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Abstract

This paperintroducesGaussiarProces®ynamicalModels(GPDM) for
nonlineartime seriesanalysis. A GPDM comprisesa low-dimensional
latentspacewith associatedlynamics,anda mapfrom the latentspace
to an obsenation space. We maiginalize out the model parametersn
closed-form,which amountsto using GaussiarProcesgGP) priors for
boththe dynamicsandthe obsenationmappings.This resultsin a non-
parametrianodelfor dynamicalsystemghataccountdor uncertaintyin
themodel. We demonstrat¢he approacton humanmotion capturedata
in which eachposeis 62-dimensionalDespitethe useof smalldatasets,
theGPDM learnsaneffectiverepresentationf thenonlineardynamicsn
thesespacesWebpage:http://www.dgp.toronto.edu/jmwang/gpdm/

1 Intr oduction

A centraldif culty in modelingtime-serieslatais in determininga modelthatcancapture
the nonlinearitiesof the datawithout over tting. Linear autorgressve modelsrequire
relatively few parametersand allow closed-formanalysis,but canonly modela limited
rangeof systemsIn contrastgexisting nonlinearmodelscanmodelcomplex dynamics put
may requirelargetrainingsetsto learnaccurateMAP models.

In this paperwe investigatelearning nonlineardynamicalmodelsfor high-dimensional
datasets.We take a Bayesianapproachto modelingdynamics,averagingover dynamics
parametersatherthanestimatingthem. Inspiredby the factthataveragingover nonlinear
regressiormodelsleadsto a GaussiarProcesgGP) model,we shav thatintegratingover
parametersn nonlineardynamicalsystemscanalsobe performedin closed-form. The
resulting GaussiarProcesDynamicalModel (GPDM) is fully de ned by a setof low-
dimensionalepresentationsf thetrainingdata,with bothdynamicsandobsenationmap-
pingslearnedfrom GPregression As a naturalconsequencef GPregressionthe GPDM
removesthe needto selectmary parameterassociateavith functionapproximatorsvhile
retainingthe expressvenesf nonlineardynamicsandobsenation.

Our work is motivatedby modelinghumanmotion for video-basedgeopletrackingand

data-drvenanimation. An individual humanposeis typically parameterizeavith more
than60 parametersDespitethelargestatespacethespaceof activity-speci ¢ humanposes
andmotionshasa muchsmallerintrinsic dimensionality;jn our experimentswith walking

andgolf swings,3 dimensionftensufce. Bayesiarpeopletrackingrequiresdynamical
modelsin the form of transitiondensitiesn orderto specifypredictiondistributionsover

new posesat eachtime instant(e.qg.,[11, 14]); similarly, data-drven computeranimation
requiresprior distributionsover posesandmotion (e.g.,[1, 4, 6]).
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Figure 1: Time-seriegraphicalmodels. (a) Nonlinearlatent-\ariablemodelfor time se-
ries. (Hyperparameters and arenotshavn.) (b) GPDM model. Becauséhe mapping
parameters and havebeenmaminalizedover, all latentcoordinates

arejointly correlatedasareall poses

Our work builds on the extensve literaturein nonlineartime-seriesanalysis,of which we
mentiona few examples. Two mainthemesarethe useof switchinglinear models(e.qg.,
[11]), and nonlineartransitionfunctions,suchasrepresentedyy Radial Basis Functions
[2]. Both approachesequiresufcient amountsof training datathat one canlearnthe
parameter®f the switching or basisfunctions. Determiningthe appropriatenumberof
basisfunctionsis alsodif cult. In KernelDynamicalModeling[12], lineardynamicsare
kernelizedo modelnonlinearsystems.

Supervisedearningwith GP regressionhasbeenusedto model dynamicsfor a variety
of applicationd3, 7, 13]. Thesemethodsmodeldynamicsdirectly in obsenation space,
which is impracticalfor the high-dimensionaimotion capturedata. Our approachs most
directly inspiredby the unsupervisedsaussiarProcesd atentVariableModel (GPLVM)
[5], which modelsthe joint distribution of the obsened dataandtheir correspondingep-
resentationn alow dimensionalatentspace.This distribution canthenbe usedasa prior
for inferencefrom new measurement$owever, the GPLVM is notadynamicalmodel;it
assumeshat dataare generatedndependently Accordingly it doesnot respecttemporal
continuity of the data,nor doesit modelthe dynamicsin the latentspace.Herewe aug-
mentthe GPLVM with a latentdynamicalmodel. Theresultis a Bayesiangeneralization
of subspacelynamicalmodelsto nonlineadatentmappingsanddynamics.

2 GaussianProcesDynamics

TheGaussiarProces®ynamicalModel (GPDM) comprisesamappingfrom alatentspace
to the dataspaceanda dynamicalmodelin the latentspace(Figure1). Thesemappings
aretypically nonlinear The GPDM is obtainedby maiginalizingout the parametersf the
two mappingsandoptimizingthelatentcoordinate®f trainingdata.

More precisely our goalis to modelthe probability densityof a sequencef vectorvalued
states , with discrete-timendex and . Asabasicmodel,consider
alatent-\ariablemappingwith rst-order Markov dynamics:
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Here, denoteghe -dimensionalatentcoordinatesattime and are
zero-meanwhite Gaussiamoiseprocesses, and are(nonlinear)mappinggparameter
izedby and |, respectiely. Figurel(a)depictsthe graphicalmodel.

While linearmappingshave beenusedextensiely in auto-rggressve models herewe con-
siderthenonlinearcasefor which and arelinearcombination®f basisfunctions:

®3)
(4)



for weights and , andbasisfunctions and . Inorder
to t theparametersf this modelto trainingdata,onemustselectan appropriatenumber
of basisfunctions,andonemustensurethatthereis enoughdatato constrainthe shapeof
eachbasisfunction. Ensuringboth of theseconditionscanbevery dif cult in practice.

However, from a Bayesianperspectie, the speci ¢ formsof and — includingthe
numbersof basisfunctions— are incidental,and shouldthereforebe maminalizedout.
With anisotropicGaussiarprior onthecolumnsof , mamginalizingover canbedonein
closedform [8, 1Q] to yield

- ®)
where , is akernelmatrix,and compriseghe
kernelhyperparametersThe elementf kernelmatrix are de ned by a kernelfunction,

. For thelatentmapping, , we currentlyusethe RBF kernel

— (6)

As in the SGPIVM [4], we usea scalingmatrix to accountfor
differing variancesn the differentdatadimensionsThisis equivalentto a GPwith kernel
function for dimension . Hyperparameter representtheoverallscaleof

the outputfunction,while  correspondso the inversewidth of the RBFs. Thevariance
of thenoiseterm is givenby

Thedynamicmappingonthelatentcoordinates  is conceptuallysimilar, but moresubtle?
As above,weformthejoint probabilitydensityoverthelatentcoordinatesndthedynamics
weights in (3). Wethenmaminalizeovertheweights ,i.e.,

(7
Incorporatinghe Markov property(Eqgn.(1)) gives:
8

where is a vectorof kernelhyperparametersAssumingan isotropic Gaussiarprior on
thecolumnsof , it canbeshawn thatthis expressiorsimpli es to:

- 9)

where , is the kernelmatrix constructedrom
,and isassumedo behave anisotropicGaussiarprior.

We model dynamicsusing both the RBF kernel of the form of Egn. (6), aswell asthe
following “linear + RBF” kernel:

— (10)

Thekernelcorrespondso representing asthesumof alineartermandRBF terms. The
inclusionof thelineartermis motivatedby the factthatlineardynamicalmodels,suchas

1Conceptuallywe would like to modeleachpair asatraining pair for regressionwith
. However, we cannotsimply substitutehemdirectly into the GPmodelof Eqn. (5) asthisleadsto
thenonsensicagxpression



rst or second-ordeautorgressve models.areusefulfor mary systemsHyperparameters

representhe outputscaleandtheinversewidth of theRBFterms,and  represents
the outputscaleof the linearterm. Togetherthey control the relative weightingbetween
theterms,while representshevarianceof the noiseterm

It shouldbenotedthat,dueto thenonlineardynamicalmappingin (3), thejoint distribution
of thelatentcoordinatess not GaussianMoreover, while the densityover theinitial state
may be Gaussianit will notremainGaussiaroncepropagatedhroughthedynamics.One
canalsoseethisin (9) since termsoccurinsidethe kernelmatrix, aswell asoutsideof
it. Thelog likelihoodis notquadratian

Finally, we also place priors on the hyperparameter§ , and

) to discourageover tting. Togethey the priors, the latentmapping,andthe dy-
namicsde ne ageneratie modelfor time-serieobsenations(Figure1(b)):

(11)

Multiple sequences. This model extendsnaturallyto multiple sequences .

Eachsequencéasassociatedatentcoordinates within a sharedatentspace.
For the latentmapping we can conceptuallyconcatenatell sequencesvithin the GP
likelihood (Eqn.(5)). A similar concatenatiomappliesfor the dynamics,but omitting the
rst frameof eachsequencé&om , andomittingthe nal frameof eachsequencéom

the kernelmatrix . Thesamestructureapplieswhetherwe arelearningfrom multiple

sequencesyr learningfrom onesequencandinferring another Thatis, if we learnfrom

asequence , andtheninfer thelatentcoordinategor anew sequence |, thenthejoint

likelihoodentailsfull kernelmatrices  and formedfrom bothsequences.

Higher-order features. The GPDM can be extendedto model higherorder Markov
chains,and to model velocity and accelerationin inputs and outputs. For example,a
second-ordedynamicalmodel,

(12)

may be usedto explicitly modelthe dependencef the predictionon two pastframes(or
on velocity). In the GPDM framework, the equivalentmodel entailsde ning the kernel
functionasa functionof the currentandprevioustime-step:

(13)
Similarly, the dynamicscanbe formulatedto predictvelocity:
(14)
Velocity predictionmay be more appropriatefor modelingsmoothlymotion trajectories.
Using Euler integrationwith time-step , we have . Thedynam-
ics likelihood canthen be written by rede ning
in Egn.(9). In this paperwe usea x edtime-stepof . Thisis analo-
gousto using asa“meanfunction” Higherorderfeaturescanalsobefusedtogether

with positioninformationto reducethe Gaussiarprocesgredictionvariancg15, 9].

3 Propertiesof the GPDM and Algorithms
Learningthe GPDM from measurements entailsminimizing the negative log-posterior:

(15)
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up to anadditive constant\We minimize  with respecto and numerically

Figure2 shovs a GPDM 3D latentspacdearnedirom a humanmotion capturedatacom-
prising threewalk cycles. Eachposewasde ned by 56 Euleranglesfor joints, 3 global
(torso)poseanglesand3 global (torso)translationalelocities.For learning,the datawas
mean-subtracte@ndthe latentcoordinatesvereinitialized with PCA. We used3D latent
spacedor all experimentsshaovn here. Using 2D latent spacedeadsto intersectingla-
tenttrajectories.This createdarge “jumps” to appeatin the model,leadingto unreliable
dynamics Finally, the GPDMsarelearnedby minimizing in (16).

Figure2(a)shavs a 3D SGPIVM learnedfrom walking data. Note thatthe latenttrajec-
toriesare not smooth;thereare numerouscasesvhereconsecutie posesin the walking
sequencearerelatively far apartin the latentspace.By contrastFig. 2(b) shavs thatthe
GPDM producesa muchsmoothercon guration of latentpositions. Herethe GPDM ar-
rangeghe latentpositionsroughlyin the shapeof asaddle.

Figure 2(c) shavs a volume visualizationof the inversereconstructionvariance,i.e.,
. This shaws the con dencewith which the modelreconstructa pose

from a latentposition . In effect, the GPDM modelsa high probability “tube” around
the data. To illustratethe latentdynamicalprocessFig. 2(d) shavs 25 fair samplesrom
the latentdynamicsof the GPDM. All samplesare conditionedon the sameinitial state,
, andeachhasa lengthof 60 time steps.As notedabove, becausave mamginalizeover
the weightsof the dynamicmapping, , the distribution over a posesequenceannotbe
factorednto a sequenc®f low-orderMarkov transitions(Fig. 1(a)). Hence ,we draw fair

samples , using hybrid Monte Carlo [8]. Theresulting
trajectorieqFig. 2(c)) aresmoothandsimilar to thetrainingmotions.

3.1 Mean Prediction Sequences

For both 3D peopletrackingandcomputeranimation,it is desirableto generatenen mo-
tions ef ciently. Herewe considera simpleonline methodfor generatinga nev motion,
calledmean-pediction which avoidsthe relatively expensve Monte Carlo samplingused
above. In mean-predictionywe considetthenext timestep  conditionedon from the
Gaussiarprediction[8]:

(17)
(18)
where is a vectorcontaining in the -thentryand isthe training
vector In particular we setthelatentpositionateachtime-stepto bethemaost-likely (mean)
point given the previous step: . In this way we ignorethe processoise

that one might normally add. We nd that this mean-predictioroften generatesnotions
thatare morelik e the fair samplesshavn in Fig. 2(d), thanif randomprocessoisehad
beenincludedat eachtime step. Similarly, new posesaregivenby

Dependingonthe datasetindthe choiceof kernelsJong sequencegeneratedy sampling
or mean-predictiorcandiverge from the data. On our datasets,mean-predictiorirajec-
toriesfrom the GPDM with an RBF or linear+RBFkernelfor dynamicsusually produce
sequencethatroughlyfollow the training data(e.g.,seethe red curvesin Figure3). This
usuallymeangproducingclosedlimit cycleswith walking data. We alsofoundthatmean-
predictionmotionsare often very closeto the meanobtainedfrom the HMC sampler;by
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Figure2: Modelslearnedfrom awalking sequencef 2.5 gait cycles. The latentpositions
learnedwith aGPLVM (a)anda GPDM (b) areshavn in blue. Vectorsdepictthetemporal
sequence(c) - log variancefor reconstructiorshovs regionsof latentspacehatarerecon-
structedwith high con dence.(d) Randomtrajectoriesdravn from the modelusingHMC

(green),andtheir mean(red). (e) A GPDM of walk datalearnedwith RBF+linearkernel
dynamics.The simulation(red) wasstartedfar from the training data,andthenoptimized
(green).The poseswerereconstructedrom pointson the optimizedtrajectory

(b)
Figure3: (a) Two GPDMsandmeanpredictions.The rst is thatfrom the previous gure.
The secondwaslearnedwith alinearkernel. (b) The GPDM modelwaslearnedfrom 3
swingsof agolf club, usinga orderRBF kernelfor dynamics.Thetwo plotsshov 2D
orthogonabrojectionsof the 3D latentspace.

initializing HMC with mean-predictionwe nd thatthe samplereachesquilibriumin a
smallnumberof interations.Comparedo the RBF kernels,mean-predictiomotionsgen-
eratedfrom GPDMswith the linear kernel often deviate from the original data(e.g.,see
Figure3a),andleadto oversmoothednimation.

Figure 3(b) shovs a 3D GPDM learnedfrom threeswingsof a golf club. The learning
alignsthe sequenceandnicely accountdor variationsin speedduringthe clubtrajectory

3.2 Optimization

While mean-predictions ef cient, thereis nothingin the algorithmthatpreventstrajecto-
riesfrom drifting away from thetrainingdata. Thus,it is sometimeslesirableto optimize
aparticularmotionunderthe GPDM, which oftenreducedrift of themean-predictiomo-



Figure4: GPDM from walk sequenceavith missingdatalearnedwith (a) a RBF+linear
kernelfor dynamicsand(b) alinearkernelfor dynamicsBlue curvesdepictoriginal data.
Greencurvesarethereconstructednissingdata.

tions. To optimizea new sequencewe rst selecta startingpoint  anda numberof

time-steps.Thelikelihood of thenew sequence is thenoptimizeddirectly
(holdingthelatentpositionsof the previously learnedatentpositions, , andhyperparam-
eters, , x ed). To seewhy optimizationgeneratesnotion closeto the traing data,note
thatthe varianceof pose is determinecby , which will belowerwhen s
nearerthetrainingdata. Consequentlythelik elihoodof canbeincreasedy moving
closerto thetraining data. This generalizeshe preferenceof the SGPIVM for poses
similar to the exampleg4], andis a naturalconsequencef the BayesiamapproachAs an
example Fig. 2(e)shavs anoptimizedwalk sequencanitialized from themean-prediction.

3.3 Forecasting

We performeda simple experimentto comparethe predictve power of the GPDM to a
lineardynamicakystemjmplementedisa GPDMwith linearkernelin thelatentspaceand
RBF latentmapping. We trainedeachmodelon the rst 130framesof the 60Hz walking
sequencécorrespondingo 2 cycles),andtestedon the remaining23 frames. From each
testframemean-predictionvasusedto predictthe pose8 framesaheadandthenthe RMS
poseerrorwascomputedagainsgroundtruth. Thetestwasrepeatedisingmean-prediction
andoptimizationfor threekernelsand rst-order Markov dynamics:

Linear | RBF | Linear+RBF
mean-prediction] 59.69 | 48.72 36.74
optimization 58.32 | 45.89 31.97

Due to the nonlinearnatureof the walking dynamicsin latentspace the RBF and Lin-
ear+RBFkernelsoutperformthe linear kernel. Moreover, optimization (initialized by
mean-predictionimprovestheresultin all casesfor reasongxplainedabove.

3.4 Missing Data

TheGPDMmodelcanalsohandleincompletedata(acommonproblemwith humanmotion
capturesequences)TlheGPDMis learnedby minimizing  (Eqn.(16)), but with theterms
correspondingo missingposes removed. The latentcoordinatedor missingdataare
initialized by cubicsplineinterpolationfrom the 3D PCA initialization of obsenations.

While this producesgood resultsfor short missingsegments(e.g., 10-15framesof the
157 framewalk sequenceisedin Fig. 2), it fails on long missingsegments.The problem
lies with the dif culty in initializing the missinglatentpositionssufciently closeto the
trainingdata.To solvetheproblem we rst learnamodelwith asubsampledatasequence.
Reducingsamplingdensityeffectively increasesincertaintyin the reconstructiorprocess
sothatthe probability densityover the latentspacefalls off moresmoothlyfrom the data.
We thenrestartthe learningwith the entire dataset, but with the kernelhyperparameters
x ed. In doingso,thedynamicstermsin the objective functionexert morein uence over
thelatentcoordinate®f thetrainingdata,anda smoothmodelis learned.

With 50 missing framesof the 157 walk sequencethis optimization producesmodels



(Fig. 4) that are much smootherthanthosein Fig. 2. The linear kernelis ableto pull
the latentcoordinatesonto a cylinder (Fig. 4b), andtherebyprovidesan accuratedynam-
ical model. Both modelsshowvn in Fig. 4 produceestimatesf the missingposeghatare
visually indistinguishabldrom the groundtruth.

4 Discussionand Extensions

Oneof the mainstrengthsf the GPDM modelis the ability to generalizevell from small
datasets. Corversely performancels a major issuein applying GP methodsto larger
datasetsPreviousapproachepruneuninformative vectorsfrom thetrainingdata[5]. This
is not straightfornard whenlearninga GPDM, however, becausesachtimestepis highly
correlatedwith the stepsbeforeandafterit. For example,if wehold  x edduring opti-

mization,thenit is unlikely thatthe optimizerwill make muchadjustmento or .
Theuseof higherorderfeaturegprovidesa possiblesolutionto this problem.Speci cally,
considera dynamicalmodel of the form . Sinceadjacentime-steps
arerelatedonly by thevelocity , we canhandleirregularly-sampled

datapointdy adjustingthetimestep , possiblyusingadifferent  ateachstep.

A numberof furtherextensiongo the GPDM modelarepossible.lt would be straightfor

wardto includeacontrolsignal inthedynamics . It would alsobeinterestingo

exploreuncertaintyin latentvariableestimation(e.g.,see[3]). Ouruseof maximumlike-

lihood latentcoordinateds motivatedby Lawrences obsenation that modeluncertainty
andlatentcoordinateuncertaintyareinterchangeableshenlearningPCA [5]. However, in

someapplicationsuncertaintyaboutlatentcoordinatesnaybehighly structurede.g.,due
to depthambiguitiesn motiontracking).
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