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Abstract

We study the complexity of heavy-tailed sampling and present a separation result in terms of ob-
taining high-accuracy versus low-accuracy guarantees i.e., samplers that require only O(log(1/¢)) versus
Q(poly(1/¢)) iterations to output a sample which is e-close to the target in y?-divergence. Our results
are presented for proximal samplers that are based on Gaussian versus stable oracles. We show that
proximal samplers based on the Gaussian oracle have a fundamental barrier in that they necessarily
achieve only low-accuracy guarantees when sampling from a class of heavy-tailed targets. In contrast,
proximal samplers based on the stable oracle exhibit high-accuracy guarantees, thereby overcoming the
aforementioned limitation. We also prove lower bounds for samplers under the stable oracle and show
that our upper bounds cannot be fundamentally improved.

1 Introduction

The task of sampling from heavy-tailed targets arises in various domains such as Bayesian statistics (Gelman et al.,
2008; Ghosh et al., 2018), machine learning (Chandrasekaran et al., 2009; Balcan and Zhang, 2017; Nguyen et al.,
2019; Simsekli et al., 2020; Diakonikolas et al., 2020), robust statistics (Kotz and Nadarajah, 2004; Jarner and Roberts,
2007; Kamatani, 2018; Yang et al., 2022), multiple comparison procedures (Genz et al., 2004; Genz and Bretz,

2009), and study of geophysical systems (Sardeshmukh and Penland, 2015; Qi and Majda, 2016; Provost et al.,

2023). This problem is particularly challenging when using gradient-based Markov Chain Monte Carlo
(MCMC) algorithms due to diminishing gradients, which occurs when the tails of the target density decay

at a slow (e.g. polynomial) rate. Indeed, canonical algorithms like Langevin Monte Carlo (LMC) have been
empirically observed to perform poorly (Li et al., 2019; Huang et al., 2021; He et al., 2024b) when sampling

from such heavy-tailed targets.

Several approaches have been proposed in the literature to overcome these limitations of LMC and related

algorithms. The predominant ones include (i) transformation-based approaches, where a diffeomorphic
(invertible) transformation is used to first map the heavy-tailed density to a light-tailed one so that a
light-tailed sampling algorithm can be used (Johnson and Geyer, 2012; Yang et al., 2022; He et al., 2024a),
(ii) discretizing general It6 diffusions with non-standard Brownian motion that have heavy-tailed densities
as their equilibrium density (Erdogdu et al., 2018; Li et al., 2019; He et al., 2024b), and (iii) discretizing
stable-driven stochastic differential equations (Zhang and Zhang, 2023). However, the few theoretical results
available on the analysis of algorithms based on approaches (i) and (ii) provide only low-accuracy heavy-
tailed samplers; such algorithms require poly(1/e) iterations to obtain a sample that is e-close to the target
in a reasonable metric of choice. Furthermore, quantitative complexity guarantees for the sampling approach
used in (iii) are not yet available; thus, existing comparisons are mainly based on empirical studies.
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v>1 ve(0,1)
Oracle Gaussian (Alg. 1) Stable (Alg. 2 & 3) Gaussian (Alg. 1) | Stable (Alg. 2 & 3)
Complexity | Q(e=%) (Cor. 2.2) | O(log(e~1)) (Cor. 3.3) | Qe ¥) (Cor. 2.2) [O(e~»*1) (Cor. 3.3)

Table 1: Separation for Proximal Samplers: Gaussian vs. practical Stable oracles (a=1): Upper and
lower iteration complexity bounds to generate an e-accurate sample in y2-divergence from the generalized Cauchy
target densities with degrees of freedom v, i.e. m, o (1 + |z[?)~(@**)/2 Here, Q, O hide constants depending on v
and polylog(d,1/¢). For the proximal sampler with a general a-Stable oracle (Algorithm 2), the upper bound for
v € (0,1) is O(log(1/¢)) when a = v. The lower bounds are from Corollary 2.2 via 2TV? < x2.

In stark contrast, when the target density is light-tailed it is well-known that algorithms like proximal

samplers based on Gaussian oracles and the Metropolis Adjusted Langevin Algorithm (MALA) have high-
accuracy guarantees; these algorithms require only polylog(1l/¢) iterations to obtain a sample which is e-
close to the target in some metric. See, for example, the works by Dwivedi et al. (2019); Lee et al. (2021b);
Wu et al. (2022b); Chen et al. (2022); Chen and Gatmiry (2023). Specifically, Lee et al. (2021b) analyzed
the proximal sampling algorithm to sample from a class of strongly log-concave densities and obtained
high-accuracy guarantees. Chen et al. (2022) established similar high-accuracy guarantees for the proximal
sampler to sample from target densities that satisfy a certain functional inequality, covering a range of light-
tailed densities with exponentially fast tail decay (e.g. log-Sobolev and Poincaré inequalities). However, it is
not clear if the proximal sampler achieves the same desirable performance when the target is not light-tailed.
In light of existing results, in this work, we first consider the following question:

Q1. What are the fundamental limits of proximal samplers under the Gaussian
oracle when sampling from heavy-tailed targets?

To answer this question, we construct lower bounds showing that Gaussian-based samplers necessarily
require poly(1/e) iterations to sample from a class of heavy-tailed targets. These results complement the
lower bounds on the complexity of sampling from heavy-tailed densities using the LMC algorithm established
in Mousavi-Hosseini et al. (2023). With this lower bound in hand, we next consider the following question:

Q2. Is it possible to design high-accuracy samplers for heavy-tailed targets?

We answer this in the affirmative by constructing proximal samplers that are based on stable oracles (see
Definition 3.1 and Algorithm 2) by leveraging the fractional heat-flow corresponding to a class of stable-
driven SDEs. We analyze the complexity of this algorithm when sampling from heavy-tailed densities that
satisfy a fractional Poincaré inequality, and establish that they require only log(1/e) iterations. Together,
our answers to Q1 and Q2 provide a clear separation between samplers based on Gaussian and stable oracles.
Our contributions can be summarized as follows.

o Lower bounds for the Gaussian oracle: In Section 2, we focus on Q1 and establish in Theorems 2.1
and 2.2 respectively that the Langevin diffusion and the proximal sampler based on the Gaussian oracle
necessarily have a fundamental barrier when sampling from heavy-tailed densities. Our proof technique
builds on Hairer (2010), and provides a novel perspective for obtaining algorithm-dependent lower bounds
for sampling, which may be of independent interest.

o A proximal sampler based on the stable oracle: In Section 3, we introduce a proximal sampler based
on the a-stable oracle, which fundamentally relies on the exact implementations of the fractional heat
flow that correspond to a stable-driven SDE. Here, the parameter o determines the allowed class of
heavy-tailed targets which could be sampled with high-accuracy. In Theorem 3.1 and Proposition 3.1,
we provide upper bounds on the iteration complexity that are of smaller order than the corresponding
lower bounds established for the Gaussian oracle. We provide a rejection-sampling based implementation
of the a-stable oracle for the case @ = 1 and prove complexity upper bounds in Corollary 3.1. Finally,
in Theorem 3.2, considering a sub-class of Cauchy-type targets, we prove lower bounds showing that our
upper bounds cannot be fundamentally improved.

An illustration of our results for Cauchy target densities, 7, o< (1 4 |2|?)~(@+*)/2 where v is the degrees of
freedom, is provided in Table 1. We specifically consider the practical version of the stable proximal sampler
with a = 1 (i.e., Algorithm 2 with the stable oracle implemented by Algorithm 3), and show that it always
outperforms the Gaussian proximal sampler (Algorithm 1). Indeed, when v > 1, the separation between



these algorithms is obvious. In the case v € (0, 1), Algorithm 2 & 3 has a poly(1/e) complexity, nevertheless,
it still improves the complexity of the Gaussian proximal sampler by a factor of . We also show via lower
bounds (in Section 3.4) that the poly(1/e) complexity for Algorithm 2 & 3, when v € (0,1), can only be
improved up to certain factors. We remark that for the ideal proximal sampler (Algorithm 2), the upper
bound when v € (0,1) is also O(log(1/¢)). These results demonstrate a clear separation between Gaussian
and stable proximal samplers.

Related works. We first discuss works analyzing the complexity of heavy-tailed sampling as character-
ized by a functional inequality assumption. Chandrasekaran et al. (2009) analyzed the connection between
sampling algorithms for a class of s-concave densities satisfying a certain isoperimetry condition related to
weighted Poincaré inequalities. He et al. (2024b) undertook a mean-square analysis of discretization of a
specific Ito diffusion that characterizes a class of heavy-tailed densities satisfying a weighted Poincaré in-
equality. Andrieu et al. (2022) and Andrieu et al. (2023) analyzed the complexity of pseudo-marginal MCMC
algorithms and the random-walk Metropolis algorithm respectively, under weak Poincaré inequalities. As
mentioned before, Mousavi-Hosseini et al. (2023) showed lower bounds for the LMC algorithm when the
target density satisfies a weak Poincaré inequality. He et al. (2024a) and Yang et al. (2022) analyzed a trans-
formation based approach for heavy-tailed sampling under conditions closely related to the same functional
inequality. This transformation methodology is also used to demonstrate asymptotic exponential ergodicity
for other sampling algorithms like the bouncy particle sampler and the zig-zag sampler, in the heavy-tailed
settings (Deligiannidis et al., 2019; Durmus et al., 2020; Bierkens et al., 2019). These works provide only
low-accuracy guarantees for heavy-tailed sampling and do not consider the use of weak Fractional Poincaré
inequalities.

Recent years have witnessed a significant focus on (strongly) log-concave sampling, leading to an exten-
sive body of work that is challenging to encapsulate succinctly. In the context of (strongly) log-concave
or light-tailed distributions, a plethora of non-asymptotic investigations have been conducted on LMC
variations, including advanced integrators (Shen and Lee, 2019; Li et al., 2019; He et al., 2020), under-
damped LMC (Cheng et al., 2018; Eberle et al., 2019; Cao et al., 2023; Dalalyan and Riou-Durand, 2020),
and MALA (Dwivedi et al., 2019; Lee et al., 2020; Chewi et al., 2021; Wu et al., 2022a). Outside the realm
of log-concavity, the dissipativity assumption, which regulates the growth of the potential, has been used
in numerous studies to derive convergence guarantees (Durmus and Moulines, 2017; Raginsky et al., 2017;
Erdogdu et al., 2018; Erdogdu and Hosseinzadeh, 2021; Mou et al., 2022; Erdogdu et al., 2022; Balasubramanian et al.,
2022).

While research on upper bounds of sampling algorithms’ complexity has advanced considerably, the
exploration of lower bounds is still nascent. Chewi et al. (2022b) explored the query complexity of sampling
from strongly log-concave distributions in one-dimensional settings. Li et al. (2022) established lower bounds
for LMC in sampling from strongly log-concave distributions. Chatterji et al. (2022) presented lower bounds
for sampling from strongly log-concave distributions with noisy gradients. Ge et al. (2020) focused on lower
bounds for estimating normalizing constants of log-concave densities. Contributions by Lee et al. (2021a)
and Wu et al. (2022a) provide lower bounds in the metropolized algorithm category, including Langevin and
Hamiltonian Monte Carlo, in strongly log-concave contexts. Finally, Chewi et al. (2022a) contributed to
lower bounds in Fisher information for non-log-concave sampling.

2 Lower Bounds for Sampling with the Gaussian Oracle

In this section, we focus on Q1 for both the Langevin diffusion (in continuous time) and the proximal
sampler (in discrete time), where both procedures have the target density as their invariant measures. Our
results below illustrate the limitation of the Gaussian oracle! for heavy-tailed sampling in both continuous
and discrete time, showing that the phenomenon is not because of the discretization effect, but is inherently
related to the use of Gaussian oracles.

Langevin diffusion. We first start with the overdamped Langevin diffusion (LD):

dX; = —VV(X,)dt + V2dB;. (LD)

LD achieves high-accuracy “sampling” in continuous time, i.e. a polylog(1/e) convergence rate in the light-
tailed setting. We make the following dissipativity-type assumption.

Here, for the sake of unified presentation, we refer the use of Brownian motion in (LD) as Gaussian oracle.



Assumption 2.1. The target density is given by 7~ (z) o< exp(—V (z)), where V : R — R satisfies

(d+v)lef _
Lt a2 ™

(d + vo)|z|?

Vz e RY,
! L+ Jaf?

(x, VV(z)) < for some vy > 11 > 0.

Remark 2.1. The upper bound on (x,VV (x)) ensures that V grows at most logarithmically in |x|. Conse-
quently, ™~ is heavy-tailed and in fact does not satisfy a Poincaré inequality. The lower bound on (z,VV (x))
is only needed for deriving the dimension dependency in our guarantees. If one is only interested in the
dependency, this condition can be replaced with 0 < (x,VV(x)).

A classical example of a density satisfying the above assumption is the generalized Cauchy density with
degrees of freedom v = 11 = 15 > 0, where the potential is given by

_d+v

Vi (x): In(1 + |z]?). (1)

The following result, proved in Appendix A, provides a lower bound on the performance of LD.

Theorem 2.1. Suppose ™% o< exp(—V) satisfies Assumption 2.1. Let X; be the solution of the Langevin

diffusion, and p; == Law(X;). Then, for any 6 > 0,

V1 — U v2 (1+96)
TV(X, 1) > Coppd 2 D (Cs(uo) + rst) ™ 2,

where ks = 1V dfw \Y %, Cs(uo) = ﬁﬂi[(l + | Xo) Y with v = ks(d+1v2)/2, and C,, ., is a

constant depending only on v, and vs.

If we assume | Xo| < O(v/d) for simplicity, then by choosing § = 2t o _2lnlnd "o ghtain

voInt (v2—v1)Ind?

vi—vo V2

TV(T‘—Xv /J't) > QVl;VQ (th*? )
Thus, LD requires at least T = QVI)VQ (dul"zu2 (1/5)2/”2) to reach ¢ error in total variation. While this
bound may be small in high dimensions when v5 > v1, for the canonical model of Cauchy-type potentials
with v = 11 = v, it will be independent of dimension, as stated by the following result. Note that
Assumption 2.1 can also cover a general scaling by replacing |z| with c|z| for some constant ¢, which would
introduce a multiplicative factor of 1/c? for the lower bound on T. This is expected as e.g., mixing to the
Gibbs potential ¢?|z|? can be faster than mixing to |x|? by a factor of 1/c?.

Corollary 2.1. Consider the generalized Cauchy density w;x o< exp(—V,,) where V, is as in (1). Let X; be
the solution of the Langevin diffusion, and p; == Law(X}). For simplicity, assume the initialization satisfies
|Xo| < O(Vd). Then, achieving TV (mX, ur) < € requires T > €, (5_%).

The above lower bound implies that LD is a low-accuracy “sampler” for this target density in the sense

that it depends polynomially on 1/¢; this dependence gets worse with smaller v as the tails get heavier. It is
worth highlighting the gap between the upper bound of (Mousavi-Hosseini et al., 2023, Corollary 8), which
is O(1/e*/¥), and the lower bound in Corollary 2.1.
Gaussian proximal sampler. In the remainder of this section, we prove that the Gaussian proximal
sampler, described in Algorithm 1, also suffers from a poly(1/¢) rate when the target density is heavy-tailed.
In each iteration of Algorithm 1, the first step involves sampling a standard Gaussian random variable yy,
centered at the current iterate x) with variance nI; this is a one-step isotropic Brownian random walk. Alter-
natively, since the Fokker-Planck equation of the standard Brownian motion is the classical heat equation, this
step could also be interpreted as an exact simulation of the heat flow; see, for example, Carlen and Gangbo
(2003) and Wibisono (2018). Specifically, the density of y; is the solution to the heat flow at time 7 with
the initial condition being the density of ;. The second step is called the restricted Gaussian oracle (RGO)
as coined by Lee et al. (2021b); under which (zy,yx) is a reversible Markov chain whose stationary density
has z-marginal 7.



Algorithm 1: Gaussian Proximal Sampler (Lee et al., 2021b)

Input: Sample z¢, and step n > 0. for k=0,1,--- /N —1 // Gibbs sampler
Sample yi ~ 7V X (|z) = N (2, nl4) // Heat flow
2
Sample 1 |yx ~ 75 (|yx) o< 7X(-) exp (%) // Calls to RGO
return =y

Assumption 2.2. For some vy > vy > 0, the target 7 (z) < exp(=V (z)) with V : RY — R satisfies

(d+vp)?

V1 I2 ry
Wr el o vy, V) < Gl Ttz

Vz € RY ,
. 1+ 22 = =11 22

AV(z) <

The first condition above also appears in Assumption 2.1 and the second condition implies the upper
bound of Assumption 2.1; thus, the above assumption is stronger. Note that the generalized Cauchy mea-
sure (1) satisfies this assumption with 11 = vo = v. Under Assumption 2.2, we state the following lower
bound on the Gaussian proximal sampler and defer its proof to Appendix A.

Theorem 2.2. Suppose 7% o< exp(—V) satisfies Assumption 2.2. Let x) denote the k™ iterate of the
Gaussian prozimal sampler (Algorithm 1) with step n and let pix = Law(zy). Then, for any § > 0,

X X v1—V2 (1+6) _V2(1+5)
TV(T( 7pk ) Z C(1’171’2d 2 (Cé(lu’o) + ’1577]5) 2 I

where k5, Cs(po), and Cy, ., are defined in Theorem 2.1.

Above, assuming |X,| < O(v/d) with the same choice of § as in Theorem 2.1 yields TV(rX, p) >
Qs 1 (dV1;V2 (kn)%%) Note that in order for the RGO step to be efficiently implementable, we need
to have a sufficiently small . The state-of-the-art implementation of RGO requires a step size of order
n = O(1/(Ld"/?)) when V has L-Lipschitz gradients (Fan et al., 2023). With this choice of step size, the
above lower bound requires at least N = Q,, ,, (LdY/2+("1=v2)/v2(1 /¢)2/v2) iterations. The assumptions
in Theorem 2.2 once again cover the canonical examples of generalized Cauchy densities, where we have

L = d + v, which simplifies the lower bound as follows.

Corollary 2.2. Consider the generalized Cauchy density mX x exp(—V,) where V,, is as in (1). Let xy
denote the k' iterate of the Gaussian proximal sampler, and define ka = Law(zy), and choose the step
size n = O(1/(Ld"?)). If we assume |Xo| < O(V/d) for simplicity, then achieving TV(rX, pX) < & requires
N > Q,, (dgs_%) iterations.

We emphasize that the above lower bound is of order poly(1/e) as advertised. Thus, the RGO-based
proximal sampler can only yield a low-accuracy guarantee in this setting.

3 Stable Proximal Sampler and the Restricted a-Stable Oracle

Having characterized the limitations of Gaussian oracles for heavy-tailed sampling, thereby answering Q1, in
what follows, we will focus on Q2 and construct proximal samplers based on the a-stable oracle, and prove
that they achieve high-accuracy guarantees when sampling from heavy-tailed targets. First, we provide a
basic overview of a-stable processes and fractional heat flows.

Isotropic a-stable process. For t > 0, let Xt(a) be the isotropic stable Lévy process in R?, starting from

r € R, with the index of stability o € (0, 2], defined uniquely via its characteristic function Emei“’xga)_m) =

e " When a = 2, Xt(2) is a scaled Brownian motion, and when 0 < a < 2, it becomes a pure Lévy jump

process in R%. The transition density of Xt(a) is then given by

PO (o, y) = p@ (g —a)  with  pP(y) = (2m) /

| exp(=tlg])e e, (2)

where the second equation above is the inverse Fourier transform of the characteristic function, thus returns
the density. The transition kernel and the density in (2) have closed-form expressions for the special cases



Algorithm 2: Stable Proximal Sampler with parameter a

Input: Sample zg, step n > 0, and « € (0,2).

for k=0,1,--- ,N -1 // Gibbs sampler
Sample yi ~ ﬂ'Y‘X(-|x;€) = p(o‘)(n; Thy ) // Fractional heat flow
Sample 2y ~ 71 () o 75 ()p (: - ) // Galls to RasSO
return zy

a = 1,2. In particular, when a = 1, pgl) reduces to a Cauchy density with degrees of freedom v = 1,

ie. pM(y) o (ly2 + 2)=(@+1/2 We finally note that the isotropic stable Lévy process X\ displays self-
similarity like the Brownian motion; the processes X% and a/*X(* have the same distribution. This
property is crucial in the development of the stable proximal sampler.

Fractional heat flow. The equation d;u(t,z) = —(—A)*/?u(t,z) with the condition u(0,z) = ug(z) is an
extension of the classical heat flow, and is referred to as the fractional heat flow. Here, —(—A)®/? is the
fractional Laplacian operator with a € (0, 2], which is the infinitesimal generator of the isotropic a-stable
process. For a = 2, it reduces to the standard Laplacian operator A.

Stable proximal sampler. Let 7(x,y) be a joint density such that 7(z,y) o< 7% (2)p'®) (n; x, y), where 7%
is the target and p(®)(n; 2, %) is the transition density of the a-stable process, introduced in (2). It is easy to
verify that (i) the X-marginal of 7 is 7%, (ii) the conditional density of Y given X is 7YX (-|z) = p(®)(n; 2, -),
(iii) the Y-marginal is 77 = 7% % p%a), i.e. 7V is obtained by evolving 7% along the a-fractional heat flow
for time 7, and (iv) the conditional density of X given Y is 75 (-|y) oc #X(:)p(® (n; -, y). Based on these,
we introduce the following stable oracle.

Definition 3.1 (Restricted a-Stable Oracle). Given y € RY, an oracle that outputs a random wvector dis-
tributed according to VY (-|y), is called the Restricted a-Stable Oracle (RaSO).

Note that when a = 2, the RSO reduces to the RGO of Lee et al. (2021b). The Stable Proximal Sampler
(Algorithm 2) with parameter « is initialized at a point zo € R? and performs Gibbs sampling on the joint
density m. In each iteration, the first step involves sampling an isotropic a-stable random vector y; centered
at the current iterate xy, which is a one-step isotropic a-stable random walk. This could also be interpreted
as an exact simulation of the fractional heat flow. Indeed, due to the relation between the fractional heat
flow and the isotropic stable process, the density of y; is exactly the solution to the a-fractional heat flow at
time 1 with the initial condition being the density of xx. When a = 2, the first step reduces to an isotropic
Brownian random walk and a simulation of the classical heat flow. The second step calls the RaSO at the
point yy.

3.1 Convergence guarantees

We next provide convergence guarantees for the stable proximal sampler in x2-divergence assuming access
to the RaSO. Similar results for a practical implementation are presented in Section 3.2. To proceed, we
introduce the fractional Poincaré inequality, first introduced in Wang and Wang (2015) to characterize a
class of heavy-tailed densities including the canonical Cauchy class.

Definition 3.2 (Fractional Poincaré Inequality). For ¢ € (0,2), a probability density u satisfies a ¥-
fractional Poincaré inequality (FPI) if there exists a positive constant Cppi(gy such that for any function

¢ : R* 5 R in the domain of Eﬁﬁ), we have
Var,(¢) < CFPI(ﬁ)g;Sﬁ) (#). (FPI)

where 5,(;9) is a non-local Dirichlet form associated with v defined as

2 — 2 ‘ 29T ((d + ) /2

Remark 3.1. FPI is a weaker condition than Assumption 2.2. In fact, any density satisfying the first 2
conditions in Assumption 2.2 satisfies V-FPI for all ¢ < v1 (Wang and Wang, 2015, Theorem 1.1). In
Proposition B.1, we show that as ¢ — 27, FPI becomes equivalent to the standard Poincaré inequality.



Algorithm 3: RaSO Implementation for « = 1 via Rejection Sampling

Input: V,z* €argminV, n >0,y € R

while TRUE // Rejection sampling
Generate (Z1, Zs,u) ~ N(0,14) @ N(0,1) @ U0, 1]
Ty +nZi/|Zs| // Cauchy random vector
return z if u < exp(—V(z) + V(z*)) // Accept-reject step

In the sequel, pi denotes the law of zy, pf denotes the law of yx, and py = pf"y is the joint law of
(2k, yr). We provide the following convergence guarantee under an FPI, proved in Appendix B.2.

Theorem 3.1. Assume that 7% satisfies the a-FPI with parameter Crpi(a) for a € (0,2). For any step size
n > 0 and initial density p§, the k*" iterate of Algorithm 2, with parameter «, satisfies

(o 1) < exp (—kn (Crprie +1) ) X2 (08 1),

As a consequence of Remark 3.1 and Proposition B.1, we recover the result in (Chen et al., 2022, Theorem
4), by letting o — 27. While our results in Theorem 3.1 are based on Algorithm 2 which requires exact
calls to RaSO, the next result, proved in Appendix B.3, shows that even with an inexact implementation of
RaSO, the error accumulation is at most linear, and Algorithm 2 still converges quickly.

Proposition 3.1. Suppose the RaSO in Algorithm 2 is implemented inexactly, i.e. there exists a positive
constant ety such that TV(ﬁkX‘Y(~|y),ka‘Y(-|y)) < ety for ally € RY and k > 1, where ﬁflyﬂy) is the
density of the inexact RSO sample conditioned on y. Let pi be the density of the output of the k™ step
of Algorithm 2 with the inexact RaSO and p;X be the density of the output of k™ step Algorithm 2 with the

exact RaSO. Then, for all k > 0,
TV, o) < TV (7 » 00 ) + kerv.

Further, if pot = piS, for any K > Ko, we get TV(pE,7%) < e, if erv < /2K, where the constant
Ko=(1+ Cppl(a)nfl) log (XQ([)()J(MX)/EQ) with Crpi(a) being the a-FPI parameter of .

3.2 A practical implementation of RaSO

In the sequel, we introduce a practical implementation of RSO when o = 1. For this, we consider the
case when the target density 7% o e~V satisfies the 1-FPI with parameter Crpi(1)- A more thorough
implementation of RaSO for other values of « will be investigated in future work.

Assumption 3.1. There exist constants 3, L > 0 such that for any minimizer * € argmin,cga V(y) and
for all z € R, V satisfies V(x) — V(z*) < L|lz — z*|°.

Algorithm 3 provides an exact implementation of RaSO for @ = 1 via rejection sampling. Inputs to
this algorithm are the intermediate points yi in the stable proximal sampler (Algorithm 2). Note that
Algorithm 3 requires a global minimizer of V', which is always assumed to exist, which guarantees that the
acceptance probability is non-trivial. It generates proposals with density p(l)(m -,y) and utilizes that pM
is a Cauchy density and Cauchy random vectors can be generated via ratios between a Gaussian random
vector and square-root of a x? random variable. Finally, the accept-reject step ensures that the output z
has density 75 (-|y) oc e=VpM (5;-, ). This makes Algorithm 3 a zeroth-order algorithm requiring only
access to function evaluations of V. Under Assumption 3.1, by choosing a small step-size, we can control the
expected number of rejections in Algorithm 3. We now state the iteration complexity of our stable proximal
sampler with this RaSO implementation in the following result, whose proof is provided in Appendix B.3.

Corollary 3.1. Assume V satisfies Assumption 3.1. If we choose the step-size n = @(d_%Lfé), then
Algorithm 8 implements the RaSO with o = 1, with the expected number of zeroth-order calls to V' of order
Elexp(L|yx|?)]. Further assume nX satisfies 1-FPI with parameter Crpi(1)- Suppose we run Algorithm 2
with RaSO implemented for with o = 1 by Algorithm 3. Then, to return a sample which is e-close in
x2-divergence to the target, the expected number of iterations required by Algorithm 2 is

O(Crpi1yd® L7 log(* (o [7%5) /¢)).



Note that the above result provides a high-accuracy guarantee for the implementable version of the stable
proximal sampler (Algorithm 3) for a class of heavy-tailed targets, overcoming the fundamental barrier
established in Theorem 2.2 for the Gaussian proximal sampler (i.e., Algorithm 1).

Remark 3.2. (1) Finding a global minimizer of the potential V' can be hard, which could be avoided if
a lower bound on the potential V is available; see Appendiz B.3. (2) A trivial bound for E[exp(L|yx|?)]
is exp(LM) for M = E x[|X|°] + x2(o5 |7 )E.x[| X |2]2. Since our main focus is high vs low accuracy
samplers, deriving a sharper bound is beyond the scope of the current paper.

3.3 Illustrative examples

To illustrate our results, we now apply the proximal algorithms to sample from Cauchy densities and discuss
the complexity of both the ideal sampler (Algorithm 2) in which we can choose any a € (0,2) and the
implementable version with « = 1 (Algorithm 3). For the ideal sampler, we can choose a@ < v for any
degrees of freedom v > 0, and apply Theorem 3.1 since 7, satisfies a «-FPI (Wang and Wang, 2015).

Corollary 3.2. For any v > 0, consider the generalized Cauchy target m, o exp(—V,,) with V,, defined in (1).
For the stable prozimal sampler with parameter o € (0,2) and o < v (i.e., Algorithm 2), suppose we set the
step-size 1 € (0,1) and draw the initial sample from the standard Gaussian density. Then, the number of it-
erations required by Algorithm 2 to produce an e-accurate sample in x2-divergence is O(Cppl(a)n_l log(d/e)),
where Crpi(a) 18 the a-FPI parameter of m,.

For the implementable sampler, since the parameter « is fixed to be 1, whether a suitable FPI is satisfied
or not depends on the degrees of freedom v. Specifically, when v > 1, 1-FPI is satisfied and Corollary 3.3
applies. When v € (0,1), on the other hand, 1-FPI is not satisfied. To tackle this issue, we prove convergence
guarantees for the proximal sampler under a weak fractional Poincaré inequality; the next corollary, proved
in Appendix B.4, summarizes these results.

Corollary 3.3. For the Cauchy target 7, x exp(—V,) where V,, is defined in (1), we consider Algorithm 2
with a = 1, a standard Gaussian initialization, and RaSO implemented by Algorithm 3.

(1) When v > 1, if we set the step-size n = @(d’%(d + V)’4), the expected number iterations required by
Algorithm 2 to output a sample which is e-close in x?-divergence to the target is of order (’)(Cppl(l)d% (d+
v)t log(d/a)), where Cypy(1y is the 1-FPI parameter of m, .

(2) When v € (0,1), if we set the step-size n = @(d’%(d + 1/)7%), the expected number of iterations
required by Algorithm 2, to output a sample which is e-close in x?-divergence to the target is of order
@(max {c%diJrv%,cd%"’%s_%‘H}), where ¢ is the positive constant given in (16). Here, O hides the
polylog factors on d and 1/¢.

The stable proximal sampler (Algorithm 2) is a high accuracy sampler for the class of generalized Cauchy
targets, as long as @ < v, meaning that it achieves log(1/¢) iteration complexity. The improvement from
poly(1/e) to log(1/e) separates the stable proximal sampler and the Gaussian proximal sampler in the
task of heavy-tailed sampling. When we use the rejection-sampling implementation with parameter o = 1
(Algorithm 3), iteration complexity goes through a phase transition as the tails get heavier. When the
generalized Cauchy density has a finite mean (v > 1), we achieve a high-accuracy sampler with log(1/¢)
iteration complexity. However, without a finite mean (i.e., v € (0,1)), the algorithm becomes a low-accuracy
sampler with poly(1/¢) complexity. Even in this low-accuracy regime, the implementable stable proximal
sampler outperforms the Gaussian one, as originally highlighted in Table 1. Last, we claim that the poly(1/¢)
complexity of Algorithms 2 and 3 is not due to a loose analysis, as we show poly(1/¢) lower bounds in the
following section.

3.4 Lower bounds for the stable proximal sampler

We now study lower bounds on the stable proximal sampler to sample from the class of target densities
satisfying Assumption 2.2, which includes the generalized Cauchy target. Recall that Assumption 2.2 implies
the FPI used in Theorem 3.1. The result below, proved in Appendix C, complements Theorem 3.1, showing
the impossibility of achieving log(1/¢) rates for a sufficiently large a.



Theorem 3.2. Suppose 1% o exp(—V) with V satisfying Assumption 2.2 and V2(d+v2) <a<2. Let zp
denote the k™ iterate of Algorithm 2 with parameter oo and step size n, and let p,C = Law(zy). Then for

any T € (%JZZ),CM), and g(d,v1,v2,7) = vo/{1(d 4+ 11) — vo(d + 12)}, we have

T(d+11)g(dv1,v2,m) Ed T 5 .
TV, 08) > Corad 2 (BI(1+ frof*) 7] 4 m@ 2ty ) ~(HHraaldmn),

(@)

where Cy, 1, o 5 a constant depending only on vy,va, o, and my™’ is the T absolute moment of the a-stable

random variable with density pl deﬁned in (2).

Remark 3.3. The parameter T in Theorem 3.2 can be chosen arbitrarily close to a. Specifically, if we

assume | Xo| < O(Vd), then with the choice of T = o — (loglglgid) A lolgog)(gn(ﬁ;)l)), we have

~ 7(d+v1)g(d,v1,v2,a)
TV(m™, p) = Quyin.a(d B (d* + m{ >k2+1n)

3

7(d+U2)g(d,lI1,V210¢))

where Q hides polylog(d/n) factors.

The 7" absolute moment of the a-stable random variable depends on the choice of o and the dimension
d. It is hard to find an explicit formula of m(TO‘) in general. An explicit formula is only available in some
special cases, such as a = 1,2. Specializing Theorem 3.2 for the generalized Cauchy potential (i.e., 11 = )

we obtain the following explicit result.

Corollary 3.4. Let o € (0,2]. Suppose m, x exp(=V,) where V,,(x) is as in (1) for some v € (0,c). Let
(zk)k>0 be the output of Algorithm 2 with parameter o and step-size n > 0, and pix = Law(xzy) for all k > 0.
Then for any T € (v, @),

TV(p, 7)) > CuadZ07) (E[(1 + |20[2) 2] + m@ k2 pa) 77,

where m(TO‘) is the 7™ absolute moment of the a-stable random variable with density pga) as in (2).

For the rejection sampling implementation in Algorithm 3, @ = 1 and mg) = 0(d?) for all T < 1
(see Appendix B.1). Notice that to implement the RaSO in the Stable proximal sampler efficiently, we
need a sufficiently small step-size 7. When the target potential satisfies Assumption 3.1, i.e. V is S-Holder

1
continuous with parameter L, we require n = G(d_%Lfﬁ) to ensure RaSO can be implemented with O(1)

queries. Therefore, if we choose n = @(d*%L_%), the minimum number of iterations we need to get an

e-error in TV is
2(r—v) 1 27

O, (5* @Fnv (77 [ FER+T) ) ,

For the generalized Cauchy potential with v € (0,1), we have 8 = v/4 and L = (d 4+ v)/v, which leads to
the following corollary.

Corollary 3.5. Suppose X o exp(—V,) is the generalized Cauchy density with v € (0,1). Let x3, denote

the k-th iterate of the stable proximal sampler with o = 1 (Algorithm 3), and ka = Law(zg). If we choose
the step size n = @(Lf%d’%) where L = diy” is the v/4-Holder constant of V,,, and assume, for simplicity,

+81/v 2(r

lzo| < O(Vd), then, TV(1X, px) < & requires N > Q,,T(d PR V<2+T)) for any 7 € (v,1). Further, by

. log(log(d
choosing T = max(v, 1 — %), we obtain

- v+8 2(1—v)
> Ql,(d 3ve” 3v ), in order for TV(mX, px) <e.

The above result shows that when implementing the RaSO in Algorithm 2 with Algorithm 3, to sample
from generalized Cauchy targets with v € (0,1), we can at best have an iteration complexity of order
poly(1/¢e), matching the upper bounds in Corollary 3.3 up to certain factors.



4 Overview of Proof Techniques

Lower bounds. We build on the techniques developed in Hairer (2010). Let p; denotes the law of LD
along its trajectory. To proceed, we need some G : R? — R for which we can upper bound j;(G) = [ Gdp,
and some f : R — R that satisfies 7% (G > y) > f(y) for all y € R,. After finding the candidates G
and f, Lemma A.1 in Appendix A guarantees TV (7%, ;) > supyer, f(y) — pe(G)/y. This technique relies

on choosing G such that it has heavy tails under 7% leading to a large f(y), while having light tails along
the trajectory, thus small u:(G). By picking G = exp(kV) with k£ > 1, one can immediately observe that
7% (G) = oo, thus G indeed has heavy tails under 7.

To control u;(G) along the trajectory, one can use the generator of LD to bound Ot (G). Recall the
generator of LD, Lip(-) = A(:) — (VV, V). Therefore, with a choice of G = exp(kV'), controlling 9+ (G)
requires bounding the first and second derivatives of V. To avoid making extra assumptions for V in the
analysis of LD, we instead construct G based on a surrogate potential V(z) = &2 In(1 + |[2), which is
an upper bound to the potential V. We then estimate f based on this surrogate potential in Lemma A.2,
and control the growth of p:(G) in Lemma A.3. Combined with Lemma A.1, this leads to the proof of
Theorem 2.1, with the details provided in Appendix A.

For the Gaussian proximal sampler, bounding pi( (GQ) requires controlling the expectation of G along the

forward and backward heat flow. For the particular choice of G = exp(xV'), we show in Lemma A.4 that the
growth of p;X (G) can be controlled only by considering a forward heat flow with the corresponding generator
Lyr = %A. Therefore, given additional estimates on the second derivatives of V', we bound the growth
of p¥(G) in Lemma A.5. Once this bound is achieved, we can invoke Lemma A.1 to finish the proof of
Theorem 2.2.
Upper bounds. Our upper bound analysis builds on that by Chen et al. (2022) in the specific ways
discussed next. We consider the change in x? divergence when we apply the two operations to the law p?
to the iterates and the target 7X: (i) evolving the two densities along the a-fractional heat flow for time
n and (i7) applying the RaSO to the resulting densities. For the step (i), it is required to show that the
solution along the fractional heat flow of the stable proximal sampler at any time, satisfies FPI. To show this,
(a) the convolution property of the FPI is proved in Lemma B.1, and (b) the FPI parameter for the stable
process follows from (Chafai, 2004, Theorem 23). In Proposition B.2, it is then shown that the y? divergence
decays exponentially fast along the fractional heat flow under the assumption of FPI. The aforementioned
results enable us to prove the exponential decay of x? divergence along the fractional heat flow under FPI in
Proposition B.2. To deal with the step (ii) above, we use the data processing inequality; see Proposition B.2.
These two steps together, enable us to derive the stated upper bounds for the stable proximal sampler.

5 Discussion

We showed the limitations of Gaussian proximal samplers for high-accuracy heavy-tailed sampling, and pro-
posed and analyzed stable proximal samplers, establishing that they are indeed high-accuracy algorithms.
We now list a few important limitations and problems for future research: (i) It is important to develop
efficiently implementable versions of the stable proximal sampler for all values of a € (0,2), and charac-
terize their complexity in terms of problem parameters, (ii) Gaussian proximal samplers can be interpreted
as a proximal point method for approximating the entropic regularized Wasserstein gradient flow of the
KL objective (Chen et al., 2022). This leads to the question, can we provide a variational intepreration of
the stable prozimal sampler? A potential approach is to leverage the results by Erbar (2014) on gradient
flow interpretation of jump processes corresponding to the fractional heat equation, (iii) It is possible to
use a non-standard It process in the proximal sampler (in place of the a-stable diffusion); see, for exam-
ple, Erdogdu et al. (2018); Li et al. (2019); He et al. (2024b). With this modification, it is interesting to
examine the rates under weighted Poincaré inequalities that also characterize heavy-tailed densities. There
are two difficulties to overcome here: (a) How to generate an exact non-standard Itd process? (b) How
to implement the corresponding Restricted non-standard Gaussian Oracle, which requires the zeroth order
information of the transition density of the Itd process? In certain cases, non-standard It6 diffusion can be
interpreted as a Brownian motion on an embedded sub-manifold; thus, the approach in Gopi et al. (2023)
might be useful.
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A Lower Bound Proofs for the Langevin Diffusion and the Gaus-
sian Proximal Sampler

While research on upper bounds of sampling algorithms’ complexity has advanced considerably, the explo-
ration of lower bounds is still nascent. Chewi et al. (2022b) explored the query complexity of sampling from
strongly log-concave distributions in one-dimensional settings. Li et al. (2022) established lower bounds for
LMC in sampling from strongly log-concave distributions. Chatterji et al. (2022) presented lower bounds
for sampling from strongly log-concave distributions with noisy gradients. Ge et al. (2020) focused on lower
bounds for estimating normalizing constants of log-concave densities. Contributions by Lee et al. (2021a)
and Wu et al. (2022a) provide lower bounds in the metropolized algorithm category, including Langevin
and Hamiltonian Monte Carlo, in strongly log-concave contexts. Finally, Chewi et al. (2022a) contributed
to lower bounds in Fisher information for non-log-concave sampling. In what follows, we take a different
approach and rely on the arguments developed in Hairer (2010).
We begin by stating the following result which drives our lower bound strategy.

Lemma A.1 ((Hairer, 2010, Theorem 5.1)). Suppose p and v are probability measures on R?. Consider
some G :RY = R,y and f: R, — Ry satisfying (G > y) > f(y) for all y € Ry. Then,

Gdv
TV(u,v) > sup f(y) — / :
y€R+ y

In particular, suppose Id - f : Ry 3y — yf(y) € Ry is a bijection, then

1 _
TV(u,v) = 3£ (- )7 (2m) ).
for any m > [ Gdv.
Proof. By the definition of total variation and Markov’s inequality, for any y > 0

f Gdv

TV(p,v) 2 (G 2 y) —v(G = y) = f(y) ;
When Id - f is invertible, choosing y = (Id - f)~1(2m) implies yf(y) = 2m and yields the desired result. [

To apply Lemma A.1 when the target density satisfies Assumption 2.1, we need to establish tail lower
bounds for this density, which we do so via the following lemma. In the following, let wy = N /2

7Td
m denote
the volume of the unit d-ball.

Lemma A.2. Suppose % (x) o< exp(—V () satisfies Assumption 2.1. Then, for all R > 0,

2dev1/d

™ (2| > R) > @+ (1/2)

(d/2)”1/2(1 + R_2)_(d+”2)/2R_”2,

When focusing on dependence on R and d, we obtain,

X (jz] > R) > C,,, d"/*(1 4 R7?)~ (T2 R,

ol—v1/2,-v1

where C,,, = A+ (i /2)

Proof. Without loss of generality assume V(0) = 0. Via Assumption 2.1, we have the estimates for V,

In(1+[z?),

! bt|a)?de d+ v
Viz) = VV(tx))dt < (d =
@ = [ @vvimar< @y [ A0 -5

and similarly

d
Vi) > 2N

In(1 4+ |z[?).
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Consequently, using the spherical coordinates,

1
WX(|5U| > R) > E/ (1 + |$|2)_(d+U2)/2de‘

|z|>R

_ % (1 +,,,2)7(d+1/2)/2,r,d71dr
r>R

. dwa(1 + R*ZQ)*@H'&)/2 /

rv271dp

_ dwq(1+ R7)" )/ Jr—
Zy '

Next, using the lower bound established on V' and spherical coordinates, we obtain,
Rd

= dwd/ (1+ r2)—(d+V1)/2Td—1dr
0

= %dwd /000 w271 —w) 2
= %dde(V1/2,d/2)

_ dwal'(v1/2)I'(d/2)

o 2D((d+w)/2)

where B denotes the beta function. Plugging back into our tail lower bound, we obtain,

_ 20((d+1)/2)

w2l 2 R) > o Tovr oy

(14 R™2)"(d+w)/2p-v2,

Moreover, by (Mousavi-Hosseini et al., 2023, Lemma 32) we have

F((d+wv)/2)  d T((d+v1+2)/2) 2de—vi/d Vo
T A @2 ase WA

which completes the proof. O

Another element of Lemma A.1 is controlling the growth of E[G(X;)] throughout the process. The
following lemma achieves such control under the Langevin diffusion.

Lemma A.3. Suppose (X;)i>0 is the solution to the Langevin diffusion starting at Xo with the corresponding
potential V(x) satisfying Assumption 2.1. Let G(z) = exp(kV (z)) where V(z) = “21n(1 + |2[?) and
K> ﬁ V 1. Then,

v2
m(d;ug)

E[G(X,)] < (E[G(XO)]—W% +dk(d + Vg)t)
Proof. Recall the generator of the Langevin diffusion £(-) = A - —(VV,V:). Then,

dE[G(X:)]

dt = E[EG(X:&)]

= kE K@vf/ﬁ +AV — (VT vv>) G]
< kE {(/@|Vf/|2 + AV) G} (Assumption 2.1)

G(Xy) ]

< 2xk*(d E | —
<2t ne | e
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2
= 2r*(d + 12)°E [G(Xt)l '-”v(d-i-uz)}

2
< 2k*(d + VQ)QE[G(Xt)]P r(d+va) (Jensen's Inequality).
Integrating the above inequality completes the proof. O

With the above lemmas in hand, we are ready to present the proof of Theorem 2.1.

Proof of Theorem 2.1. To apply Lemma A.1 we choose G(z) = exp(kV (z)) where V(z) = 2 In(1 + |2?)

with Kk > 1V d+y . By Lemma A.2 we have

_ —(d+v2)/2 v
™ (G(z) > y) > n¥ (|:v| > ym) > Culdl'l/Q (1 _i_yN(Tzuz)) ’ yWﬁ;),

Moreover, define
m(d+u2)

oft) = (o005 + an(d +va))

with ¢g(0) := E[G(X0)]. Then by Lemma A.3 we have E[G(X})] < ¢(¢) and we can invoke Lemma A.1 to
obtain

— —(d+ 2 — U
TV(7¥, ) > sup C,,d"/? (1+WT2“”) o YD — 9(t)
yeR Yy
—2
w(d+va) —v
> sup Gy d 2 exp | —LAEVRWTTR ) g gtV
y€R+ 2 y

where we used the fact that 1 4+ x < e” for all z € R and g(¢) is non-decreasing in ¢. Choose

r(d4v

)
,(gltv ) T
Oyl 123 < dyl/z 9

for a sufficiently large constant C}, ,, > 1. For simplicity, let

g(t v 1)=@tm

g(t) = ——+——,
9(t) 4k(d + v9)
and notice that
, n<d+u2) w(d+va)—vy w2 (d+vg)?
=0y, ,d 7 I (Ae(1+ e /d)g(t)) 20t —ra) (3)
Using the fact that
2 (d+vg)? w(d4vy) K(dtvg)—ry

y* Z (4,{) 2(r(dFv2)—v2) 2 "k(d¥rvo)—va ,

we have

TV(r™, ut) > Cy, exp ( — 1+Ty2/d d%)dul/z enrzs gVl
K
Z nyl y2dul/2y*“(;fy’2/2) - g(t\/ 1),
; Y
1tvo/d

where C,, ,, = C,ye” 5. By plugging in the value of y* from (3), we obtain,

TV(T‘—X7 Mt)

2 {C Cljl 125) (d+va) Clll 120} } {

v2
1+ k(d+vg)—vo

* (20(1+ a/d)g(1) *
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Thus for sufficiently large C’ there exists C”  such that

v1,v2) vi,V2

vy —v —v 1+~572—u
TV, ) > Ol {0552 s+ va)ge) )
Choosing x according to the statement of the theorem completes the proof. O

In order to prove a similar theorem for the Gaussian proximal sampler, we control the growth of E[G ()]
for the iterates of the proximal sampler via the following lemmas.

Lemma A.4. Suppose (xk,yr)r are the iterates of the Gaussian prozimal sampler with step size n and target
density 7% o exp(—V) for some V : R* = R. Let G(x) = exp(kV (z)) with k > 1. Then, for every k >0,

E[G(ohs1)] < E[G(ox + v/202)],
where z ~ N (0, 1) is sampled independently from xj.

Proof. Recall that 7Y (z]y) ocexp (— V(z) — %) Therefore,

exp ((k — 1)V (z) — 2zl
E[G(zr41) | ye] = Cy, / il (Q)ﬂ-n()d)/2 )

= Cy E[G(yx + vi1z1)' ™" | yl,

dx

where z1 ~ N (0, I;). Furthermore,
1 |z — yp|?
Cp = —— V() - g
Yk (27-”7)d/2 /exp ( (ZE) 277 ) €L
= E[G(ye + Vi) " | ]

Therefore,

E[G(zr+1) | Y]

E[G(yx + y720)' " | i

E[G(yx 4+ /nz1)~Y* | yi]

<E[G(yx + vi21) | e VP EIG (y + vi121) | ] V" (Jensen’s Inequality)
=E[G(yr + vn21) | yr]-

Recall yi, = oy, + \/fz2 where 25 ~ N(0, I4) is independent from . By the towering property of conditional
expectation,

E[G(zr11)] < E[G(zr + V21 + V1122)]
= E[G(zr + \/%Z)]v

where z ~ N(0, I) is independent from xj, which completes the proof. O

In order to provide a more refined control over E[G(z)], we need additional assumptions on V. In
particular, when considering the generalized Cauchy density, we arrive at the following lemma.

Lemma A.5. Suppose (xk,yr)r are the iterates of the Gaussian prozimal sampler with step size n and target
density ™% o exp(=V) satisfies

(d 4 v2)?

(d+ va)lal
< X e RS
YV (@) S

S e and AV(z) <

for all z € RY. Let G(x) = exp(kV (x)) with k > 1V df—w' Then, for every k > 0,

E[G (1) @70 < E[G(xy,)]F 7 + drnk(d + va).
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Proof. From Lemma A.4, we have

E[G(zk41)] < E[G(zk + /212)],

where z ~ N(0,I;) is independent from zp. Consider the Brownian motion starting at zj, denoted by
Zy = By + xy, where (B;) is a standard Brownian motion in R<. Notice that the generator for the process
dZ; =dB; is L = %A. Therefore,

dE[G(Zy)]
—q  — EILG(Z)]
- gE[G(Zt)(/@WVF +AV)]
k(k+1)

IN

(d+ 1/2)2}

E[G(Zt) 1+ |22

2
2
< 26%(d+ 10)°E[G(Zy) #ldtw2)]
2

< 2k%(d + V2)2E[G(Zt)]17 r(d+v2) (Jensen’s Inequality).
Integrating the above inequality yields

E[G(Z,)]7@ 7 < E[G(Z)] 7@ + 2k(d + va)t.
The proof is complete by noticing that Zy = z, and Z; = xx + /2nz for t = 2. O

Proof of Theorem 2.2. Notice that the statements of Lemmas A.3 and A.5 are virtually the same by changing
t to 2kn. Using this fact, the rest of the proof follows exactly the same as the proof of Theorem 2.1. O

B Proofs for the Stable Proximal Sampler

B.1 Preliminaries

In this section, we introduce additional preliminaries on the isotropic a-stable process, the fractional Poincaré-
type inequalities, the fractional Laplacian and the fractional heat flow.

The Lévy process is a stochastic process that is stochastically continuous with independent and stationary
increments. Due to the stochastic continuity, the Lévy processes have cadlag trajectories, which allows jumps
in the paths. A Lévy process Y; is uniquely determined by a triple (b, A,v) through the following Lévy-
Khinchine formula: for all ¢ > 0 and £ € R4,

E[e"6Y)] = exp (t(i<b, £) — ETAE + /R (e —1 - i<f,y>1{|y|<1}<y>>v<dy>)), (4)

N\{o}

where b € R? is a drift vector. A € R?¥*? is the covariance matrix of the Brownian motion in the Lévy-Ito
decomposition(Applebaum, 2009, Thereom 2.4.16) and v is the Lévy measure related to the jump parts in
the Lévy-Ito decomposition.

The rotationally invariant(isotropic) stable process is a special case for the LeVy process when b = 0,
A =0 and v is the measure given by

v(dy) = caalyl ™Y, caa =2°T((d +)/2)/ (7?0 (~a/2))). (5)

Based on the Lévy-Khinchine formula (4), if we initialize the process at € R?, its characteristic function
is given by

IEmeM’Xf(a)_””> = e e r, & eRY t>0. (6)

The index of stability « € (0, 2] determines the tail-heaviness of the densities: the smaller is «, the heavier
is the tail. The parameter ¢ in (6) measures the spread of X; around the center. When a = 2, the stable
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process pertains to the Brownian motion running with a time clock twice as fast as the standard one and
hence it has continuous paths. When « € (0, 2), the stable process paths contain discontinuities, which are
often referred as jumps. At each fixed time, unlike the Brownian motion, the a-stable process density only
has a finite pt*-moment for p < a, i.e.

o + p € |a,+00),a € (0,2),
E[|X{"P] = {

m{® <+oo  pe(0,a),a€(0,2).

When d = 1, the fractional absolute moment formula for m](ga) can be derived explicitly, see (Nolan, 2020,
Chapter 3.7). When d > 1, the explicit formula for méa) is only known in some special cases. For example,
when ao =1, mél) = F((d?(ogggll:ggl/;)p)/z) for all p < 1. Another good property of a-stable process is the self-
similarity. By examining the characteristic functions, it is easy to verify that the isotropic a-stable process

is self-similar with the Hurst index 1/a, i.e. X, (S?) and a'/ O‘Xt(O‘) have the same distribution. Or equivalently,
p§“) () = t_gpga) (t~=z) for all z € R% and ¢ > 0.

The fractional Laplacian operator in R? of order « is denoted by —(—A)*/2 for a € (0,2]. Tt was
introduced as a non-local generalization of the Laplacian operator to model various physical phenomenons.
In Kwasnicki (2017), ten equivalent definitions of the fractional Laplacian operator are introduced. Here we
recall two of them:

(a) Distributional definition: For all Schwartz functions ¢ defined on R?, we have
[ -1 swar = [ @) (~(-8)"0(x) da.
R? R?

b) Singular integral definition: For a limit in the space LP(R?), p € [1, 00), we have
g g

AP = i, T F) e +2)~ ()

_—= dz.
=0t TPD(=2)] Jaup,  Jelore

where B, is the unit ball with radius r centered at the origin.

The fractional Laplacian can be understood as the infinitesimal generator of the stable LeVy process.
More explicitly, the semigroup defined by the transition probability pta) in (2) has the infinitesimal gen-
erator —(—A)*/2 ie. the density function p§“) satisfies the following equation in the sense of distribu-
tion, Bogdan et al. (2008):

At (x) = —(—A)/%p (z). (7)

a/2

(7) is usually referred as the a-fractional heat flow. When a = 2, —(—A)*/# is the Laplacian operator and

(7) becomes the heat flow.

Proposition B.1 (From FPI to PI). When ¢ — 27, the ¥-FPI reduces to the classical Poincaré inequality
with Dirichlet form E,(¢) = [ |Vé(z)|>dz for any smooth bounded ¢ : RY — R.

Proof. Tt suffices to prove that 5};9) (¢) converges to £,(¢) as ¥ — 27 for any smooth function ¢. Recall the
o () 1y.
definition of £, (¢):

z) — 2 _ 29T ((d +9)/2
5}(;9) (¢) := cd,ﬁ//{#y%dxu(g})dy with  cq9 = %7

where cg9 = O(2—1) as ¥ — 2~. Now we rewrite the inside integral in El(fg) (¢) and split the integral region
into a centered unit ball, denoted as Bj, and its complement:

[ Gl [ e s,
T#Yy 2#0

|$ _ yl(d+19) |Z|(d+19)

20



z.

Ny UL ELY) Py g R ELOR
By R4\ B

|Z|(d+19) |Z|(d+19)

11 12

For I, we have

1 4|2, dn? _ 4 ik
e e
R\B, 2] rg+1 L 0T (4 +1)
As a result, the term in 5&9)@) that is induced by I satisfies
4]lg]1%, dn? :
I dy < ——— =0 9 —=27.
Cd,9 /Rd 2M(y) Y < Cdoy 191“(% n 1) as
For I, we have when 9 > 1,
\Y% ,2))?
- [ Loewar,
By 2|
_ / (Py +2) = ély) = (Vo). 2)) ($ly + 2) = $(y) + (VS(y),2)) |
By |2|4+?

< 6lleae Ilcr e /B |2 9-9)q
1

d
T2

1
V-2
= _— d
||¢HC2(]Rd) H¢”Cl (R) F(% +1) A " "

U

drt
= ||¢Hc2(Rd) H¢||01(Rd) W’

where
satisfies

d

(Vo(y), z)|? 18]l o2 ray 9]l 1 (may A2 _

Cd I —/ — " dz ,u(y)dy <cq9 —0 as¥— 2.
/Rd (r2 B, 27t ) (¥ =14 +1)

|6@ ()] for i = 1,2. As a result, the term in £ (¢) that is induced by Iy

Therefore we have £ (¢) — cao Joa I5, % (y)dzdy as 9 — 27. Last, we prove the limit is
equivalent to 2€,(¢). For i # j, we have

/B 9id(y)9;0(y)zizjdz = —/B 9i0(y)0;0(y)%:%;dZ,
where Zj, = z, for all k # j and Z; = —z;. Therefore, fBl 0;p(y)0;0(y)ziz;dz = 0. As a result,

/ (Vow).2) . _ [ Tia@w)2?
B,

|Z|d+19 |Z|d+19

B

Zd L |22

- ‘ (az¢(y)) d /B |Z|d+19 dz
i=1 1
d

T2

= |V¢(y)|2W(%+1),

and the proof follows from cg »
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B.2 x? convergence under FPI

In this section, we study the decaying property of x2-divergence from pi( to X, where pi( is the law of zy.
In the following analysis, we denote pj, = pf’y as the law of (zy,yx), pf the law of yi. We will analyze the
two steps in the stable proximal sampler separately.

Step 1. In the following proposition, we study the decay of x2-divergence in step 1.

Proposition B.2. Assume that 7~ satisfies the a-FPI with parameter Crpi(a), then for each k > 0,

-1
(L 7)< exp (=0 (Crpiiay +1) ") X2 (08 7).
Proof of Proposition B.2. For the simplicity of notations, we will write p(®) and pi“’ as p and p; respectively
in this proof. Since zy, ~ piX and yi|z, ~ p(n;,-), we have

pr (y) = /de(n;%y)mf (z)dz = /Rd i (@)py(y — 2)dz = pil * py(y).

Therefore, we can view pY as pi evolving along the following factional heat flow
Orpr = —(—A)% f.

That is if po = piy, then p, = pY . Similarly, since 7¥° = 7% xp,,, if o = 7%, then p, = 7¥. For any t € [0, 7],
define ;¥ = 7% x p; and p;¥ = pi¥ * p;. The derivative of ¢-divergence from pX to m¥ can be calculated as

il ¢(”t i dr
X

= [ oo + 8125 (0" - 00 L ) o

Rd Uy Uy Uy
— [ oacaEntas [ o) (Leaytnt - a)E) s

R4 T Rd T T
X X X X X

NN P RN o 0 0T S BN ST,
[ [P cate 1 a8 (s ) - (-a)F o) aas

where in the second identity we used the distributional definition of the fractional Laplacian. Next according to the
singular integral definition of fractional Laplacian, we have

—(=A)% f(2) := ca.a lim /Rd\B Wdz, (8)

r—0+
where B, = {x € R : |z| <7} and ¢4, is given in (5). With (8), we have

d pi

b
o7 ¢(?)7Tt dz
X X X X X
pi (x+2) _ py (@) _ Pt (z+2) 110 p7 (2+2) Pt (=) pi (z+2)
—c lim (Wf((erz)) i Wf((x)) WtX(ﬂchZ)d) (wf((achz)) (x)d) ( ')’((erz))dzﬂ'X(x)d:C
b r—0t Jrd R4\ B, |Z|d+a £ ’
When ¢(r) = (r — 1)%, [oa &( Fdx = x*(pi¥|7¥) and we have

p P (w+z) pf((w))2 X
2, X|_X . X (@tz) 7w (@) X Pt

— T ) = —Cqg.o lim dzmy dx := =& —).
atx (pi"Imi’) e o /Rd A{d\BT |z|dte ' W'X(ﬂ'tx)

According to (Chafai, 2004, Theorem 23), p; satisfies a-FPI with parameter ¢ for all ¢ € (0,7]. Since 7% also
satisfies the a-FPI with parameter Crpy(q), Lemma B.1 implies that 7k = 7% xp, satisfies the a-FPI with parameter
Crpi(a) + 1 for all t € (0,7]. Therefore we have

q
dt

><|°’><

o) = —€ x( )S — (Crpigay + 1)~ X (0 1m00).
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Last, according to Gronwall’s inequality we have
-1
K17 = (o 7)< exp (=1 (Crprge +1) ™) X (8 1),
|

Step 2. In this step, we study the decay of X2 divergence in step 2. building on the work by Chen et al.
(2022). According to the RaSO, we have pj (z) = [paT 75X (z|y)p) (y)dy. Also notice that 7% (z) =
fR XY x|y Yy )dgé( Accgrdglg ;EO the data processing inequalities, x? divergence won’t increase after
step 2, i.e. X2 (pppq |[T) < X2 (o) |7Y).

Combining our results in Step 1 and Step 2, we prove Theorem 3.1.

Lemma B.1. Let u1, pa be two probability densities satisfying the ¥-FPI with parameters C1, Cy respectively.
Then uy * uo satisfies the ¥-FPI with parameter Cy + Cs.

Proof of Lemma B.1. Let XY be two independent random variables such that X ~ u; and Y ~ ps. Then
X +Y ~ pg * po. According to variance decomposition, we have for any function ¢,

Vary, , (¢) = Var (p(X +Y)) = E[Var (¢(X +Y)|Y)] + Var (E[p(X +Y)|Y]).
Since X ~ pp and pq satisfies the 9-FPI with parameter C, we have

2
‘wuwx+qugcwm/z#HW@+YL@;%x+m)mm@m%

therefore we have

E [Var (¢(X + Y)|Y)]
(x z) — ¢(x 2 9
<Cicg,a ///{#0} A TZ|()(1+19?( +v) dzp (z)dzpz (y)dy. ®)

Since Y ~ ps and po satisfies the 9-FPI with parameter Cy, we have

Var (E [¢(X +Y)|Y])

([ ¢l +y+2)u(z)de — [ d(z +y)u(z)dz)’
< Cacg,a //Z?&O} |2[@D) dzpuz(y)dy

(z+y+2 z +y))*
<CZCda// }/ Y |z|(d+”?( v) w1 (z)dzdzps(y)dy (10)
{z#0

where the last inequality follows from Jensen’s inequality. Combining (9) and (10), we have

pla+y+2) —d=+y)’
Vary, «, (@) < Cicda ///#0} (Ploty |zi€i+”) (@ +9) dzps (z)dzpe(y)dy
(@+y+2) -z +y)’
+ Catda //{z;éo} / [2](@+9) pa (w)dedzpz(y)dy
_ 2
< (C1+C2)caa ///#0} Sha’ TZT()dw?(x ) dzpa (z)dzpsz(y)dy

n 2
= (C1+ C2) g, // U Z(dJrﬁib(u)) dzpn * po(u)du
{z#0} |Z|

(Cl + CQ) gm *Mz( )

where the second inequality follows from Fatou’s lemma. O
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B.3 Implementation of the Stable Proximal Sampler

In this section we discuss the implementation of the RaSO step in our stable proximal sampler. We intro-
duce an exact implementation of the RaSO step without optimizing the target potential and the proofs for
Corollary 3.1 and Proposition 3.1.

Rejection sampling without optimization. Suppose a uniform lower bound of the target potential
is known, i.e. there is a constant CpLoy such that inf,cpe V(z) > Crow > —00, RaSO at each step can be
implemented exactly via a rejection sampler with proposals Zy41 following p%a)(- — yi) and the acceptance

probability exp(—V (Zx+1) + CLow)- Then the expected number of rejections, N, satisfies

d

— x -1 — x «
N = (/Rde V( HCL"””p(n;x,yk)dx) and log N = —ClLow —log(/]R e V@) )(n;x,yk)d:v).

Without loss of generality, we assume x* = 0, which always hold if we translate the potential V' by V(0).
Then we have

log N < —Clrow + /d (V(z) = V(0)p' (n; 2, yy,)dzx
R

IN

—CLOW + L/d |{I; —+ yk|ﬂp£7a)({[;)dx
R

IN

s 1 s T
—Clow + LEx.x [|X|%] + L d? + LEx . x [|X )32 (0 |7 %)% + F(2d+lfﬁ)ﬂ,%

where the second inequality follows from Assumption 3.1 and the last inequality follows from the proof of

1
Corollary 3.1. With the above estimation, we can pick n = @(Cfowd_%Lfé) and the expected number of
rejections satisfies log N = O(Crow + LM) with M = E_x [| X|?] + x2(p¥ |7 )E.x [| X |2°]=.

Proof of Corollary 3.1. The expected number of iterations conditioned on y in the rejection sampling is

-1
V= (/ eV(IHV(I*)P(Q)(W;x,yk)dx)
R4
and  log N = —V(a") —log(/ eV Dp( (i, i) da)
Rd
< [ @ -V ) i
R
= /d (V(z + k) — V(w*))pgf‘)(x)dx.
R

WLOG, assume z* = 0. Since V satisfies Assumption 3, we have

(@) LT(41) B 12, 2y_dil
logN < L ’:v—l—yk’ py” (r)dr = —7—n ’x—l—yk’ (’x‘ +n°)” 2 do
R4 T2 R4
LT(4) B2 _dx1
< Ll + gt [ ol (ol + ) e
T

2
LI(4L) 2 at1-p
SLlyklﬁeriQn/d(\w! +0°)" T dw
R

Therefore, when 7 = @(d*%L_%), the expected number of rejections N is of order E[exp(L|yx|?]. Since 7%

satisfies a 1-FPI with parameter Cppy(1), according to Chafai (2004), p; satisfies the 1-FPI with parameter

24



n for any t € (0,n). Last it follows from Theorem 9 that for any 7 > 0, to achieve a e-accuracy in x?
divergence, we need to perform the stable proximal sampler K steps with

_ 2(p|nX Lo 20X | X
K > (Crpiayn 1+-U10g(5¥g%;——l) =:O(C%pmndéLé]og(z—g%;——l))

Proof of Proposition 8.1. For all k > 0, we have
Vo) =TV [ B 0y, [ ALY ool i)
<1v( [ A @y, [ 2Ll i)

+ V([0 0y, [ 22 ool i)
< Ep [TV ol ol Cly)) + TV(BY . o))
<erv+TV(an.on),

where the last two inequalities follow from the data processing inequality. Therefore, T V([)i( , pi( ) < kery +
TV (5, pi) for all k > 1.

Next, the iteration complexity of Algorithm 2 with an inexact RaSO can be obtained from Proposition
3.1. Since g = pi, according to Pinsker’s inequality, we have

TV(a . 7%) STV o) + TV (i, 7%) S TV(G, i) + 4/ X2 (07 |7%) /2
< kenv + y/exp(=kn(Cepr(a) + 1)~ X [7%)/2.
For any € > 0 and any K satisfies
K > (Crpr(yn " + 1) In (2x°(55 |7%)/<?),

h
if the RaSO can be implemented inexactly with ety < 55, the density of the K * iterate of Algorithm 2 is
e-close to the target in the total variation distance, i.e. TV(p5,7%) <e. (]

B.4 Convergence under Weak Fractional Poincaré Inequality

Our main result for Algorithm 2 in Theorem 3.1 is proved under the assumption the target satisfying a-FPI.
Furthermore, for the rejection-sampling based implementation of the RSO in Algorithm 3, the parameter
a is set to be 1. In order to use Theorem 3.1 for the case of generalized Cauchy targets, one has to check
if the a-FPI is satisfied or not, which depends on the degrees of freedom parameter v of the generalized
Cauchy desity. Specifically, When v > 1, 1-FPI is satisfied and we hence have Corollary 3.3, part (i) based
on Theorem 3.1. When v € (0,1), 1-FPI is not satisfied and hence Theorem 3.1 no longer applies.

To tackle this issue, we now introduce a generalization of Theorem 3.1 to the case when the target satisfies
a weak version of Fractioanl Poincaré inequality (wFPI) and provide convergence guarantees for the stable
proximal sampler in y2-divergence.

Definition B.1 (weak Fractional Poincaré Inequality). For ¢ € (0,2), a probability density p satisfies a
J-weak fractional Poincaré inequality if there exists a decreasing function Byrpi(s) : Ry — Ry such that for

any ¢ : RY— R in the domain of 5,(;9) with u(¢) =0, we have
() < Burpro)(r )5( () +r ||¢Hooa vr >0, (WEFPI)

where 5,(;9) is a non-local Dirichlet form associated with v defined as

: 2T ((d + ) /2
5(19) /‘/{I#U} o y| d+19)) dep(y)dy  with  cq9 = —7Td/2(|(rl(—19;é)|)'
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The wFPI is satisfied by any probability density that is locally bounded, and is hence extremely general.
Setting the parameter = 0, wFPI reduces to FPI with Cppigy = Bwrpi(s)(0).

Theorem B.1. Assume that ©X satisfies the a-wFPI with parameter Bwrpi(a)(r) for some o € (0,2). Then
for any step size n > 0 and initial condition p§ such that R (pf|mX) < oo, the k™ iterate of the stable
prozimal sampler with parameter o (Algorithm 2) satisfies

C(or |7%) < exp (= (Bwrpi(a) (1) + 1)~ kn) x> (g |7)
+4r(1 = exp (= (Bwrpi(a) (1) + 1)~ (k+ 1)) exp (QRoo(P()ﬂWX))-

The proof of Theorem B.1 follows the same two-step analysis as it is introduced in the beginning of
Section B.2. The convergence property corresponding to Step 1 is stated in the following Proposition.

Proposition B.3. Assume that 7~ satisfies the a-wFPI with parameter Bwrpi(a) for some a € (0,2), then
for each k > 0,7 > 0,

lox Im7) < exp (= (Bwrpi) (1) + 1) ') x> (ox [7)

11
+47(1 —exp (— (Bwrpi(a) (1) +n)"'1) exp (2Roc (o [77))- .

Proof of Proposition B.3. In the stable proximal sampler with parameter a, we have p! = pi¥ * p(o‘) and
Y (@)

¥ = 7% % py™’. Therefore we can view pk and 7Y as pk and 7% evolving along the fractional heat flow by
time 7 respectively. For any ¢ € [0,7], define 7% = 7% % p® and p¥X = pX * p{*. We have
b X
20 X| X\ _ P N _ Pt
EX (pi |mi ) = —57@((?) = —57@((? -1).

According to (Chafai, 2004, Theorem 23), pga) satisfies a-FPI with parameter n for all ¢ € (0,7]. According
to Lemma B.2, 7;¥ satisfies the a-wFPI with BwEpi(a)(r) + 1. Therefore we get

d — — 2
EXQ(PZXPQX) < (ﬁWFPI(a)(r) + 77) 1X2(P%X|7Ttx) + T(ﬁWFPI(a)(T) + 77) ! HP%X/W,:X - 1H00
< (ﬂWFPI(a) (r) + 77)71X2(P%)(|7T15X) + 4T(ﬂWFPI(a)(T) + 77)71 exp (2Roo(Pi(|7TX)),

where the last inequality follows from the definition of Renyi-divergence and the data processing inequality.
Last, (11) follows from Gronwall’s inequality. (|

Proof of Theorem B.1. According to Proposition B.3, the x? decaying property in step 1 of the algorithm is
as follows,

X (o1 |7) < exp (= (Bwrpi) () + 1) ') x> (ok [7)
+4r(1 = exp (= (Bwrpi(a) (r) + 1) 'n) exp (2R (pi [77)).

X|Y Y

In step 2, we have ka+1 =pY s and X = 7Y % XY, Therefore according to the data processing

inequality, we get
X (P |m™) < X2 |77
< exp (= (Burpioy () +m) ') X3 (ok [7)
+4r(1 —exp(— (BWFPI a)( ) n)~'n) exp (2Roo(PkX|7TX))
< exp ( k(BwEpi(a) (T ) (o I
+ +47"(1 — exp ( (ﬁwppl(a (r)y+mn)~ (k +1)n )) exp (2Roo(p§(|7rx)),

where the last inequality follows from the data processing inequality. Last, apply the above iterative relation
k times and we prove (11). O
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Lemma B.2. Let u; be a probability density on R? satisfying the 9-wFPI with parameter Bwrpi(oy(r). Let
a2 be a probability density on R? satisfying the 9-FPI with parameter Crpi(yy. Then p1* po satisfies 9-wFPI
with parameter Byrpio)(r) + Crpi(y)

Proof of Lemma B.2. Let XY be two independent random variables such that X ~ po and ¥ ~ pg.
According to variance decomposition, we have for any function ¢ such that pug * pa(¢) =0,

Vary, ., (¢) = Var (9(X +Y)) = E [Var (¢(X +Y)[Y)] + Var (E [¢(X +Y)[Y]).
Since X ~ g and pg satisfies the J-FPI with parameter Crpyg), we have

E[Var (¢(X +Y)|Y)] (12)

(x+y+2)— ol +y)’
< Crp1(9)Cd,a ///{#0} |z|(27l+19) ( ) dzps (z)dau (y)dy. (13)

Since Y ~ py and p; satisfies the J-wFPI with parameter Byppy(y), following the proof of Lemma B.1, we
have

Var (E [¢(X +Y)|Y])
2
<BwFPI(9)Cd,a //#O}/ cak Tzi“@?( z+y)) p2(z)dzdzp (y)dy

2 14
/¢(fv + )2 (z)dz — // ¢(x + y)pa(z)dzp (y)dy (9

T+y+z z+y))°
<BwrPI1(9)Cd,a // , / Y |z|(d+1’?( v) pz(z)dadzp (y)dy + 7 [|6]12,
{z#0

where the last inequality follows from the fact that p * p2(¢) = 0 and the convexity ||-||_ . Combining (12) and
(14), we have

+r

Var, su, (¢)

T+y+z) —ox+y)’
<CFP1<19)Cda///{ Loy . |Z|81+19§b( v) dzpz(z)dzu(y)dy

T+y+2) z+y))*
+ Bwrpio) (7 Cda//{ #O}/ ’ |Z|<d+ﬂ?( v) pz(z)dadzp (y)dy + 7 |62,

utz) = ¢(u)’

|2[(@+9)

dzp * pa(w)du + 7 9117,

= (Bwrp1(9) () + Crp1(9)) Cd,or //

{z#0}
= (Burpr(9) (1) + Crpr(w)) Envens (9) + 1 [10]12

Lemma B.2 is hence proved. O

B.5 Proofs for the Generalized Cauchy Examples

In this section, we provide proofs for the two corollaries in Section 3.2.

Proof of Corollary 3.2. According to (Wang and Wang, 2015, Corollary 1.2), m, satisfies a-FPI with param-
eter Cppy(y) for any o < min(2,v). Therefore it follows from Theorem 3.1 that

-1
X2 (o |m) < exp (—kﬁ (Cepi(a) +1) ) X (o5 ). (15)
According to (Mousavi-Hosseini et al., 2023, Corollary 22), when p = N(0,1;) and d > 2, R (pi|m,) <

In(2"/?T'(v/2)) + In(%42) which implies x?(pg |m,) = ©(d). Therefore Corollary 3.2 follows from (15) and
€ (0,1). O
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Proof of Corollary 3.3. We prove the two part in the Corollary separately:

(i) When v > 1, according to (Wang and Wang, 2015, Corollary 1.2) 7, satisfies the 1-FPI with param-
eter Cppy(1). Corollary 3.1 applies with L = 4(d+v) and 3 = 1/4 and the iteration complexity of Algorithm

2 is of order (’)(Cppl(l)d% (d+ v)* In(x*(p Im) /€))-

(ii) When v € (0, 1), according to (Wang and Wang, 2015, Corollary 1.2), there exists a positive constant
c such that m, satisfies the 1-wFPI with parameter

Bwrpiy(r) = c(1+r~071/v), (16)
Theorem B.1 implies that

2/ X kn 2, X

X (P Imv) < exp ( - n+ el _;'_Tf(lfu)/u))x (po |mv)

(k+1)n X _X
+r(l—exp(— DT r7(17u)/u))) exp (2R (pp |77))

kn 2/ X

< e (= AT ey X (o m)

(k+ 1)nr

exp (2Ru (o 7).

n+c(l + r—A=)/v)

exp (72uRoo(pé( \wy))c”s”
(k+1)Vn"

For any € > 0 and k > 1, pick r = , we have \2(py |7,) < e if
LRl )y o 2P0 ),

k>[1+ v 42 e eI exp
v e

Corollary 3.1 applies with L = (d + v)/v and 8 = v/4. Therefore, by choosing n = @(dié(d + 1/)7%)7 the iteration
complexity in Algorithm 2 is of order

ﬂ, _ X 20, X
O<max {c%d%+%7cd%+%571u eXp(Q(1 V)fioo(po |7TV))}111%(72X (peo |7r1,))>

|

C Proofs for the Lower Bounds on the Stable Proximal Sampler

In this section we introduce the proofs for the lower bounds for the stable proximal sampler with parameter
« when the target is the generalized Cauchy density with degrees of freedom strictly smaller than «. The
lower bound is proved following the idea introduced in Section 2.

Lemma C.1. Suppose (xy,yr)r are the iterates of the stable proximal sampler with parameter «, step size
n and target density T  exp(—V) for some V : R* — R. Let G(x) = exp(kV (z)) with k € (0,1). Then,
for every k >0,

E[G(zr41)] < E[G (), + 2507 21.)],
(@)

where zi, with density py ~, is sampled independently from xj,.

Proof of Lemma C.1. Recall that 75 (2]y) oc 7% (2)p'®) (; z,y). We have

E[G(zk+1)] = E[E[G(2r+1)lys]] = E[Z,] /G(I)WX (@)py (z — y)da]

_ 1 1
= E[Z,'E[G(yx + 1= z1)7™ (g + 17 21) yx]]
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where Z,, = [7¥ (:E)p%a) (z — yp)dz = E[mX (yr + 0= 2x)|yx] and 2z is the a-stable random vector with

density pga), which is independent to yg,zk. Let T : Ry — R be T'(r) = r~". Since k € (0,1), T is convex

and r — rT'(r) is concave. According to the fact that G(z) = T(7%)(z) and Jensen’s inequality, we have
E [ T()) (e + 7% 22l
E[mX (yr + e z)|yr]
1
< E[T(B[x* (yx + 1= 2x)|ys])]-

E[G(zr1)] = E

Since T is convex, apply Jensen’s inequality again and we get

E[G(2k+1)] < E[G(yk + 1= 21)] = E[E[G (21 + 0= 2, + 07 2i) 1]
= E[G(xr + 25 0= z3)|xx],

where z;, is the a-stable random vector with density pga), which is independent to zy, zx and the last identity

follows from the self-similarity of a-stable process with zj ~ pga) which is independent to x. o
Lemma C.2. Suppose (xk,yr)r are the iterates of the stable proximal sampler with parameter «, step size
n and target density ™% o< exp(—V) satisfies

(d + 1/2)2

(d L2)|x|
§7‘/ €T <
| ( )| 1 |CE|2 ’

S T and AV(z) <

for some vy € (0,a) and for all v € R, Let G(z) = exp(kV (z)) with
K€ (va(d+ve) H ald 4+ vp)™h).

Then, for every k > 0 and for all r > 0,

r(d+vg) (a)

r(d+vg) r(d+vg) k(d+va) 1
e (L) T m g

ElG(zrir)] < (1 4+7)" = E[G(zx)] + 2 (17)

where m’(f(?l ) =

every N > 0,

E[|zx|*(4v2)] with 2, being an a-stable random vector with density pga). Moreover, for

E[G(xx)] < EB[G(xo)] + m'®)  N=H2 1, =

r(d+v2) (18)

where < is hiding a uniform positive constant factor.

Proof of Lemma C.2. Without loss of generality assume V(0) = 0. Then, we have that,

t
ﬁdt: d+ve
1+ [tz|? 2

1 1
V(z) = / (x, VV (tx))dt < (d + 1/2)/ In(1 + |z|?).
0 0
Therefore G(z) = exp(kV(z)) < (1 + |z]?)*@t%2)/2] Since k € (vao(d + v2) " ald + 1)), G(z) =
O(|z|*@+2)) when |z| > 1 and E[G(zx, + 259 2;)] in Lemma C.1 is finite. We have

E[G(xx + 2577 21))]
SE[(l 4 |33k 4 Qénézk|2)ﬁ(d42ru2)]
r(d+va)

<E[(1+ (14 7)|zgl> +4ona (L+r )" 2 ]
S(l_’_r)ﬁ(d;rw) k(d+vg) N(dzm)

E[G(zk)] +2 = 7
<(1+7r)” 2 E[G@r)]+2 =« 7

r(d+v9)

O I | Y el

r(d+vo) r(d+vy) r(d+tva) r(d+vo) (@)
a 2

1
(L+777) Mo (dtva)
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where the first inequality follows from the Young’s inequality and m,(f(‘()i ) = E[|z1|*(4*+¥2)] with z;, being
(o)

an a-stable random vector with density p; . (17) follows from Lemma C.1. Furthermore, by induction we
have

E[G(zx)] < (14 r) TN 2E[G ao)]

1 w(d+v2)N/2 | w(dtvy)  m(dtva) EPNLICARZ) NN
+(+r) 0<277 0<2(+r1) 7 () .
(1 + T)n(d+u2)/2 —1 Kk(d+v2)
Pick r = m and (18) is proved. |

Proof of Theorem 3.2. To apply Lemma A.1, we choose G(x) = exp(kV (x)) with k € (vo(d + v2) ™!, a(d +
v9)~1) C (0,1). Without loss of generality assume V(0) = 0. Via Assumption 2.1, we have the estimates for
v,

t|x| _d+n
L+ Jta2 2

1 1
V(:c):/o (:v,VV(t:c)>dt2(d+u1)/0 (1 + |2[2).

By Lemma A.2 we have

_dtvo .
=z —vy

™ (G(z) > y) = 7~ (|x| > y”“i”l)) >C,d? (1 + yn—wfm)) R

We then invoke Lemma A.1 and Lemma C.2 to obtain

TV (o, 7¥)
r(d+va) r(d+vo)
. _ —dtvy E[G(xz0)] + m'®) N——= *1 «
Z sup CyldTI (1 —+ ym(T%q)) 2 yw(T?q) — [ ( O)] K(d+vs) i
y>1 Y

The fact that £ € (va(d+v1)7 !, a(d+v2)~t) ensures that the supremum on the right side is always positive.
In particular, picking y such that

JR— RN o ndtvy) |1 k(dvg)
y m(d+u1):®(culld 2(E[G(x0)]+m£(;+U2)N T, S )),

we obtain that

X X
TV(pNv ™ )
_rlddv)  (ddg)es (d+ d+ __va_
k(d+v1)—ve J5 - dTo ) —205 (a) Nim-i-l rldtva) \ — k(dtv1)—v
201/1 d2r(d+vy)—2va (E[G(mo)] + mﬁ(d+y2)N 2 n o ) 1 2

where > is hiding a uniform positive constant factor. Therefore, for any o € (%JZZ), 2] and § € (0, —

va(d+v2) a—3 v e
Ao s € (7%, 7r5;) and get that

), we can choose Kk =

TV (px, 77)

vo(a—68)(d+vy) _s 5. _ vo(d+va)
> CV11V216d2(0¢75)(d+u1)72u2(d+u2) (E[G(IO)] + m(a)éN"‘TJrln"‘T) (a=8)(d+v) —va(dtra)

a—

Theorem 3.2 then follows by taking 7 = a — §. O

C.1 Further Discussions on Lower bounds of the stable proximal sampler

To derive a lower bound for the stable proximal sampler with parameter «, it is worth mentioning that there
is an extra difficulty applying our method when v > «. Recall that when v € (0, «), 7, has heavier tail than
pi( does. Therefore, when we apply

TV(pp »m) > |m (G > y) — pi (G > y)], (19)

to study the lower bound, it suffices to derive a lower bound on 7, (G > y), and an upper bound on p;X (G > y)
which is smaller than the lower bound on 7,(G > y). Deriving these bounds is not too hard: the lower
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bound can be obtained by looking at an explicit integral against m, directly and the upper bound is derived
based on the fractional absolute moment accumulation of the isotropic a-stable random variables along the
stable proximal sampler.

However, when v > «, we expect that pi( has heavier tail than 7. Therefore, to apply (19), we need to
find an upper bound on 7, (G > y), and a lower bound on pj (G > y) which is smaller than the upper bound
on m,(G > y). Notice that p? (G > y) is a quantity varying along the trajectory of the stable proximal
sampler. Deriving a lower bound along the trajectory is essentially more challenging than deriving an upper
bound.

In order to derive a satisfying lower bound in this case, it hence remains to characterize the stable
proximal sampler as an approximation of an appropriate gradient flow, just as that the Brownian-driven
proximal sampler can be interpret as the entropy-regularized JKO scheme in Chen et al. (2022); see also
Section 5. To understand this kind of gradient flow approximations itself is an interesting future work as
it may help us to understand and characterize the class of MCMC samplers that utilize heavy-tail samples
to approximate lighter-tail target densities, which is non-standard compared to commonly used MCMC
samplers such as ULA, MALA, etc.
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