for
any t > 1, we have,

J

’ (?3}3 2

i=1

Wi

17m2 4 (1+d1(n2-1)) +2e " ’ (10)

- t) < 2772—1—3 N N _t2—2d1 (dg log t)1/M
9
(dylogt) m

where ¢ > 0 is a constant.

Note that we do not need condition (d) of Assumption 2.1 for Lemma 2.2. Since the tail
probabilities decay polynomially and the mixing coefficients decay exponentially fast, the
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effect of heavy-tail dominates and hence, there is no trade-off between n; and 7,. Lemma 2.2
extends the results of [BMdIP20] (on iid heavy-tailed random variables) to the exponen-
tially -mixing setting. The results of [BMdIP20] show that even for the iid case, the tail
probability of the sum decays polynomially with t. We show that similar polynomial tail
bounds can be obtained (up to log factors) even in the dependent setting. Furthermore,
when f(k) = 0,k > 0, the sequence is iid, in which case we recover the result of [BMdIP20].
We also remark that the above two results are crucial to derive our convergence rates for
ERM. As a preview, when the DGP has only (2 + ¢)-moments, for some 6 > 0, Lemma 2.2
eventually will lead to risk bounds that hold with polynomial probability, whereas when the
DGP is sub-Weibull (see Definition 4), Lemma 2.1 would lead to risk bounds that hold with
exponential probability.

3 Main Results

In this section, we state our main results on the rates of convergence of ERM for both
squared and convex loss functions. First, we consider the squared loss.

Theorem 3.1 (Rates of ERM with squared loss). Consider the ERM procedure with the

1
squared error loss. For 1o < 72Q(27)/8, setting ;1 = N"Q#(27)c™ /4, for some constants

c,d >0, and 0 < r < 1, we have, for sufficiently large N, and some positive constants
C1, Cy, the following:

1. Under conditions (a), (b), (c)-(i), and (d) of Assumption 2.1, for 0 <. < 1/4,

1 = £las = ([ = 2am) " < max { vt (7 - 2, T2 )

with probability at least (for V as defined in (8))

1-— 51]\]’"@%(QT)c%eXp(—N(l_’")m) — CyNexp (—(N%+2L7'0)n) . (12)

2. Under conditions (a), (b), and (c)-(i1) of Assumption 2.1, for 0 << (1 —1/n2)/4,

. _1(1-1)\,, _F(2
If = Iz, gmax{zv i(1 7zz)+,wu (f_f,”’?flig(”)}. (13)
with probability at least
~ 1 ~ — 2n2 4um
1 — CLN" Qg (27) e exp(—NU=DmY — Gy T2 N™ s (14)

The detailed expression of the probabilities are provided in the Appendix (Theorem B.1).

Remark 1. To the best of our knowledge, the above result is the first result on understanding
rates of convergence of ERM with squared error loss functions with unbounded noise (as well
as the loss) for heavy-tailed dependent data. For a wide range of function classes F used
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in practice (see Section J), the dominant term in the rate of convergence is N‘i“, for
0 <t < 1/4. Furthermore, under the stronger condition (c)-(i) of Assumption 2.1, the risk
bound holds with exponential probability, whereas under the weaker condition (c)-(ii), it holds
only with polynomial probability.

We now show that when the small-ball condition in Assumption 2.1 is replaced with the
stronger norm-equivalence assumption, also considered in [MZ20], one could obtain improved
rates. Examples of random vectors that satisfy the norm-equivalence conditions include mul-
tivariate student t-distribution and sub-exponential random variables. We refer to Section 4
for illustrative examples.

Assumption 3.1 (L,— Ly norm-equivalence). Let F C L,(m) be a class of functions for some
q > 3. The function class F — F ={f —h: f,h € F} is L, — Ly norm-equivalent for some
p > 2, if there exists an My > 0 such that, ||h||z, = ([ |h[P dm)"? < M;||h|L,, Yh € F —F.

Corollary 3.1. For the ERM procedure with squared error loss, under Assumptions 2.1,
with condition (b) replaced by Assumption 3.1 with p = 8, for some 0 < 1 < % and r, i and
To same as in Theorem 3.1, for sufficiently large N, we have

I1F = £l < max {N75,w,(F = F, 7Qr_x(27)/16)} (15)
with probability at least (for some constants Cy and 52)

1 — CyN™Qay(27)cm exp(— NI — CyNexp (—(N27)" /M) .

Remark 2. In the model-based nonparametric regression setting (as discussed in Related
Works) with X; being independent of &; for alli =1,... ,n, but & being dependent on each
other, in [HW19, Proposition 3] authors show a lower bound of N~z for some € > 0, for
sufficiently heavy-tailed input X;. The above result provides an upper bound of similar order,
for a more general setting in comparison to [HW19]. We also remark that for Corollary 3.1,
in the model-based setting, if we assume that & is independent of X;, we have the same
conclusion with just p = 4 instead of p = 8. Furthermore, note that in part 2 of Theorem 3.1,
Lg norm does not exist for no < 8. We have elaborated more on how this result compares
Theorem 3.1 in [Men15] later in Section F.

We now present our results for the class of convex loss functions that are locally strongly-
convex.

Assumption 3.2 (Convex loss). The loss function £ : R — R* U {0} is a convex loss
function which is strongly convex in the neighborhood of 0, i.e., there exists a to > 0 such
that for any z,y € [—ta,ta], L(y) > L(z) + l(x) (y — =) + p(y — x)*/2 for some constant
te > 0.

Theorem 3.2 (Rates of ERM with convex loss). Consider ERM with loss functions that
satisfy Assumption 3.2. For 1o < caQr_7(27)p(0,t2)7%, to = O((ko + 1//Qu(27))I€|I1,),

setting = N™/0+m) - for some constants c,c’ > 0, we have, for any N > 4, the following:

9



1. Under conditions (a), (b), (c)-(i), and (d) of Assumption 2.1, for 0 <. <%,
I = £l < max { N7, 200(F = F,N,G1,G) } (16)

with probability at least (for V is defined in (8) and some positive cy, c19, Cs)

M1
) ’71

1
m N1+

1-— CQQ’H(27—)1_%an/(l—l—nl)e_ClOQH(zT — C3Nexp (—(N%+2LTO)77/01> :
2. Under conditions (a), (b), and (c)-(i1) of Assumption 2.1, for 0 <. < (1 —1/ny)/4,
A (A—=1/m2)
1 = £l < max { N5 200(F = FUN,GLG) (17)

with probability at least (for constants cgy, c1g, Cy > 0)

212 4ing

1— CgQH(QT)l_%NW1/(1+W1)6_010QH(27)1+%Nm/(Hm) — 547'0_ bEn2 N T T (18)

To the best of our knowledge, the above result is the first result on understanding rates
of convergence of ERM with convex loss functions with unbounded noise (as well as the loss)
for heavy-tailed dependent data. The above result highlights the advantage of using a robust
loss function, e.g. Huber loss, over a quadratic loss function. For example, if (f — f*)(X) has
a sub-Weibull tail and the noise £ has polynomial tail, one can still obtain risk bounds with
exponential probability. This is because in this case ¢'(£)(f — f*)(X) can still be sub-Weibull
for a suitable chosen ¢/(£). Such a situation arises, for example, when there are outliers even
if the data is light-tailed. With a squared error loss, one won’t be able to obtain a risk
bound with exponential probability in this scenario. We will illustrate this in Section 4.3
through Huber loss, a popular choice of robust loss function in robust statistics. Similar to
the quadratic case, we also have an improved result when the small-ball condition is replaced
with the norm-equivalence condition. Due to space constraints, we state and prove it in the
Appendix B.2.

4 Illustrative Examples

We illustrate the results of Section 3 with three examples, based on sub-Weibull random
variables and Pareto random variables, that are canonical models of heavy-tailed data in the
literature.

4.1 Example 1:8-mixing Sub-Weibull DGP with Squared Error
Loss

Here, we consider sub-Weibull random variables to model the heavy-tailed behavior in the
DGP.

10



Definition 4 (Sub-Weibull random vectors). A real-valued random variable X is said to
be sub-Weibull with parameter n > 0, if there are constants K1, Ko > 0, such that we have
P(|X] > t) <2exp(—(t/K1)"), or equivalently || X|,=E [|X|p]1/p < Kgp%. Based on this,
a random vector X € R is said to be marginally sub- Weibull with parameter n > 0 if each
coordinate of X is sub-Weibull with n. We use X ~ sw(n) to represent this fact.

The above family of distributions define a rich class of random variables, allowing for
heavier tails than sub-Gaussian tails (7 = 2) or sub-exponential tails (n = 1). Let {0; }icz+
be an iid sequence of d-dimensional random vectors with independent coordinates with
d; ~ SwW(ns). Assume that the dependent input vectors are generated according to the
model

where A € R¥9 with spectral radius less than 1. For simplicity, let A = 021; where
o2 < 1, and {Y;}icz+ be a univariate response sequence given by Y; = 0*" X; + &, where
0* € B{(R) belongs to the ¢;-norm ball in R? with the radius R, and {&}, is an i.i.d
sequence independent of X; Vi, and & ~ sw(n,) for 0 < 7¢ < 1 has independent coordinates.
To proceed with learning framework, we consider ERM with squared loss and the function
class F .= Fr = {(0,-) : 0 € B{(R)}. We denote the difference function class Fr — Fp by
Hgr. We show that conditions (a), (b), (¢), and (d) of Assumption 2.1, and Assumption 3.1
are satisfied, in the following section.

4.1.1 Verification of Assumption 2.1 for Example 4.1

[WZLL20] showed that the time series given by (19) is stable, strict sense stationary, with
X; ~sw(nx), for some 1 > ny > 0. As shown in [WLT20], {(X;,Y;)} is a strictly stationary
sequence; thus, we obtain that is also a f-mixing sequence with exponentially decaying coef-
ficients as in condition (a) of Assumption 2.1. Now we verify the small-ball condition (b) of
Assumption 2.1. Let, for any 0 = (61, -- ,60) # 0, d; denote the set of non-zero coordinates
of . W.lo.g lets assume T = 1,2,--- ,d;. Let E[X?] = ¢ and 09 = minj<;<q, 0;. Then

E |(67X)°] = S0, 0207 > oF0]3. Since X; ~ SW(ipx), we have [|0:X;(]s < K[0:]8". So,

Ky |0]],8"x

07X ||s < K1]|]:8™ <
|| ||8— 1|| ||1 = UO||‘9||2

K d nx
||9TX||2 < ﬁ
0o

167 X|2. (20)
Then using Lemma 4.1 of [Men15], for any 0 < u < 1, we have P (|07 X| > u[|§7 X||,,) >

(1 —u?)/(KE8%nx +1))4/3 . So condition (b) of Assumption 2.1 is true here. This also implies
that Assumption 3.1 is true in this case for p = 8. As an immediate consequence of [VGNA20,
Proposition 2.3], we have that condition (c¢)-(i) in Assumption 2.1 is valid here with 7, =
max(nx,ne) < 1. Since 1/m, > 1, condition (d) holds true.

Proposition 4.1. Consider the learning problem described above. Then with probability at
least

1 — CyN"Qay(27) ¢ exp(— N — Gy Nexp (—(N27)" /M)

11



we have

1
; 2cgR1og(ed)n 1
1 = 5l < s § ZTOBODY o b
VQu(27)com

The proof of Proposition 4.1 could be found in the Appendix C.

Remark 3. In a related setting (i.e., assuming 0 is exactly s-sparse) [WLT20, Corollary
9] presents parameter estimation error which is of the same order as ||f — f*||., (indeed,
for simplicity R could be thought of being at the same order as s) since we assume X has
finite variance. So with slightly better probability gquarantee, we recover the same rate (1 can
be arbitrarily close to 0) as [WLT20, Corollary 9] in the above proposition.

4.2 Example 2: f-mixing Pareto DGP with Squared Error Loss
Let )?t,i denote the i-th coordinate of the vector X, € Re. We consider the process given
in [Pil91]: Fori=1,2,--- ,d, n3 > 2+ 2, where ¢ > 0 is a small number, and t = 0,1, - - -,
define )

21 Xy 1, with probability 1/2

X, = T~
b min (2 " X1 5t,i> with probability 1/2

(21)

where {0;;}iz12,.. d1=12.. s a sequence of iid Pareto random variables with the distribution
Lo (6;n3,d;) = ns(dsd)™~1/ (1 4 (d;6)™)? for § > 0,15 > 2421, and we write X ~ L (n, o) to
denote that X is a Pareto random variable with parameters 7 and o. The survival function
of 6 ~ Ly(ns,d) is given by, P(§ > t) = (1 + (dt)™)~!, for t > 0. Let X;; and X5, be
two independent trails of the process in (21). Let {U;}i1—01... be a sequence of iid U|0, 1]
random variables. Now consider the process X;; = )Z'Lt’i]l(Ut <1/2) — )zg,m]l(Ut > 1/2).
The marginal distribution of X, ; is given by symmetric Pareto distribution, i.e.,

n3(dy| o))
2 (1+ (di]o])m)?

L(x;m3,d;) = —00 <0 <00,m3 > 2+ 2. (22)

Now, let {Y;},cz+ be a sequence given by Y; = 6* ' X; + v;, where 6* € B{(R), as before.
Let {v;}, be an iid sequence of 0 mean random variables independent of X; for all i,
with heavy tails such that for all ¢ > 0, P(|Jv;| >t) < 1/(1 +t™), ny > 2+ 2. Like
in Example 4.1, we consider ERM with squared loss and the function class F := Fr =
{(0,) : 6 € B{R)}, where B{(R) denotes the d-dimensional ¢;-ball with radius R. We
denote the difference function class Fr — Fr by Hgr. We show that conditions (a), (b), and
(3)-(ii) of Assumption 2.1 hold here in the following section.

4.2.1 Verification of Assumption 2.1 for Example 4.2
[Pi191] shows that the AR(1) process given by (21) is strictly stationary if Xo; ~ Ly (s, d;),

and Xj; are independent of each other for ¢ = 1,2,--.,d. The stationary distribution is

12



given by L, (ns,d;). Let m(Xy,, Xy, -+, Xy, ) be the joint distribution of X, Xy, -+, Xy,

for a set of time points t1,ts,--- ,t,. Now for any positive integer k,
T({Xrnticn) = T({ Xkl (Usn < 1/2) = Xopox L (Uppn > 1/2)})
=m({ X1, LUy, <1/2) = X3, (U, > 1/2) 1) = m({ X, 1) (23)

The second equality above follows from the fact X 1, and Xg’t are strictly stationary process
and {U,} is iid. So X; is a strictly stationary process with marginal distribution of X;;
given by symmetric Pareto distribution

n3(d;]o])™ !
2 (1+ (di]o])m)?

Without loss of generality we will assume that d; < dy < --- < dy, Zle 1/d; = Ky, and
d; > Cf for some constants Ky, Cf > 0. It is shown in Lemma 1 of [Ris08], that the AR(1)
process in (21) is ¢-mixing with ¢(k) = klog2/(2¥ — 1), k = 1,2,---. where ¢-mixing
coefficients are defined as in [Bra05]. We also have 8(k) < ¢(k) < klog2/(2F — 1) < e7#/3.
Since X; depends only on X, Xo,, and Uy, X4, and X3, are independent and exponentially
[-mixing, and U, is iid, X, is also exponentially S-mixing.

L(I7n3adl) =

—00 <0 <00,M3 > 2+ 2. (24)

e Since Y; depends only on X;, and v; are iid, {(X}, Y;)} is a strictly stationary -mixing
sequence with 3(k) < e™*/3. So condition (a) of Assumption 2.1 is true here.

e Now we will verify condition (b) of Assumption 2.1. Let ox, denote || X||, for p > 0.

Then
d 2 92 d
005 62
T 2 17 X;,2 2 1
E|(07x)] =Y 2z ety (25)
i=1 i i=1 i
where 0p = min;ox,9, @ = 1,2,---,d. Since X; ~ L(n3), for any 6, € R we have

10 Xillns—0.5. < K1l|6i|ox ny—0.5./di. So,

d 04

0;
| LX), (26)

| <
A 02
d; g0 Z?:l f

167 X 2. (27)

d
107 X[ 5050 < K10x 505 Z
i—1

< K10X,n3—0.5b\/a
o

Then from Lemma 4.1 of [Men15] we have that the condition (b) of Assumption 2.1 is
true here.

e Since v; and X; are independent, and E [v;] = 0, we have E [UitTXi} = 0. Let n, =
min(ns, n4). Then using Markov’s inequality, for any ¢ € Hg and Vi, we have,

d 72
Joilly (S5 M5 Xilhe)” (oo i)™

P ("UZtTXZ —E [UthXZ} ‘ Z 7') S )

T2 T2

where dy = ¢ d;', and for all i,7, ||villy, = 0w, and || Xijll,, = ox.,/d;. This
implies that condition (c)-(ii) of Assumption 2.1 is true in this setting.

13



Proposition 4.2. Consider the learning problem described in Section 4.2. Then with prob-
ability at least (14), we have,

2 X —l<1—ni)+b CoR 1/(n2—0.50)+¢/8 nr—1/2+¢
IF = £y < ma N0 O e SIS

The proof of Proposition 4.2 could be found in the Appendix D.

Remark 4. Note that the heaviness of the tail dominates the exponential -mixing rate m
in determining the rates of convergence. Observe that as ns — oo all the moments exist, and
N-O=Um)/4+e _y N=14 - This rate is the same as the one that we obtain under condition
(c)-(i), although with weaker polynomial probability. Furthermore, the dimension dependency
is polynomial here. On a related note, [Z718] analyzes {1-regression with a truncated loss in
the i4d setting with the assumption ne > 2 and gets \/d/N rate with exponential probability.
We point out that in the 11d setting Medians-of-mean method achieves the optimal rate with
exponential probability under the stronger assumption that logd moments exist [LM19)].

4.3 Example 3: S-mixing sub-Gaussian data and Pareto noise with
Huber Loss

In this example, we consider Huber loss which satisfies Assumption 3.2:

0o (1) = 22 if [t] < Ty,
BTN T~ T2/2 it > T

We now formally establish the benefits of using Huber loss when the noise £ has a polynomial
tail but (f — f*)(X) has a sub-Weibull tail. Let {0;};,cz+ be an iid sequence of d-dimensional
standard Gaussian random vectors d; ~ N(0, ;). To compare the performance of ERM
under Huber loss to that of squared loss, for simplicity, we allow X to be Gaussian; but
a similar result will hold for sub-Weibull ;. Assume that the input vectors are generated
according to (19) where A is a d x d matrix with spectral radius less than 1. For simplicity,
let A = o3l; where o5 < 1. [WZLL20] showed that this time series is stable, strict sense
stationary, with X; ~ N(0,1/(1 — 03)14). Let {Y;}icz+, be the response sequence given by
Y; = 0" X; + &, where 6* € B{(R), {;-norm ball in R%. Let {&}™, be independent of X; for
all 7, and be an iid sequence of 0 mean random variables with heavy tails such that for all
t>0, P& >1t) <1/(1+t™), ny > 2+ 20 and VAR(E) < og¢. Set T}, = 30¢. We verify the
required assumptions for this example in the following section.

4.3.1 Verification of Assumptions for Example 4.3

Condition (a) of Assumption 2.1 and condition (b) of Assumption 2.2 are true here by
the same argument as in Example 4.1. This also implies that Assumption 3.1 is true in
this case for p = 8. Since we consider Huber loss, a lipschitz continuous loss, we have
U'(€) < min(|£/2|,Ty). Set Ty, = c11(ko + 1/1/€)(0e + 2R). As an immediate consequence of
[VGNA20, Proposition 2.3], we have that condition (c)-(i) in Assumption 2.2 is valid here

14



with 7o = 2. Note that if a sequence is exponentially S-mixing, i.e., satisfies condition (a)
of Assumption 2.1 with coefficient 7; > 0, then the same condition is true for all n < n;. So
choosing 7] < n2/(n2 — 1) we get Condition (d) of Assumption 2.1 is true.

Proposition 4.3. Consider the learning problem described in Section 4.5. Then, for some
constant c1o > 0, with probability at least

_1 T4 ~
1— 0961 nr N/ (Lm) g —etoe Nm/Qtn) CyNexp (_(N2L7_0>77/M1) :

we have

Hf = [z, < max {N_%+L7 c12R log(ed/N)N_%} )

The proof of Proposition 4.3 could be found in the Appendix E.

Remark 5. In this setting, using squared loss would mean that condition (c)-(ii) of Assump-
tion 2.1 is true. So, by part 2 of Theorem 3.1, the obtained rate would be of order N~'/% with
polynomial probability given by (14), which is significantly worse than that of Proposition 4.3
with Huber loss.

5 Proof Sketch of Theorem 3.1 and 3.2

Recall the decomposition (1). The first and the last terms in the RHS of (1) are handled
respectively by condition (b) and (c¢) of Assumption 2.1. The basic idea is to show that if for
some f € F, || f—f*||, is large, then with high probability 71 :== N=' S (f—f*)%(X;) > B
(Lemma B.1) and T} := 2N~ "N &(f — f*)(X,) > B (see (68)) where B+ B > 0. But
since f minimizes PyLy and f* € F, PyLy < 0. So with high probability ||f — [, is
small. In contrast to [Menl5], we face two major challenges: 1- For the lower bound on 77,
the symmetrization argument used in the iid case (e.g. [Menl5, Menl18]) is not applicable
under our dependency structure. 2- For the term 75, [Menl5, Menl18] use the complexity
measure ay(7y,0) (see (115)) in the iid case to control the noise-input interactions, which
is not possible to do in our setting; our analysis to control T; is different, through which
we can show how different tail conditions on the data and noise affect the high-probability
statements on the learning rate. The proof of Theorem 3.2 for the locally strongly-convex loss
functions, follows a similar strategy. However, the technical details become more involved.

6 Conclusion

In this work, we analyzed the performance of empirical risk minimization with squared er-
ror and convex loss functions, when the DGP is both dependent (specifically, exponentially
f-mixing) and heavy-tailed. We derived explicit rates using a combination of small-ball
method and concentration inequalities. We demonstrated the applicability of our results
on a high-dimensional linear regression problem, and showed that our assumptions are
easily verified for a certain classes of sub-Weibull and Pareto DGP. Our results clearly
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show the benefits of using Huber loss over the squared error loss for ERM with heavy-
tailed data in our setting. For future work, we plan to study median-of-means based tech-
niques and examine establishing similar rates of convergence for dependent heavy-tailed data.
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A Proof of Lemma 2.2

Lemma A.1 (Concentration for heavy-tailed S-mixing sum, Lemma 2.2). Let {W,};>1 be a
sequence of zero-mean real valued random variables satisfying conditions (a) and (c)-(ii) of
Assumption 2.1, for some ng > 2. Then for any positive integer N, 0 < d; < 1, and dy > 0,
and for any t > 1, we have,

’ (?22 2

J

W;

1— d _ c'd )
dy log 1) - t(1+d1(n2—-1)) t(1+c'dz)

2772+3 N N 27241 (gy log 1)1/ M
>t| < + 8 N R S—
(

1=1

where ¢ > 0 is a constant.

Proof. [Proof of Lemma 2.2] Let W, ; denote the truncated random variable W; such
that W; ,y = max(min(W;, M), —M). Then define Xy := sz\il W;. Consider the partition
of the samples into blocks of length A, I; = {14+ (i—1)A,--- ,iA} fori =1,2,--- , 2u; where
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= [N/(2A)]. Also let Ip,+1 = {211A+1,--- N}, Define for a finite set I of positive
integers, define Xy (1) = > ,c; Wim. Then we can write, for j < N

5=y, 29
Zjl ;

=N (W= Wia) + Y Wi (30)
=1 =1

J
=> Wi=Win)+ > Sxau(la)+ > Sya(laic) + Z Win.  (31)
i=1

i<[j/A] i<[j/A] i=A[j/A]+1

Then we have,

J
13;] < Z Wi — Wi | + Z Yn(I)| + Z Ynm(Loio1)| +2AM (32)
i i<[j/A] i<[j/A]

sup|z | <Z|W Wind +sup | Y Snar(lo)| +sup | > Syar(lair)| +24M. (33)
i=1 ISV i<ijsa) TN i<ijia)

Now we will establish concentration for each of the terms in the above expression. Using
Markov’s inequality,

N N
1
P(E:\Wi—Wi,MZt)S;E:EHW W] < Ej/ (IWi| > z)dz
i=1 =1

2N [ 2N
< 2N / vy = — 2N (34)
U Ju t(ne — 1)

Using Lemma 5 of [DP04], we get independent random variables {3} 1/(12)}1<i<u,, Where
YN (I2;) has the same distribution as Xy a/(13), such that,

E [|Snm(Toi) — S (Ti)|] < AT(A). (35)

Then, using Markov’s inequality we have,

P | sup Z Enm(ly)] >t

ISNi<li/a)

<P (sup| Y (Snar(lai) = Shoar (i) | +sup | D Sy ()| >t

TN ligpi/a TN il

v
N |
DN | =+

+P | sup Z Sy (L2i)| >
TEN Ji<ii/a

<P | sup Z (Enm (T25) — By s (L2:))

ISNi<i/a)




<2E [suijN ’ZZSU/A](EN,M(I%) - E*MM(I%))H

. t
< . +P jSl<l]I\)[ Z Yy (L2i) 25
= |i<[i/A]
2K [suijN > i< S0 (f2i) — E?V,M(]Qi”] t
< t +P sup Z Enar(lai)| 2 5
= |i<[i/A]
<2AM1T(A)

+P | sup Z Sy (L) | >

t
-t ISV i<ljjal 2

The same results holds for {37 )/ (I2i-1) }i=1,2. &- So for any t > 2AM, we have,

2N 4AuT(A
P (sup |X;] > 6t) <— M 4 AAur(4) +P | sup Z Svar(lzi)| >t

+P [ sup | > Sh oy (aic)| >t (36)
TN i<ii/al
Now, for A > 0
Psup| > Siu(l)|>t] <e™E fexp [Asup| Y Sy (T2)
IEN i<l Al i TSN \i<ljjal
< e ME |exp ()\ Z }Z}k\EM(IQi)})]
L 1<p1

< e MILE [exp (A S, (12:)])] -

We have |En (1) < AM. So |Enar(12)| is a sub-gaussian random variable and conse-
quently,

2 2..2
P {sup| SO Siu(bon)| > 1] e
TSN i<ra)
Optimizing over A > 0 we have,
2
¥ “ub Z E}(V,M([%) >t) <e 2u1 A2M2 (37)
TSN i< ira)
Similarly, we also obtain
e
Plsw Z E*N,M(I%—l) >t <e 2ma?m? (38)
J<N i<G/Al
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From (36), (37), and (38) we have,
AAT(A) o

+ 2¢ 2u1 A2 M2 .

2N
P(sup|X:|>6t) <—— M7+
( b I%| ) t(na — 1)

J<N

Condition (a) in Assumption 2.1 implies that the process {Z;}5°_ i
[CSG16], i.e., for a constant ¢ > 0, 7(k) < e~“*". Then we have

) SN, N 24 Apyexp(—c'A™) +26—mltﬁ‘
Tt —1) t

As 2Au1 <N 314/14 and Mo > 2,

is exponentially 7-mixing

P (i
j<N

12N M1 N —d Am 2
IED<sup|2j| Zt) < | SNep(AY) st
J<N t
Now choosing
th 1
M=—— A= (dlogt)n, 0<d; <1, dy >0, (39)
2(dylogt)m
we have, 2AM < t, and
3 _
P (Sup |2]| Z t) _Lth_(l‘l'dl(?D_l)) + 8Nt_(1+dzcl) _'_ 26_ $2—2dy (d92]\lrogt)1/771 '
J<N (d2 log t)T
]
B Proofs of Section 3
B.1 Proofs for squared error loss
Similar to the decomposition (1), for squared loss we have
XN
PyLp=~> (f=f Z& (f = )
i=1
Since F is convex, we also have
EE(f = f)X)]=0
Then,
N N
1 x
PyLy> (f = 1) Z &(f = X)) —EG(f = X)) (40)

=1

-1
Now our goal is to establish a lower bound (Lemma B.1) on the first term of the RHS of
(40), and a two-sided bound ((68) and (70)) on the second term when ||f — f*||1, is large.
Combining these bounds we will show that if || f — f*||, is large then PyL; > 0 which implies
f cannot be a minimizer of empirical risk because for the minimizer f we have PyL ;<0.
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Lemma B.1. Let Condition (a) and (b) of Assumption 2.1 be true. Given f* € F, set
H = F — f*. Then, for every p > w,(H,7Qx(27)/16), with probability at least Py, if
If = f*llz. = p. we have,

NQxu(27)

16107 = PO 2 7l = 7l > 20 (41)

The proof of Lemma B.1 follows easily by combining the results of Lemma B.2, and
Corollary B.1 which we state next.

Lemma B.2. Let S(Lsy) be the Ly(m) unit sphere and let H C S(Ls). Consider the partition
1

in (6). Under conditions (a) and (b) of Assumption 2.1, by setting u = NQu(2r)e™ for some

49(N)™
g(N) < Qur)MmN™M if

An1

TQu(2T)N
< - EE 42
Bl 1
then with probability at least 1 — 2exp <—2(iv_Q;ﬁ;§)2 ((ﬂCN)> m) — wexp(—%(N)),
’ 49(N)™M
we have
. . NQyu(27)
nf (i [0(X0)| > 7} > (43)

Remark 6. We have the following illustrative instantiations of Lemma B.2:

1. If one sets 9(N) = klog N < M(QZ#, then the statement of Lemma B.2 holds as
long as,
7(klog N)%

4em

R, (H) < , (44)

with probability at least

1—2exp | — NQu(27)° < ¢ )"11 _N1_'€QH(27‘)C%
p 2(4 — Qu(27))% \ klog N 4(k‘logN)ﬁ )

2. If one sets 9(N) = N" < M(%{#, for some 0 < r < ny, then the statement of
Lemma B.2 holds as long as,

: (45)

with probability at least

1 — 2exp <_2(ivf257({2(2j))2 (%)7}1) _ wexp(—]\ﬁ).
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Proof. [Proof of Lemma B.2] Let v, : Ry — [0, 1] be the function

1 t > 2u,
Yu(t) =qL -1  w<t<2u
0 t<u

Similar to (6), let us define sequences of i.i.d blocks {Z ., and {Z( ', where the
samples within each block are assumed to be drawn from the same (-mixing dlstrlbutlon of

{Z(a) ., and {Z( . Let S, (Z}a), e ,Z;(La)), and S, = (Zfb), e ,pr). Now let us

)

concentrate on the term |PN¢u(|h|) — P, (|R])].
\PN%(W) — Ptu(|h])]

I b
—ZZ% B assyeg %ZZ WX iesytars])) = P

=1 j5=1

IN

IA

(46)

bu
N’

< %ZZ(wu<h<|X<z--1><a+b>+j\>> PU(RD) | +

Using (46) and Corollary 2.7 of [Yu94], for some a, b, to be chosen later such that
(a+b)pp = N we have,

P (1Pen() - Pu(a] 2 o+ %) (@7

<P %ZZ( V([ Xnwsnss) — PoD)| + 2 zt+%‘> (48)

=1 ( %Z (X yasyoal)) = PuD) | > t)] (49)

<=1 ( = ;;(%(h(\& Diari) = Peu(lhl)) 2t> +(n=1)B0)  (50)

=P %22 (1% iwmea) = PullhD))| 2 t) + (= 1)50) 51)

=F %; NZ)| = %) + (= 1)B(b), (52)
where

a

HZO) = 3 (a1 X)) = Pou(lD)
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and 1(-) is the indicator function. Observe that the function
~ ~ “ ~ ~
W(Z£a)’Z§a)’ o - Zw Z(a

has bounded difference with coefficient 2a/u. Then using Mcdiarmid’s bounded-difference
inequality on W(Z}a), Zz(a), . ,Z,(f)) we get,

I
( Zd Nz(a > %) < Qexp< ]2V2tj) (53)

Combining (52), and (53), we get

b N
P (1Pwoullih = Pl = e+ ) < 20w (-3
which implies
4 b
P (1Pvun () - Pl = TR0 + %+ )

N (MR,(H) +

20?1

) +(u—1)B).

<2exp

Also note that, for any ¢, we have |Pyt,(|h|) — P, (|h|)| > t which implies that we also
have supy,cqy | Pntu(|h]) — Pu(|h])| > t. Hence,

b
P (sup |Pnipu(|B]) — Piu(|R])] = ]A‘V—“Ru(%) + 2By _)
heH u

N (MR,(H) +

20’1

_t
)

<2exp (- 1)B). (54)

2( 4p 2
In other words, with probability at least 1 — 2exp (— o 207 m) ) — (u—1)5(b), we

have
4 bu t
sup |Pny(|h|) — PYyu(lh])| < —R(H) + — + —=. 55
sup [Pt (1) = PUu(IhD] < FRu(H) + 5 + (55)
Hence, we have
Prx1qjp>uy 2 inf P(|h] > 2u) —sup [Pyipu(|h]) = Pyu((R])]- (56)
et heH
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2a2p

2( 4p e )?
So, combining (54), and (56), with probability at least 1 — 2exp (—N <N“R”(H)+W> ) _
(u — 1)B(b) we have

b,u_

. 4p t
> > S — )
Pn1gn>uy _}1161;{ P(|h| > 2u) NUR”(%) =

Now, setting

u=r t:@ a:(4—QH(2T))(g(N))% b:(g(]\f))ﬁ Mzw,

4 Qu(2r)en ‘ (N
(57)
and using the condition ¥ (NN) > ¢, we get, with probability at least
1 1
NQy(27)3 ( c )W NQy(27)cm
1—2exp | — ———————exp(—¥(N)),
( 21— Qu(3)? \G(N) s I
we have
2T
Prlijpzuy 2 Qﬂi )
]

Corollary B.1. Let Condition (a) and (b) of Assumption 2.1 be true. Let H be star-shaped
around 0 and assume that there is some T > 0 for which Qy(27) > 0. Then for every
p > wu(H, 7Qw(27)/16), with probability at least

e [ NQuERR (e \W)  NQuenew
s p( i b7 (707) ) v T

for every h € H that satisfies ||h||L, > p,

i 1K) = lhlsa) > NEEED, (58)

Proof. [Proof of Corollary B.1] Let p > w,(H,7Q#(27)/16) and as H is star-shaped
around 0,

2
R.(HNpD) < TQ%éT)p- (59)
Consider the set,
V=A{h/p:heHNpS(Ly)} C S(Ls). (60)
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Clearly, Qv (27) > Q«(27) and

1< X,
1 Eih( i)

pe=" p

(2

R,(V)=E sup (61)

heHNpS(L2) 16 - 16

] L TQu2r) _ 7Qv(2r)

Using Lemma B.2 on the set V', we get with probability at least &7y, for every v € V

N 2 N 2
inf [{i:[o(X) > 7[}] > TRCT) 5 NOu27)

Now for any h with ||h]|z, > p, since H is star-shaped around 0, we have (p/||h||r,)h €
H N pS(Lsy) which implies, h/||h||z, € V. So we have (58). m

Theorem B.1 (Restatement of Theorem 3.1). Consider the LS-ERM procedure. For 1y <
1

T2Q#(27)/8, setting p = w, for some constants ¢, >0, and 0 < r < 1, we have,
for any N > 4,

1. under condition (a), (b), (c)-(i), and (d) of Assumption 2.1, for 0 <. < 1,

(/(f _ f*)2d7r)% —If = £l < max{N—iﬂ,%(f— 7, TQf_f(zr)/w)} (62)

with probability at least

r 3 n T o 1.9,
1 2exp (_ N"Qy(27)°cm ) B wexp(—N(l‘”m) _ Nexp <_(N2+ 7-0)77)

2(4 — Qu(27))? 4 Cl

N1+4L7_g NA‘LTg (N%+2LTO)7;(1;7,)
— - 2 ] = — 1— n
o ( Co(l+ NV)) P ( g P\ o (63)

where V' is defined in (8) and Cy, Cq, C5 are some positive constants.

2. under condition (a), (b), and (c)-(ii) of Assumption 2.1, for 0 <t < (1 —1/n9)/4,

IF = £ls < ma {87 w7 - e sn/0) | (o)
with probability at least

1 1
T 3 ; r P _ 2n e
1 — 2exp (— N QH(2T> ¢ ) — N QH@T)CWI eXp(_N(l—r)m) — 87, 1+]7212 N_14+—’122

2
2(4 — Qu(27)) 4
212 1,1 1/m
2 TFng + oy +2
2’72+3c’%7'_1132 o 70 "2 (log(rN2 T TR /2) i
— 1 - N +tn2
- g NV — 2e ser 17 (65)

<log (TON%JrﬁHL) /2) "
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Proof. [Proof of Theorem B.1]

We first prove Part 1.

We will denote the class F — f* by H. From Lemma B.2 it follows that if p >
wu(H, 7Qr-7(27)/16), then with probability at least

NQu(2r)* [ ¢ \m)  NQu(ren
i (‘2(4 “anoar (@(v) ) s I

for every f € F that satisfies || f — f*||z, > p,

N +2
Ly U = /1, Qutzr) )
So, with probability at least &2, for every f € F that satisfies ||f — f*||L, > p,
1 N 2 _£x|]2 2
PyLy 2 <N Z&-(f—f*)(Xi)—E[ﬁ(f—f*)]) Tt VLI NG
i=1

When ||f — f*|lr, > &/(N) > 2(N7)™"?, we have log(N7o|f — f*[7,) < 2(Nn|f -
f02,)3="/2/(1 — ). Under Conditions (a), (c)-(i), and (d) of Assumption 2.1, using
Lemma 2.1, we get

N
F ( %Zgi(f— FNX) =EE(f = )] = nollf - f*||%2>
i=1
(N7oll f — f*II7,)" N\ f — fII1,
<Nexp (— o ) + exp (— Co(l 1 NV) )
o [N = LU (Yl =
Cs Cy(log(NTol| f — f*”%g))n

(N7ol[ f — f*II7,)" N\ f = f*1IL
< _ 2 _ 2
N exp( c + exp ool )

. " n(1—n)
o [T = LA =) (NS — )
P Cs P Cy2

ey (ORI (_W)

(@ Cy(1+ NV)
9 4 . To 1(1 n)
where
V<E[(&(f - X)) +4) E[Bi(&(f — (X)),

1>0
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{B;} is some sequence such that B; € [0, 1], E [B;] < (i) and Cy, Cy, C5 are constants which
depend on ¢, 7,11, 12. Observe that,

V <E [&(f - f7) +4§>;E (& = (X))
<E [(a(f — 1)( +4;\/E BIE [(6(f — f)(X1)']
E [(6(f — 1)(X0)*] +4y/E [(&(f — f)(X0)) Zoﬁ
E [(6(f — /)(X0)*] +4y/E [(&(f — f)(X0)) Z;F

E [(€(f — )0 + 4B [ — FX0)] S exp(—cin /2)

>0
2 1+2
<2m + (C4 "2,

Combining (67), and (68), with probability at least &, — P, for every f € F that satisfies
1f = f*llz, = max(p, &7 (N)), we get

72U — 1*13,Qu(2r)

PyLy > =27\ f = f*117, + 1

Choosing 79 < 72Q#(27)/8, we have,
PNLf > 0.

But the empirical minimizer f satisfies PyLy < 0. This implies, together with choosing
o/ (N) = N~Y/4+ that with probability at least & = &, — P,

If = £z, < max(w,(F — F, 7Qr—#(27)/16), o/ (N)),

where

e [ NQuED® (e N NQu@nen
o p( = (@) ) s )

n(1=n)
(N2T2py)n Nltder2 N7 (N2t2p) ™
~Nexp | 22T ) SN[ N . 1— ) .
exp ( z exp GATNY) exp C exp | (1—7) Ca2
Choosing 4(N) = NU="m for some 0 < r < 1, we get,

_ N"Qu(27)%ct N"Qu(27)cr
s (‘2(4—%(%))2)‘ 1

(N%+2L,7-0)77 N1+4L7_g
- N RS VAN I - 0
P ( Ch FPA\T GO+ NY)
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and

= % (69)

We now prove part 2.

Since Lemma B.1 only depends on Condition (a) and (b) of Assumption 2.1, Lemma B.1
remains unchanged in this case. To deal with the multiplier process we need a concentration
result similar to Lemma 2.1. So we use the concentration inequality we proved in Lemma 2.2.

When || f — f*||z, > </ (N), using Lemma 2.2 we have
1 X
P(N;;&u—fﬂuw—Eku—fm
2Mm2+3

< — NNTllf = fIL,) 7+ 8N (Nl f = fIE,) T
(dalog N7o|[f = f*][7,) ™
(N7ollf=F*113,,)> >N (dg log(Nro Il F = * 13, )/

+2e” oN
2772+3

> 7ollf - f*lliz)

= N(NTO%(N)2)—(1+d1(ﬁ2—1)) + SN(NTO%(N)z)_(l"'d?C')
(dg log(NTO%(N)Q)) n1

_ (N (WN)2)27291 (dy log(Nrg ez (V)2 )1/
9

—|—26 N = 322. (70)

We will choose d; suitably to allow </ (N) to decrease with N as fast as possible while
ensuring limy_, o, & — 0. Combining (67), and (70), with probability at least &, — s,
for every f € F that satisfies ||f — f*||z, > max(p, &/ (N)), we get

| f = £, Qu(27)

PyLy > =27\ f — f*1I17, + 1 :

Choosing 79 < 72Q(27)/8, we have,
PyL; > 0.

But the empirical minimizer f satisfies PyLy < 0. This implies, together with choosing
A/ (N) = N~U=Vm)/dte g = 1/(14n,), do = (92 — 1) /(2 + 1), and ¢ < (1 — 1/1,)/4, that
with probability at least & = &2, — s,

If = follz. < max(w,(F — F, 7Qr_#(27)/16), &/ (N)),

where

e [ NQu@DP (e N\ NQuenen
e p( =ty (7)) ) s D)
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. 219 1, 1 1/n
2172_;’_37__ 12+I32 Ay 2n 7_(;1+_772 (log (TON% 2%2 + )/2) ! 14Ln2
- ° 7 IV T2 — 87 1+"2N T 2 o N
(log (7- N2t +2L) /2> m
Choosing 4(N) = N3~ for some 0 < r < 1, we get,
1 1
NTQu(27)3cm N"Qy(27)cm
{@ :1 _ 2€Xp _ QH( T) 1 _ QH( T) ! eXp(_N(l—T’)Th)
24— Quizn))? i
2n2 1/
21724_37__12;%22 - . T01+n2 <log(TON%+Q%—2+2L)/2> n fﬂz_
_ 0 N~ 1+n2 . 87' T Tty N~ 1+’72 ) P 5 N T+n2

1—mn9

(log <7’0N%+$+2L) /2) "

and

NTQ ( ) 7;11
”*f. (71)

[

Proof. [Proof of Corollary 3.1] Note that Assumption 3.1 implies Condition (b) of As-
sumption 2.1 as shown in Lemma 4.1 in [Menl15]. Under Assumption 3.1 with p = 8, using
Cauchy-Schwarz inequality we have,

V <E [(6(f — f)(X))] +4/E [(&(f - F)X0))] S exp(—eim /2)

>0

<VEEWE(f - F)x)" + 40J VEIEIWE [((f - 1)(X0)"]
<als - 11, (Vi + 10 @ )}

for some constant M,. Then, from (68) we have,

N
P ( %Zw — X)) —EE(f = )] = 7ol f — f*||%2>
=1
(N7ollf — f*]2,)" N272||f - F7II4,
SNexp <_ c; )+6Xp (_ Co(1+ NV) )
N B e i N O W i 9
P Cs P\ Cillog (Nl F = F2,))"

(N7ollf = F*]12,)" N2|f = 4,
<HNexp (‘ C ) e (‘@(1 + NS - f*!I%Z))

R e €11 i T
P Cs P\ CiloeNrmllF = 120 ) )
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If N||f — f*|7, > N/ (N)?* > max(1/M3,1/7), then
N
P ( 6~ )00 B - )| 2l - f*r|%2>

oy (DU LI o (VL TG

c GYONE
N7|lf — £ 1—n)"(N7oad (N)2) "5
+exp <_ 17—l (0O (6252 )

and the second term dominates the third term in the above expression. Now if choose
@/ (N) = N7Y/2% then with probability at least

N272 NA—1.2 1 — m( N2 n(=m)
Qzl—exp<— TO)—eXp(- Toexp(( "N 7) @ :

2C, M2 Cs Cy2n
we get

I — fllp, < max (N™V2 w,(F — F,7Qr_#(27)/16)) .

B.2 Proofs for convex loss
Recall the decomposition (1)
1 al rrs *\2 1 = / *
PuLy 2 o5 2 @S = FPX) + 5 D (&) = F)(X).
Since F is convex, we also have
E[C((f — X)) =0.
Then,
1 L, - 1 &
PrLy> 2o D ) = (X0 + 5 D_(WE)(f = 1)(X0) —E[(&)(f = F) (X))
i=1 =1
(72)

Now our goal is to establish a lower bound (Proposition B.1) on the first term of the RHS
of (72), and a two-sided bound ((94) and (95)) on the second term when || f — f*||, is large.
Combining these bounds we will show that if || f — f*|| ., is large then Py L; > 0 which implies
f cannot be a minimizer of empirical risk because for the minimizer f we have PyL; < 0.
Let p(t1,t2) = inf{l"(x) : & € [t1,12],0 < t; < t5}. First we prove the following extension of
bounded difference inequality to the S-mixing sequence which we will use frequently in our
proofs.
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Lemma B.3 (Bounded difference inequality for strictly stationary S-mixing sequence). Let
{U}Y., be a sample from a strictly stationary B-mizing sequence, |U;| < M, and E [U;] =
U*. Let N > a,b,u > 0 be such that (a + b)u = N. Then with probability at least 1 —

exp (_(t—2bu)2) —2M(p — 1)B(b), we have Yt > 2bp,

2ua’ M2
N
> U <NU*+t.
i=1

Proof. Consider the partition as in (6). Then, using Corollary 2.7 of [Yu94], we get
vVt > 2bu,

P i(Ui — U > t)

i=1
Looa

<P ZZ(Uz —-U") >t —Qbﬂ)
=1 j=1
pooa

<P (DS (Uarnyimyss —U") >t — 25#) +2M(p = 1)B(b).
=1 j=1

where Z?ZI(U(QM)(,-_UH — U*) is an iid sequence for i = 1,2,--- . Using bounded
difference inequality,

P (Z(Ui _ Uty > t) < exp (—LW) + M (i — DA).

— 2ua’ M?

So with probability at least 1 — exp (— g}:ffﬁ}j) —2M(p — 1)B(b),

N
> U< NU*+t.
=1

[
Lemma B.4-B.6 are needed to prove Lemma B.7 which is the main result needed to prove
Proposition B.1.

Lemma B.4. Let X;,i = 1,2,--- N be a sample from a sequence for which condition (a)
of Assumption 2.1 is true. For every 0 < Qy(27) < 1, we have that with probability at least

1— leH(QT)l_%Nm/(“”“)6_62@4(27)1+ , for some constants ci,co > 0, there is a
subset S C {1,2,---, N} such that |S| > N(1 — Qu(27)), and Vi € S,

1
n1 Nm1/(1+m1)

2]| Xl ,

VQu(27)

| Xi| < (73)
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2| Xill L,

\/ Qu(27)

E[G] =P <|XZ-| > M) < Qu(2r)/4,

Proof. Let (; =1 <|XZ\ > ) Then, by Markov’s inequality,

Qun(27)

Then using Lemma B.3, we have with probability at least 1 —exp (— (t;jfg’z> —2(u—1)B(b),

Z G < LQH@T) +t.

: 4
=1
Now, setting

—1

_3NQu(2r) _ (4-QuEer))NTw

n (27 w N o N e n (27 o
= =

4 e Qu(2r) T ¢ 4 |
(74)
we have Zf\il G < NQy(27), with probability at least
1— ClQH(27>1—%Nn1/(1+171)e—CQQy(27)N771/(1+n1).
]
Lemma B.5. Let X;;i =1,2,--- N be a sample from a sequence for which condition (a)

and (b) of Assumption 2.1 is true. Then with probability at least with

1 = ey Qyy(2r)1 3 N /) gea@u(2r) N/ )

)

there is a subset S C {1,2,--- N} such that |S| > 3NQu(27)/4, and Vi € S, |X;| >
27| Xl .-

Proof. Let ¢; = 1(|X;| > 27||Xi||L,). Using condition (b) of Assumption 2.1, we have
E [¢;] > Q#(27). Then using Lemma B.3, with probability at least

1= 1Qyy(2r) ' N/ () e (2N /()

)

we have

N
3NQu(27)/ Z < 5NE[G]/
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Lemma B.6. Let X;,i=1,2,---, N be a sample from a sequence for which conditions (a)
and (b) of Assumption 2.1 is true. Then with probability at least with

1 = 0 Qpy(27) 1" N/ 4m) mea@ 2y /)

Y

there is a subset S C {1,2,---, N} such that |S| > NQ«(27)/2, and Vi € S,
2)| Xl

VOQu(27)

Proof. The proof is immediate from Lemma B.4, and Lemma B.5. n

27)| Xil[ L, < |X] <

Lemma B.7. Let H be a class of function which is star-shaped around 0 and satisfies
condition (b) of Assumption 2.1. If (i ~ 21Qu(27)%?, & ~ 27Qy(27), and r = ||h||z, >
wo(C1,C2), there is a set V, C H N 1S (Lg) such that there is an event A with probability at

least 1 — CGQH(2T)1_ﬁN"l/(H’”)e_”QH@T)Nm/(Hnl) we have:
1.
Vol < exp(cy@y(2r) N/ () /2), (75)
where ¢y < 1/1000

2. For every v € V, there is a subset S, C {1,2,---, N} such that |S,| > Qu(27)N/2,
and for every i € S,,

2rr < |u(X;)| < Cs?

T VQu2r)

3. For every h € HNrS(Ly) there is some v € V,., and a subset K, C S, containing at
least 3/4 of the coordinates of S,, and for every k € Ky,

(76)

Tl[hllL, < [A(Xk)] < <2T+ ﬁ) 1]z, (77)

and h(Xy) and v(Xy) have the same sign.

Proof. Let r = ||h||z, > wg(Ci,¢2). Let V. € HN17S(Ly) be a maximal p-separated set
such that
V| < exp(cy@u(2r) N/ 1) /2)

where ¢, = min(cg,1/500). Applying Lemma B.6 on all the elements of V., using union
bound we obtain that with probability at least

1 — e1Qy(2r) " m N/ () g—eaQu@nNm /0t j2.

for every v € V, there is a subset S, such that |S,| > NQ(27)/2 and for all i € S, we have

2 [[o(X) s < (X)) < Gl (78)

TV Qu(27)
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Since we have assumed r > w;((y), from Sudakov’s inequality we have,
. \/iE I:HGH’HOTS(LZ)} < C5<1’l“
T \eaQu(2r) NG T /Qy(27)

where ¢5 = \/2¢4//C3. For all h € HNrS(Ly), let h, € V; so that ||h — hy||r, < p. Now let
On = L(jh—h,|>+r) and put

(79)

A, =16, h € HNrS(Ly)} . (80)

Define a function ¢ (t) = max(min(t/(7r),1),0). Observe that 65(X) < ¢y (|h — hy| (X)).
Now we want to show that the number of points where |h — h,| > 77 is small.

E | sup —Z(Sh sup Z@bl (|h = Ryl ( ))]

5h€A hEHﬂTS(LQ i=1

<E ol N; r(lh = ho| ( ))—E[wl(lh—hvl(X)])]

+E sup E[%(\h—hv“){)]l ;

heHNrS(La)

where X ~ 7. Consider the partition introduced in (6). Then,

E | sup %ZMX»]

&
<E sup —
| hemnrs(La) IV Z

(1(1h = ol (X(ati-145)) = B[ (7 = o (X)])]

201
—+ —E
+ N + "

sup  E[|h — hl (X)]]
heHNrS(Ls)

a w

ESE| s S (Wl ] (Karone)) - wluh—hv\(m]

heHnrS(La) M-

<M ZE sup Z(% |h — hy| (X a+b (i— 1+y))_E[¢1(|h_hv|(X)])]

heHnrS(La) b 5

2b
+2n—1)Ba+b) + o + 2
N Tr

Now using symmetrization, we get

M a
sup — WX)| <=> E
spen, IV Z ] N ; heMnrS(La) M ]

I
sup L > Qu2r)itr ([h = h| (X(a+b)(i—1)+j))]
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Since v ([-|) is a 1/(7r)-Lipschitz continuous mapping, using properties of Rademacher com-
plexity we have

oo Z@H (27) i1 (1 — ol (Riasorionyss))
heHNrS(La) M 3
1 ~
<—E| sup  — > Qu2n)i(h —h)Xarni-+s)) | -
Tr he?—tnrs(Lz):UzZ:; H2Tl )(Xas 1)+]))]

Since we assumed 7 > ws((s), and using (79) we have,

N
1 alapt 2bp 561
E | sup — on(X;)| < +2(up—1)pla+b) + — + ————.
6;L6£T-N; wl )] Nt (1 A ) N T/ Qu(27)
Choosing
4 — 7)) N/ (A+m)
G~ 2 Q) G~ 20 Qu(27) 0~ AT OET) (51)
cm
1/(14m) m/(1+m) oo
b Q?—L(2T)]Y and g~ N—CI’ (82)
cm 4

we have,

Q(27)
sup —Z(Sh ] STy

6h€Ar i=1

Now we use Lemma B.3, with the following choice

- NQH(2T> a4 — (4 - Qﬂl—(gT))Nl/(H_m) b— QH(QT)%NV(H‘TH) = Nm/(l-i—m)cﬁ Q?—L(27—> n%{
- v/ — . . _ i _ .
32 e Qy(27)' M 32¢ 4

1 m
With probability at least 1 — cgQy(27)" 7 Nm/(+m) e=er@unNT /U o have.

%;5222 (X)) <E |= ;éigApr (X)) | + % < QH1(627')
Then Vh € H N rS(Ls),
i 1=l () < 7r}l 2 (1- 2D (53)
Recall that h, € V,, and |S,,| > NQ«(27)/2. Let
Kp=A{k:[h—hy|(Xy) <7r} N Sh,. (84)
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Then |Kh| > BNQH(QT)/8 > NQH(QT)/4 Also, Vk € K,
[h(X5)| > |ho(Xk)| = [(h — ho)(Xk)| = 277 — 710 = T7. (85)

This also implies that h(X}) and h,(X}) have same signs. Similarly, using (78) we get

1
[A(Xi)] < 1o (Xi)| + (B = ho) (Xi)| < 0(27 + —=—===) |7l .- (86)
Qu(27)
Combining (85) and (86) we have (77). This also implies that h(X}) and v(X}) have the
same sign. |

Lemma B.8 ([Menl8, Lemma 4.8]). Let 1 < k < m/40 and set 9 C {—1,0,1}" of
cardinality at most exp(k). For every d = (d(i))", € 2 put Sq = {i : d(i) # 0} and assume
that |S4] > 40k. If {e;}i, are independent, symmetric {—1,1}-valued random variables,
then with probability at least 1 — 2exp(—k),

inf |{i € S sgn(d(i)) = }| = /3.

Lemma B.9. Conditioned on the event A as mentioned in Lemma B.7, with probability at
least 1 — 2exp(—coQy(27)N) we have: for every h € Hp« == F — f* with ||h||L, > r, there is
a subset Sy, C {1,2,---, N} such that |Syn| > Qu(27)N/24. and for every i € Sy,

1
W) IAllL,,  sgn(h(Xi)) = e, (87)

Tl[hllL, < [A(X3)] < co <QT+
H

where {;} Y| are independent, symmetric {—1,1}-valued random variables.

Proof. For a h € H, let ||h||L, = r and let h, be as in Lemma B.7. Recall from (77), that
there is a subset K, C Sj, containing at least 3/4 of the coordinates of Sy, for which,

r < |h(X;)| < ¢ (27’ + m> T,

and h(X;) and h,(X;) have the same sign. Define
dn, = {sgn(h(X:))1s,,(X)}iLy, D ={dn, +h, €V }.

Using Lemma B.8, on the set D = {dp, : dp, € V,} for k = NQ»(27)/1000, and observing
that every dy, € D, [{i : dp, (i) # 0} > NQu(27)/2 > 40k (recall that |Sy,,| > NQ3(27)/2),
we get with probability at least 1 — 2exp(—c2Q(27)N), for every h, € V., dp, (i) = €; on at
least 1/3 of the coordinates of Sj,. Then it follows that on at least 1/12 of the coordinates
of Sh,, M(X;) = €. Since Hy+ is assumed to be star-shaped the same result holds when
Al > 7 .
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Proposition B.1. With probability at least 1 — CQQH(27‘)1_%Nm/(“”“)e_cloQ”(zT)an/(Hnl),
for every f € F which satisfies || f — f*||1, > 2wg we have

N
S S EENT — XD 2 e@u(2n)p0, 1) f — £ (88)
i=1

where to = c11(27 + 1/3/Q(27)) (1€l L. + I1f = [*[IL.)-

Proof. [Proof of Proposition B.1] Recall the decomposition of Py Ly (1). For every (X,Y))
the midpoint £ belongs to the interval with end points —¢ and (f — f*)(X) — ¢ where f € F.
So,

&l < 161+ 1(f = /(X
Let || f — f*|l, > 2wg. Now from Lemma B.9, with probability at least

1— CQQH(27-)1_%Nm/(1+?71)e—cloQH(%)N"l/(H"l)

Y

we have a subset Sy, C {1,2,---, N} such that |S; 5| > Q#(27)N/24, and for every i € Sy 4,
[(f = XD < eo2m + 1/ Qu (2T = F7 |-

Using Markov’s inequality,

P(I&i] > 10/l 2,/ v/ Q@ (27))

100

Now taking U; = 1 <|§Z| < _colllle, ), and using Lemma B.3, and choosing parameters as in

v Qu(27)

(74) we get, with probability at least 1 — leH(27‘)1_%N"l/(Hm)e‘C2QH(2T)N”1/(Hm),

{i: & < 09“5““ }‘ — Qu(27)/50).

This implies that with probability at least 1 — chQH(27‘)1_%Nm/(Hm)e_c”Q“(zT)N’H/(HW
we have,

€l < en 27+ 1/v/Qu(27)) (I€ll. + 1 = Fllz.) -

Set to = 1127+ 1//Qwn(27)) (||€ll 2o + |f — f*|lz,). Using Lemma B.9, with probability at
least 1 — CQQH(QT)l_%an/(1+771)e—CloQH(QT)Nm/(H"l)7

N
1 - * *
5 2 E) = X 2 ew@u(20)p(0, )7 | f — £7IIZ,. (89)
i=1
[
Using Proposition B.1, and proving the two-sided bounds for the second term on the

RHS of (72) in (94) and (95), we have Proposition B.2.
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Proposition B.2. Consider ERM with loss functions that satisfy Assumption 3.2. For
T < 2Qr_r(27)p(0,t0)7%, to = O((27 + 1/\/Qu27))([[€llz. + If — f*ll2.)), setting pu =

Nm/OF+m) - for some constants c,¢ > 0, we have, for any N > 4, the following:

1. Under conditions (a), (b), (c)-(i), and (d) of Assumption 2.1, for 0 <1< 1
1f = £l < max {N7H, 2g(F = F, N, Qu(20)2,Qu2r) |, (90)
with probability at least (for V is defined in (8) and some positive cy, c19, Cs)

1 m
1— CQQH(27)1_%Nﬁl/(1+771)e_010QH(27')1+nl NTT_ Oy Nexp <_(N%+2L7'0)n/01> :

2. Under conditions (a), (b), and (c)-(i1) of Assumption 2.1, for 0 <. < (1 —1/ny)/4,

/nz)

1 = £l < maxe {N= 0 200 (F = BN, Qui2n)2, Qui@r))} . (91)

with probability at least (for constants cgy, c19, 5'4 >0)

2n2 4ung

T RN (92)

1+-L ~
1-— CgQH(QT)l_%N771/(1+771)e_010QH(2T) TN/ ) Cy

Proof. [Proof of Proposition B.2]
We first prove part 1.
We will denote the class F — f* by H. From Proposition B.1 it follows that for every

f € F which satisfies || f — f*||L, > 2wq with probability at least

1-L - L3 /()
Pre=1—coQu(2r) N/ M) men@un i,

we have
1., ~
N Zﬁ”(&.)(f - .f*)2(Xi) > c16Qn(27)p(0, t2)7'2||f - f*H%z'
i=1

So, with probability at least &, ., for every f € F that satisfies ||f — f*|| L, > 2wg,

PuLy > (m%v SHE)S ~ £ - E O - f*)]) - euQu(p0L)f - £
- (93)

When |[f — f*r, > #/(N) > 2(N7)~'/?, we have log(N7o|lf — f*[I7,) < 2(Nnllf —
f013,)="72 /(1—n). Under Conditions (1), (3), and (4) of Assumption 2.1, using Lemma 2.1,

we get

%Z (E)(f = F)X) —EL(E)(f — 1) zfollf—f*H%z)
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N7'o||f I* ||L2 ||f I ||L2
SNeXp< )*e (‘ 021+NV) )
N7'02||f f 17, (N7l f = f*|I7,)" "
Cy(log(N7oll f — f|| )7
N7'o||f I* ||L2 ||f I ||L2
SNeXp< )+ <_ Co(1+ NV) )
NTosz f HLQ P(Nmllf = £ 13,) "
Cy2n
(V)
<Nexp( +exp< & 1+NV))

2 1(12 n)
+exp ( NTOM ( "N (N)) )) = P,

Cy2n

+exp exp

+exp

exp

NT()(,Q{

where

VgE[(ﬁ’(gl)(f F)( ]+4ZE[ () (f — fIX ))]

>0

{B;} is some sequence such that B; € [0,1], and E [B;] < (7). C4,Cy,C5 are constants

which depend on ¢, n, 7, n2. Observe that,

V<E [(C(€)(f = 0] + 4 E [Bi (¢ = (X))

>0

<E [(¢(€)(f - )| + 43 VEBIE [ - £)(X0)]

1>0

<E [(¢(&)(f = (X)) + 4y E [(&)(f - (X)) 3 VEB

>0

<E [(¢(&)(F = F)(X0)] +4y/E [ - (X)) 3 VAG

>0

>0

<E [(¢(€)(F = £)(X0))°] + 4B [(¢(E)(f - (X)) 3 exp(—ci™ /2)

Combining (93), and (94), with probability at least &, .— P, ., for every f € F that satisfies

1f = F*lle. = max(2we, &7 (N)), we get

PyLg > =27 f = f*II7, + c16Qu(27)p(0,t)7°| f — |7,
Choosing 79 < c16Q(27)p(0,t5)7%/4, we have,

PyL; > 0.
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But the empirical minimizer f satisfies PyL 7 < 0. This implies, together with choosing
o/ (N) = N~1/4+ that with probability at least & = &, . — P,

1f = F[le, < max(2wo(F — F, N, Qu(27)2, Qu(27)), /(N)),

where

1
P=1- CgQ?—L(2T)1_%]\7771/(1—1—771)e_cloQH(?T)lJr T N/ ()

n(1—n)
(N%+2L,7_0)77 N1+4L,7_g N4L,7_g (N%+2L7_0) it
—-N | - —_—— ] — - 1—n)" :
Xp ( C, AT ) A U (1=m) Ca2n

We now prove part 2.

When || f — f*||z, > </ (N), using Lemma 2.2 we have
L

' ( N D UENS = FX) —EE - )]

- oma+3

= N(Nro||f — f||3,) 1 Fa0e=) 4 8N (Nro|| f — f*]|7,)” (T

= T-np
(dylog Noll f — f*[|7,) ™
(N7l F—£*117,,)2 7241 (dg log(N 7ol f = £*117 ) /™

+2e” oN

2772+3 ,
= —— N(Nroe/ (N)?)~ 001 4 N (Npoer (N)?) ()

(d2log(NTo/ (N)?)) ™

_ (N (N)2)27291 (dy log(Nrg ez (V)2 )1/ M
9

+2e N = 32270. (95)

> 7ol f — f*||i2>

We will choose d; suitably to allow &/ (N) to decrease with N as fast as possible while
ensuring limy_,o, &5, — 0. Combining (67), and (70), with probability at least &; . — P .,
for every f € F that satisfies ||f — f*||z, > max(2wq, &/ (N)), we get

PyLg > =2nf = f*II7, + c16Qu(27)p(0,t)7°| f — |7,
Choosing 79 < ¢16Q2(27)p(0, t2)7%/4, we have,
PyL; > 0.

But the empirical minimizer f satisfies PyLy < 0. This implies, together with choosing
o (N) = N-O=Vm)/ieqy = 1/(1+m,), do = (na — 1)/ (n2 + 1), and ¢ < (1 — 1/1m) /4, that
with probability at least &, = P . — Pa,

If = e, < max(2wq(F — F, N, (1, G), N~0-1/m)/Atey
where

1
P.=1-— CQQH(27_)1_%an/(l'i‘??l)@_ClOQH@T)lJr"1 N7/ )
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2n9

_ 2ng = I P 1/m
2772—1—3,7_ 1+mn9 4o 219 . O+7l2 <log <70N2 2772 L>/2> 4ing
— 0 - N T+ny — 87’ 1+712N TFng — 26 5 WARED) ‘

—n2

1 1

5+ 5 —+2 m

<log <T0N2 213 ) /2)
|

Note that Proposition B.2 is exactly same as Theorem 3.2 except for the fact one needs
{ to be strongly convex in [—tg,to] instead of [—t,t5] where ¢ is of the order O((27 +
1/v/Qn27)|I€]lL,). So now we will show that empirical minimizer f € F satisfies || f —
¥z, < max(||€]|L,, 2wg) with high probability. One has the following result from [Men18]:

{h=f"heF lh=fll, =Ry A=) A= LfeF\f = fll. =R} (96)

Lemma B.10 ([Menl8, Lemma 5.6]). When (88) is true, if ||f — f*||, > max(||£]| L., 2wg),
and X\ > 1, then

T @O = £ 2 MewQu(@ro(0, o) max (€1, 43) . (97

Lemma B.11. With probability at least 1 — P with 19 = c16Qx(27)p(0,t0)7%/4, we have

1f = frllL, < max([[¢]|z,, 2wq).-
Proof. From (94), with probability at least 1 — &, . we have,

< nollf - fz..

= S U(ENS — F)X) ~ B - £)]

To make the dependency of &, . on 7 explicit, we use the notation &, ., to denote H;,
for this proof. If || f — f*||z, < max(||¢]|z,,2wq), choosing Ty = c16Q#(27)p(0,to)72 /4, with

probability at least 1 — 225 . c.c0y(2r)p(0,t0)72/4, for the same A > 1 as in Lemma B.10, we
have,

c16AQ@(27)p(0, to) 7

- masx(€]] 2, 2i0)"

£ S HEAT - PN - EFEOOG - 7)) <
101 = e = max(€]1s 2q), and A 2 1

1 = (e

¥ @0 = I

> [AJersQu(27)p(0, to) 7 max ([I€]2,, 403) —

%Z PN —E €A — 1))

c16AQ(27)p(0, to)7°
4

max([|€l| ., 20)? > 0.

So by (96), and Lemma B.10, the empirical minimizer f satisfies,

If = f7llz. < max([€]]z,, 2wo)-

]
Proof. [Proof of Theorem 3.2] Combining Lemma B.11 with the two parts of Proposi-
tion B.2 gives us Theorem 3.2. [
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Corollary B.2. For the conver ERM procedure, under Assumptions 2.1, with condition (b)

replaced by Assumption 3.1 with p = 8, for some 0 < + < % and r,;u and 19 same as in

2
Theorem 3.2, for sufficiently large N, we have
IF = £l < max (N4, 2w0(F = F, N, Qu(2r)}, Qu(27))) (98)

with probability at least (for some constants cqg, ¢10, Cy > 0)

147 ~
1— CQQH(27-)1_%Nm/(1+771)6—610QH(2T) N/ G CyNexp (_(N2LT0>77/M1) )

Proof. [Proof of Corollary B.2] The proof is same as Corollary 3.1 and hence we omit it
here. [

C Proofs of Section 4.1

Lemma C.1 (Lemma 6.4 of [Men15]). If W = (w;)%, is a random vector on R, then for
every integer 1 < k < d,

E sup (W,

tevVkB{NBY

1
<o (Zw ) |
where (w})L_, is a monotone non-increasing reaarangement of (|w;|)%_,

Lemma C.2. Let wy,ws, - ,wy are independent copies of a mean-zero, variance 1 random

variable w ~ SW(n). Then for allp > 1An, ||w||L, < Klp% for some constant Ky > 0. Then
for every 1 <k <d,

NI

(Z w;2> < V2kK, (log(ed))"" .

Proof. [Proof of Lemma C.2] For 1 < j <d, and p > 2,

2oz (o= () ()"

Setting ¢ = uK; (log(ed/))"/" and p = log(ed/j), we get
1 3 ToBed/)

P (w; > uK3) < <E> :
where K3 = K (log(ed/))"". Using (99) we will bound E [w3?]. For some v,

E [w;ﬂ :/0 P(w;z > u)du
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/IP’( 2>udu+/ P(w;2>u)du
0 v

<v+ / IP’w > u + v)du
0

00 K. Jlog(ed/j)
/ 2 ) du
0 U + v

[(u + )= alog(ed/a’)/?] >
=V — . .
jlog(ed/j)/2 =1
pl—ilog(ed/j)/2 }
Jlog(ed/)/2 — 1

To minimize the upper bound on E [w}fz} we choose

[where K5 = K] tos(ed/s )]

:U+K5|:

2
v= K" = K% = K7 (log(ed/))*".
and get
E [w?] < 2K? (log(ed/7))*"
For any 1 < k < d, using Jensen’s inequality,

1

(Z wf ) - <ZE [wz‘?])z : (Z 2k <1og<ed/¢>>2/”>2 < V2kE (log(ed)) "

u
Proof. [Proof of Proposition 4.1] In order to provide a bound on ||f — f*||1,, we need to
compute the order of w,(Fr — Fr, 7Qu,(27)/16). Based on Lemma C.1 and C.2 it is easy

to see that, in a similar way to [Menl15],
cKiR(loged)n  (R/s)? > d/4,
\/_ZEZ f= 1)) ] {czKls\/_ u< (R/s)? < d/4,

where ¢, ¢y are constants. Hence, following similar steps as in the proof of [Menl5, Lemma
4.6], we have

E sup

fE.FROSDf

sl og (ed)% if u < eqd,

Wu(FR —FR,TQHR(QT)/16) S {0\/’7 (100)

if w > Cld.

From (100), choosing » = 1 — 2. by Theorem 3.1, for sufficiently large N, we have with
probability at least

Nl 20 2 ,% B N2L n
1 — Cl Q4( T)C ! exp(_N2L771> _ CgNexp (_( MTO) ) 7
1

we have

1
1 = 7l < ma 2D oyt
V Qn(27)cn
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D Proofs of Section 4.2

Lemma D.1. Let {X(}i_, be an iid sample with independent coordinates X ; ~ L(ns,d;)
and let w be a random wvector with coordinates

1 M
wj:ﬁZX;,j j=1,2,--,d. (101)
i=1
Then we have
P (Jw;| > ) < Cj (d;??"?p—lul—"%t%—?ﬁ + d;2t—P> , (102)

for some constant C3 > 0.

Proof. [Proof of Lemma D.1] Using the symmetry of the distribution of w; we can write,
P(jw;| > t) < 2P (w; > 1). (103)

Setting p = n3 — 0.5¢, using Theorem 2.1 of [Che07] we get for any ¢ > 0
d3t?

SR 104

) exp 160%, )’ (104)

Cy,p = 2% max (pp,pp/2+16p/ i - x)_pda?) ,
0

and any k € {p, 2},
5(5-5)
vl PR 2 e

30X2
- td2
Ea 30)(2) ns(|z|d;)mt

- 1
/_oo I < Vi T otd? + (|z|dy)m)?
[
= [e o LIS
o \Vi) (14 (edym)°

NS

P (w; > £) < Cpt ¥ max (1 (0), (rat)

where

Now,

td3
< 3 <3U§<,2 ) pm
ST (s —p) \
SCpd P E e, (105)
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where (5 is a constant which depends on 73 and p. Then
Tup(t) < C2d;-'3_2p_1/11_%3tn3_p-

ru2(t) can be bounded as follows:

a X (11X 36 o3
m,z(t):;E ‘\/ﬁ] 1(‘\/5 > tj;)] s% (106)
Using (105), and (106), from (104) we get
P (jw;| > t) < Cy (d;?S—?p—lul—”%tﬁS—?P + d;%—p) ,
for some constant C5 > 0. |
Let {w3}9_, be the non-increasing arrangement of {|w;|}7_,.
Lemma D.2. Let wy,ws, - ,wy are independent copies of a random variable such that

(102) is true for all j =1,2,--- ,d, i.e.,
P (|wj| > t) < Oy <d773—2p—11u1—%t773—2p 4 d_2t_p) j=1,2,--- .d,

forms > 242, and p=mn3 —0.5¢t. Then for every 1 < k <d,
k 2
E (Z wf2> < 06\/E (dﬁs/@p)—1/2+l/pd7173/2—10—773/10‘1'3/2_2/17,“1/2—7’]3/4 + dl/pd1—2/p> :
i=1

for some constant Cs > 0 which depends on n3 and p.

Proof. [Proof of Lemma D.2]
d
P (wf2 > t) =P <w1‘ > \/E) < ZIP’ <|wj| > \/1_5) < (4 (dd?3_2p_1ul_"3/2t"3/2_p + dd1_2t_p/2) )
j=1
Now, using (102), for any v > 0 (to be chosen later), we have
E [w;?] :/ P(w?* > t)dt
0
<v +/ IP’(wf2 >t+v)dt
0

<v + / Cy (ddP 2 =2 (¢ + 0)B27P 4 dd 2 (t +v) 7P%) dt
0
<v 4 Cy (AP~ pt =/ 2y 27 4 g 2ytoe/2)
where Cy = Csmax(1/(p — 1 —13/2),1/(p/2 — 1)). Choosing v = d*/7d; " we get

E [wf} < O (dns/p—1+2/pd7173—2p—2773/P+3—4/pM1—n3/2 + dz/pd1—4/p) ’
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where C5 = Cy + 1. Using Jensen’s inequality,

E <iw}*2); S(gE[W}‘Q}) < (kE [wi?])} (107)

J=1

(NI

SCG\/% <dn3/(2p)—l/2+1/pd7173/2—p_773/p+3/2—2/plul/2—773/4 + dl/pdl—z/p) , (108)

where Cg = /C5. [
Proof. [Proof of Proposition 4.2]
Bound on w,(Fr — Fr, 7Qx,(27)/16): Let w be a random vector with coordinates

1 l"
wi=—Y X/ j=12--d. (109)

*1d : : d
Let {w}}5_, be the non-increasing arrangement of {[w;|}5_;.

[ 1 & 1 &
Bl s =Y af-m|| <] sw (30X (110)
| feFRnsDp | VI ; teBI2R)NBL(s) \ VI ;
i (2R/s)? :
=E sup (w,t)| = sE sup w't| < 2sE Z w;z . (111)
| te B{(2R)NBg (s) te B{(2R/s)NBY(1) =1

If (2R/s)? < d, using Lemma D.2 we get

E

sup th <4CGR (dng/(2p)—1/2+l/pdng/2—17—773/p+3/2—2/117,u1/2—773/4 + dl/pd1—2/il7)
te B¢(2R)NBY (s) B

ch?Rdl/p—l-L/S’

when d; > Cf, for some constants Cf, C7 > 0.
If (2R/s)* > d,

E sup  w't| < 2s0x2Vd. (112)
teBE(2R)NBY (s)
So when (2R/s)* > d,
1
E| sup |=Y elf—fX)|| <s. (113)
fEFRNsDyx | i1

for all s > 0. When p < Cgd"*?/P7/4 we have (2R/s) < V/d for

C7Rd1/p+b/8
>
T W
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When p > Cgd" 2P+ we have (2R/s) > v/d for

C7Rdl/p+b/8
< —
I AV/T

1
N"Qy(27)c
4

S

Combining the above facts, and choosing p = ,and r =1 — 21 we get

G Gt PREN T < Cd Y,
W (Fr — Fro Q. (27)/16) < { 7@nr(r - 114
Fr = Fr 1 Qun(27)/16) < 47 e e, 1)

where Cy = 32C7/c/®m) . Then using part 2 of Theorem 3.1, we get,

. _1(1_1 CoR
— f* <m 4(1 ng)—H et
1f =z, < aX{N ’TQHR(27')3/2

with probability given by at least (14). n

dl/p+L/8N—1/2+L}

E Proofs of Section 4.3

Proof. [Proof of Proposition 4.3] Since we assumed X to be Gaussian, Fg is a L,-subGaussian
function class for some constant L, > 0. So as shown in Section 6.5.2, we have,

SR, flog(ed/N) N < ei(L,)d,

wo(F — F, N, (1, ¢) < % ifey(Lyg)d < N < ca(Lg)d,

0 ifN > cy(Ly)d.

where ¢;(L,),7 = 1,2,3,4 are constants dependent on only L,. Then using Corollary B.2,
we have

Hf—fmaSmw(wﬁﬂ@%%%ﬁwﬁaaWﬂ).

with probability at least (for some constants cg, ¢, Cy > 0)

1 1+ ~
1 — ¢y N/ (M) gmeroe TN B Ny (—=(N?719)"/ M) .

F A Note on Condition (c¢) in Assumption 2.1 and
ay(v,0) in [Menl5]

In this section, we discuss the relationship between Condition (c)-(i) of our Assumption 2.1
and the multiplier process based assumption in [Menlb, Equation 2.2 and o}/(v,9)]. For

o1



simplicity, we consider the following simple model. Let {X;};cz+ is an iid sequence of
symmetric, zero-mean, real-valued random variables. Let {Y;}icz+, Yi € R denote the se-
quence given by Y; = 0*TX; + &, where 0* € B}(R) and {&}Y, is an iid sequence and
independent of X;, Vi, and & ~ N(0,0?). The function class F we consider is F = Fr =
{(0,-) : 6 € B{R)}. Now let us assume - Zi:l X;&; is heavy-tailed random vector, with
the tail lower bounded by Nexp(—M (Nt)), for some positive increasing function of ¢, M(t),
ie, P (‘N‘l Zf\il Xi&i| > t) > M3Nexp(—M(Nt)) for some Mz > 0. Specifically setting
M(t) = t",n > 0, and M(t) = mlogt,me > 2 one recovers (9) and (10). Now, recall

from [Menl5] that,
<73>21—5}. (115)

min(2R, s).

1N
PIER

ay(7,0) :=inf {s >0:P ( sup

6eBl(2R)NB. (s)

Note that, for s > 0,

sup
6eBI (2R)NBA(s)

N
N 6Xi0| =
=1

‘ 12@

We also have,
| XN
Pll~>¢
(Epx

Then, from (115), when s = aj (v, 6),

X;| < 5%/ min(2R, s)) <1-— M3Nexp (—M (yNs*/min(2R, s))) .

6 > NMzexp (—M (vNay (7, 6)?/min(2R, o’y (7, 9)))) -

Now, if we want a non-trivial bound on the generalization error, we need a’jy (7, 5)2 < N—™0
for some mo > 0. Set 2R > N~"0/2. When M(t) ~ 72,5 > 0, %Zf\il &X; has a sub-
weibull tail. If it has a polynomially decaying tail, i.e., M(t) = M,logt for some constant
M, > 0, then

0 > NM3eXP (_M4 lOg (nyl_mO/2)) — M3,V—M4N1—(1_%)M4.

This implies that if % Zf\il & X; has a polynomially decaying tail, one gets a polynomial
probability statement on the rate using complexity measure a’y (7, d). Note that, since we are
considering iid setting, choosing mo < 1 would allow o’} (7, d) to be of the order of N~1/2+
where ¢ > 0 is a small number. Recall that the rates we obtain in Theorem 3.1, and 3.2 are
for f-mixing case. Indeed the worse rates are due to the presence of the third terms on the
RHS of (9), and (10). One needs to choose A(N) (used in the proofs of Theorem 3.1,and
3.2) suitably so that the third terms on the RHS of (9), and (10) decay to 0 as N — oc.
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