Proceedings of Machine Learning Research vol 99:1-23, 2019 32nd Annual Conference on Learning Theory

Normal Approximation for Stochastic Gradient Descent
via Non-Asymptotic Rates of Martingale CLT

Andreas Anastasiou A.ANASTASIOU@LSE.AC.UK
Department of Statistics,
London School of Economics and Political Science.

Krishnakumar Balasubramanian KBALA @UCDAVIS.EDU
Department of Statistics,
University of California, Davis.

Murat A. Erdogdu ERDOGDU @ CS.TORONTO.EDU
Department of Computer Science,

Department of Statistical Sciences,

University of Toronto.

Editors: Alina Beygelzimer and Daniel Hsu

Abstract

We provide non-asymptotic convergence rates of the Polyak-Ruppert averaged stochastic gradi-
ent descent (SGD) to a normal random vector for a class of twice-differentiable test functions. A
crucial intermediate step is proving a non-asymptotic martingale central limit theorem (CLT), i.e.,
establishing the rates of convergence of a multivariate martingale difference sequence to a normal
random vector, which might be of independent interest. We obtain the explicit rates for the multi-
variate martingale CLT using a combination of Stein’s method and Lindeberg’s argument, which is
then used in conjunction with a non-asymptotic analysis of averaged SGD proposed in Polyak and
Juditsky (1992). Our results have potentially interesting consequences for computing confidence
intervals for parameter estimation with SGD and constructing hypothesis tests with SGD that are
valid in a non-asymptotic sense.

Keywords: Rates of Convergence for Martingale CLT, Non-Asymptotic Normality, Stochastic
Gradient Descent, Stein’s Method

1. Introduction

Consider the standard parametric population M-estimation or learning problem, of the form

fcRd

0, = min{f(e) = Ex[F(0,2)] = /F(G,Z) dP(Z)}. (1.1)

Here, the function F'(, Z) is typically the loss function composed with functions from hypothesis
class parametrized by # € R?, and depends on the random variable Z € R?. The distribution P(Z)
is typically unknown and hence the sample M-Estimator for the above problem involves sampling
N i.i.d. samples {Z;}¥, from the distribution P(Z) and computing the minimizer of the sample
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average (Van der Vaart, 2000). That is

N
~ . 1
On = argmln{NgF(Q, ZZ)} (1.2)

OcRd

Such an approach is also called as Stochastic Average Approximation (SAA) method in the opti-
mization literature (Nemirovski et al., 2009). When the loss function F' is the negative log-likelihood
function, the above approach correspond to the popular Maximum Likelihood Estimator (MLE). We
emphasize that one still needs to specify an algorithm to compute the minimizer Oy in (1.2),in prac-
tice. Asymptotic properties of the sample M-Estimator and the MLE, in particular consistency and
asymptotic normality, have been studied for decades in the statistics literature, since the pioneering
work of Cramér (1946). The asymptotic normality result of the sample M-estimator in (1.2), in
particular has proven to be extremely crucial for several inferential tasks. A critical drawback of
such asymptotic results is that they are typically established for the actual minimizer 0 and not the
computational algorithm used.

The Stochastic Gradient Descent (SGD) provides a direct method for solving population M-
estimation problem. Specifically, for the M-estimation problem, the SGD update equation is given
by the following iterative rule: 0; = 0,1 —n,g(6;), where g(0;) is the stochastic gradient at 6; of the
objective function f(#). SGD has been the algorithm of choice for parameter estimation in several
statistical problems due to its simplicity, online nature and superior performance (Nemirovski et al.,
2009). Indeed there has been an ever increasing interest in analyzing the theoretical properties of
SGD in the learning theory literature in the last decade under various assumption on the problem
structure. We refer the reader to Shapiro et al. (2009); Moulines and Bach (2011); Duchi et al.
(2011); Rakhlin et al. (2011); Lan et al. (2012); Bubeck (2015); Dieuleveut and Bach (2016) for a
non-exhaustive list of some recent developments. A notable drawback of such works is that they
mainly focus on quantifying the accuracy of the SGD in terms of optimization and/or statistical
estimation errors.

While uncertainty quantification of the sample M-Estimators in (1.2) has been a topic of intense
studies in the statistical literature (with the literature being too large to summarize) there has been
relatively less attention on establishing asymptotic normality of SGD, the practical algorithm of
choice. Quantifying the uncertainty of SGD began in the works of Chung (1954); Sacks (1958);
Fabian (1968); Ruppert (1988), with Polyak and Juditsky (1992) providing a definitive result. A
crucial step in Polyak and Juditsky (1992), for uncertainty quantification is that of establishing the
asymptotic normality of the averaged SGD iterates, which in turn depends on Martingale Central
Limit Theorems established in the probability theory literature (Liptser and Shiryayev, 2012). Re-
cent works, for example, Chen et al. (2016); Su and Zhu (2018); Duchi and Ruan (2018); Toulis
and Airoldi (2017); Li et al. (2018), essentially leverage the asymptotic normality analysis out-
lined in Polyak and Juditsky (1992) and provide several extensions, including obtaining confidence
intervals for SGD that are valid in an asymptotic sense.

While asymptotic inference based on the asymptotic normality result is interesting and leads
to qualitative confidence intervals, their validity is often times questionable due to their asymptotic
nature; in practical scenarios the SGD algorithm is only run for a finite number of steps. Indeed,
even for the well-studied case of the sample M-estimator (or MLE) in (1.2), the role of asymptotic
normality, i.e., the case of N — oo, for inference is questionable because of its gualitative nature;
see for example Geyer (2013); Kuchibhotla (2018). A more guantitative approach is to obtain
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explicit bounds for the rate of convergence to normality in a suitable metric. Indeed such results for
the MLE have recently been obtained recently. Using Stein’s method, Anastasiou (2018) establish
the rate of convergence to normality of Oy in the case of multivariate MLE. A main drawback of
such a result, similar to the asymptotic results, is that the rates are established only for the actual
minimizer 0y, and not the estimator that is computed in practice using a specific algorithm.

In this work, we study the problem of quantifying the rate of convergence to normality of the
Polyak-Ruppert averaged SGD algorithm. Indeed SGD and its several variants are the practical
algorithm of choice used to solve the population M-estimation problem in practice and its crucial
to understand their finite sample convergence to normality for the purpose of non-asymptotic in-
ference. A main step in order to obtain such results is to first establish the rate of convergence
to normality of a multivariate martingale difference sequence. We use a combination of Stein’s
method and Lindeberg’s telescoping sum argument to establish such a result. We then adapt the
proof of Polyak and Juditsky (1992) and use it in conjunction with our martingale result to provide
quantative bounds for the SGD iterates to normality. Our results have consequences for construct-
ing confidence intervals for parameter estimation via SGD, that are valid in a non-asymptotic sense.
Furthermore, a wide variety of statistical hypothesis tests could also be formulated based on func-
tionals of solutions to convex optimization problems (Goldenshluger et al., 2015) that are typically
solved using SGD in practice; we refer the reader to the excellent survey on this topic by Juditsky
and Nemirovski (2019). Our results could be used in conjunction with such tests to obtain practical
quantitative hypothesis tests that are valid in a non-asymptotic sense.

Our Contributions: To summarize the discussion above, in this paper, we make the following
contributions.

e In Theorem 1, Corollaries 2 and 3, we prove a non-asymptotic multivariate martingale CLT,
i.e., we establish the explicit rates of convergence of a multivariate martingale difference
sequence to a normal random vector for the class of twice differentiable functions.

e In Theorems 4 and 6, we prove the rate of convergence of the Polyak-Ruppert averaged SGD
iterates to a normal random vector for solving system of linear equations and optimizing
strongly-convex functions respectively.

The rest of the paper is organized as follows. Section 1.1 introduces our notation. Section 2
contains all the relevant results for multivariate martingales and Section 3 contains our results on
SGD. We conclude the paper in Section 4 with a brief discussion and future work. All the proofs
are provided in the Appendix Sections A - C.

1.1. Notation

For a real vector v € R?, and a real tensor 7' € R%1*d2Xxdm e define the operator norm as
[0l 6p £ ||v|ly, and 1T llop = supjuj,=1l1Tulllo, defined recursively. For a matrix A € Réx4,
| Ally, [|Allg, || Al denote the operator, Frobenius, and nuclear norms, respectively. For a & times
differentiable function f and ¢ > 1, we define

[Vi=tf(z)-Vi=tf )|
HI_?/HQ

op

Mo(f) = sup [|f(2)]lop, and M;(f) = sup
x€RI z,y€R Ay
Additionally, throughout the text we let [n] denote the set [n] = {1,2,...,n}. For random variables
X and Y, we use X ~ Ny(u,Y) to indicate that X is a d-variate Gaussian random vector with
mean ; € R?, and covariance ¥ € R4, We use X £ Y to denote X is equal to Y almost surely.



NORMAL APPROXIMATION FOR SGD AND MARTINGALE CLT

2. Convergence Rates of a Multivariate Martingale CLT

In this section, we prove a multivariate martingale central limit theorem (CLT) with explicit rates and
constants. Convergence rates of univariate martingale CLT have been studied extensively, and even
a synthetic review would go beyond the page limits — see for example Bolthausen (1982); Rinott
and Rotar (1999); Chow and Teicher (2012); Mourrat (2013); Hall and Heyde (2014); R6llin (2018)
and the references therein. In the standard literature, rates are established for one-dimensional ran-
dom variables using Lindeberg’s telescoping sum argument (Bolthausen, 1982; Mourrat, 2013; Fan,
2019). In order to obtain explicit bounds, we adapt an approach from Roéllin (2018) to the multi-
variate setting, which is based on a combination of Stein’s method (Stein, 1986) and Lindeberg’s
telescoping sum argument (Bolthausen, 1982). We state the following non-asymptotic multivariate
martingale CLT.

Theorem 1 Let X1, Xo,..., X,, € R? be a martingale difference sequence adapted to a filtra-
tion Fo, Fi, ..., Fp With Vj, = E[XkX,;r\}"k,l] almost surely. Denote their summation by S,, =
Sy Xi, and for k € [n], the partial covariance by P, = Y., V;, and the variance of the
summation by ¥, = Var(S,,). If we assume that

P, =3, almost surely, 2.1

then for Z ~ Ny(0,1) and h : R — R a twice differentiable function, we have

3 n
E[n(Z528,) ~ Eln(2)]]| < SVas(h) Y E[IS PRI Xl @2)
k=1

Theorem 1 provides a non-asymptotic martingale CLT result under the assumption (2.1). We em-
phasize that all the constants in the bound are explicit; yet the bound cannot be expressed in terms
of the Wasserstein distance since the second derivative of the test function h appears on the right
hand side. This is the main difference between our result and that of Rollin (2018); the bounds
in Rollin (2018) are for the univariate case and in Wasserstein metric whereas Theorem 1 estab-
lishes the bounds in the multivariate setting but the resulting bound cannot be expressed in terms of
Wasserstein distance due to a subtlety of the Stein’s method in high dimensions.

The function A in Theorem 1 is often referred to as the test function, and the bound (2.2) depends
only on its smoothness, i.e., we require Ma(h) < co. The remaining terms will be determined by
the characteristics of the martingale difference sequence. For example, for a sequence with positive
definite conditional covariances, Theorem 1 yields the following result.

Corollary 2 Instantiate the notation and assumptions of Theorem 1. For a martingale difference
sequence satisfying ol =< Vi, < BI almost surely for all k € [n] andIE[HXkH;’} < vd3/2, we have

‘E[h(E;V?Sﬂ) - E[h(Z)]} <

The above bounds yields a convergence rate of order d?//n for any smooth test function, where
d is the dimension of the parameters and n is the number of samples in the martingale sequence.
We are not aware of a multivariate CLT result to compare the dimension dependence, but our result
improves upon the dependence in Reinert and Réllin (2009) where it is of order d> for the standard
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multivariate CLT for the independent random vectors. We emphasize that the dimension dependence
of order d? is a result of the particular Stein equation being used in the proof.

In Section 3, we will use Corollary 2 to prove a non-asymptotic normality result for SGD. When
translated to the optimization terminology, n will denote the number of iterations in a stochastic
algorithm, and d will denote the dimension of the parameters.

2.1. Relaxing the Assumptions

Theorem 1 and the consequent corollary rely on the assumptions that (i) the eigenvalues of the
conditional covariances V}, are bounded away from O, i.e., Vi > «l, and (ii) the summation of
the conditional covariances are deterministic, i.e., P; = 3,,. Even though these assumptions are
satisfied in the setting of Polyak and Juditsky (1992) for stochastic gradient algorithms, we discuss
relaxations to the assumptions which may be used to extend our results to other settings, or of
independent interest.

The following corollary provides a relaxation to the assumption Vi, >~ «l, at the expense of

introducing a stronger upper bound on the third conditional moment.

Corollary 3 Instantiate the notation and assumptions of Theorem 1. If we further assume that
there are constants 3 and é such that

E[||Xk||§|}"k_1] < BV STr(V) almost surely 2.3)
then, we have
[E[h(5;25,) ~ Eln(2)] | 2.4)
< 2]‘4\%”1&(}12”)1/2 + ?jfa\/&nMZ(h)”z;WHg [Tr(:%,) + B72].

Compared to Corollary 2, the above result assumes that the test function is both Lipschitz and
smooth. One should think of 3J,, as of order n as it is the variance of the sum S,,; thus, the resulting
bound (2.4) still decays with rate \/n. The parameters in the assumption (2.3) will depend on the
dimension d; in a typical application, 3 and § will be of order d3/? and V/d, respectively. Therefore,
the first term on the right hand side of (2.4) is of order /d/n and the second term is of order d? /\/n,
i.e., the second term will dominate and determine the convergence rate.

The assumption P; = 3 as given in (2.1) holds for the stochastic gradient schemes that we
consider in this paper, but it may not hold for a class of specialized algorithms where the random-
ness introduced through the current iteration depends on the previous step; thus, the conditional
covariances are random variables and their summation is not deterministic. This may be the case,
for example, when the batch size in SGD is increased over each iteration by including previously
unused samples in the updates (Martens, 2010; Erdogdu and Montanari, 2015).

Relaxing the assumption (2.1) has been the focus of many papers; see for example Bolthausen
(1982); Mourrat (2013); Rollin (2018). Since this assumption is conveniently satisfied for the
stochastic algorithms that we consider in the current paper, we omit a rigorous relaxation of this
condition. However, a classical approach for this task would rely on a construction first introduced
by Bolthausen (1982), and also used in Mourrat (2013); Réllin (2018). The resulting bound would
be identical to the right hand size of (2.4) with an additional error term E[||7 — £, 1 P;||,]/* quan-
tifying the difference between P; and X,,.
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3. Rates to Normality for Stochastic Gradient Descent

As discussed in Section 1, the rates of convergence of the Martingale CLT established in Theorem 1
plays a crucial role in obtaining non-asymptotic results on the convergence to normality of the SGD
iterates. We elaborate about this in this section. Specifically, we consider the problem of minimizing
a smooth and strongly-convex function f : R? — R by stochastic gradient descent. Specifically, we
make the following assumptions on the function f(6).

Assumption 1 We assume that the function f(0) satisfies, for some constants L, Ly, v > 0 and
any points 0,60 € R%:

e Strong convexity: f(0) — f(8') — (Vf(¢),0 — ") > L]0 —¢'|3.
e Hessian-Smoothness: |[V2f(0') — V2f(0)|2 < Ly|l0’ — 0|2, V0,0 € R4

Recall that we denote the minimizer as #* = argmin f(#) and we consider the following SGD
HeR?
updates along with the Polyak-Ruppert averaging scheme. Starting with 6, € R? we define the

following sequence

_ 1
O =01 —mg(0r),  O=17 Ze (3.1)

where, with (; being a sequence of mean-zero i.i.d random vectors, we have

9(0) = Vf(0r-1) + G- (3.2)

This covers the popular framework of sub-sampling based stochastic gradient descent and zeroth-
order stochastic gradient descent as well. Before proceeding to analyze the general SGD, it is
instructive to consider the following linear setting, following the strategy in Polyak and Juditsky
(1992). As will be seen in Section 3.2, the proof of the general setting will largely follow from the
proof of the linear setting considered in Section 3.1.

3.1. Linear Problem Setting

To gain intuition, we first consider the case of solving the system of linear equations of the form
Af = b where the matrix A € R%*? is assumed to be positive definite. Let #* denote the true
solution of this linear system. Following Polyak and Juditsky (1992), we consider the following
stochastic iterative algorithm for obtaining a solution for the linear system:

O = 0r—1 — Ny, yp = Abi_1 — b+, (3.3)
e
0, = - z; 0;.

Here, with a slight abuse of notation, (; is a random perturbation to the residual term Af;_; —
b. Furthermore, we denote by the tuple (2, F, F;,P) an increasing sequence of Borel fields and
assume that (; is a martingale difference sequence adapted to the filtration F;. We now proceed to
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provide the main result of this section. Let A; = 6; — 6* and note that we have Ay = A, —
n[AA—1 + (;]. We also denote the average residual by

We now present our non-asymptotic result on the rate of convergence of the vector v/t A; to a
normal random vector Z. Define,

t—1 t 2
1 104 , )
S R e P e | B
j=1 L -
where m; £ ZZ: 5 Mk and 7); denotes the step-size (or learning rate) from (3.3). Then, we have the

following result.

Theorem 4 Consider solving the system of linear equations A = b using the iterative updates
in (3.3). Let the matrix A be positive definite, with 0 < ¢ = Apin(A4) < Amax(4) = C < .
Furthermore, let the noise (; satisfy the following assumptions:

E[GIFia] = 0. E[IGIEF-] < Ka< oo, E[G¢T1F] 2 V.

Then, for some universal constants K, Ko,C",c; > 0, ¢ € (0,1), a standard normal random
vector Z, and for a twice differentiable function h : R¢ — R, we have the following non-asymptotic
bound, quantifying the rate of convergence of the iterates,

LI8VAMy(h) [|[A7 VA~ g3
ty/(t—(k—1))
K3 [E[|Aoll3]
2

UR)

E[In(VEA) — h(a~ V2 2)]| < ;E[

Ma(h)
t

My (h) [ K2[E[Ag|2]
TV [ 0

The above bound quantifies the non-asymptotic rate of convergence of v/t A; to normality, for any
given matrix A, V. The rate is presented in a way so that it explicitly quantifies the dependence
on the learning rate 7; and it holds for any ¢ > 1. The current bound depends on the dimension
d through the following terms: the factor v/d in the first term; the spectrum of A~'V A~!; and
expected norms E[||(||2] (through K4) and E[||¢x||3]. Under conditions similar to Corollary 2, we
now provide another corollary in order to gain some intuition on the dependence of the bound on
the dimensionality d. The proof of the corollary below follows from Corollary 2 and the proof of
Theorem 1 in Polyak and Juditsky (1992).

+ v/ Ka K@(n,t)] +

+ Kq Ko(n, t)] .

Corollary 5 Instantiate the notation and assumptions of Theorem 4. Assume that A and V are
such that ol < [A~'V AT < I andE[HCng] < vd®2. Furthermore, assume that 1, = nt~¢3
for some c3 € (0,1). Then, we have K4 < df3 and

. 2.36 d? d
B[IH(vE &) — v 2] < 23800000 L 4, a2+ 1y 3l
ad/? Vit t
where K4 and K5 are constants (that only depend on cs,c3,n, 3, K,C', Ky and E[HAOHg
are independent of d and t.

|

9

—

) that
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We emphasize that our goal through Corollary 5 is to demonstrate mainly the dependence of the
rate of averaged SGD to normality, on d and ¢t. Hence, careful attention is not paid to get the exact
constants K4 and K. Note that, under the setting assumed in Corollary 5, the dominant term is the
first term which is of the order O(d?/+/t). It would be interesting to explore different assumptions
on the spectrum of A and V' which might help reduce the dimension dependence. Finally, the
assumption on the third-moment of (; is an additional assumption which is not required in the
asymptotic results proved in Polyak and Juditsky (1992). Indeed this is reminiscent of the Berry-
Essen type bounds required for rate of CLT with i.i.d data. Finally, note that one could also use
the assumptions and result in Corollary 3 to relax the assumption made in Corollary 5 further and
obtain a corresponding result.

3.2. Stochastic Gradient Setting

We now consider the stochastic gradient updates given in (3.1) and (3.2) for the optimization prob-
lem (1.1). The result of Theorem 6 below is analogous to that of Theorem 4 for the linear setting.

Theorem 6 Consider optimizing (1.1) using the iterative updates in (3.1). Let the function f satisfy
Assumption 1. Then, for some universal constants K, Ko,C', ¢y > 0, and co € (0, 1), we have the
following non-asymptotic bound, quantifying the rate of convergence of the iterates to a Normal
random vector Z, for a twice differentiable function h : R* — R.

E(In(z; " &) - h(2)|] o
t
< T an ) S B[S R (9 0] AR 0] ) ]
k=1

—1
MW,
t

-1
B8l | KLn Eimi
Mo V2p
-1
K3 E|Al3] | KLY S5,
% 2

+

+ v Ka Ko(n, t)]

3Ma(h)||2; 7213
22

+ Kd K&Q(ﬁa t)] )

where o(n,t) is defined in (3.4), X, = [E[Vf(0r_1)] — Vf(Orp_1) — (] and Xy = Z}Zzl Vi, where

Vi, corresponds to the covariance matrix of Xy:
Vi & E[XkX};r|fk—1]a vk € [t].

We make several remarks about Theorem 6 and the bound (3.5). Notice the following difference
between the Theorem 4 for the linear setting and Theorem 6. First note that the scaling of A; for
Theorem 4 is simplified and reads as v/t because of our assumption on the covariance matrix of the
martingale. In Theorem 6, the scaling is by X, /2, This leads to the rates controlled by |, Y/ ?|l2/t
and |, 2 |3/¢2 for the second and third term respectively. Next note that in Polyak and Juditsky
(1992), a further assumption is made that the martingale X; could be decomposed as a summation
of two term X; = X} + X} such that

E|X{ X)) IF | 2E|ag] 2 V.



NORMAL APPROXIMATION FOR SGD AND MARTINGALE CLT

Furthermore, assumptions are made on the covariance matrix of the X} and the cross covariance
matrix between X and X} so that the covariance of X, is asymptotically almost surely equal to the
covariance of X?. In Theorem 6, one could potentially make similar non-asymptotic assumptions
to decompose the first term in the R.H.S of the upper bound as sum of two terms that mimic the
asymptotic covariance from Polyak and Juditsky (1992).

4. Discussion

In this paper, we establish non-asymptotic convergence rates to normality of the Polyak-Ruppert
averaged SGD algorithm. A main ingredient for establishing such a result is our result on conver-
gence rates of certain martingale CLTs, which might be of independent interest. Our results have
interesting consequences for confidence intervals and hypothesis tests based on SGD algorithm,
that are justifiable in a non-asymptotic sense. A straightforward approach would be to leverage the
bootstrap style algorithms proposed in Fang et al. (2018) or Su and Zhu (2018), and apply our non-
asymptotic martingale CLT result. Indeed a detailed look at the proof in the above papers, reveal
that their proof strategy is very similar to the analysis of Polyak and Juditsky (1992), and the only
probabilistic result used is the asymptotic martingale CLT result. Their results can be adapted to the
non-asymptotic regime using our non-asymptotic martingale CLT result in Theorem 1.

An important open problem, is to obtain Berry-Esseen bounds for multivariate martingales for
various confidence sets. One approach for the case of convex confidence sets, is to leverage our
Theorem 1, along with the idea of “differentiable functions approximating indicator functions of
convex sets” as done in Bentkus (2003, 2005). Note that such a method is routinely used for the
multivariate i.i.d case. It is also worth emphasizing that the geometry of the confidence set plays a
crucial role for general test functions. This is an active area of research, even for the i.i.d. setting;
see, for example, Chernozhukov et al. (2017). Our results in this paper form an important step
toward this in direction for the martingale case (and hence SGD inference).

There are several extensions possible for future work. First, our current results for martingale
CLT are established for the class of twice-differentiable functions. It would be interesting to extend
such results for other metrics, for example, Wasserstein or Kolmogorov distance. Next, it would be
interesting to establish non-asymptotic rates of convergence to normality for non-smooth optimiza-
tion problems and other variants of SGD algorithm.
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Appendix A. Proofs of the Martingale CLT Results

The proof of Theorem 1 relies on a combination of Stein’s method and Lindeberg’s telescopic sum
argument as first outlined by Rollin (2018) for real valued martingales. We start with the following
lemma which is standard in the literature of Stein’s method, and follows from similar steps already
carried out in Goldstein and Rinott (1996); Rai¢ (2004); Gaunt (2016).

Lemma7 Let h: R? — R be twice differentiable and Z ~ Ny(0, ). For u € R? and . € R4
symmetric and positive definite, there is a solution f : R* — R to the Stein equation

(£, V2f(2)) — (z =, V f(2)) = h(z) = E[M(EVZ + p)], (A1)
where we have

Ms(f) < Ma(R) VA2l

The bound M;(f) on the i-th order derivative of f are termed as the i-th Stein factor. The main
important property of Lemma 7 is that it connects the third Stein factor to the smoothness of the
test function h. In the one-dimensional case, one can obtain a bound on third Stein factor in terms
of the Lipschitz constant of the test function Stein (1986); Rollin (2018) without any smoothness
assumptions; however, at least polynomial smoothness is required in the higher dimensions Gorham
et al. (2016); Erdogdu et al. (2018). The proof for the above result is given below for reader’s con-
venience.

Proof [Proof of Lemma 7] For a twice differentiable test function ¢ : R* — R, and choosing 1 = 0
and X = I, the Stein equation (A.1) reduces to

Te(V?u(z)) — (2, Vu(z)) = g(z) — E[g(Z)].

It is well known that the function u that solves the Stein equation is given by
o0
u(w) = [ Elg(2)) - (Pg)(o) .
0

where (P.g)(x) = E[g(e_t;v +v1-— e*QtZ)} and (P;);>0 is the semigroup associated with the
Ornstein-Uhlenbeck diffusion Barbour (1990). One can easily verify that (A.1) is recovered by the
following change of variables

h(z) = g(E™*(x — p)) and f(z) = u(E""*(z — p)),

where f(x) is given by

flz) = /Ooo E[g(Z)] = (Pg) (S~ (x — p)) dt,
- /oo E[R(Z2Z + )] — E[h(e*t(a: — ) +V1—e 287 4 u)} dt.
0
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Denoting the d-variate istoropic Gaussian density with ¢4(z), and following a similar approach
with Rai¢ (2004); Goldstein and Rinott (1996), we take a derivative in the unit direction v € R
(i.e. ||v|ly = 1), and apply integration by parts to obtain

(Vf(x),v)=— /0 e*tE[(Vh(e*t(a; — 1) 1—e 2527 4 p), v>} dt,
o) —t
T / \/% / h(e ™ (z = p) + V1 — e 2522 4 1) (Vea(2), S~ v)dzdt.
0 —
Taking one more derivative in the unit direction of w € R? yields
00 eth L L
(V2 f (), w) = — / N1 / (Vh(e ™ (x — p) + V1 — e 2522 4 ), w)(Va(2), B~ 7 v)dedt.
0 —e

Using the smoothness properties of the test function i and ||w||, = 1, we can write

‘(Vh(e*t(x — )+ V1 —e 2D 4 ) — Vh(eTHy — p) + V1 — e 2822 4 ), w>‘
< Ma(h)e " [z = yll,.

Using this we can bound the third Stein factor as follows,

(V2 (@), w) — (V2 (4)v, w) o e »
s el gMg(h)/o mdt/]<v¢d<z),z )| dz,
<Ma(0)5 Il [ Ielladale)
o 7I' F(d—i_il) —1/2
—MQ(h)ﬁ F(é) 157722,

7r _
<Mo(h) g ValZ™
which completes the proof. n

Before we prove Theorem 1, we define several useful sequences related to the martingale dif-
ference sequence {X}}7_,. Recalling the basic properties of the martingale difference sequences,
we have

E[Xy|Fi_1] =0 and Vi = E[X X, |Fp_1] almost surely,
where 0 is understood to be a vector of zeros in R%, and V} is a random matrix in R4, For k € [n)],
we define the partial sums as S = X} + Si_1 starting from Sy = 0, and the partial covariances as
V=) Vio Pop1=Vo— Vi, T =EW], and T, =) %
i=1 =1

We note that using the above definitions, we have Var(S,,) = %.
Proof [Proof of Theorem 1]
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Let Z', Z, ..., Z, be a sequence of independent isotropic normal random vectors, also indepen-
dent of Fj, for k € [n]. Define

n n
7 - ZV;/zZi, Tk _ Zvil/zZi
i=1 i=k
with 71 = Z and 1,41 = O. Obs?rve that Z ~ N(0,V},) since V, = %, almost surely under
Assumption 2.1. We also note that Vi, € Fj,_1; thus, Py and P41 € Fi_1. This implies

Ti|Fi—1 ~ N(0, P.) and Typq|Fr—1 ~ N(0, Pry1)- (A.2)
Define the random variable Ry := h(Sk + Tk11) — h(Sk—_1 + T), and observe that

h(Sn) = M(Z)=> Ri. (A.3)

For Y ~ N(0, I) independent from all random variables and the filtration, we write
E[Ry|Fr-1] =E[R(Sk + Tk+1) — h(Sk—1 + Ti) | Fr—1],
—E|n(S, + Tpi1) — h(Sp_1 + P;/ZY)|fk_1],
where Py is as in (A.2). Using now the Stein equation as in (A.1), we obtain
E[Rp|Fie-1] = E[(Pr, V> fie(Sk + Tet1)) — (X + Thrts Vi (Sk + Th1)) | Fre1)-

Observing that Sy, and T} are independent conditional on Fj_1, and Ty 1|Fr—1 ~ N(0, Pxi1)
and applying Lemma 7 to the right hand side above, we get

E[Rp|Fr—1] =E[(Pr, V* fie(Sk + Ths1)) — (Xpy VI (Sk + Ths1)) — (Prst, V2 fr(Sk + To1)) [ Fr—1],
=E[(Sk, VZ fu(Sk + Tit1)) — (X, V Fie(Sk + Thot1))| Fo1)-

For the first term above, we write
1
E[(Sk, V2 fi(Sk + Tern))| Fir] = / E{(Sk, Vi (Sg15X% + T )Xl Fir)ds
0

+ E[(Sk, V2 fe(Se—1 + Trt1)) | Fr1]
and for the second term, we use Taylor’s theorem and obtain

E[(Xk, V & (Sk + Tir1)|Fr-1)] = E[(Xk, V fr(Sk—1 + Th1)) [ Fr—1]
+E{ Xk, V2 fre(Sk—1 + Thr1) Xi) | Fr_1]

1
+/O (1 — $)E[(Xk, V2 fe(Sp_1 + s X5 + Tt1)[Xi, Xi]) | Fr_1]ds.

Combining these, we obtain

1
E[Ry|Fes]| = /0 E[(Sa, V2 (St + 5 X5 + Ts1) [ Xul)| Fo_1)ds

1
- /0 (1= $)E[(Xe, V2 fi(Ser + Xk + Tt ) (X, X)) [ Fo_1]ds
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For the first term above, we have

E[(k, V2 fi(Sk—1 + 8 Xk + To) [ Xe)) [ Fr1] <Mz (f)E[Tr(Se) | Xl Fr1],
<Ms(f)E[|| XI5 Fr-1],

and similarly for the second term, we have
E[(Xk, V2 fr(Sk—1 + 58Xk + Thoy1)[Xi, Xa))| Frma] < Ma(fi)B| Xkll5] Fia]-

Note that Ms( fx) is Fj—1-measurable. Iterating this bound in (A.3) and taking expectations on
both sides, we obtain

El(Sa) — BIR(Z)])| < Y 1.5 E [Ma ()l X 311
k=1

Scaling with ¥, /2 together with Lemma 7, we obtain

[E[n(z250) — EM(2)]) | < ?’gﬁwm;E[||P,;1/2zi{2||2||z;1/2xk|%}.

Proof [Proof of Corollary 2]
The assumptions in Corollary 2 imply n31 = ¥,, = nal and (n — k)BI = Pgy1 = (n — k)ad
almost surely. Plugging these in the bound in Theorem 1, we obtain

_ 3 = - _
[h(5, 250 ~ Blb(2)]] | < g VM ZE[HPk oS X

k=1
d* &
D S et
8 P k+1
Finally, we notice that _,_, \/ﬁ =3, ﬁ < 24/n which concludes the proof. [ |

Proof [Proof of Corollary 3] For a given matrix A € R?*?, define the random variable T, =
Ty + AZ' where Ty, is as in the proof of Theorem 1, and let

Ry £ h(Sk + T];Jrl) — h(Sk_l + T];)

Following the same steps as in the proof of Theorem 1 where T}, replaced with 77, we obtain

[E[n(z725,) — E(2)]]|
< ST VaM () Y B[S (P + A ATY S5 X ] + 20 () Tr(AS, AT,
k=1
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Next, we define the stopping times,
70 =0, 7, =sup{m >0 : ij%En} for 1 <k <n.

Since {7, = m} = {V,, < %En} N{Vii1 = %En}, and each of these events are F,,,-measurable,
T 1S a stopping time for each k. If j < 7, we can write

Pj:‘_/n_vvj—lzzn_vj—liﬂzn~

n

Therefore we can write,

Tk
El S ISPF +Sa/m) SRS, X1
J=Tp—1+1

n
— 1 _
=k ZE[HE;{%P]‘ t Zn/n) 12;1/2“2/2“2n1/2X]‘Hg]1{7k71<]'§7k}";:j—1 )
j=1

n = -1 3
< \[rE > Lo ]I X185 |

_ n =
< 5||Zn1/2||§\/mE Z]l{m,lqgm} Tr(Vj) |,
=1

_ n - -
< 81,2134 mE[T‘F(Vm — Vo)l
< —1/2)|3 n 2/3
< OlZR I/ k+1( Tr(Xn) + B77).

Next, we sum over k£ and obtain

SCE[IS Py + Safn) LIS X,
k=1

< OIS I TS + 679 3 2
k=1
< 28], 13 Te () + 7).
Therefore, choosing A = ¥,,//n we obtain
E[n(=250) — Eln(2)]]|

3
< SEVAM (), 3 E Tr(E0) + 877 n + T Tr(L 2,

2M1(h‘) )1/2
n n ’
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Appendix B. Proofs for Section 3.1

Proof [Proof of Theorem 4] The proof involves adapting the proof of Theorem in Polyak and Judit-
sky (1992) to our non-asymptotic setting and then applying our result from Theorem 1. To proceed,
define

t—1 7
Bi=n;> [ I-mA

i=j k=j+1

and set By = Bé and W]t = B; — A~'. Then, by Lemma 2 in Polyak and Juditsky (1992), for the
above sequence of matrices By, t € N and the triangular array of matrices W, ¢t € Nand j < ¢, we
have the following decomposition for A;:

t—1 t—1
- 1 1 1
VIA = —Bido+— Y AT+ —= > Wi B.1
\—/_/ ]_1 ]_1
I
12 13

In addition, we have || B2 < K2 < oco. We now proceed to provide a non-asymptotic result
about the rate of convergence of the iterates to normality. Recall that, with Z denoting an isotropic
normal random vector, we are looking for a non-asymptotic bound on E|h(v/tA;) — h(Z)|. Using

the triangle inequality,
[E[n(vEA)]| — ElR(2)]| < [Elh(12)] - EW(2)] (B.2)

+ ’E[h(ﬁ&) _ h(Ig)} , (B.3)

where I5 is as in (B.1).
Bound for (B.2). Note that /5 forms a martingale difference sequence. Hence, we use Theorem 1
to handle this term. Under our assumption, first note that we have

Po=(t—(k—1)A"lvat 3, =tA"lval

Therefore,
3
- 3 t + (A_1VA_1)_1/2Ck
RH.S. of (B.2) =< "= VdMy(h) ;E ) 1172 2
¢ 1.18V/dM>(h) H [A71VA71}71/2C]€H3
<> E 2 (B.4)
2 /= (k—1))

Bound for (B.3). A second-order Taylor expansion of h(I; + Iz + I3) around 5 yields

h([l + Is + 13) = h(IQ) + <Vh(12), I +Ig> + %(Vzh(fg —I-E(Il —I-Ig))(fl +I3), Th +Ig>, (B.5)
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where the last term on the right-hand side of (B.5) is the remainder term expressed in Lagrange’s
form for ¢, a positive constant in (0, 1). The result in (B.5) and the triangle inequality lead to

(B.3) = ’E [<Vh(fz), L+ Is) + %<v2h(12 + el + 1) (I + I3), [y + 13>] ‘
< E’<Vh([2), (Il + Ig)>‘ + %ERVQ}L(IQ + E(Il =+ Ig))([l =+ Ig),]l =+ Ig)‘
< MyBE(ITy + Tyl + SE[IV°h(T> + (T + I) (I + I5) o1 + T

Msy(h
< M END + Il + 2P, + 1))

< My(h)E[|[I1|l2 + [ 13]l2] + Ma(R)E[|[ 1113 + |1 13]/3) - (B.6)

First, we could upper bound E[||I1]|2] as follows.

1 1 Ko[E[|Alf2]
ElL1]l2 = E[|BiAollo] < —=—E[|[Btll2[ Aoll2] = ——F—— (B.7)
Vit 27 Vi Ving
Following the same approach, it is straightforward that
K5 [E[Aoll2
B[ g < Z2EI0l:] (B.8)
tno

Continuing now to find an upper bound for E[||I3]|2] and E[||Z3]|3], note that by definition we have
t_ A-lpt | ot
W;=A"T; + 5},

where T} = i _jr1ll = meA] and S% = 1), Zt ! . T} . Hence, we have

t—1 t—1

1 1 _

S IWHE = 5 S 147 + S1B
i=1 j=1

9 t—1 4 t—1 ~
<2 (147 Tl + 1185112 § < D 1A T3 + 155113]
j=1 j=1
4Ct 1 4 t—1
= 72 (IT71E] + — D _[lIS512]
Jj=1 j=1

Now, we have by Lemma 1, Part 3 in Polyak and Juditsky (1992)
- 2
7013 < Kol SEoim]

Furthermore, we have from page 846 in Polyak and Juditsky (1992), the following estimate for
1553, with m; = Y7 and some ¢ > 0,

155113 < e th N (= i)
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Combining all the above estimates, we have for some constant K,

2
t—1 t—1 t
1 K e 1,112 C’ _ ; -
7 oW < 5 32 (el o B e G — )
=1 j=1 L/ —
Using the above result and the fact that ]E[CZT ¢;j] = 0 for i # j, we have that
2
1 t—1 = )
E[I s3] = <E||X_WiG|| | <Ka|7 D IWIE
j=1 2 Jj=1
Ky K 22 -1 172 o & . TV
< BN [T T Y e =i | B9)
j=1 J i=j

Since E[||I3]|2] < [E[|Z3]13]] /2 then using the results in (B.7), (B.8), (B.9), and continuing from
(B.6), we have that

Vit 1o

t—1 ) ) , | ‘
(B3) §M1(h) HG[E[Aol2] LK KY [e(—cl it m)} . C: : th.e—xm;(m; i
=1 ,

—1 t
My (h) | K3[E[Aoll3 t e 1 )12 C’ ot g .
R N N e U
0 j=1 J i=j
(B.10)
The results now in (B.4) and (B.10) give the desired result. |

Appendix C. Proofs for Section 3.2

Proof [Proof of Theorem 6] To proceed, first note that (3.1) and (3.2) could be recast as follows:

Or = Or—1 — e[V f(0r-1) + G] + mE[Vf(0i-1)] — mE[V f(0i-1)]
=01 — ME[Vf(0r—1)] + m[E[Vf(0r—1)] — V[ (0r—1) — (]
£ Or—1 — nt[R(et—1>] + ntXt(9t—1 - 0*)-

Note that X;(0;—1 — 0*) forms a martingale difference sequence. Whenever there is no confusion,
we just call it as X} in the rest of the proof. Recall that the covariance matrix of X; as

ViZE[ XX R,
and note that ©; £ 22:1 V;. Now, define

t—1 7
Bi=u; Y [[ - mV2f67)],  Wi=B— V20",

i=j k=j+1

20
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and set By = B. Then, in this case, we have the following decomposition similar to that of linear
setting (specifically, (B.1)):

~1/2 —1/2 t—1 ~1/2 t—1
—1/2 2%, t 2 prpey—1 Xy t
5, PA, = ” BtA0+TZV F67) 71X+ = > WX,
=1 j=1
h I Is
$1/2 =1 . ) )
+ == VPRO)] T+ W([R(A)) = V2 F(07)A]),
j=1
Iy

where R(0) = R(§ — 6*). First note that by triangle inequality, we have
[E[n(=2A0)] - BIn(2)]| < [EIR(12)] - ER(Z)]] (.
n }E[h (E;WAQ . h(IQ)} ‘ (C2)

Bound for (C.1). Note that I> forms a martingale difference sequence. Hence, we use Theorem 1
to handle this term. Under our assumption, similar to the proof of Theorem 4, we have

t
RH.S. of (C.1) < Z—ZﬂMg(h) S E [Hgtl/zpklzg/QH;ﬂH V269 =0 (V27 (0] ] 1/2XkHz]
k=1

Bound for (C.2). To handle this term, we do a second-order taylor expansion of h(I1 + I+ I3+ 14)
around I, to get

h([l + I+ I+ I4) = h(IQ) + <Vh([2), I +1s+ [4> (C.3)

1
+ 5<v2h(12 +e(ly+ I3+ L)) (I + I3+ L), I + I3 + 1),

where the last term on the right-hand side of (C.3) is the remainder term expressed in Lagrange’s
form for ¢, a positive constant in (0, 1). The result in (C.3) and the triangle inequality lead to

1
(C2) = ’E |:<Vh(12), L+ 13+ I4> + §<V2h(fg -+ 5(]1 + I3+ 14))(11 + I3+ 14), L+ 13+ I4>:| )

1
< E|<Vh(fg), (Il + I3+ [4))’ + 5E‘<V2h(12 + 5(11 + I3 + 14))(11 + I3 + 14), I+ 13+ I4>‘

1
< My(h)E[[[11 + I3 + I4ll2] + §E[|W2h(f2 +e(h + Is + 1y))(Iy + I3)||2) 1n + Is + L4|2]
Ms(h)
2

< My(R)E[I1y + I3 + Lull2] + E[||L + I3 + L|[3]
3
< My(R)E[[[11][2 + |32 + [ Lall2] + §Mz(h)E[HIl||§ +[5]13 + [12a13]-

Now, note that terms involving I; and I3 could be handled in a way analogous to the proof of
Theorem 4. Hence, we deal with bounding the norm of terms involving I4. Furthermore, note that
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as a consequence of the Hessian-smoothness assumption, we also have the following to be true for
any two points 0, 0’ € R%:

IV(0) ~ VF@) 2 < 216 - ¢
IV5(0) ~ V1(0) = V21(0)(0 ~ )llo < “2)1 — 0]}

Hence, in this case, we have that

KZ_1/2
11l < X1 ”2ZW )+ WL [R(A) - V27674,
K”E_W”QEH 50|
2

K”Zt 1/2”2LH
< ——W———— E Aslla].

Hence, we have
K|Z;loLy WHQLH
El[[Z4]l2] < ZE 1A;]l2]-

Now, by the proof of Lemma A.3 in Su and Zhu (2018), we have the following bound

2
E[lA13] < i

Hence, we have that

2C
E[||Ajll2] < \/EA;]5 < 4/ mi

Combining the above equations, we finally have the following bound:

—12

Bl < 12l KLHZr .
Similarly, we have that
1415 < K”E_m”%iuw W [RAS) — VA E)A)| < KQ"E_I/Z'@L%IE (203
To calculate the expectation, we have
B3] < ||2_1/2”%K2L%1§E||A 7 < 12 _12!\2 KLi§~,

B
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Going through the same steps as that in the proof of Theorem 4, we also have

—1/2
K215 2 13[El Aoll2]
t%g

E[|I 3] <

2
—1/2 t—1
K45, 2% K

E[I1515] < =5

_ t—1, 172 '’ t ot -
R e 2 me T —mi
j i=j

j=1
where K4 = E[|| X;||3|F;—1]. By using the above results and the fact that E[||v||2] < [E[Hv”%“l/z
for a vector v € RY, we get the desired result. |
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