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Abstract

The randomized midpoint method, proposed by [40], has emerged as an opti-
mal discretization procedure for simulating the continuous time underdamped
Langevin diffusion. In this paper, we analyze several probabilistic properties of
the randomized midpoint discretization method, considering both overdamped and
underdamped Langevin dynamics. We first characterize the stationary distribu-
tion of the discrete chain obtained with constant step-size discretization and show
that it is biased away from the target distribution. Notably, the step-size needs
to go to zero to obtain asymptotic unbiasedness. Next, we establish the asymp-
totic normality of numerical integration using the randomized midpoint method
and highlight the relative advantages and disadvantages over other discretizations.
Our results collectively provide several insights into the behavior of the random-
ized midpoint discretization method, including obtaining confidence intervals for
numerical integrations.

1 Introduction

We consider the problem of computing the following expectation
E.[¢(z)] where =w(z)= ZLfe—f(w), W

for a potential function f : R — R and a test function ¢ : R? — R, when the normalization con-
stant Z; = | e~ /@) dz is unknown. This problem frequently arises in statistics and machine learn-
ing with numerous applications to high-dimensional Bayesian inference [45, 24, 30, 10], numerical
integration [21, 19], volume computation [43], optimization and learning [37, 17, 32], graphical
models [20], and molecular dynamics [34, 22]. Markov chain Monte Carlo (MCMC) methods pro-
vide a powerful framework for computing the integral in (1), and have been successfully deployed
in various scientific fields [26].

In particular, MCMC algorithms that are based on diffusion processes have received a lot of at-
tention recently. The fundamental idea behind such algorithms is that a continuous-time diffu-
sion with its invariant measure as the target 7 is approximately simulated via a numerical sam-
pler. The intuition behind the success of these methods is that by appropriately selecting the
step-size parameter, the discrete approximation resulting from the numerical sampler tracks the
continuous-time diffusion. Thus, rapid convergence properties of the diffusion process (see, for ex-
ample, [38, 23, 14, 15, 27, 12]) is inherited by the discrete algorithm with an invariant measure that
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is close to that of the diffusion, which is the target 7. While a variety of diffusion processes can
lead to a rich class of MCMC samplers, algorithms that are based on discretizing Langevin dynam-
ics have been the primary focus of research due to their simplicity, accuracy, and well-understood
theoretical guarantees in high-dimensional settings [6, 3, 4, 9, 42, 29, 3, 11, 13, 16].

Although motivated by the problem of computing the integral in (1), much of the theoretical focus
on analyzing sampling methods in the recent literature has been on providing guarantees for the
sampling problem itself (see [41] for an exception), i.e., the number of iterations needed to reach e-
neighborhood of a d-dimensional target distribution in some probability metric. The choice of step-
size of the sampler is crucial to obtain such theoretical guarantees. While the problem of estimating
expectations such as in (1) is based on sampling from the target 7 itself, the theoretical guarantees
established for the sampling problem can provide very little to no information on computing the
expectation in (1) based on the sampler. The main reason for this is, the step-size choice of the
sampler required to obtain optimal theoretical guarantees for numerical integration of (1) turns out
to be different from that of sampling. Furthermore, if the ultimate task is to perform inference on
the quantity E,[p(z)], confidence intervals are required. Thus, one needs central limit theorems
(CLT) to quantify the fluctuations of the estimator of the expectation in (1), depending on a specific
numerical integrator being used.

The randomized midpoint method, a numerical sampler proposed by [40], has emerged as an optimal
algorithm for sampling from strongly log-concave densities, achieving the information theoretical
lower bound for this problem in terms of both dimension and tolerance dependency [1]. In lieu of
this optimality result, one anticipates a superior performance from the randomized midpoint method
in other fundamental problems that relies on a MCMC sampler as the main computation tool, e.g. es-
timating expectations of the form (1). However, properties of this sampler for the purpose of numer-
ical integration, in particular its inferential properties, are not well-studied. In this paper, we explore
various probabilistic properties of the randomized midpoint discretization method, when used as a
numerical integrator. Towards that, we examine several results for the randomized midpoint method
considering both the overdamped and underdamped Langevin diffusions. Our first contribution is
the explicit characterization of the bias of the randomized midpoint numerical scheme, namely the
difference between its stationary distribution and the target distribution 7. We show that asymptotic
unbiasedness, a desired property in general, can be achieved under a decreasing step-size sequence.
As our principal contribution, we establish the ergodicity of the randomized midpoint method and
prove a central limit theorem which can be leveraged for inference on the expectation (1). We com-
pute the bias and the variance of the asymptotic normal distribution for various step size choices,
and show that different step-size sequences are suitable for making inference in different settings.

Our Contributions. We summarize our contributions as follows:

1. We show the ergodicity of constant step-size (denoted as k) randomized midpoint discretization
of the overdamped and underdamped Langevin diffusions in Theorems 1 and 3, respectively.
For both cases, the stationary distribution 7, of the resulting discretized Markov chain is unique
and is biased away from the target distribution 7.

2. The choice of a constant step-size for the randomized midpoint discretization causes bias in
sampling. We characterize this bias explicitly in Propositions 2.2 and 3.1 for the overdamped
and underdamped Langevin diffusions, respectively. We show that Wasserstein-2 distance be-
tween p, and 7 is of order O(h%-%) and O(h!-%) respectively for the overdamped and under-
damped Langevin diffusions.

3. The established order of bias points toward using particular choices of decreasing step-size se-
quence for the sake of inference. Specifically, we prove a CLT for numerical integration using
the randomized midpoint discretization of the overdamped and underdamped Langevin diffu-
sions in Theorems 2 and 4 respectively, for various choices of decreasing step-size. Depending
on the specific choice of step-size sequence, the CLT is either unbiased or biased. When dis-
cretizing the overdamped Langevin diffusion with polynomially decreasing step-size choices,
the rate of unbiased CLT turns out to be O(n(1/3)=¢) for any ¢ > 0. But the optimal rate turns
out to be O(nl/ 3) for which one can only obtain a biased CLT. When discretizing underdamped
Langevin diffusions with polynomially decreasing step-size choices, we show that the optimal
rate can be improved to O(n®/®) under a certain condition, which is satisfied only by the class
of constant test functions.



1.1 Notations and Preliminaries

We denote an /-th order symmetric tensor of dimension d by A € R?®*. For a given vector u € R?,
we use ||u|| to denote the Euclidean-norm of the vector. We define the ¢-th order rank-1 tensor
formed from u € R? as u®¢. In addition, let A and B be two ¢-th order tensors, we define the
inner product between A and B as (A, B) = 2?1:1 - Z?Fl Ajljs. e - Biijs..si- For a function
f: RY SR,V fe R4 and D! € R4®t represents the gradient, and ¢-th order derivative tensor (for
¢ > 1). We let (€2, F, P) represent a probability space, and denote by B(R¢), the Borel o-field of

Re. We use % and 5 to denote convergence in distribution and probability respectively. The set
of all twice continuously differentiable functions f : R? — R is denoted as C?(R?). We use I, to
represent the d x d identity matrix. Let xg, x1, . . . be a d-dimensional Markov chain. The transition
probability of the chain, at the k-th step is defined as P*(x, A) := P(x; € Alxg = ), for some
x € R and represents the probability that the chain is in set A at time n given the starting point was
x € R% We use O to hide log factors. Finally, for a sequence ~;; and positive integer ¢, we define

Fgf ) = > ory vﬁ. We also make the following assumption on the potential function.

Assumption 1.1. The potential function f € C?(R?) satisfies the following properties. For some
0 <m < M < oo: (a) f has a M-Lipschitz gradient; that is, D> f < M1y, and (b) f is m-strongly
convex; that is, mI; < D? f. We also define the condition number as k := M /m.

2 Results for the Overdamped Langevin Diffusion

The overdamped Langevin diffusion is described by the following stochastic differential equation:
da(t) = =V f(x(t))dt + V2dW (t), 2)
where W (t) is a d-dimensional Brownian motion. It is well-known that this diffusion has 7(z)

e~f(®) as its stationary distribution under mild regularity conditions. In general, simulating a
continuous-time diffusion such as (2) is impractical; thus, a numerical integration scheme is needed.

We now describe the randomized midpoint discretization of the above diffusion in (2), which we
denote as RLMC. Denoting the n-th iteration of the algorithm with x,,, the integral formulation of
the diffusion with x,, as the initial value would then be z7 () = x,, — fot Vf(xk(s))ds + V2W ().
Let b > 0 be the choice of step size for the discretization and, let (c,) be an i.i.d. sequence
of random variables following uniform distribution on [0,1], i.e. «, ~ UJ[0,1]. The fundamen-
tal idea behind the randomized midpoint technique is to use AV f(z} (an+1h)) to approximate the

integral foh Vf(z(s))ds. Indeed, notice that E[AV f(x} (ani1h))] = hfol Vf(xk(ah))da =

foh V f(xk(s))ds. RLMC proceeds by approximating 7 (c,+1h) with the Euler discretization,
which ultimately yields an explicit numerical integration step. Although [40] considered this dis-
cretization only for the constant step-size choice and the underdamped Langevin diffusion (which
we discuss in Section 3), below we present a single iteration of the RLMC algorithm with the choice
of variable step-size 7,41 for the overdamped diffusion in (2):

Tyl = Tn — W1V 41V f(2n) + v 20‘n+1'7n+1U7/:,+1a
Tnt1 = Tn = V1V (@ny 1) + V29m41Uns1,

where (U,,) and (U}) are sequences of i.i.d d-dimensional standard Gaussian vectors independent
of (cv,) and the initial point xo. We briefly digress now to make the following remark. If instead of
ay, ~ UJ0, 1], one uses o, = 1 for all n deterministically, then the iterates of (RLMC) algorithm is
reminiscent of the extra-gradient descent algorithm from the optimization literature [28], perturbed
by Gaussian noise in each step. Furthermore, its noteworthy that with the deterministic choice of
o, = 1, one cannot obtain the improved rates that the uniformly random «,, provides. Lastly, the
filtration (F,,) is defined by F,, := o(ax, U, Uj; 1 < k < n), the smallest o-algebra generated by
the noise sequence and uniform random variables that are used in the first n iterations.

(RLMC)

2.1 Wasserstein-2 Rates for Constant Step-size RLMC

Before, we state our main result, we investigate a few important characteristics of the (RLMC)
algorithm that are not explored yet. We start with its rate of convergence in Wasserstein-2 distance



(see [44] for definition) for the (RLMC) algorithm. The proof of the proposition below essentially
follows from a similar idea of the more general result for the underdamped Langevin dynamics
in [40]. We include the result with its proof for the sake of completeness.

Proposition 2.1. Suppose [ satisfies Assumption 1.1. Set vo = argmin, f(z), v, := h =
O(2/3 kY3 M) when khM > 1, and ~y,, := h = O(e/M) when khM < 1 for some constant
C > 0. After running the (RLMC) algorithm for

- [(KY3 i
K=0(=~+=) steps,
(52/3+e> steps

we have Wy (v, m) < er/d/m, where vi is the probability distribution of x k.

When & is of constant order, we see that W, rate is of order O(1/¢). Notably, with the randomized
midpoint technique, we obtain this particular e-dependency by discretizing just the overdamped
Langevin diffusion with only the Lipschitz gradient condition on the potential function f. Prior
works require Euler-discretization of higher-order Langevin diffusions to obtain a W5 rate of order
O(1/€) [8, 35] or require higher-order smoothness assumption along with other specialized dis-
cretization methods [39, 25, 10, 8].

2.2 Analysis of the Markov Chain Generated by Constant Step-size RLMC

Using the randomized midpoint technique, we obtain an improved dependency on ¢ for the W rate
under weaker assumptions while discretizing the Langevin diffusion in (2). Although not explicit
from the proof of Proposition 2.1, the rate improvement is obtained by a careful balancing of bias
and variance through the choice of step-size parameter h. In this section, in Theorem 1, we first
show that the (RLMC) Markov chain is ergodic and has a unique stationary distribution, denoted
by 7. Due to the choice of constant step-size h, it is not hard to see that the stationary distribution
of the (RLMC) is different from the stationary distribution 7 of the Lanvegin diffusion in (2), i.e
7, # 7. Hence, in Proposition 2.2, we characterize the Wasserstein-2 distance between 7 and 7,.

Firstly, if f € C2(R%) and f has a Lipschitz gradient with parameter M, then we can immediately
see that the transition kernel of chain (z,,), P(z,y) € C(RYxRR?) is positive everywhere. Therefore,
it’s easy to obtain that the chain (x,,) is y*-irreducible and aperiodic. Given all this information,
we can give a sufficient condition to make sure that the chain has a unique invariant probability
measure, and it is ergodic.

Theorem 1. Let the potential function f satisfy part (a) of Assumption 1.1, and let ~y,, := h be small
enough. Then the RLMC) Markov chain (x,,) has a unique stationary probability measure p,, and
for every x € R%, we have

sup |P"(z,A) —mp(A)—0 as n— oo.
AcB(RY)

We next address the question: how far is 75, from 7?7 This question can be typically answered by a
careful inspection on the proof of Proposition 2.1. However, for (RLMC), this is not the case, and
requires using a different technique. Towards that, we derive an upper bound of Ws(m, ) under
the same assumptions in the previous theorem and the additional assumption that f is also strongly
convex with parameter m.

Proposition 2.2. Let the potential function satisfy Assumption 1.1, and let 7, := h € (0, ﬁ) in
the (RLMC) algorithm. Then, we have

(1+2Mh)?
k1 —Mh/\/?;'

Remark 1. The above proposition shows that the order of the bias between the stationary distribu-
tion of the Langevin diffusion and that of the (RLMC) chain is of the order (’)(\/ﬁ)

Wy (m, 7)) < 3vdh 3)

2.3 Wasserstein-2 rates and CLT with Decreasing Step-size

In this part, we consider the (RLMC) algorithm with a fast decreasing time step sequence (+y,,) and
establish a convergence rate in W distance as well as a CLT for the numerical integration (1).



Proposition 2.3. Suppose f satisfies Assumption 1.1. Let xg := argmin, f(z) and v,41 <
m2++(33+n). After running (RLMC) algorithm for K = O(Hl'5/€) steps, we obtain

Wa(vk, m) < ey/d/m, where vi is the probability distribution of x .

Remark 2. There are two aspects of this result. The first aspect is rather standard; there is no
logarithmic factor in 1/e compared to the result in Proposition 2.1. Similar phenomenon has been
previously observed for the LMC algorithm [8]. The second aspect is that we never obtain the
o(1/ €2/ 3) term as in Proposition 2.1, with the constant step-size choice. This is not an artifact of
our analysis. This is due to the fact that with this choice of decreasing step-size, we reduce the bias
much more at the expense of slightly increased variance. However, as we demonstrate next, this
choice of decreasing step-size is crucial for obtaining an unbiased CLT for numerical integration.

As the main contribution of this section, we characterize the fluctuations of (RLMC) when it is
used for computing the integral fRd wdr for a w-integrable function ¢. Choosing the Langevin
diffusion in (2) With the stationary distribution 7, we have by Theorem 1 that it is ergodic, and
limy— o0 1 f go (s))ds = [a dm == m(p), almost surely. Motivated by this, we first discretize
the diffusion using (RLMC) and then compute a discrete analogue of the average. The procedure
consists of two successive phases:

(a) Discretization: The (RLMC) algorithm is run with a step size sequence (%) satisfying for all
n, Yp > 0, limy, 400 7n = 0, and lim,, , 1 oo I, = +00, where I, := Zk 1Yk

(b) Averaging: Using the (RLMC) iterates (z,,), construct a weighted empirical measure via the
same weight sequence v := (,,): For every n > 1 and every w € €2, set

V10ao(w) T+ Vo100, (w) + 7+ Mbo, 1 (w)

7 (w,dz) :=
al ) Y+t

and use 77 (w, ) := [pa o7 (w, dx) = 7= Yep(xk—1(w)) to estimate the expectation (1).

For numerical purposes, for a fixed function ¢, 7)) (w, ) can be recursively computed as follows:

’)/n+1
F’I’L+l

Tap1 (@, 9) = T (W, ) + Fn1 (0(Tn (W) — T (w, ) With Fyg 1=
We now provide the main result of this section, a central limit theorem for the algorithm (RLMC)

when it is used to compute integrals of the form in (1).

Theorem 2. Let w be such that its potential f satisfies Assumption 1.1. Consider a test function
¢ : R4 — R of the form ¢ = A¢ for some function ¢ : R¢ — R, where A denotes the generator
of the diffusion (2), i.e., Ap .= —(V [, Vo) + A¢. Define 4, = ﬁ Soh_17E and let Aoy =
1im,, s o0 An. Then for all ¢ € C*(R?) with D¢, D3¢ being bounded, and D*¢ being bounded and
Lipschitz, and sup ,cga ||V (2)]|?/(1 + ||z]|?) < +o0, we have the following central limit theorem
for the numerical integration computed via (RLMC):

(i) IfAoo = 0, then /Trm () % N (0,2 fyq V(@) | >m(da)),
(i) I 3oo € (0,+00), then VTum) () 5 N (0 A0, 2 fna [IV(@)||2m(da)),
(iii) If e = +00, then “Lom) () B o,

where the mean o is given as

0 =] [{D’¢(x), Vf(2) ® u @ upp(du)m(dz) — 3 f<D2f(w)’ Vé(z) @ Vf(z))m(dz)
+ 5 [ [(D*f(2), Vé(a) ® u® u)u(du)r(dz) — 5 [(D*¢(x), V f(z) ® Vf(x))m(dz)
— 5 [ (D (), u®*) p(du)m(dw),
and p is the distribution for a d-dimensional standard Gaussian measure.

Remark 3. First note that a CLT for the Euler discretization of Langevin diffusion follows from [21,
Thm. 10]. The rates of the CLT established in Theorem 2 are similar to that case, with only the bias
term p being different. Specifically, following the same computation in [21], we see that the optimal



rate with polynomially decaying step-size choice v, = k™%, for some o« > 0, is O(n1/3). But in
this case, the established CLT is biased. However, for any 0 < « < 1/3, we obtain an unbiased
CLT as well. Hence, although the (RLMC) chain provides rate improvements for sampling (with
respect to Wy, distance), as demonstrated in [40] and in Proposition 2.1, it does not seem to provide
any improvements for CLT. In retrospect, this is expected as the rate improvements for sampling is
achieved by the choice of constant step-size for which it is not possible to establish even a nearly
unbiased CLT.

The class of test functions that the above CLT can cover is intimately related to the solution of the
Stein equation (or Poisson equation) ¢ = A¢. Given ¢, there is an explicit characterization of ¢
that solves the Stein’s equation, and various properties of  are translated to ¢ [18, 17].

3 Results for the Underdamped Langevin Diffusion

The underdamped Langevin diffusion is given by

v(t

d [iEﬁﬂ - {(m(t) +(u)Vf(:c(t)))} i+ V25 Bﬂ e @

where 5 > 0 is the friction coefficient and u > 0 is the inverse mass. For simplicity, we will consider
[ = 2 in the later text. Under mild conditions, it is well-known that the continuous-time Markov
process (z(t), v(t)) is positive recurrent, and its invariant distribution is given by v(z,v) o exp { —
fl@)— o [v]|? }, # € R, v € R This diffusion, with an additional Hamiltonian component, has
gathered a lot of attention recently due to its improved convergence properties [7, 5, 40, 27, 12] and
empirical performance [36, 2].

The randomized midpoint discretization of the underdamped Langevin diffusion (4) is given as:

1 ~2a 1 ~2a @ @
xn+% =Ty + 5(176 2 nt+17n+1)Y, — % (an+1'yn+1—§(1fe 2 "+17"+1)) Vf(fﬂn) + \/ﬂO’n+1Un+1,

Tt = Tn + FA-e )0, — Sy g1 (e 20 )V f(@, 1) + Vo Ui,
Ung1 = Une T — Wy e 20tV f (2, 1) + 2vuo 0 U, (RULMC)

where (7,,) is the sequence of time steps, 07(11), 07(12) and JS’) are positive with (0*7(11))2 = QpnYn +

4vn

e (12, (02 = A — (1o ) and (03)? = =0 and (o)
is a sequence of identically distributed random variables following the distribution c,, ~ UJ0, 1].

( 7(11), 722), 7(13)) are independent centered Gaussian random vectors in R3¢ also independent of
(cv,) and initial point (xg, vg), having the following pairwise covariances:

cov(crﬁll)U,(Ll), UT(LQ)U,(LQ)) = (an’yn - (670‘”" +e 2 sinh(ozn*yn)) sinh(anvn)) Iixa,
cov(crgf)U(Q) 0(3)U,(L3)) = (672% Sinh(’Yn)Q) Taxa,

n »%n
COV(agll)UT(Ll), 0_23) UT(Lg)) = (6727n Sinh(an’Yn)Q) Tixa-

The (RULMC) algorithm has emerged as an optimal sampling algorithm in the sense that it achieves
the information theoretical lower bound in both tolerance € and dimension d for sampling from a
strongly log-concave densities [1, 40]. Therefore, it is interesting to examine if (RULMC) based
numerical integrator have any benefits in other MCMC-based tasks such as (1). Towards that, we
characterize the order of bias with a constant step-size choice for (RULMC) iterates as proposed
in [40]. Compared to the bias result in Proposition 2.2 for the (RLMC) discretization, we note that
order of bias is increased (i.e. smaller bias). Next, in Theorem 4 we provide a CLT for numerical
integration with (RULMC). Our results show that when it comes to computing expectations of
the form in (1) using (RULMC) and characterizing its fluctuations, the (RULMC) discretization
obtains rate improvements only for a class of constant test functions (as described in Remark 6).

3.1 Analysis of the Markov Chain generated by Constant Step-size RULMC

Recall that 7(x) is the marginal density function of v(x, v) with respect to x. Similarly vy, (z,v)
be the stationary density function of the Markov chain generated by (RULMC) chain and 7, ()



be the marginal density function of v (x, v), with respect to . Furthermore, the filtration (F,,) is
defined as F,, := o(a, U,gl); 1 <k <mn,i=1,23). When f € C*(R%) and is gradient Lips-
chitz with parameter M, then we can immediately see that the transition kernel of chain (x,,,v,,):
P((x,v),(z',v")) € C(R?*? x R2%) is positive everywhere. Therefore, it’s easy to obtain that the
chain (z,,, v,,) is pt°-irreducible and aperiodic. Given all this information, we can give a sufficient
condition to make sure that the chain has a unique invariant probability measure and is ergodic.

Theorem 3. Let the potentlal function f satisfy part (a) of Assumption 1.1, and let ~y,, :== h be small
enough. Then if u € (0, 737 ), the (RULMC) Markov chain (., v,) has a unique stationary

probability measure vy, and for every (z,v) € R??, we have

sup  |P"((z,v),A) —vp(A) =0 as n— occ.
AeB(R21)

We next derive an upper bound on the bias Wa (7, 7, ) of (RULMC) algorithm, under the additional
strong convexity assumption on the potential function f.

Proposition 3.1. Suppose that f satisfies Assumption 1.1. If we run the (RULMC) algorithm with
u = 1/M and v, := h, for universal constants C,Cy > 0, we have
C1h3(kh3 + 1)d
W3 (m, ) < = (kh” + 1) .
1 — 4= — Coh3k(1 + kh3)

Remark 4. Note that we have Wy (m,7tp,) — 0 as h — 0. Furthermore, as h — 0, Wa (7, 7p,) <

(’)(h% ). Hence, the bias order is increased for the underdamped Langevin diffusion compared to the
overdamped case (cf. Proposition 2.2), providing a smaller bias for the same step-size.

3.2 Wasserstein-2 rates and CLT with Decreasing Step-size

We now provide the rate of convergence in Wasserstein-2 metric with decreasing step-size
for (RULMC). The specific choice for the decreasing step-size that we consider below, also is
satisfied for our CLT result in Remark 6.

Proposition 3.2. Suppose f satisfies Assumption 1.1. Fix w = 1/M. Let xy := argmin,, f ( )

and choose v, = ﬁ fora K; € (0,00) (where (a)t := max(0,a)). After running
K3+(n—K;

(RULMC) for K = O (k32 /€%/3) steps, we obtain Wa (v, ) < e\/d/m, where vy is the
probability distribution of T .

Remark 5. Similar to the result in Proposition 2.3, there are two aspects of this result. The first
aspect is again removing the logarithmic factor in 1/e compared to the result in Theorem 3 in [40],
which is quite standard in the literature. The second aspect is that we never obtain the O(1/e'/3)
part, as in Theorem 3 in [40] with the constant step-size choice.

Similar to the previous case, we now describe the numerical integration procedure using
the (RULMC) discretization. We denote the n-th iterate as (x,,v,). The time-step we use is
(vn) such that Vn € N* v, > 0,lim, v, = 0 and lim,, F%l) = 400, where F%) = Z?zl 'yf.
Our averaging is a weighted empirical measure with Y,, = (z,,,v,,) using the step size sequence
v := (7,,) as the weights. Let 0, denote the Dirac mass at x. Then for every n > 1, set

Y0y (w) T+ Ve410vi(w) T by, i (w)

v)(w,dz) =
l ) Y1+t

and we can use ) (w, @) to approximate () = E,[¢'(Y)], where ¢’ : R?4 — R,
If we assume g : R?? — R such that Lg = ¢’, we can establish the following theorem, in which we
state only the unbiased CLT result for simplicity.

Theorem 4. Let w be such that its potential function f satisfies Assumption 1.1. Assume u €
(0, ﬁ) Consider a test function ©' = Lg, for some function g : R?*? — R, where
L = 2uA, — 2(v,V,) — w(Vf(x),V,) + (v,V,) denotes the generator of the diffusion (4).
Suppose the step-size (i) is non-increasing, lim, oo (1/vT0) Y 1 ;v 3/2 = +oo. Then, if
limy, 400 (1/VT0) Yopey v = O, for every g € C*(R?*?) function wzth D2g bounded, D3g



bounded and Lipschitz and sup, ) cpza [|Vg(x,v)||/(1 + |lz||? + ||v]|?) < +oo, we have the fol-
lowing central limit theorem for the numerical integration computed using the (RULMC) iterates:

VT (Lg) % N(0,4u [ [|Vog(x, 0)||2v(de, dv)).

The rate of convergence of the CLT in Theorem 4 follows exactly the same behavior in Theorem 2.
Hence, for the class of general test functions, Theorem 4 does not exhibit a rate improvement.
Towards that, we make the following remarks under a carefully constructed condition for the class
of test functions.

Remark 6. Let 7 be such that its potential function f satisfies Assumption 1.1. Assume u €
(0, 5357 ). Consider a test function o = Lg which could be written as Lg(v, ¢(z)) = (v, Vo (x)),
for some function ¢ : R* — R, where £ = 2ul\, — 2(v,V,)) — u(Vf(x),V,) + (v, V) denotes
the generator of the diffusion (4). Suppose the time step-size (7y) is non-increasing, and satis-
fies limy, o0 (Yn_1 — Yn)/v2 = 0 and lim,, o I‘( ) = 0. Define 4y, := I‘(Al)/\/l"(3 and let
Yoo = limy, o0 An. Then, for all ¢ € C*(R?) with D?¢, D3¢ and D*¢ bounded and Lipschitz and
SUD vy epza [[VO()]12/ (1 + [|z]|* + [[v]|*) < +00, we obtain the following central limit theorem
for numerical integration computed using the (RULMC) algorithm:

0, we have v (L) —>/\/ (0, 22w fpu [Vo(2)||7(dx)),

(i) I Ao \F

(it) If Yoo € (0,+00), V(L) 5 N (p, Ludz2 foa V(@) |7 (dw)),

(iii) If Yoo = +00, we have F(Z) I/g(ﬁaﬁ) RN P,

where,

p =35 [(D°(a), V(@) @ viu(de, dv) + 31 [ (D (), Vo(w) @ v ® v)v(d, dv)
+ 18 1 (DD ) (@)™ v(da, dv) - 5 [(D*6(a), V () **)m(dx)
— & [(D*f(x),V(z) ® Vf(z))m(d).

Remark 7. For polynomial time steps i, := k™%, since we require that Fg;l) — 400 asn — +oq,
we need 0 < a < i. Using L’Hospitals rule, it is straightforward to check that the condition

limg, 4 o0 % = 0 is satisfied when « € (0, %] We then have the following order estimates:

nlfa

Fn ~ F;B) ~

)

l—«

Hence, as n — 400,

. 11
F(4) 0 lfa € (371]7
ﬁ%fyw: V10 lfOZ:%7
I +oo ifae (0,

Ifo € (3, 1), the unbiased CLT holds at rate T',, | V T = O(nz(He)) < O( 2). The optimal rate
is achieved when o = Z' Ifa= 5, the biased CLT holds at rate Fn/v n =0(n?) = (’)(n%) If
a € (0, 1), the rate of the convergence in probability is T, / V ) = O(n3®) < O(n?). Therefore

the optimal convergence rate O(ng) is obtained when an unbiased CLT holds. While the rate of
this CLT is better than that of Theorem 2, the test functions that satisfy this condition is severely
restricted.



4 Discussion

In this work, we present several probablistic properties of the randomized midpoint discretization
technique, focussing our attention on the overdamped and underdamped Langevin diffusions. Our
results could be summarized as follows: To obtain optimal rates for sampling (in W5 distance), one
needs to have a constant choice of step-size. With such a constant step-size choice, the Markov
chain generated by the discretization process is biased. This suggests that a decreasing step-size
choice is required when using the randomized midpoint method for numerical integration. For
several decreasing choices of step-sizes, we establish CLTs and highlight the relative merits and
disadvantages of using randomized midpoint technique for numerical integration. In particular, our
results have interesting consequence for computing confidence interval for numerical integration.

Broader Impact

The paper predominantly concerns about theoretical results on numerical integration with MCMC
based samplers. The presented results are of interest to researchers in machine learning community
concerned with constructing confidence intervals for their numerical integration problems. Although
not the main focus of this paper, the results might have positive consequence for building robust
machine learning systems based on the obtained confidence intervals.
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5 Additional Notations

We also use the following notations for the proofs. Due to the ease of presentation, whenever it is
clear in the proof, we refer to the inner product between two compatible vectors {a, b) simply by a-b.
For any random variable X, || X||,. := E[|| X||] where the expectation is taken over all randomness
of X.

6 Proofs for Section 2

We now define the following condition, which is a consequence of Assumption 1.1

Assumption 6.1. There exists a twice differentiable function V : R? — [1,00) such that:

(i) lim 3| o0 V(2) = +00, (ii) there exists o > 0 and > 0: (VV(z),Vf(z)) > aV(z) —
for every m, (iii) there exists cy > 0: [|[VV(2)||? + [|[Vf(2)|]? < ey V(z) for every z, and (iv)
||D2VHoo i= sup,epa | DV ||op < 00 (where || - ||, denotes the operator norm).

Lemma 1. Assumption 1.1 implies Assumption 6.1.

Proof. Since f € C?(RY) is strongly convex, lim |, f(#) = 400 and f has a unique global

minimizer z* € RY. It’s easy to observe that V f(z*) = 0. We consider our V (z) = f(z)— f(z*)+
1. Then it’s easy to see (4) is satisfied. (iv) is also satisfied because f is gradient Lipschitz. (¢7) is
equivalent to that there exists a C' > 0 such that

2
Wf(x)l <C forVx e R¢
f@) = fl@*) +1
We Taylor expand the numerator and denominator:
d

V@)=Y (file®) + V(O (@ — 7))

i=1

d
< S i OPlz — a2 = | D*£() || = — =2

5,j=1
S d2M2|x o $*|2

fla) = fz") + 1=V @) (z —2*) + %sz(ﬁ)(x —a")® +1

]' *
= 5D f(©) @ —a")®2 +1
> Do — o2
2

Then
ViEP 2
fl@)=f@)+17 m
(1) is equivalent to that there exists «, 3 > 0 such that
IVf(x)]? > a(f(z)— f(z*)+1)— B forVz € R?
According to the strongly convexity of f, we have

@) = f(@) 2 VI@)" (@ o)+ Fla* —af?

for Vz € R?

_m o, 1 2 1 2
= Dt~ V@) - 5 V@)
which then implies
IVf(x)]> > 2m (f(z) — f(z*) +1) —2m for Vo € R?
(47) is satisfied by choosing o = 8 = 2m > 0. O

Remark 8. For the V(x) we choose in the proof, under assumption 1.1, we can verify that: V (x) =
O(|z|?) when |x| — 4o0. We will use this fact later in the proof when we establish the CLT
statement.
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6.1 Proofs for section 2.1

Lemma 2. Let x(t) be the solution to Langevin dynamics SDE with initial condition xo and y(t)
be the solution to Langevin dynamics SDE with initial condition yo. Then we have the following
estimates for Langevin dynamics when f satisfies Assumption 1.1 and Mh < %

E[ sup ||V f(z(t)]*] < 4|V f(zo)l|” + 8M3dh
te[0,h]

E[ sup ||z(t) — zo|?] < OR* ||V f(20)||* + M2h3d + 2dh)
te(0,h]

2 - 2
Eflz(t) —y(®)[7] < e7*™" 2o — wol|
Proof. By triangle inequality we have

E[ sup ||V f(z(t)]*] < 2[Vf(zo))lI” + 2M2E[ sup [|lz(t) — o|”]
te[0,h] te[0,h]
Furthermore, we have
2

]

E[ sup ||z(t) — 0] = E[ sup / Vf(z(s))ds + V2W;
te(0,h] te[o h]

< h’E [Sup IV £ (2()I7] + 2dh

te[0,h

Combining the two inequalities and M h < 5, we can obtain the first two estimates. The last estimate
could be easily obtained by energy method O

Proof of Theorem 2.1. We denote z,, = x,(0) to be the algorithm iterate points, y,, to be the n-
th step of Langevin diffusion with yo ~ exp(—f(y)), 25,1 = @n(h) to be one step solution of

Langevin dynamics with initial values x,,. When Mh < %, apply lemma 2 and we get:

Bl sup [l7n-1(anh) - 2o (8)]°] < O |V f (n—1) |72 + M>h*d + 2dh)
te[0,h
2

anh
HVf Zo_1) = VI (@nr(anh H <M21E/O Vf(@n1(5)) — Vf(2n_1(0))ds

< M4R’Efol,  sup [[zn_1(t) — 2n-1(0)]*]
t€[0,an h]

< OM* WM |V f(xn_1)||3> + dM*h® + dMOh?)
Consider the distance between our iterates and the continuous process:
2 * * 2
Eoglllex —yrl™) = Baglllzk — 25 + 2% — yr|]
* 112 * (12 * *
< llyx = @kl + Eay llzx — o%l1°) = 2(yx — 2) " (Bayzx — %)

* 12 * 12 * 12
< (L+hm) [lyre — | [Boxzrx = 2k|” + Bay [l — 2% (7]

L1

hm
Taking expectations over {a,U;,U/;1 < k < K —1,1 <1 < K}, applying lemma 2 again and
using induction, we have

2 . 12 1 . 12 . 112
lox =yl < L+ hm) lyx = ziclze + 3B |[Bayzx — k" + llzx — 2kl

< (14 hm)e ™" ||zt —yx 1|72 + —E |EBapox — ai|” + ok — 2kl

hm
K 1 K

<@+ hm)e_meh 2o — yO||i2 + Z %E |Ea, zn — x:L|‘2 + Z |27 — 33:;”%2
=1 —

< e ™ M flwg —yol 72 + A+ B
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Next we bound part A and part B. For part A:

Eq, [hV /(2 / YV (n

IEa, Tn — x;||2

<R ||RV f(#n—1) — AV f(zn_1(anh))||> + 2||Ea, [AV f (2n—1(cnh / Vf(@n_1(

< 2h°E,

(1)~ Vi (ans(anh)|| +0
Therefore )
E|[Ea,@n — ) * < 20%E[|V (2, y) = Vf(zn-1(anh))|| ]
< O |V f(xn-) 72 + dM*5?)
For part B, use our previous estimates:

2

h
Wf(xn_%)—/o Vf(@n-1(s))ds

ln — 2}l 72 =
L2
2

9 h
<2 [AVF(rmy) ~ AV S alanh), +2 /0 V(2 1()) = V f(@n_1(anh))ds

L2

2
< 202 [V f(ey) = VEnos(@nh))|, + 2MPRE] sup [fon-s(@nh) — 21O
te[0,h

< OMPR* ||V f (1) |72 + dM>H?)
Plug the estimates on A and B into the inequality we have

K—1
2 = yrel72 < e " 2o — yol 72 + O(m ™ M*E® Y ||V f(wn)|72 +dm™ M*Kh?)
n=0
K—-1
+O(M?h* > |V f ()72 + AMPKD?)
n=0

Next we need to estimate Zf;ol IV f(xn) ||iz Since
h
F(n(R)) = f(2a(0)) + / 0f (2n (1))
h h h
— F(@a(0)) - / IV F(aa (1)2dt + V3 / V F(wn(£)dW (1) + / Af(n ()t

we have

ELf (n1(0))] — E[f (2 (1)) = E[f (2n11(0)) — f(2a(0))] +E[ / 1V f (1)) Palt] / A f ()]

When Mh < 1,
E[ nf IV f ()] = %I\Vf(x(o))\liz —E[ sup [|V/f(z(t) = Vf((0)]]
t te[0,h]
1

> 2 IV F(@(0))I72 — ME[ sup |a(t) — (0]

te[0,h]

| — Do

7 IVF(2(0 )72+ O(dM>h)
|Af (2 (t) |Sde2 z,(t))|| < Md
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Plug these two estimates into our previous identity and we obtain,

Bl (2041(0)) ~ f(on(W)] > ELf(@ns1) — Flea)] + 5 1972 — dMh -+ O@hn?)

Next we consider that

Eoir [f(@041(0)] < f(@n(h)) + Vf(@a(h)T (Ba,p. [£041(0)] — 20 (R)) + %Eanﬂ[l\xnﬂ( ) = za (W)
<f

(
(2 (1) + MB2 |V f@a ()2 + M0 |[Ba,,, [2041(0)] — 2 (B)]|”

+%Ean+lu|xn+l( ) — (B[]

where
MER[|V f(zn())|*] < O(MB* |V f ()7 + dMD?)
M2 B, (2041 (0)] = 2 (B)||* < OMERY |V f(2) 72 + dMR?)
S Ellwnin — wa (W] < O [V F ()2 +dMHY)
Hence we have
E[f(2n41(0) = f(zn(h)] < OM3R* |V f(xn)|32 + dM>1?)
and

O [V 52 + AMPR) 2 Bl (raa) — faa)] + 1 V73 + OWMD?) — M

sum up over k from 0 to K — 1:

K—-1 K—
b
O(M*n* Y |V £( 2|32 + dMPKB®) > E[f (z) — +7 > j IV f(zn)|3e + O(AM2NE?) — dMKh
k=0 k=1

Picking zg = argminf (), we can ensure E[f(xx) — f(z0)] > 0, when Mh < %, we have

K—

g Z IV f(zn)]32 < dKMh — O(dK M?h?) + O(dK M*h?)

O

k=
K—
— IV f(2n)]. < O(dK M)

—

b
Il
=]

Therefore
ek — yrclas < e ™M lzg — yol3s + O(m ™ MPROKd + m™* M*h* K d) + O(MPh'Kd + M*h*Kd)
e ™M |20 — ol 32 + O(kMPRIKd) + O(M?h* K d)

IN

Therefore we have

1
Wa (v, m)? < e ™K ||zg — yo||L2 + O(M3h* Kd) max{x, Mh}
2/3

m)a we can ensure W (v, m)* < €2d/m after

a) When £ > 55, by choosing h ~ O(

4/3

K steps when K ~ O( %)

b) When < 77, by choosing h ~ O(+5), we can ensure W(vg, m)? < €d/m after K
steps when K ~ O(f)
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6.2 Proofs for Section 2.2

Proof of Theorem 1. Under the assumption 6.1, we can show that the following Lyapunov condition
is satisfied for small A.
(Lyapunov Condition): There exists a function V : R? — [1,00) such that:

0) limye0 V(7) = +o00,
1) There exists & € (0,1) and 3 > 0: E[V (2,11)|Fn] < &V () + f.

Proof: To show that assumption 6.1 implies Lyapunov condition, we first do Taylor expansion of
V(xpt1) at xy,:

V(zng1) = Vi(wn) — MVV(2,), VI(za)) + an+1h2<D2f(xn)' Vf(xn), VV(zy,))
— 200 1B (D% (2,); VV (), ULy 1) + V2RV (2) - U1
+§D2V(0 N=hV f () + an1h> D f(20)V f(2n) — /2001102 UL 1 + V20U, 11)%2

where 6,, is a random point on the line segment joining x,, and x,;. Using the fact that f is
M -gradient Lipschitz, we have:

B[V (200)| 7] < Vi) — BV (2a), V() + MBIV S ) + 9V (@) ) + hEMd+ hEMITV ()P

1
+2[|D*V]| (R?[V f ()] + §M2h4|Vf(xn)\2 + h*d + 2hd)

<(1-ah+ iMhQCV +Mhiey +2||D?V|_ h2ey + %CV D2V || M?hiev)V (2n)
+ Bh+dMh® +2d||D?*V||__ h® +4d ||D*V || h
< aV(wn) + 5

for some & € (0, 1) and B > 0 when h is small. O

Once we have the Lyapunov condition, we can define the stopping time 7¢ = inf{n > 0: z,, € C}
and show that sup,co Ez[rc] < Me < oo for all small set C. Then uniqueness of station-
ary probability measure and ergodicity all follow by Theorem 1.3.1 in [33]. Next we prove that
sup,cc Ez[7¢] < Me < oo given Lyapunov condition. To do so, note that we have

= kP(rc = k)
k=1
= Plrc >k—1)

E>1
Under Lyapunov condition, for any stopping time N, according to Lemma A.3 and Corollary A.4
in [31], we have

]P)(TC >k — 1) < ]E[V(xn)17-0>k,1]
K[Y* 1V (o) + 1]

I—v
<Ry V(o) + 1]

for some vy € (&, 1) and constant x. Therefore we have

wa” YV (zo) + 1]

<

k>1
_ K[V(z) +1]
= 1
and
sup E,[1¢] < r sup V(x) + o< Me < o0
z€C 1—7zec 1—v
So as a conclusion, the statement of the theorem follows. O
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Proof of Proposition 2.2. Consider that x,, ~ 7, and x}, ~ 7 are two independent random vari-
ables. Define x,, 1 to be the one step RLMC result starting from z,, and z; () to be the solution of
Langevin dynamics with initial value z};. Therefore, 2,41 ~ 7, and z},(h) ~ 7 are also indepen-

dent and ||z}, — x| ;2 = ||2};(h) — Zpt1] 2. We can compute the diffenrence between 11 and
xk (h):

h
F 1) = s = (@ =) = [ I )+ AV @ @001) = AT Sy 3) + T 5 01h))

It’s easy to see that E, [ Oh Vf(zk(s))ds — hV f(z} (an+1h))] = 0. And we can rewrite the last
term as

W= (@0 y) + V@ (@n1h)) = BT @y + 2 — ) = VF(@002)
ant1h
LRV f(ah — / VF(a5(5))ds + VW, 10)
0

— th(I:L — Ol7l+1th(In) =+ \/ 2an+1hU7/7,+1)

Take Lo-norm on other randomness:

() = @nsall o < || @5 = @) = BTF @y + 25 = 20) = VS (@003)

L2

Oén+1h
h ||V — / V(e ()ds + VEIWa, 1) — VA@E — ansthV f(2n) + v/ 2ansihUL ;)
0

h

; V(@ (s))ds — hV f(z;,(ans1h))

L2

+

L2

Since f is twice differentiable and f is also M -gradient Lipschitz and strongly convex with param-
eter m,

@5 = 20) = BV F @y + 25 = 20) =V @yy))|| , < 2w = 2l o

where p = max(l — mh, Mh — 1) =1 — mh.
For the second term:

Dtn+1h
h||V f(ay, — / V(@ (s))ds + V2Wa,,1n) = V(@) — an1hV f(@n) + v/20m11 U}, 1)
0 L2
Ozn+1h
< [ 4@ ) - Vrads
0 L2

< V3 \rp? 25, = Tnll g2 + V3 g2 sup |[z7,(s) — |l 2

3 3 0<s<h
< ?M%Q @t — a2 + ?M%Q(zlh? IV f(22)||* + 8M3dh® + 2dh)?

o MR (|2}, — | o + 5" MR (2 + AMdR® + 8M2dh3)?

17



For the third term:

/ Vf(zh(s))ds — hV f(z}(ani1h))|| = {EEq,,,[( / V£ (xh(s))ds — hV f(w)(ani1h)))?]} 2

L
/ Vit >I2ds—</hw<x:<s>>ds>1}

= {E[n / IV f(z —f/ V(2 (s)))ds'|2ds]} 1/

< {Elr / / IV (a5,(5)) = Vf (') ds' s}/

< 2Mh{ sup |z (s) —x
s€(0,h)

< 2Mh(4h? |V f(z2)|? + 8M2dh® + 2dh)'/?
< 2Mh(2dh + AMdh® + 8M>dh?)>

Nl=

}1/2

nll

Combine all the bounds:

V3N2R2(2dh + 4AMdh? + 8M2dh3)% + 2Mh(2dh + 4Mdh? + 8M2dh?)?
mh — L3 M2h2

The final statement follows by the fact that Wy (m, 7)) < ||zn, — z} ] 2. O

[27 = @nll L2 <

6.3 Proofs for Section 2.3

Proof of Theorem 2.3. From previous analysis, if we keep track of the coefficients in all those
bounds and assume that M~,, < % for all n, we have:
1

MYn+1

Ell@nt1 — ynr1l?] < (14 m9ni0)El|[ynsr — 2500 |*] +

<(1+ m7n+1)672m%+1E lzn — yn||2 +

myn+1

Com 2v2
< (L4 myng)e 2™ 0E [z, — yn| + —_ |V £@as) = VF@al@nsryain)

E H]Eanﬂxwrl - m:HlHQ +E Hx”Jrl -z

E ||]E0‘n+1x”+1 - $:L+1H2 +E Hil?n+1 -

. 12
n+1”

H2

el
n+1

+2%2L+1]EHVf(xn+;) Vf(@n(nt1Vnt1) H +2M%*y2 E  sup €0 (@ns1Ynr1) — za ()]

te [077n+1]

< (14 mYng1)e ™ HE [, — ya

1 1 1 2
4 4 2 2 2 3
+ 27n+1(1 + P )M (gVnJrl ||Vf<$n)HL2 + EM d7n+1 + gd’%wl)
42 SM2dry?
4M3H? ntl V()| 7”“ 4dry,
#4003 (g IVl + Tty + 4

< (L mynin)e 2™ E ||z — yal|* + 33+ k)M p 41 IV f (@) 72 + (33 + #)MPdvy

We can further bound HVf(xn)HQLQ:
IV f @)z < 20V f ()72 + 211V F(un) = V()72
< 2|V (ya)lz2 +2M? [l — yul72
< 2Md 1 2M? |2y — yul 2

Therefore we have the following iterative inequality:

El||#ns1 — yna1l’] < (14 myngr)e 2R |2, — ynll® + 2(33 + K)M2dy3 | +2(33 4+ k) M*yE Bz,

m2  M?2(33+k
1 —myuq1 + (7 + %)VELH Ellz, — ynH2 +2(33 + k) M?dv;)

18
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Since (y,) is fast decreasing, we can assume that 7y, 11 < for large n, and

us <
m2+M?2(33+kK) — m+34M
for those n we have

2 1 2
Ell#nt1 — Yngal ] < (1= §m7n+1)]E 20 — ynll” +2(33 + &) M?dy)

Our strategy of choosing (y,): for the first K; steps, we choose constant step size h = m, K
1
is the first time so that E[||zx, — yx, ||°] < 5k(k + 33)M(%)2. such K exists because
m 2M?(k + 33)d 2(m + 34 M)
E — l<(1l-———)KE — yol?
m 2 d= 2
=(1-—+)KE - 4 B)M(————
(1= g Ellao = woll*) + (e + 33)M (— )

Claim: There exists A > 0 such that if we choose v,+1 = forall n > Ky, we

1
m—+34M+A(n—Ky)

1
can ensure that E[||z, — yx||*] < 5k(k + ?)?))M(W"’AMJ{I))2 foralln > Kj.
Proof of Claim: Simply use induction:

1
El|2ns1 = ynra|*] < (1= 5mynsa)5a(s + 33) My +2M° (s + 33)d; 4

m
= 5k(k + 33)Mdy2 (1 — EV”“)

1
Our goal is to ensure 5x(k + 33) Mdy2 (1 — 2y,41) < Br(k+ 33)M(m+34M+(f\2(n+17K1) )21t
boils down to discuss the following polynomial inequality relates to A:

G\ = (K — %Om(K + 1A%+ (X — émX(K +1)A — mX2 <0
where X = m + 34M and K = n — K; > 0. It’s not hard to see that there s always positive A
satisfying the inequality.
At last to get small error, we require E ||z, — y,||> < d—;j, ie
d
(m+34M + A(n — K1))?

d
5k(k 4 33)M <%
m

Then we have
n> Ky + A 'm> M3 k2 (k+33)2 fe — A (m + 34M) ~ O(k? Je)

6.3.1 Proof of Theorem 2

Before we prove Theorem 2, we need several intermediate results on the tightness of the (RLMC)
chain.

Lemma 3. Under assumption 6.1, for every continuous function ¢ satisfying ¢(x) = o(V*(x)) for
some k € N, lim,, ) () = 7(¢).

Proof of Lemma 3. The proof is divided into three steps:

1) Forall p > 1, there exists & € (0, 1) and B,no € N such that E[V?(x,,11)|F,] < VP(z,) +
Y1 VP H(2,) (B — @V (xy,)) for all n > ny.
When p = 1, the statement follows from assumption 6.1.
When p > 1, first we Taylor expand VP (x,,11) at x,:
_ 1
VP(@pt1) = VP(2n) +pV?P 1(;Un)VV(xn) (@1 —an) + iDQ(Vp)(grwl)(fnJrl - xn)®2

= VP(2,) = ppVP (@) VV (2) - V f (2, 1) + 2'yn+1pr_1VV(xn) “Ungr
1
+ §D2(Vp)(§n+1) ( Y41V (24 1) + v/ 27n+1Un+1)

<VP(x,) - %Hpvp*l(wn)vmn) ) + V291V (@) VV (2) - Unia
+p)\pr_1(§n+1)| Y1V f(x )+ \/mewﬂ
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2)

where &,,; is a point on the line segment joining z, and Z,4; and A, :=
1A
2AD2V+(p—1)(VVeVV)/V < +00.

Due to V(VV) = Z—“// and |VV|? < ¢V, we have v/V is Lipschitz continuous and

the Lipschitz constant [vV]; = icv < 4o00. Hence for a point &,41 on the line segment
between z,, and 41,

VP Guin) = (VPP D (g4) < (VI (@) + [VV i fnss — 2l
VP (@) + VVITY D |z — 22070, 2(p—1) <1
fol(xn) +c (V(2p’3)/2(xn)|xn+1 — | + |Tpt1 — xn|2(1’*1)) , 2(p—1)>1
We can further bound
[Tns1 = 2nl = | = 041 VF@n) + V201 Uns1 = Yust (VI (@gy) = VI (@0)) |
< V1|V (@) + V2Vn41 | Uns1] + MAns1| = 41V F(@0) + V200117041041 |
< Y1 (1 4+ MansYs DIV @) + V21 Unsa| + VEMyas10l 192 4 Ul |

3 !
< COVV(@n) v (L4 Unga | + Uy 1))
Plug these results into the last term in the first inequality we obtained from Taylor expansion:

p/\pr_l(fn+1)|l'n+1 - xn|2 < p/\pvp_l('rn)‘xn-i-l - $n|2

|xn+1 - xn|2p7 2]? S 3
+ CpAp {

2(p—1)

V(Qp_s)/2($n)|mn+1 - mn‘s + ‘anrl - $n|2p’ 2p >3

PA 3

< p)‘pvp_l(xn)‘xwrl - xn|2 + 07n+§ Vp(mn)(l + |Un+1|2p + |U’r/L+1|2p)
We then take conditional expectation, there exists « > 0 and 5 > 0 such that for all n > ng:
E[Vp(xn-‘rl”fn] S Vp(xn) - pr_l(xn)(on(xn) - 6)
— DYt VP @) BV () - (Vf (44) = V) ) 1 F)
+ 2p>\pvp_1(xn)E[’Yr21+1|vf(xn+%)|2 + 27n+1|Un+1|2‘fn}
3
+ CVP(2n) (1 + E|Up i [ + EU, 4 [*P) 43
< VP(zn) — pVP Han) @V (zn) = B) + 2pApE|Uns1 P Y1 VP (@)
3
+ CVP(2n) (1 + E|Up i [ + EUS, 4, [*P)04 3
2 3 / ~1/2
+ev Mpy,  VP(Xy) 4+ V2ey Mpy2  BIU), VP2 ()
+evpAp T VI (@) EV (2,411

From z,, to z,, i it’s simply the Euler discretization with time step o, 17,41, we could use
the result in [21]: there exists a @ > 0 and 3 € R such that for all n > ng:

]E[V(anr%)‘}-n} < V(@) (1 — @Fnt1) + Bnt1
Therefore we have
E[V1"+l|}—n] < (l—ap'Yn—&-l+0('Yn+1))vp($n)+7n+lvp71(xn)(p/6+2p>\pE|Un+l|2+CVMPE|U7/L+1|2)
There exists & > 0 and B € R such that for all n > ny:
EV? (@0 s1)Fa] € VP (@n) +3ns1V? " () (B = 6V (20))

From step 1), we derive

| >

sup E[V?(z,)] < (5

n>ngo «
Hence sup,, E[V?(z,)] < +oo for all p > 1. Therefore sup,, 7 (w, V?) < +oo P — a.s for
all p > 1.

)7V E[VE(25,)]
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3) Identification of the weak limit: To identify the limit, we essentially follow the same steps
in [21] and hence we omit the proof.

(a) (Echeverrria-Weiss Theorem) Let E be a locally compact Polish space and A a linear
operator satisfying the positive maximum principle. Assume that its domain D(A) is an
algebra everywhere dense in (Co(E), || || ) containing a sequence (fy)nen satisfying

sup ([ fulloo + 1£fnlloe) < +00, Vo € B, fo(z) — 1 and Af,(z) — 0.
neN

If a distribution on (E,B(E)) satisfies [, Afdv = 0 for every f € D(A), then there
exists a stationary solution for the martingale problem (A, v) (this means that there exists
a stationary continuous-time homogeneous Markov process with infinitesimal generator A
and invariant distribution v).

(b) The generator of the Langevin dynamics, A, satisfies the assumptions of the Echeverrria-
Weiss theorem.

(c) Under assumption 6.1, for every bounded Lipschitz continuous function ¢ : R? — R,
lim,, F% Yoot Elo(zr) — o(xp—1)|Fr-1] =0 P —a.s.

(d) Under assumption 6.1, for every twice continuously differentiable function ¢ with compact
support, lim,, (FA S Elp(er) — @(2p—1)|Fioa] — wguup)) —0P—as

a),b),c),d) together imply that the weak limit of the empirical distribution 7)) is m, i.e the
stationary distribution of the Langevin dynamics.

O

Proof of Theorem 2. Since f satisfies assumption 1.1, we can show that the Langevin dynamics
satisfies assumption 6.1. Therefore lemma 3 is true. Then we may use the following method to
discuss the CLT of (RLMC).

Tk — Th—1 = —Vk (Vf(:vk_l) + sz(xk_l)(xk_% — l‘k_l) + TQ(Ik_% , l’k—l)) + /27U
= =%V f(xp-1) + V20U — 'chDQf(xk—l)(xkfé — Th—1) = Wr2(Tp_ 1, Tp—1)

= =%V f(@e-1) + 20Uk + Vi D f(x1—1)V f (Th—1) — \/QOéWk%VQf(iEk—l)Ué
where
ro(z_1,xk-1) = Vf(2p_1) = Vf(@p-1) - D2 f(zp_1)(zp_1 — Tp_1)

1 1
= 5D k1)@ y —2k1)® + oD o) (@ g — 2e1) ™ + O()

= apD? f(2p-1)UE? — \/ia;%%c% (D f(wp-1); Vf(zp-1),Up)
V2

3
+ =50 DU (- )U™ + O(3)

Then
3
Ty — -1 = WV f(2h-1) + V2% Uk — V2,77 V2 f(21-1)Uj,
5
+ ap i D f(wr-1)V f(2h-1) — ey D f(2-1)U; 2 + O(77)
We can decompose ¢(xy):

= Ver2(Tg_1, Tp—1)

Hak) — Dlan—1) = Vola 1) (an — k1) + 5 D20l r)an — k1) + cD6(on ) on — mp 1)

+ iD4¢(xk_1)(9€k — 1)+ O(’Yé)
= V(@r_1) (V292 U — mV f(21-1) — /20072 D2 f(ar_1)UL
+ a2 D2 f(x-1)V f(2-1) — k2 D? f(ar—1)Up2?)

1 3 2
+ 3 D%6(1) (VB U = ¥ f(ono1) = V3aind D2 (1) UL)

6
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If A is the generator of Langevin dynamics and summing up over k:

S A1) = $lwn) — dlwo) = V2 AE V(@i 1)Uk — 3 i (D?$(ar—1)US* — E[D* (1)U
k=1 k=1 k=1

+f27,§ D?¢(w-1); V(2k-1), Ur) fKZv D (1 )UE?

n

"’Z\/ﬂ% (D f(wp-1); Vo(zk-1),U}) +Z’Yk (DP¢(p—1); V fzh-1), US?)

k=1

o
,_.

apyi(D? f(wr-1); Vo(xr—1), VF(x-1) +Zak7k (D? f(x1-1); Vo(zr-1), US?)

ol
|IM:
L

k=1
—%Z 2D%p(xy—1)V f(xx-1) ®2+Zza,§ (D*¢(xx—1); D*P(a1—1)U4, Uy
k=1 k=1
— 2R US4 Y00

k=1 k=1
— NO 4 NG 4 NO 4 N N® NiD)
In the fast decreasing time step situation(}_;_; v2/v/Ty — 0), the CLT for (RLMC) is the same
as that of LMC. In the slowly decreasing time step situation, when Y, 77 /v/T, = 4 € (0, +o0]:

a) M"fw — 0 because (z,,) is tight and ¢ is continuous.

1
b) “V2Ein e Vol )Ue N(0,2 [pu [Vé(z)|?*m(dz)). Therefore,

VT
. a .
V21 % Vo)V JN (0,27 ’ /R Vo (2)[r(dx)),  whend < +o00
2)
NS 0o when ¥ = 400
0) ‘ZZ=1vk(Dz‘b(“”)UEZZF;E[D%(”’”U’;@Z'F’H]) 5 0in L2.
3
4 VEEiaow <D2¢\(/IF’:1);VJC($"’1)’U’C> — 0in L2
D DY) 7\/1245(“ DU 0in probability because E[UZ?] = 0.
or
OV LTO <D25<F1k—1>;v¢<1k—1>v’ffc> — 0in L2

NG
Therefore & 1"(2) — 0 in probability.

o) T VI U)o [ feulD30(w); V £ (@), u)(du)m(da) in prob-

r
ability.
n 27,12 .
— D1 V(D f(zkl:(12))7v¢(1k—l)’Vf(mk—l)> N _*f]Rd D2 (2); Vé(z), Vf(z))m(dz) in
probability. '

i (D3 f(zh_1);V(zr_1),U.S? .
o1 aeYR(D7 f( 15(2;) d(xr—1),U,77) N %fRd fR2<D3f($);V(ﬁ(m),u@z)u’(du)ﬂ'(dm‘) in
probability.

1 2p2ac o )92 . .

2 2k VD q;((z’; DV f(@r-1) — =1 [oa D?¢(2)V f(2)®2m(dz) in probability.
2= 12% Yi{D? ¢($1:c(2)1) ;D¢ (wx 1)Uy, Uk) v 0in L2
_1 " ©4 i .

5 Ek:ﬂ;}%)aﬁ( )0 =2 Joa Jpa D*é(2)u®* p(du)w(da) in probability.
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Therefore

(2)
]1_\‘[?2) —0 in probability
where "
0= /Rd /Rd (D3¢(2); V F(2), u®?) p(du)m(dz) — %Ad<D2f(x); Vé(z),Vf(z))m(dx)

1 3 . xT u2 w)mlax _1 2 T T 27T "

—1 4£CU4 u)miaxr
5 | [ Dro@n® u(dun(da)

and y is the distribution for a d-dimensional standard Gaussian random variable.
5

N2 S|
f) R — 0in L".

As a conclusion, we obtain the proof of part (1) of the theorem:

S oAby [ N(o.25? / Vé()Pn(dr)),  when4 < +oo
@ - R

o when 4 = 400

For the fast decreasing step, i.e., part (2) of the theorem, the proof follows by the same arguments in
the corresponding part of Theorem 10 in [21] and hence we omit it. O

7 Proofs for Section 3

In this section, we would denote the drift function that appears in 4 as b(z, v), i.e.

ba,v) = [Qu va)}

Assumption 7.1. There exists a twice differentiable function V. : R?*? — [1,00) such that:
(0) limyj(z,0)|—o0 V(2,v) = 00, (1) there exists o > 0 and f > 0: (VV(x,v),b(z,v)) <
—aV(x,v) + B for every (x,v), (2) there exists cyy > 0: ||VV (z,v)||? + ||b(z,v)|? < vV (z,v)
for every (x,v), and (3) || D*V || __ := sup(, )erea [|D*V |gp < 0.

Lemma 4. Assumption 1.1 implies Assumption 7.1 when u € (0, ﬁ)

Proof of Lemma 4. For simplicity, We choose V (z,v) = ||z — z.|* + ||z — z, 4+ v||' + 1 with
f(z+) = min f(z). Now we check conditions 0), 1), 2), 3) in (Lv,) are satisfied.

0) It’s onvious that lim(y, )| —+0c V (7,v) = +00 and V(x,v) > 1 for all (z,v) € Re.
3) The Hessian of V' we choose is

D2V(x,v) = [4Id QId]

o1, 2I,
For arbitrary (z,v)7, (y,w)T € R?4:

1DV (@, v) (y, w) || = H {41/ v 2w] H2

2y + 2w
< 40]|(y,w)|”
Therefore HDQVHDO < o0.
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2) Take gradient of the V' we choose:

VV(a,0) = [P P At )
Then for all (z,v) € R%4,
YV ()P + (o) P < 2(d e — 2l 4z — a4 ol2) 4l — 2. 4ol
+ [0l + 204 |olf* + «* [V f(2)]*)
<8l — w412 — 20+ 0] 49 ol + 2202 o —
< max{26 4 2u>M? 30}V (z,v)

1) Last we consider
(VV(z,v),b(x,v)) =2(x —24) v+ 2 —zs +v) - v—4(x — s +v) -0
—2u(x —z. +v) - Vf(x)

< =2 |oll* - 2u [f(2) = fla. = v) + T llo — 2 + o]

+2u(fe) + 5 1ol

— —um [z — 2. +v|* — umje — |2 = (2 = ub) [lo]

m
< —2[ju]]* — wm o — 2, + o — 20 () + 2 o - 2.?)

The second inequality follows from the fact that f is m-strongly convex.
When u € (0, 5], (VV(z,v),b(z,v)) < —umV (z,v) + um for all (z,v) € R??. Therefore
1) is satisfied.
When v > %,
(VV (2,0),b(,0)) < —um ||z =@+ 0]* —um |lz = 2.|* + (M = 2) [lo]
< [~um + 2(uM = 2)|([lz — z. +o|* + |z — )
< —[4 —u2M —m)]V(z,v) — [4 — u(2M — m)]

we can use triangle inequality to further bound our result:

When u € (2, 537—), 1) is satisfied because 4 — u(2M — m) > 0.

Therefore, 1) holds when u € (0, 5774—).

O

Remark 9. For the V(x,v) we choose in the proof, under assumption 1.1, we can verify that:
V(x,v) = O(|z|? + |v|?) when |(z,v)| — +o0o. We will use this fact later in the proof when we
establish the CLT statement.

7.1 Proofs for Section 3.1

Proof of Theorem 3. Under the assumption 7.1, we can show that the following Lyapunov condition
is satisfied for small h.
(Lyapunov Condition): There exists a function V : R2? — [1, 00) such that:

0) lim|(z )| 00 V(7,v) = +00,
1) There exists & € (0,1) and 3 > 0: B[V (241, Vny1)|Fn] < &V (2, v,) + B.

Proof: To show that assumption 7.1 implies Lyapunov condition, we first do Taylor expansion of
V(Zni1, Vnt1) at (zy, vp):

1
V($n+1; anrl) = V(il?n,’Un) + VV<.'L'n,Un> : ($n+1 — Tp, Un41 — vn)T + 7D2V(9n)[(xn+l — Tp,Unt+1 — Un

2

24

)T]®2



where 0,, is a random point on the line segment joining (z,,, vy, ) and (41, Vn+1). Use the RULMC
algorithm and part (a) of Assumption 1.1:

—2h —2h
=5—un — 5(h = =5—)Vf(wn)

_inn — =V f(2,)
2h

§(h— =5 BV (2, )—Vf<xn>|fn]]
USSRV f (2, 1) — V(@) F)

E[V(Znt1, vn41)[Fn] < V(@n,vn) + VV (20, 0v5) -

—VV(x,.v,) -

3M [_1—e2h 2

+ 2 B P+ IV P+ 02 4 402
3M

+ S NEY (2~ 19 (an) PIF

where we can further estimate
EVf(@,i1) = Vf(zn)|Fn] < ME[z, 1 — n\}'}

1 1-—
(= 2 VoY,
hoh-ly
2

M

IA
=

2h

+

(5 = =)Vl

u
2 2h
and there exists &, such that |V f (2, 1)|* = [V f(2,)[* = 2(z, 41 — 2,)TD2f(£,)V (&) and
&, is on the line segment joining x,, and Tpyd. Therefore |£,, — x| < |xn+% — x,,|. then we have
E[|V (2,1 1)1> = [V f (@) P|Fn] < 2ME[V f(&n)l|2pr 1 — Tnl|Fn]
< 2M|Vf($n)\E[|xn+% — || Fn] + 2M2E[|xn+% — @ |*F)
< |V (@) 2+ 3M2E[2, .y — 2al2|F]

h? u?h? 2
<V f(@a) ? + 6M2 (G fou” + 5=V (@) P+ udory ) )
When h is small, we can use polynomials of h to bound those exponential coefficients. We can
obtain that there exists C' > 0:
E[V (Znt1,Vn41)|Fn] < V(Zn,05) + hVV (20, 00) - b2, v2)T + CRAH(d + 0,2 + |V fz0)[?)
then assumption 7.1 imples that there exists & > 0, 8 > 0 such that
BV (2ni1,0ns1)Fn] < (1 —ah + Ceyh?®)V (2p,v,) + Ch2d + B

When £ is small, there exists & = 1 — ah + Ceyh? € (0,1) and § = Ch2d + 8 > 0 such that
E[V(Znt1,Vnt1)|Fn] < &V (2n,v,) + 6. O

Once we have the Lyapunov condition, we can define the stopping time 7¢ = inf{n > 0 :
(zn,vn) € C} and show that sup(, ,yec B lrc] < Mc < oo for all small set C. Then
uniqueness of stationary probability measure and ergodicity all follow by Theorem 1.3.1 in [33].
Next we prove that sup(, ,yec Ez,0) [Tc] € Me < oo given Lyapunov condition. To do so, note
that we have

E(zv) TC ZTZP Tc—’n,

= Z P(r¢ >n—1)
n>1

Under Lyapunov condition, for any stopping time N, according to Lemma A.3 and Corollary A.4
in [31], we have

P(TC >n— 1) < E[V(xmvn)ch>n—1}
K[y "V (20, v0) + 1]

1—~

< RV (o, v0) + 1]

<
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for some vy € (&, 1) and constant x. Therefore, we have

E(g,0[mc] < Z Ky V (20, v0) + 1]

k>1
_ w[V(x,v) +1]
D p— J
and
sup E(, o [c] < IL sup V(z,v)+ < Me < o0
(z,v)eC — 7 (zw)eC 1- Y
So as a conclusion, the statement of the theorem follows. O

Before proving Proposition 3.1, we require some preliminary estimtes from [40], that we present
below. First, let (y,,w,) be the solution of Underdamped Langevin dynamics evaluated at ¢t =
> r_ e with initial value (yo,wo). (2, vy) is the nth iterates in the (RULMC) algorithm with

*

initial value (xg,vo). (2% (t), v (t)) is the solution of Underdamped Langevin dynamics with initial

e n

value (zp_1,vp—1) and (z,v}) = () _1(vn),vi_1(7n)). Then, we have the following results
L we have:

from Lemma 2 in [40]. When 7,41 < % and u = 57,
E[|Eaznt1 = @hps|* < 45000 E [oall® + M2y E [V f () |* + M dy})

E H37n+1 — Ty H2 < 1800(vS 4 E ||UnH2 + My E ||Vf<$n)H2 + My )
E HEavn—H - U:-s-l H2 < 45(72+1E HUnH2 + M_leng ||Vf(l‘n)||2 + M_1d72+1)

E an+1 - UZ-H ||2 < 1300(’731+1E ||UnH2 + M_Q’Yi-HE ||Vf(37n)H2 + M_ld%swrl)

Proof of Proposition 3.1 . Denote A2 = E[||z, — ynll> + |(2n + vn) — (yn + w,)|*]. Using tri-
angle inequality we have

2 2 h * 2 * * 2
Eallzn = ynll™ + @n +vn) = (g +wa) 7T < (14 ) (lek = ynll” + [ (@k +v2) = (Y + wa)|7)

2K 112 " ® 112
+ F(HEa[fvn] — 2 ||” + [Ealzn + vn] — (27 +03)[1)
+Ea [lzn — x:1||2 +Eo [[(@n 4+ vn) — (25, + UZ)||2
Furthermore, we can take expectation on w and use the contraction of Underdamped Langevin dy-
namics:
o hy _n o 2K .2 ¥ -
An < (Lt o )em = Ay + 5= (B By — 23 |7 + E [Ba [z + vn] = (27, +0)7)
+ Bz}, = wall® +E |l (2n +va) — (2}, +07)]”
2
< e H A2 + T GE||Bazy — }° + 2E [Eqv, - 3*)
+3E [|zn — 2|1 + 2E [[vn — v} |12
When h < %,u: ﬁandm: 1:
A2 < e 2 A2 48250 | (kAT + hYE |Jun_1]® + (k7 B8 + 6 2hOE ||V f(zn_1)||* + (k1B + h7)}
Our next step is to bound E ||v,,_1||* and E ||V f(z,_1)||>. First for Underdamped Langevin dy-
namics with f satisfying Assumption 1.1, it’s easy to compute that:

E wn—1|* = d/M

1 — T
E|Vf(yn-1)|* = fe—f(f)da:/vf(x)'ze F@) g

1
=TT /(Vf(x))TVe’f(I)d:r

1 —f(x
- fe_f(r)dx/Af(x)e @) dg

<[Af(@)llo < Md
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Therefore, we have

E|[vn_1]]* < 2d/M + 2K ||[vp_1 — wp_1||*> < 2d/M + 4A>

n—1
E||Vf(2n_1)|> < 2Md+ 2M?E ||2p_1 — yn_1|* < 2Md + 2M>A?

n—1

Plug the upper bounds into our previous result:

A2 < e A2 48250 [(khT + h*)(2d/M + 4A2_)) + (k7 BS + k2R (2Md + 2M2A2 ) + (k7R 4 hT)]

n—1
2

h h
<|1——+—+14 4 | A2 412 T4kt
< o + 32 +49500(h* + kh")| A5 _1 +41250d(h" + k™ h%)

If we choose (y,—1,Vn—1) ~ 7 (z,v) and (Yp—1, Wn—1) ~ 7 (x, v) such that

. 2
Apa= min  E|X-Y]

Then we have
2500h3(kh3 + 1)d
Walm,m)® < A2, < — P00 (sh” +1)
1— 4= 99000h3k (1 + kh3)

We can see that W(m, 7),) — 0 as b — 0. Furthermore, as h — 0, Wa(m, 73,) < O(h?). O

7.2 Proofs for Section 3.2

Proof of Theorem 3.2. Define A2 = E[||z,, — yn|” + ||(#n + vn) — (Yn + wy)|*]. From the proof
of proposition 3.1, we know that

2

A2 < {1 - ;—Z + 8% +49500(74 + m;)] A2+ 41250d(7] + k1)

When time step h is a constant, apply the inequality repeatedly to get
2

k
h  h
A2 < [1 5 tga T 49500(h* + nh7)} A+

82500h3 (kh? + 1)d
1— J£ —99000A3k(1 + Kh?)

Denote v, to be the density function of x,,, then Wa(v,,, ) < A,,. By choosing v,, = h ~ O(e%),
we can guarantee that Wa (v, 7) < ey/ <4 foralln > K ~ O(e™3).
When the time step 7,, is variant, the inequality we correspondingly have

2

A < {1 — ol 2+ 49500(y; + mZ)] A2+ 41250d(v] + k)

When 7, < 1, 2% < 5. When 7, < (22000 < 24573, we have 49500(72 + k77) < 2=

> 8k?2 8k " 8k2 8k "

Similarly, when ,, < 1, we have 41250d(v] + x~'}) < 82500d~;;. Therefore, when 7, <
min{1/2,24x~ 3}, we have

A2 < (1- Z—Z)Ai_l + 82500d~2

16K

If we choose v, = —5———
3263 +(n—K1)t+

, where K is the smallest integer such that

4 1 82500d
Af < (1——) 45+ (82500)d2— <2
K3 K K
Then we claim that for all n > K7, we have
82500(16)4d/~z4

A2 < g
(3263 +n — K;)3
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The claim can be proved by induction: Assume that the claim hold for A2 and denote b = 32K5 +
n — K4, then
4 82500(16)*dx* = 82500d(16)*K*

Ao <= = b1 1)t
82500(16)4dk* [(b—3)(b+1)2 1
T b+ 1)3 b3 +b+1]
82500(16)*dr*
(b+1)3
82500(16)*dr*

C(326% +n+ 1K)

Therefore, under our choice of time step (7, ), we can guarantee Wa (v, 7) < €4/ for all n >

K ~ O(e*%). Compared to the running time of constant step size RULMC, vanishing step size
help reduce the factor log (%) in the guarantees. O

Now we introduce the CLT statement for another sampling algorithm related to (RULMC) and give
a complete proof of the statement. The proof of Remark 6 can be done in the same way. In the
following theorem, we give a central limit result with specific choice of weights and time step-
size. The Euler-discretization of the underdamped Langevin diffusion (which we call as KLMC,
following [7]) is given by the following algorithm:

1 — e 2Vn+1 U 1 — e 2Vn+1 )

D) Un — 5('}%-{-1 - D) )Vf(l‘n) + \/EUT(L];‘,)-lU'f(L]-‘rl

1 — e 21
. @ 2
Un41 = Unt€ Tt — uf (T”) + 2\/>O-TL-‘1-1U7L+1

(1)

Tn+l = Tn +
(KLMC)

4vn

(2) (1)?

and oy, loe

where {~,,} are the time steps on

—(1- e 2 n ),
(2) _ 1—e4Mn (1) . . . 2d .+
on = —5—. {Un"’, )}n are independent Centered Gaussian random vectors in R** with

—4 n __ -2 n . . . .
U, Uy ~ N(0,021, ) and 02 = %. Numerical integration with the above
On " On

sampler follows the same steps as described in Section 3.2. We now provide the following CLT.

are positive with o, ' = 7y, +

Theorem 5. Assume potential function f satisfies Assumption 1.1.  Let {(xp,vi)} and
{(U,gl)7 U,gz))} be the same as what we have in the (KLMC) algorithm and the time step-size {~yi}

is non-increasing and limy,(ys—1 — v&)/v¢ = 0. If lim,,(1/ FS)) Shoivr =4 € (0,+0q]

and lim,, 1“%4) = +oq, then for all ¢ € C> with D*¢, D3¢ and D*¢ bounded and Lipschitz and
SUD (. pyerzd |[VO(2)[*/V (2,0) < +00, we have

T, 0 ,._ o n

i LS) = Nip. v ? [ Vo) i <o
r, o

@ Vi (Lp) = p ify = +oo,

where

= & [ [(D*¢(x); VI(2),v®*)v(dx, dv) + 35 [ [{D? f(2); Vo(x), v**)v(dz, dv)
1—“2ff(D2¢D2f)(x)v®2y(dx7dv) — 1—12ffD4gz5(x)v®4z/(dx,dv)

— Y (D2 f(x); Vo(x), V f(x))m(dx).

In the following context we’ll discuss the weak convergence of empirical measure v;! and build a
central limit theorem under certain assumptions.

1) (Lyapunov Conditions) The underdamped Langevin dynamics can be rewritten as

dYy = b(Yy)dt + o (Y;)dW,
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where V; = [X;, Vi]T, b(y) = b(z,v) = [v, —2v — uV f(2)]T, o(y) = 2+/u[04, 14T for all
z,v € R% {W,} is a 2d-dimensional Brownian motion.
The Lyapunov condition is similar to the one that’s introduced in[21].

Assumption (Ly,): There’s a C? function V : R?? — [v,,+00) for some v, > 0
satisfying the following conditions:

a) HD2V||Oo = SUP(y, )T cr24 |‘D2V(3c,v)||op < o0 and lim (4 )| 400 V (2, v) = +00;

b) |VV(x,v)|? + |b(z,v)|? < ey V(x,v) forall (x,v)T € R?¢ and some ¢y > 0;
c) (VV(x,v),b(z,v)) < —aV(z,v) + 3 for some o > 0 and 3 € R.

Assumption (Ly,): There’s a C? function V : R?? — [v,, +00) for some v, > 0 satisfying
for some p > 1:

a) HDQVHOo = SUP(y, )T cr2d HDQV(J;,v)Hop < 00 and lim (3 )| 400 V (2, v) = +00;
b) |[VV(z,v)|? + |b(z,v)]? + Tr(o(z,v)o(z,v)T) < ey V(x,v) for all (z,v) € R?? and
some cy > 0;
¢) (VV(z,v),b(z,v)) + \Tr(o(z,v)o(x,v)T) < —aV(x,v) + B for some a > 0 and
,6 S R, where Ap = %AD2V+(1)—1)(VV®VV)/V'
Remark 10. 1) We can show that: (Lv,) = (Lv,p) ifp’ > p > 1. Especially
(Lv,eo) = (Lyyp)forallp > 1.

2) If we choose b and o the same as those in the Underdamped Langevin dynamics, then
(Lv o) is almost the same as assumption 7.1. We can instantly obtain that assumption 7.1
implies (Lv,o0)- Therefore, according to lemma 4, assumption 1.1 implies (Lv, ).

2) (Tightness Result) We now establish the almost sure tightness of the weighted empirical
measures. The filtration {F,,} we consider is F,, = o (Y0, (Ul(l), U1(2)), e o, T(LQ))).

Lemma 5. (a) If (Cv,1) holds, then for every a > 1,

[V (Yni1) = VE(Ya)| < can/AmgtVeYa) 1+ U, 29 + (U129

(b) If (Lv,p) holds for some p > 1, then there exists real numbers & > 0 and B and ng € N
such that

E[V?(Yns1) | Fal S Vo) + 942 VIT (Vo) (B = aV(Ya)), Vi >no
and furthermore
sup E[VP(Y,,)] < 400
neN
Proof of Lemma 5. (a) Using mean value theorem and (Ly1):
[V (Yni1) = VEYa)| = al VO (€1 )(VV (Ensr), Y — Yar)|
< COVO2 (i) |Vogr — Vil
From (Ly 1 )-b) we get that V/V is bounded, i.e v/V is Lipschitz with parameter [v/V];. Hence

Va2 (€up1) £ (VV (V) + [VV]1[Yng1 — Ya|)? !
< 92a—1 (Vafé(yn) + [\/Vﬁa_ln/n-i-l o Yn|2a71>

Meanwhile,
e~ 2n u e~ 2T 1 1
Vi — Y, |2 = %Un — 5 (Y41 — %)vﬂ%) + \/777(1421(]7(1421 ‘2
n+1 n| = 2176_2’7n+1 1—e 2Vn+1 (2)
- P} Un — U 2 Vf(zn) + 2\/aan+1Un+1
1— 6—2%,+1 R 1 — e 2Vn+1 1 — e 2Vn+1
<y P02l + [ (ot — ——5——)% + 3u2(— )|V S (z)

(a
+3uan+1 |Un—‘21‘2+12u0n+1 U, +1|2
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~2m (1) 2

Since v, — 0 as v — oo and 1_5;27" ~ O(Vn)s Y — 5 ~ O(72), om ~ O(7: ) and
1
2 O(73), there exist Cy, Co, C3 > 0 such that

Yot = Yal? < C1 121 (lonl? + VS @n)?) + ora (UL + 024 )]
2
<G [mlw W)+ st (U P+ 102 +1)]
2
= |Yag1 — Yal < CsyFara v/ V) (UL + US|+ 1)
Combining our estimations, since a > 1/2. we get
VO (Y1) = VEA(Ya)| < 0227 (VO3 (Vo) + VIR Yass = Yo7 ) [V = Yol
(\ﬁm Vo) (UL + UL+ 1) + 7 VU + U3+ 1)%)
Yrn+1 n+1 n+1 ’Yn+1 +1 n+1
1) |24 2) 124
TtV (Y) (U P + [0 P + 1)
(b) We Taylor expand Vp( n+1) atY,,:
1
Vp(Yn-i-l) = Vp(Yn) +pr_1( )<VV( ) n+1l — Yn> + §D2(Vp)(£n+1)(yn+1 - Yn)®2
Since D?(VP) = pVP~1D2V + p(p — 1)VP~IVVV VT, by the definition of \,:
D*(VP)(&ng1) (Vo1 — Yn)®2 < 2pA, VP (€1 [Yngr — Yal?
Therefore

Vp( n+1) < Vp( )_|_pr 1( )<VV( ) n+l — n> —|—p)\pr71(€n+1)|Yn+1 —Yn|

When p = 1, take conditional expectation on F,:

E[V (Yos1)|Ful < V(Y,) + $<VV(%, 0n), b(Z, V)
o T ) - VS
M Rl 2 (9 )2+ 40T ) -0
B gl — 6;2%+1 (et — 1-— e;%m 1V f () 0
G - 2 )2 ol 402,

There exists ng € N such that for all n > ng

1 — —29n+1
L (VV (@ 0n), b(@n, V) < Yni1(—aV (Yy) + B), forsome a > 0,5 € R;

u ’ 1 — e 2Unt1
= TV ) V(@) € O (VY )+ BY) € OV ()
M T Rl 4 T (@) + A ()] € O BV € o V(Yo
= T @) v € O B € OV ()
Y s~ R )P < Ot € O VY

2
u(o 7(11-21 +4U’ELQ-l)-1 Jd < Cynya-
Therefore, for all n > ng, there exist @ > 0, B € R such that
E[V (Yos )| Fa] SV(Y)(1 = a¥ng1 + C2Y1 + Vi1 + Yns1)) + i1 (B+C)
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S V(o)A = aynyr) + 57n+1
and 1 — &y,41 > 0. This leads to

E[V (Ynt1)] < E[V(Ya)l(L = &nt1) + Bynta

We could use induction to prove:

O T

sup E[V(Y,)] <

n>ng

VE[V(Ya,)]

Assume now p > 1. Due to (Ly,)-b), we derive that v/V is Lipschitz with parameter [v/V];.
Consequently,

(r—1)

VP ) = VN 6w) < (VIV) + VIV — Vi)
VPTLY) + (VV]i Yo = V)20 if2(p—1) <1,
VPL(Y,) + C (V<2P /(Y [Vosr — Yol + |Vis1 — Yn|2(p_1)) if2(p—1) > L.
Using the fact we’ve proved in part a):
Va1 = Yal < C2 |72 V(Ya) + s (UL + U2 + 1)
We derive
VP st Yass = Yal? S VI Vo) Yasr = Yal2 + CLLTVP(Ya) (14 (U 27 + U, 27)

Then we take conditional expectation:

—27vn+41

B[V (V) Fa] < V() + VP 2 OV 0, 00), b, )
1 — e 2In+1
e
+CVIN () [0V (Ya) + st (UL 4+ U3, 2+ 1)

—pVP~ 1( ) ('VnJrl )vwv(xnvvn) : vf(xn)

N |

p/\

2y (1) 2
+ CMBVP(Y) (L + [US P + U2, )
There exists ng € N such that for all n > ng

1 — e 2Vn+1

2
1 _ 6_27n+1

u
- 5('Vn+1 - f)vwv(wmvn) : vf(xn) < 0'7721+1(|VV(YH)|2 + |b<Yn)|2) < C%%jtlv(yn)-

(VV (X, 0n), b(xn,00)) < Ynp1(—aV(Y,) + 8), forsomea >0, € R;

Since fyﬁ/\% ;Y2 ~ 0(Vn), there exists & > 0, B € R, such that for all n > ng:
E[VP(Yo)|Fa] € VP(Yn) 4 Yot VP H (V) (B — @V (Ya))
Same as the proof for p = 1, we can show

sup E[VP(Y,,)] < 400
neN

Theorem 6. Let p € [0, +oo). Assume (Lv ), If there exists s € (0, 1] such that

Tin In 1+s
A )+ < 400 and 7) < +00
A =

then
P(dw) — a.s  sup v/ (w, VP/(F9)) < 400
neN
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Based on Lemma 5, the proof of Theorem 6 immediately follows, by using the same steps in
the proof of Theorem 4 in [21]. Hence we don’t replicate the proof here.

3) (Identification of the limit)

Theorem 7 (Echeverrria-Weiss Theorem). Let E be a locally compact Polish space and L a
linear operator satisfying the positive maximum principle. Assume that its domain D(A) is an
algebra everywhere dense in (Co(E), || ||,) containing a sequence ( fy,)nen satisfying

sup (|| fulloo + 1£fnllo) < 400, Vo € E, fo(x) = 1 and Lfn(z) — 0.
neN

If a distribution on (E,B(E)) satisfies [, Lfdv = 0 for every f € D(A), then there exists a
stationary solution for the martingale problem (L, v) (this means that there exists a stationary
continuous-time homogeneous Markov process with infinitesimal generator L and invariant
distribution v).

Lemma 6. If the potential function f is Gradient Lipschitz and strongly convex, then the gen-
erator of kinetic, L, satisfies the assumptions of the Echeverrria-Weiss theorem.

Proof of lemma 6. First it’s well-known that the infinitesimal generator of a Fellerian semi-
group satisfies the maximum principle. We can choose our f,,(y) = ¢(y/n) for any y € R4
where ¢ is C? with compact support and ¢(0) = 1. It’s easy to check that Vy € R4, £, (y) — 0
and Lf,,(y) — 0. It’s also straightforward that sup,,cy || fn ||, < +00. The last thing to check
is sup,, ey [|[£fnll,, < 4o00. Since £ can also be written as b(z, v) - [V, V,]7 + 2uA, and
we’ve shown that under our assumptions on f, (Lv, ) is satisfied, we have the Lyapunov func-
tion V(y) = O(ly*) and |b(z,v)| < C(1 + |(x,v)|). Therefore we get sup,,cy [|Lfnllo, <
+o0.

Theorem 8. Assume that f is gradient Lipschitz and strongly convex. Assume also

oo L M M

lim — E |[A—| =0 and g

n Hy =1 In n>1 VnHn
Let a > 1. Assume sup, v1(V®) < +oo P — a.s. If a < 1, assume also that Y ons1 M Yn/Hy <

+oo. Then P—a.s, every limiting distribution ve. (w, dx) of the sequence (V)1 (w, dz)) is an invariant
distribution of the underdamped Langevin dynamics introduced in the previous section.

)2 < 400

The proof of theorem 8 follows immediately from Theorem 7, lemma 6, lemma 7 and lemma 8.

Lemma 7. Under the assumptions in theorem 8, then for every bounded Lipschitz continuous func-
tion g : R2d 5 R,

P—a.s h ZZ— — 9(Yio1)|Fie—n] =
L

Proof of lemma 7. Setting 1o /vo = 0 gives

77, 22 BO0%) 00l = 3 ME08) 900D~ g 3 2 (o0%) Kol

As g is bounded, it follows by lemma 3-b) in[21] that
Pfash Z (Yi) — g(Yi—1)) = 0.
k=1

Then
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converge a.s in R.

E(MZ)oo = (52 llg(¥a) = Elg(¥a)l Famallls < D (=) 9(Ya) = g(Ya)Il

n>1 nesn n>1 Tntin

<R P IV = Yol

n>1
Since (Ly,1) holds under our assumptions on f and by lemma 2-b)

1Yy = Yaoullz < C'EDZV (Ya1) + (2d + 1)7a] < O

Therefore

2 < 400

<C

O

Lemma 8. Under the assumptions in theorem 8, then for every g € C?(R??) with compact support,

hm< Z kg — 9(Yi—1)|Fr1] —u”(ﬁg)) =0 a.s

kl%

Proof of lemma 8. Setting Ry (y1,y2) == g(y2)—9(y1)—(Vg(y1), y2—y1) — 5 D%*g(y1) (y2—y1) 2,

we obtain for every k € N,

1
9Y) —9(Yi—1) = (Vg(Yi—1), Y — Y1) + §D29(Yk—1)(Yk — Y3 1)®% + Ro(Yi—1,Y3)

1—e 2 u 1—e 2
= Vag(@i1,vim1) - [Fg—vi1 = 5 (0 =~V (wi-1) + VU]
1— e 2m 1— e 2w
+ Vyg(xh—1,v%-1) - [—2#’%—1 - U#Vf(xkq) + 2\/501532)%52)]
1 1— e 2 u 1—e 2%
+ 5 D2g(@n, v ) [ —vie1 = 5 — ) V(@) + Vo U
1 1—e2m% 1—e 2%
+ §D39($k—1,vk—1)[—2#vk—1 — UTVf(a:k_l) + 2\/5‘71(@2)[]1&2)]@2
1—e2m% U 1—e 2%
 (Davg(@i-1,v61); k1 = 5 (% = ——5——) VS (@i1) + Vo U,
1—e 21 1—e 27
— 2 —u——— V(@) + 2/uo P U?)
+ Ro(Yi—1,Y%)
1—e 2 U 1—e 2w
=1Ly (Yi—1) — (v — T)ng(yk—l) Vg1 — 5(% - T)Vaag(Yk—l) -V f(wgp-1)
1 — e 27 1—e 2
+2( — 5 VVug(Yi—1) - vp—1 + u(y, — > YVog(Yi—1) - Vf(xg—1)
+ Vo VeV ) - UY +20u0PVg(Viy) - U
1. 1—e2m u? 1—e 2%
+ §(f)2Dig(Yk71)U§,21 + g(’}’k - f) ’D2g(Yi—1)V f(2p-1)®?
u 2 ®2 ul—e 2% 1—e 2%
+ 504 D2 (YH>U,5” — 55— (k= ) (D2g(Ve1)s vk, Vi (25-1))
1—e %
+Vu————o! )<D29(Yk 1) v;H,U,E”>
u3/2 1 — e 29k
— o — ————)o (D29 (Vi ); me 1).U")

2 2

1—e 2% 5 w2 11—
+2( 5 )2 Dig(Yi-1)vi?) + 2( 2
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2 ®2 ®2
+2u (o D29V 1)U = ED2g(Ve 1)U | F ]

L— e o o L—e™™ @) @
+2U(T) (Dyg(Yi—1);vk—1, Vf(2r—1)) —4\/ET (Dyg(Yi—1);vk-1,U;")
1—e 2m
— 20— (Dlg (Y ): V (2-1), Uy) + Ra(Yier, Ya)
Take conditional expectation:
1—e 2
Elg(Ys) — 9(Yi—1)|Fr—1] = Lg(Yi—1) = — (7% — #)vxg(yk—l) S Uk—1
U 1—e 2%
- 5(7/« - T)ng(yk—ﬁ -V f(rp-1)
1—e 2%
+ 2(vk — T)va(yk—l) “Vk—1
1—e 2
Pl — T ) Vg (Yir) - Vf(er)
1,1—e 2%
+ i(T) DQQ(Yk 1)1)];@ 1
u? 1—e 2w
+ g(% - #) 2D2g(Yi-1)V fz-1)®?
+ 2ot Aug(Vi)
ul—e 2 1—e 2
5 3 (v — 5 HD2g(Yi—1); vk—1, V f (1))

1—e 2% u? 1 —e 2

25— D2 (Ve 02, + 5 () D2 (Vi) V f (1)
+ 2u (01(62)2 — 'Yk) Avg(ykfl)

— e 27k
205D (Y1) vk, Vi ()

+ E[Ra(Yi—1, Yi)| Fr—1]

Observe that for all the terms, except for Ro(Yx_1,Y%), on the right hand side of the equation,
their coefficients are of order O(v2) or o(~2). Furthermore, Vg and D?g are bounded because g
is C? and compact supported. Since (Lv,) is satisfied under our assumptions, sup,,cy E[|v,|? +
|Vf(xn)|2} < Csup, cyE[V(Y,))] < 4o0. Therefore, we obtain that as n — 0,

ZZ— — (V)| Fie] — nkﬁgmfl)fZ—:E[Rz(yk,hlfk>|fk4]ao
"=

because H—n Sh_i vk — 0asn — 0.
Now we deal with E[Ro(Y;_1, Yz)|Fr_1]. For any z, y € R4, define

1
ra(ey) =5 sup [|Dg(e + Uy — @) — D2g(a)|
te(0,1)
It’s easy to see that 75 is a bounded continuous function on R% x R?, ro(x, ) = 0 and
| Ra(z,y)| < raa,y)lz -yl
Therefore we obtain

%lE[Rz(Yk—laYkﬂﬂ—ﬂl <C (nm 72l V (Vi) + (2d + V)pElra(Ye_1, Vi) ([ULV 2 4 U} 2)|2)|ﬂ—1])

Ifa>1,P—a.s
n

1 « 1
. ;an'yk Im2ll oo V(Yi—1) < leTn kz::lnkka(Yk,l) —0 as ilégl/g(‘/) < +ocandvy, =0
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If @ € [1/2,1), the same limit follows from the Kronecker lemma mentioned in[21] and

Zn21 Tin%/Hn < 400.
Meanwhile,

Ty = [ vl @)l + ol dr)

where

1—e"2

u 1—e 1 9
(x’,v'):(x—l—Tv—E T)Vf(x)—l—\/ﬁa( e, e Py —u

—4 1/2 _ayN 1/2
S — (7+ % _a- 627)> o™ (T)

1—e

5 V() + 2v/uo@ry)

(v —

1+e ™ — 22
Iq)
4oV g(2)

and (UM, UP) ~ = N(0,

We can see that .J is a bounded continuous function on R, x R? x R? and .J(0, x,v) = 0. Since
lim|y| 0 V' (y) = +00. We can also write

(2d + V)Elra (Yo, Ye) (U2 + 102 2| Fica] = iV (@1, 061))0((@5—1, 05-1))T (Vs -1, V1)
where lim|(;, | v, _1)|—00 O((Zx—1,Vk—1)) = 0 It remains to show that

ol e
P—a.s hrrlann];ﬁkV (@r—1,v-1))0((xr—1,v6=1))J (Vs Tk—1, Vk—1) = 0

For a fixed number A > 0, J is uniformly continuous on [0, sup,, 7] x B24(0, A), then
J (V> Th—1, Uk—l)ll(ajk_l,yk_l)ISA —0 P—a.s.

And VO((xp_1,v5-1))0((wr_1,v_1)) is bounded on Bog(0, A). Therefore
1l e
P—a,s lim anV ((r—1,0%-1))0((Zr—1,v6—1)) (V> 15 Vk—1) L |(2p 1,0 _1)|<a = O
n k__l
On the other hand side

: I & e
lim sup anV ((zr—1,v-1))0((Tr—1,6—1)) (Vo> 15 Ve—1) L[ (zpo_ 1o 1) | > A

" Fn k=1
< sup |f(z,v)| ||| supy, (V') =0 as A — +o0
[(z,v)|>A n
So taking A — +o00 completes the proof. O

Theorem 9. Let p € [1,400). Assume (Lvp). Let s € (0, 1]. Assume that

1

n 1+s
3 /s S AT — g 3 (-
i (A >+ < 400. hTan H, 2= |A%| = 0 and ( ) < +o0

H,
n>1"n Tn n>1 ny In

(a) Then

P—a.s supv!(w, VP/(9)) < 400,
neN

(b) When p < 1+ s, assume also Zn21 MnYn/Hp < +00. Then with probability 1, any weak limit
of the sequence (V1) is an invariant distribution of the underdamped Langevin dynamics.

Theorem 9 follows directly from theorem 6 and theorem 8.
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Proof of Theorem 5. First we try to decompose Y ,._, v, L¢(x,—1) using Taylor expansion.

d(xr) = ¢(xp—1) + Vo(xp-1) - (Tp — Tp—1) + %D2¢($k71>($k —x1)®% + Rék)

where RS = ¢(x1,) — d(an—1) — V(xr_1) - (x5 — 2x—1) — 2D?¢(w_1)(xx — 21-1)P2 We
can plug our discretization into the equation and obtain:
1—e 2w

d(wr) — p(rp—1) = WWLp(xp—1) — (7 — 5

U 1—e 2

(’Y}e - f
1—e 7 U 2 ®2

( ) D2¢(mk_1)v,§31 + 2oV D?¢(xy_ 1)UV

2

2
1 —e T ®2
+ g(% - > ) D*p(x—1)V f(zr—1)
ul—e 2 1—e 2
9 9 (e — 5
1) 1-— 872’%
2

Jk—1-Vo(xr_1)

)WV f(xr-1) Vo(zr—1)+ \/50121)V¢($k—1) : U;il)

D> ¢(zk—1); vk—1, V.f (T—1))

(D*¢(xp_1); 051, UMY
1— 6*2%
2

+ Vol

WD2(w1); V f(ak_1), ULY)

where

— e 2% — e 2 — e 2k
w 1,1—e 313 @3 u /l—e 9 1—e
Ry = E(T) D?¢(zp—1)vp"y — Z(# (Ve — Y
Vu 1),1-— e~ 2k
PRI
1 1—e 2
T
Since f is gradient Lipschitz and strongly convex, we’ve shown (Ly, o) holds. Using (Ly ) the
fact that D4q§ is bounded and Lipschitz, we can show there exists a constant C' > 0 such that

HDPp(zr—1); v, V f(wr-1))

2L —e7™n

u ®2
2%k D

V(D p(p1); 2%, UM + (D3¢ (s 1); 051, UL )

) D p(zp_1 )2, + )

Ime] < CVZ/2V2($1€717W*1)

Apply theorem 6 for p = 4 and s = 1, we have sup,, v (V?) < +oo P — a.s. Therefore
LS ,® inL!
— Z r =0 inL

In the following proof, we will use o(7¢) to denote the sum of those terms by such that
@ 22:1 by — 0 P — a.s. According to our decomposition, we can pull out polynomials of

1—e= 27k 1—e" 2k (1)
v from factors 5 Tk — 5 and o,

Then we obtain

so that the terms left could be included in o(v}).

> wLol@i1) =Y {[sb(ack) ~ Blaia)] + (0F — 2% + 3ok - Vlak)
k=1 k=1
u, o 24 14
+ 5(71@ 3% + g%)vf(xkfl) -Vé(rg_1)
24/ 3u

- Tvk V¢5($k 1) U,ﬁ”

7
M D?P(ze—1)vE?

1
-5k =2+ 3
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w2

*g’Ysz(b(ik DV f(zp—1)®?

4 ®2
5 (371~ 2D (ar ) U

3

3 = 2 (D201 vk, Vi ()
( Te — 3’7k)D3¢(90k71)v;§§1
Ye(DPp(ap—1); 002, VI (zR-1))

)

+

%\Q@\)—l[\')\ﬁ O |
/\

+

2u 4 (1)®2

- ?7k<D3¢($k71)57)k717 U,

1
5D o), + o}

=720+ 2D+ ZO + Z® + N, + 1,

Z’r(LO) = ¢(wn) — d(z0)

zZP = % [vk_l V(i) + 5V we1) - Volr-1) - %D%(xk_l)v?fl

k=1

= 271321(571
k=1
n 9 u

zZP =3 i [—Svkl Vo(r-1) = gVF(@r-1) - Volar-1) + D*¢(zp—1)vi_4

k=1
2u ®2  u 1

—§D2¢(xk UM 4 5 (D*0(i-1); vk, V(@) — g D¥b(eo1 )i,y

n

= ;74 [;Uk—l -Vo(xp-1) + %Vf(xk_l) SVé(rp_1) — %D2¢(xk_1)v,§fl

2
D2l )V 1)+ uD?o (s )OO~ 2D )i, V(i)

1 . U 2u ®2
+§D3¢($k71)1};§31 + +Z<D3¢(xk71)§v;§_217vf($k71)> - ?<D3¢($k 1)} Uk—1, U,ﬁ”

1
_ﬂD d(xp—_1 vk 1} : Z’ykz

" 2v3u 3
No =32 =55 Vélar) U

k=1
n

=Y o(7})

k=1

First, it’s easy to see that rn/l“gfl) — 0 P—a.sasn — 4oco. Apply lemma 5 and we obtain
sup,, E[V (2, vn)] < +00. Therefore we can further obtain the tightness of sequence {z,} and it
follows from the continuity of ¢ that {¢(z,,)} is also tight. According to the tightness, z{ / i -
0 P — a.s. For Z,(f), under our assumptions on ¢ and f, we can show that

lim 23 /Vi(z,,v,) =0

[(zn,vn)|—+o0
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Therefor apply theorem 9 with p = 8, s = 1 and we obtain:

P—as ZY/7TW —>E/ (D3¢ (x); V f(z),v®?)v(dz, dv) — u—2 D?¢(2)V f(z)®?*n(dx)
4 R2d 8 R
- i » D*¢(z)v®*v(dx, dv)

To consider the limit of Z,(Li)/l"gfl) for i = 2, 3, We first Taylor expand Lo (x—1) at j_o:
LO(T-1) = Vg—2 - Vd(Th—2) + (D?*P(wk—2); k-2, Th—1 — Tp—2) + VO(—2) - (p—1 — Vg—2)

+ %<D3¢(xk72)§ Uk—2, (Th—1 — Th—2)®?) + (D*G(Tp—2); Vk—1 — Vb2, Tp—1 — Tp—2)
+ %<D4¢($k72)§ Vk—2, (Th—1 — Tp—2)®?)

+ %<D3¢(mk72); Vp—1 — V=2, (Tp—1 — Tp—2)®?)

+0(7i)

Plug the discretization into the Taylor expansions and preserve the “large” terms, then we obtain:

Lo(xp—1) = Lo(h—2) + (Vo1 — Vi1 + 271?5—1)1)2(%5(%—2)”1?32

3

U, 2 2 3 2
- 5(%—1 - 3%—1)(1) d(xr—2); V62,V f(Tr—2))

2vV/3u 3
+ T7/§_1<D2¢(xk—2)5 Vg2, U,§1_)1>

2 4 3
= (27%-1 — 271 + 5%_1)%—2 Vo (rg—2)
2

—u(Yp—1 —Yi_1 + g%‘?q)vf(fkd) -Vo(zr—2)

+ 2Vung Vo(x_s) - U,

1
+ 5(’7/3—1 - 27£—1)D3¢(xk—2)01§32

2u - 1) ®2
§V2—1<D3¢(93k—2)§vk—2,U;E_)l )

Ve (DP(ar); v, U)

— S D ()i v, Vi (22))
- 2(7/3—2 - 272_1)D2¢(xk_2)v,§_22

- U(VI%A - 271%71)<D2¢(37k72)§ Vg—2, V f(Tk-2))
+ 2ﬂ7§_1 (D26 (x1—2); V2, UL,

+ w1 (D*d(zh—2); -2, V f (Th—2))

2
Vi1 D*¢(x—2)V f(2h—2)®?

+

u

3

5
—utn? (D*¢(x)—0); V f(2)-2), U;@ﬁ
- 2\/671?_1 (D*¢(Tp—2); V—2, U,§1_)1>
5
— i (D*¢(x)—2); V f(z)2), U,§Z>
D2 f (1) U(l) 2\/“ (2) U(2) 3
+ (D d(wk—2); Vuoy Uy 2y, 2v/uoy 2 Uy~ ) + o(vi—1)

38



Apply theorem 9 with p = 4, s = 1 to the terms of order o(V?(z_2,vk_2)) in the decomposition.
We obtain

lim ZZ:Q 7k£¢($k¢—l) — 1

1 n n
m > wLo(wr-o) + Y wlve-1 — 377 1) D?d(wr_2)vf,

o 1
i n’ k=2 k=2

- Z *’Ymk UD?¢(x—2); V f(2h2), vk—2)

- Z W (2Yk-1 = 27-1) VO (Th—2) - Vh—2
k=2

=D w1 =9V (@-2) - V(i)
k=2

"1
+ Z §7k713—1D3¢(95k—2)01§—32
n
1

+ 3 2V Volak-o) - U,
k=2

+Z%D¢$k 2)iVauol) U, 2V U2
k=2

tau [ Bo@nlde) — 5 [ (D6(a)io®, Y f(a))v(d,do)
]Rd 2 ]R2d
2
+ 5% [ D26(@)Vf(2)?n(da)
2 Jga
Since k-1 — v = o(v4), we can substitute all the 4 on the right hand side with ~j_q

and it Wont change the limits. For the last term inside the square bracket, notice that

Var(Vuol),UD, 2 /uoP UP)) = (14 e =1 — 20250y ~ u(297_, — 492 ) L.
Therefore

hmF Z’yk (D*¢(x_2); fakl) U,gll, 2v/uo}, (2 > hm—zmwk 1A¢(zg—2)

—4u | A¢(x)m(dx)

Rd
We can rewrite the equation as

n

E ’Yk£¢($k 1) 1
n k=2 @ hm@Z%&b Th— 2)+hm @ kZQZf’yk Vo(zp_2) - Uk )1

1
+ lim @ ZV}?-ﬂD%(fﬂk—z)U?_Qg = 2V@(zk—2) - vg—2 — uV f(k—2) - VP (Tk-2)]
n k=2

3u
+ lim —+ %4) kzz% 1[=3D% (z—2)vf%, — 5 —(D*¢(xr—2); VI (zr-2), vk—2)

+2Vo(xg—2) - vg—2 + uV f(Tr—2) - VO(Tk—2) + %D3¢($k72)%§3’2 + 2uA¢(zk—2)]

U .2
_ §/R?"1<D3¢( x);v ®2 , Vf(z))v(de,dv) + ?/d D2¢($)Vf(x)®27r(dx)

n

1 1 2
= lim — o Z’ykﬁqﬁ (g 2)+hm e Z%ka Vo(p_2) - U}E )1

no k=2

1
+lim (T>( 272 — 32(%)
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u u2
,7/R2d<D3¢( 2); 02,V f(x))v (d:c,dv)Jr? D26(x)V f(2) 2 (dx)

2 Rd

We can instantly get that

hm@(zz("usz@) _hm—szvk \Volwi-2) - U2,

n
2

uf 2 X I®27T X
+ 2/RdD¢( V()% (d)

u

- = 3 xT), xr U®2I/ X, av
5 | D¥@) Y Fw), o) da o)

(2 )

Similarly, apply Taylor expansion to z,’; at xy_2, we achieve:

Vf(xk-1) - Vo(rh—1) = Vf(zr2)  Vo(x)_2) + (D*f(28-2); VP(Th—2), Tho1 — Thp—2)
+ (D?*¢(vk—2); Vf(Th—2), Th—1 — Th—2)

+ %D?)(Vf Vo) (xr—2)(@h—1 — 25—2)®* + 0(7})

1 1 1
§D2¢(Ik D2, = §D2¢($k—2)vl§32 + §<D3¢(1’k—1)§1}§32,$k—1 — Tp_2)

1
+ (D*¢(Tp—2); Vg—2, Vg1 — Vg—2) + §D2¢($k—2)(vk—1 — vp_2)®?
1,1—e 2m1

Dol

+ —(D?¢(Th—2); Vk—2, Th—1 — Th—2, Vg—1 — Vjp—2)

| = N = |
—~

+ —(DP¢(zp—2); Tho1 — Th—2, (Vk—1 — Vk—2)®?) + 0(77)

Simplifying the coefficients lead us to
Vi(wp_1) Vo(zr_1) = V(zr_2)  Vo(rr_2) + (Vo1 — Vi {D*f(wx_2); VO(Th_2), Vh_2)
— SR (D2 f(@r-2); Volwp-2), VS (wr-2)

LBV D () Voma). U)

+ (k1 = Ve )(D?d(wr—2); Vf (21—2), vr—2)
— S D0 2)V (o) + Vi (D62 VI (@) ULY)

+ 50R1 (D V6 + 2D%6Df + D36V )i 2)u%, + o(3y)

1
§D (g 1)”1? 1= *D2¢(@"k 2)% 2t 5 (’Yk—l_’Yl%—l)D3¢(xk—2)Ul?E2

2

u 32
U (DP0(aa): % Y Fana) + Ut (D)o U

—2(Yk—1 — Vo 1) D2 d(h—2)v% — u(ve—1 — Vi1 ) (D*B(vh—2); Vf (2h—2), vp—2)
1
+ 2\/6713—1<D2¢($k72)5 Vk—2, U1§2—)1> + 271%71D2¢($k72)v;§—22
u? ®2
+ 77§_1D2¢($k—2)vf(93k—2)®2 + 2u(yho1 — 292_1) D2 (w—0) UL,

3
+ 2uvp_ 1 (D*¢(wk—2); VI (Th—2), vk—2) — 4V (D*¢(h—2); k2, U;?_)1>
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3 8 1
—2uly2 (D?¢(x)—2); Vf(h—2), U) + 1713_ D¢ (zp—2)vEt,

— Vo1 D?¢(xp—2)vE?, **’Yk UDPp(wp—2); 02, V f(Th—2))

*<D3¢(Ik—2)§ Vg—2, \/ﬂa,f_)lU,ﬁ_)l, 2\/50122_)1U;51_21>

2u ®2
+ SR (D) v Uy ) +0(07)
Take the limits and we obtain:
" AV f(xp—1) - Vo (zp— i i
lmZk_Q’Yk f( k(4)1) d(xp—1) _ lZ% Vf(@hs) - Ve (zp_s)
" I'n n k=2

+Z%_1 D? f(ak—2); V(Tr—2), vk—2)

k=2

3 Dk 2)s V (@), vi2)

k=2
_u 2 £00)
5 [ (D@ 9o(a). Vi @)e(an)
5 | D) V() *n(d)
Rd
—|—% / (D3f($)V¢(m) +2D?f(z)D?*¢(x) + ngﬁ(x)Vf(x)) v®?v(dx, dv)
Rd
2D ®2 i
S Figm — 11,131{5}23%3_117%(%_2)@,‘?32
(4) Z’Yk 1[ D’ ¢(xy— 2)% 2_2D2¢(53k 2)”1? 2
—U<D ¢($k,2); Vf(l‘k,2>, 7)}@72> + 2UD2(Z5({L‘]€,2)U,£2_)1®2:| }
S (D?¢(x); V f (), v®*)v(dx, dv) + 1/ D'¢(a)o® 7 (dx)
4 R?d 4 RQd
+ 2 [ D)V (@) n(dn)
Rd
Claim:

a) lim,, ﬁ She1 ViV (k1) - vk—1 = 0.
b) lim, ﬁ S Ve (iV(zp_1) - Vf(zho1) — 1D?@(xp—1)vE%) = 0.
¢) lim,, ﬁ S 1 viVo(wk—_1) - vk—1 = 0.

We’ll prove the Claim at the end of our proof. We can use the Claim and our expansion of Z7(L2) to

find the following relation:

1 I
hm (4) Z(2) = 117131 @ ZW}%V¢((EI¢71) V1

—|—hm @ Z’Yk{ Vi(zk-1)- v¢(xk71)_%D2¢(xkfl)v;§_21
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. 1 < i 1
= lim @ 122%371 [Qvf(ﬂsz) Vo (rg_2) — 2D2¢($k2)”3§_22]

1« 3
+lim e 3ok B<D2f(wk—z); Vo(wr-2), vh-s) + T (D?*6(wr-2); Vi (2-2), ve—2)

_%D3¢(xk 2) Vel 4+ 2D ¢k —2) v, — 2ul (k- 2)]
- | (D) Ve(a), VF@)m(da) = T | D*é(x)Vf(x)**n(dx)
R4 Rd
+ % /Rd (D3f(x)V¢(:E) +2D?f(x)D*p(x) + D3¢(x)Vf(x)) v®?u(dx, dv)
+ 20Dy V@), 0 wdrdv) 1 [ DYo(ay® ()
R24 R2d
u2
— 5 | D*%6(@)Vf(x)**n(da)
Rd
. 1 2 u? 2 .
= tim 242 +320) = / (D?f(@); Vo (), V f (2))n(de)
3u?

3w D2¢(x)Vf(x)®27r(dm)—i D*(a)v®r (dx)

4 R4 R2d
u

+7 [ (D F(@) V(@) + 202 @) D26(0) +4D°0(a)V (@) o0 da )

The last identity follows from Claim-a),b) and the fact that
lim,, ﬁ Sre 1 V(D f(zg—1); Vd(zk—1), vk—1) = 0. To prove
lim,, ﬁ Sr_ 1 (D% f(zg—1); Vd(zk—1),vk—1) = 0, we can assume ¢ is a new test function

satisfying Vi)(z) = D?f(x)V¢(z). Then the statement follows from Claim-c). This could be
done because v satisfies the all assumptions on ¢ stated in the theorem. Therefore we obtain

lin FL) 2 = 55 [ (D2 Vola). Vraatin) + 5 [ Do(a)V ()P adn)
— 1% g (Ddf(x)ng(z) +2D?f(z)D?*¢(x) + 4D3¢(x)Vf(:17)) v®?v(dx, dv)
+ % - D*¢(z)v®* 7 (dx)

Combine with our previous results on 22, @ 4 3Zn (*) and we obtain
2
U
lim T[Z(Q) + 2z = hm — Z f’yk Vo(zp_1)-U 2) + S /) D?*¢(z)V f(x)®?n(dx)
U

_ E R2d<D3¢($)3Vf($) > (da: dv) + ﬂ/de<D3f(fE);V¢($)7U®2>V(dx,dv)

2

+ 15 [P DR an) - 3 [ (021w V(). V)t

1

4 4
~ 51 deD (x)v®n(dx)

Then we plug this result in our original decomposition'

MZW 1) = lim —5 Z ¢ Vo) - (VaU?)

n k=1 nk
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+ lim — (4 Z\F W Vd(zey) US +— D2¢(az)Vf(x)®27r(d:c)

”kl 8
u

-1 R2d<D3¢(SE)§Vf(1') > (dz, dv) + 2 ‘/R2d<D3f($);V¢($)7U®2>l/(d$,dv)

+ 13 [ D D) @) (de,dv) - 24/ (D% f(2): V(). ¥ f () (de)

_ i o D4¢($)’U®47r(d17) —+ % /RM <D5(Z§(I)7 Vf(l')7v®2>lj(d.fc’ dv)

U2

— 5 [ D@V @) — o |

1 2v/3 1
gﬂiz V¢ Tp1) - (—— 3 \/ﬁU,il)+§2\/ﬁU,§2))

D*¢(z)v®*v(dx, dv)

+E de(quszf)(x) v(dz, dv) — 12 oo

u?

~ o1 Rd<D2f(w);V¢(w)»Vf(x)>7f(dx)

D*¢(z)v®*v(dx, dv)

It remains to determine the normal limit. Since (U, ,51), U ]52)) is Gaussian in R?? with mean zero

. . —4vE _ 9o 27k . . . 1
and covariance matrix %Id, we can find the distribution of Uy := (%ﬁU ,g ) +
Ok O

2y/ul, ,52)). {Uy} are independent 2d-Gaussian Random vectors with Uy, ~ N(0, X), where

2\/ 2[
S = E[(e ¢WS+2W%%< ¢Wk+2fmx
4 Au/31 4 e~ — 2 *2%
:?uld+ u:;[ o lat
4o, oy

10
~ guﬂz + O(vi)la

Apply our weak convergence result and CLT for arrays of square-integrable martingale increments,
we have that when 0 < 4 < 4-oc0:

1 & 3
7 2 Volan1) Up = N(0,0%)
no k=1

where

Z ATolai )P+ 00w) = Fui? [ [Vo()Pa(da)

n k=
In conclusion, when 4 € (0, 400):

LAES) = Nl i [ 1V0(w)a(a)

where
p= %/I%QJ <D3¢($)7 Vf(J?) > (dl’ d?)) + ﬂ /de <D3f($), V¢($),U®2>V(dm,dv)
+75 RQd(DZ‘qu?f)(a:) v(de,dv) = 15 | D¢ ()@ (dz, dv)
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u?

(D?f(); Vo(), V f(a))m(dz)

=31 o
When 4 = 0,
T, 10 2
vp(Lo) = N0, cu | |[Vé(x)[*n(dr))
/Fﬁf’) 3 Jga
When 4 = +o0,

1 -8 2v3 1 : .
=) Z YVEVo(rr—1) - (T\/ﬂUél) + 52\/17U,£2)) — 0  in probability
n k=1

Therefore when 4 = +o0,

Iy . .
@ vI(LP) — p in probability

Proof of the claim: First we’ll show that ﬁ S h_ 1 ViLd(zp—1) — 0. We can use our decompo-

sition of L¢p(xx—_1) and obtain:

Y vile(ar-1) =Y {m (@(ar) = $lar—1)) +Yivr-1 - Vo(zp-1)
k=1 k=1

V(o) Volon) - 3220000 |

Since vg—1 — Y& ~ o(7;) and {¢(z,,)} is tight, ﬁ Sorey vk ((z) — ¢(zk—1)) — 0. Then we
can apply theorem 9 with p = 6, s = 1 and obtain

- U
@ ;viﬁqﬁ(xk_ﬁ —>/RM v - Vo(z)v(de, dv) + 3 )., Vé(z) - Vf(z)r(ds)
_1 D?¢(z)v®%v(dx, dv)
2 Jpoa
=0

The last identity follows from integration by parts and Fubini theorem. In the same way, we can also
prove ﬁ S h_ i ViL(wp—1) — 0.
Next, we’ll show lim,, @ ZZ:l ’Y}%(%Vﬁb(xk—l) . vf(xk—l) — %D2¢($k—1)01§31) =0, we’ll use

the same trick as we did in the proof of theorem 5. We Taylor expand L (z;—1) at (xg—2, Vg—2):
WLp(xr-1) = ViLd(Te-2) + Vo (Ve-1 — Voo1) D’ (ar—2)v>,

— 51 (D20(wr2); v, Vi (22)

— Y 2—1 — 2% 1) Vk—2 - VP(Tp—2)
— uYi (Yh=1 — V1)V (@h—2) - Vo(xp—2)

1
5713’71%71D3¢($k72)01§32 - 271%71%72D2¢($k72)”1§32

— up Y1 (D*@(wr—2); vk—2, V f(2k—2))
+ 713<D2¢($k—2>5 \/aal(cl—)lUlgl—)l’ 2\/5‘7/(62—)1U1i2—)1> + 0(7}3—1)

Since Vg1 — Yk = 0(7,;1), we can change v on the left hand side to y;,_; when we take limits with

scale I‘Sf). Apply theorem 9 with p = 8, s = 1 to terms with order o(v; )-coefficients.

+

1l 1l s, ol
hrllnm E VilLo(zr—1) = 117rln @ § Vi1 Lo(Tr—2) — 211}}1@ § Vi1 LO(Tr—2)
n k=2 n k=2 n k=2
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n

. 1 U 1
—2lim @ éygfl(ngs(xk*?) Vf(rp—2) - §D2¢($k72)1’1§)—22)

— 21”[]21/1"[) u x) - x)m(axr
3 [ Do) u(de,do) +u | V(@) - Vi@l

N
+1175n@27§71<172¢(xk72);\/ﬂo,il_)lU,El_)l,%/ﬂo,@lUéQ_)l>
k=2

n

Since we proved ﬁ Sor_i viLé(zg—1) — 0 and from Theorem 5, we’ve shown that

1
lim — > V2 (D2¢(@r-2); Vaol) UL, 2vuo D U ) = 2u | Ag()r(de)
o 2 9

‘We obtain

1 u 1
lim 5 > 11(5 Vo(an-a) - VI (wi2) = 3 D*Blan-2)0i%)
k=2

n

1 ' 1 n ) ) 1 n )

=3 [h}}l W Z Vi Ld(r—1) — hrrln @ Z Vi1 L (T—2)
no k=2 no k=2

=0

Therefore, lim,, ﬁ Sy “Y;Z’-(%V¢($k—1) SV f(zro1) — %D2¢($k—l)v;§—21) —0.
To prove the Claim, we need to use the decomposition again:

n

> peoton) = Y- { o) — o) + OF - Jobdons - Voo

k=1 k=1 3

U, 3 2 4

+ 5(’)% - g’Yk)Vf(xk—l) -V(rg—1)
1

= 50k = 29 D*b(w-1)vi
2u ®2

- ?w,‘iD?qS(xk,l)U,il)
u

+ §7ﬁ<D2¢($k71); V-1, Vf(Tr-1))
1 )

~ D olo o, + o) |

Since {¢(z,)} is tight and vx_1 — v& = o(v}), we have ﬁ Sony ve(@(zr) — (zk—1)) — 0. For
the terms with coefficients of order 3, we can apply theorem 9 with p = 8, s = 1. Then we obtain:

1 < . 1
i 2 3 E0on-) =l 3oL a0 + §V9n) Vflons) = 5Dl )i)
- % Vo(z) - Vf(x)n(dx) + D?¢(x)v®?v(dx, dv)
Rd R2d

—2£ 2 $Z®2 zZ)m{ax
5 [ | o=z

n

~ i i S REolaa) + 5 VO) - V(i) — 3Dk o)
k=1

=0
The second identity follows from integration by parts and Fubini theorem. The last identity follows
from the two statements we just proved. O

45



	Introduction
	Notations and Preliminaries

	Results for the Overdamped Langevin Diffusion
	Wasserstein-2 Rates for Constant Step-size RLMC
	Analysis of the Markov Chain Generated by Constant Step-size RLMC 
	Wasserstein-2 rates and CLT with Decreasing Step-size

	Results for the Underdamped Langevin Diffusion
	Analysis of the Markov Chain generated by Constant Step-size RULMC 
	Wasserstein-2 rates and CLT with Decreasing Step-size

	Discussion
	Additional Notations
	Proofs for Section 2
	Proofs for section 2.1
	Proofs for Section 2.2
	Proofs for Section 2.3
	Proof of Theorem 2


	Proofs for Section 3
	Proofs for Section 3.1
	Proofs for Section 3.2


