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Abstract
ThispaperintroducesGaussianProcessDynamicalModels(GPDM) for
nonlineartime seriesanalysis.A GPDM comprisesa low-dimensional
latentspacewith associateddynamics,anda mapfrom the latentspace
to an observation space. We marginalizeout the model parametersin
closed-form,which amountsto usingGaussianProcess(GP) priors for
boththedynamicsandtheobservationmappings.This resultsin a non-
parametricmodelfor dynamicalsystemsthataccountsfor uncertaintyin
themodel.We demonstratetheapproachon humanmotioncapturedata
in whicheachposeis 62-dimensional.Despitetheuseof smalldatasets,
theGPDMlearnsaneffectiverepresentationof thenonlineardynamicsin
thesespaces.Webpage:http://www.dgp.toronto.edu/� jmwang/gpdm/

1 Intr oduction
A centraldif�culty in modelingtime-seriesdatais in determiningamodelthatcancapture
the nonlinearitiesof the datawithout over�tting. Linear autoregressive modelsrequire
relatively few parametersandallow closed-formanalysis,but canonly model a limited
rangeof systems.In contrast,existingnonlinearmodelscanmodelcomplex dynamics,but
mayrequirelargetrainingsetsto learnaccurateMAP models.

In this paperwe investigatelearningnonlineardynamicalmodelsfor high-dimensional
datasets.We take a Bayesianapproachto modelingdynamics,averagingover dynamics
parametersratherthanestimatingthem. Inspiredby thefactthataveragingovernonlinear
regressionmodelsleadsto a GaussianProcess(GP)model,we show that integratingover
parametersin nonlineardynamicalsystemscanalsobe performedin closed-form. The
resultingGaussianProcessDynamicalModel (GPDM) is fully de�ned by a setof low-
dimensionalrepresentationsof thetrainingdata,with bothdynamicsandobservationmap-
pingslearnedfrom GPregression.As a naturalconsequenceof GPregression,theGPDM
removestheneedto selectmany parametersassociatedwith functionapproximatorswhile
retainingtheexpressivenessof nonlineardynamicsandobservation.

Our work is motivatedby modelinghumanmotion for video-basedpeopletrackingand
data-drivenanimation. An individual humanposeis typically parameterizedwith more
than60parameters.Despitethelargestatespace,thespaceof activity-speci�c humanposes
andmotionshasa muchsmallerintrinsic dimensionality;in our experimentswith walking
andgolf swings,3 dimensionsoftensuf�ce. Bayesianpeopletrackingrequiresdynamical
modelsin the form of transitiondensitiesin orderto specifypredictiondistributionsover
new posesat eachtime instant(e.g.,[11, 14]); similarly, data-drivencomputeranimation
requiresprior distributionsoverposesandmotion(e.g.,[1, 4, 6]).
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Figure1: Time-seriesgraphicalmodels. (a) Nonlinearlatent-variablemodelfor time se-
ries. (Hyperparameters�� and �

�

arenot shown.) (b) GPDM model.Becausethemapping
parameters� and � havebeenmarginalizedover, all latentcoordinates�	��
 ��
������������������

arejointly correlated,asareall poses����
 � 
!���������"���#��� .

Our work builds on theextensive literaturein nonlineartime-seriesanalysis,of which we
mentiona few examples.Two main themesarethe useof switchinglinear models(e.g.,
[11]), andnonlineartransitionfunctions,suchasrepresentedby RadialBasisFunctions
[2]. Both approachesrequiresuf�cient amountsof training datathat one can learn the
parametersof the switchingor basisfunctions. Determiningthe appropriatenumberof
basisfunctionsis alsodif�cult. In KernelDynamicalModeling[12], lineardynamicsare
kernelizedto modelnonlinearsystems.

Supervisedlearningwith GP regressionhasbeenusedto model dynamicsfor a variety
of applications[3, 7, 13]. Thesemethodsmodeldynamicsdirectly in observationspace,
which is impracticalfor thehigh-dimensionalmotioncapturedata.Our approachis most
directly inspiredby theunsupervisedGaussianProcessLatentVariableModel (GPLVM)
[5], which modelsthe joint distribution of theobserveddataandtheir correspondingrep-
resentationin a low dimensionallatentspace.This distribution canthenbeusedasa prior
for inferencefrom new measurements.However, theGPLVM is nota dynamicalmodel;it
assumesthatdataaregeneratedindependently. Accordingly it doesnot respecttemporal
continuity of the data,nor doesit modelthedynamicsin the latentspace.Herewe aug-
menttheGPLVM with a latentdynamicalmodel. Theresultis a Bayesiangeneralization
of subspacedynamicalmodelsto nonlinearlatentmappingsanddynamics.

2 GaussianProcessDynamics
TheGaussianProcessDynamicalModel(GPDM)comprisesamappingfrom alatentspace
to thedataspace,anda dynamicalmodelin the latentspace(Figure1). Thesemappings
aretypically nonlinear. TheGPDM is obtainedby marginalizingout theparametersof the
two mappings,andoptimizingthelatentcoordinatesof trainingdata.

Moreprecisely, ourgoalis to modeltheprobabilitydensityof asequenceof vector-valued
states�$
!���������&%'���������"��� , with discrete-timeindex ( and �)%+*-,/. . As abasicmodel,consider
a latent-variablemappingwith �rst-order Markov dynamics:
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% are
zero-mean,white Gaussiannoiseprocesses,0 and ? are(nonlinear)mappingsparameter-
izedby � and � , respectively. Figure1(a)depictsthegraphicalmodel.

While linearmappingshavebeenusedextensively in auto-regressivemodels,herewecon-
siderthenonlinearcasefor which 0 and ? arelinearcombinationsof basisfunctions:
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. In order
to �t theparametersof this modelto trainingdata,onemustselectanappropriatenumber
of basisfunctions,andonemustensurethatthereis enoughdatato constraintheshapeof
eachbasisfunction.Ensuringbothof theseconditionscanbeverydif�cult in practice.

However, from a Bayesianperspective, the speci�c forms of 0 and ? — including the
numbersof basisfunctions— are incidental,andshouldthereforebe marginalizedout.
With anisotropicGaussianprior onthecolumnsof � , marginalizingover ? canbedonein
closedform [8, 10] to yield
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As in the SGPLVM [4], we usea scalingmatrix � <>=�?A@�B 1DC 
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.

7 to accountfor
differingvariancesin thedifferentdatadimensions.This is equivalentto a GPwith kernel
function +�1@�����
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 representstheoverallscaleof
theoutputfunction,while
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Thedynamicmappingonthelatentcoordinates� is conceptuallysimilar, but moresubtle.1

Asabove,weformthejoint probabilitydensityoverthelatentcoordinatesandthedynamics
weights� in (3). We thenmarginalizeover theweights� , i.e.,
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IncorporatingtheMarkov property(Eqn.(1)) gives:
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where �

� is a vectorof kernelhyperparameters.Assumingan isotropicGaussianprior on
thecolumnsof � , it canbeshown thatthisexpressionsimpli�es to:
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 is assumedto behaveanisotropicGaussianprior.

We model dynamicsusingboth the RBF kernelof the form of Eqn. (6), as well as the
following “linear + RBF” kernel:
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Thekernelcorrespondsto representing? asthesumof a linear termandRBF terms.The
inclusionof the linear termis motivatedby thefact that lineardynamicalmodels,suchas

1Conceptually, wewould like to modeleachpair ced�fhghdifejlkhm asa trainingpair for regressionwith
n . However, we cannotsimplysubstitutethemdirectly into theGPmodelof Eqn.(5) asthis leadsto
thenonsensicalexpressionolcedlp�grqsqsqsghdlt�uNd

k
grqsqsqsghdlt^v

k
m .



�rst or second-orderautoregressivemodels,areusefulfor many systems.Hyperparameters
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theoutputscaleof the linear term. Together, they control the relative weightingbetween
theterms,while �
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b representsthevarianceof thenoiseterm :�<F= % .

It shouldbenotedthat,dueto thenonlineardynamicalmappingin (3), thejoint distribution
of thelatentcoordinatesis not Gaussian.Moreover, while thedensityover theinitial state
maybeGaussian,it will not remainGaussianoncepropagatedthroughthedynamics.One
canalsoseethis in (9) since � % termsoccurinsidethekernelmatrix, aswell asoutsideof
it. Thelog likelihoodis notquadraticin �)% .

Finally, we also place priors on the hyperparameters( �

1 �

�

7��

�

H

�

3&


H

, and �

1

�

�

7��

�

H

�

3�


H

) to discourageover�tting. Together, the priors, the latentmapping,andthe dy-
namicsde�ne agenerativemodelfor time-seriesobservations(Figure1(b)):
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Multiple sequences. This modelextendsnaturally to multiple sequences� 
 ���������"��� .
Eachsequencehasassociatedlatentcoordinates� 
����������"� � within a sharedlatentspace.
For the latent mapping ? we can conceptuallyconcatenateall sequenceswithin the GP
likelihood(Eqn.(5)). A similar concatenationappliesfor thedynamics,but omitting the
�rst frameof eachsequencefrom �

V'X[Y , andomittingthe�nal frameof eachsequencefrom
thekernelmatrix �

R . Thesamestructureapplieswhetherwe arelearningfrom multiple
sequences,or learningfrom onesequenceandinferring another. That is, if we learnfrom
a sequence�


 , andtheninfer thelatentcoordinatesfor a new sequence�

� , thenthejoint
likelihoodentailsfull kernelmatrices�

R and ��
 formedfrom bothsequences.

Higher-order features. The GPDM can be extendedto model higher-order Markov
chains,and to model velocity and accelerationin inputs and outputs. For example,a
second-orderdynamicalmodel,
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maybe usedto explicitly modelthedependenceof thepredictionon two pastframes(or
on velocity). In the GPDM framework, the equivalentmodelentailsde�ning the kernel
functionasa functionof thecurrentandprevioustime-step:
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Similarly, thedynamicscanbeformulatedto predictvelocity:
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Velocity predictionmay be moreappropriatefor modelingsmoothlymotion trajectories.
Using Euler integrationwith time-step� ( , we have �)% �	�&%43&
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. This is analo-
gousto using ��%43�
 asa “meanfunction.” Higher-orderfeaturescanalsobefusedtogether
with positioninformationto reducetheGaussianprocesspredictionvariance[15, 9].

3 Propertiesof the GPDM and Algorithms

LearningtheGPDMfrom measurements� entailsminimizing thenegative log-posterior:
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numerically.

Figure2 showsa GPDM 3D latentspacelearnedfrom a humanmotioncapturedatacom-
prising threewalk cycles. Eachposewasde�ned by 56 Euleranglesfor joints, 3 global
(torso)poseangles,and3 global(torso)translationalvelocities.For learning,thedatawas
mean-subtracted,andthelatentcoordinateswereinitialized with PCA.We used3D latent
spacesfor all experimentsshown here. Using 2D latentspacesleadsto intersectingla-
tent trajectories.This createslarge“jumps” to appearin themodel,leadingto unreliable
dynamics.Finally, theGPDMsarelearnedby minimizing

�

in (16).

Figure2(a)shows a 3D SGPLVM learnedfrom walking data. Note that the latenttrajec-
toriesarenot smooth;therearenumerouscaseswhereconsecutive posesin the walking
sequencearerelatively far apartin the latentspace.By contrast,Fig. 2(b) shows that the
GPDM producesa muchsmoothercon�guration of latentpositions.HeretheGPDM ar-
rangesthelatentpositionsroughlyin theshapeof asaddle.

Figure 2(c) shows a volume visualizationof the inversereconstructionvariance, i.e.,�
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� . This shows the con�dencewith which the model reconstructsa pose
from a latentposition � . In effect, the GPDM modelsa high probability “tube” around
thedata. To illustratethe latentdynamicalprocess,Fig. 2(d) shows 25 fair samplesfrom
the latentdynamicsof the GPDM. All samplesareconditionedon the sameinitial state,

�
� , andeachhasa lengthof 60 time steps.As notedabove,becausewe marginalizeover
theweightsof thedynamicmapping,� , thedistribution over a posesequencecannotbe
factoredinto a sequenceof low-orderMarkov transitions(Fig. 1(a)). Hence,we draw fair
samples
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7 , usinghybrid Monte Carlo [8]. The resulting
trajectories(Fig. 2(c))aresmoothandsimilar to thetrainingmotions.

3.1 Mean Prediction Sequences
For both3D peopletrackingandcomputeranimation,it is desirableto generatenew mo-
tions ef�ciently . Herewe considera simpleonline methodfor generatinga new motion,
calledmean-prediction, which avoidstherelatively expensiveMonteCarlosamplingused
above. In mean-prediction,weconsiderthenext timestep
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where
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is the �

%�� training
vector. In particular, wesetthelatentpositionateachtime-stepto bethemost-likely (mean)
point given the previousstep: ��% ���

R
12�&%43&
 7 . In this way we ignorethe processnoise

that onemight normally add. We �nd that this mean-predictionoften generatesmotions
that aremorelike the fair samplesshown in Fig. 2(d), thanif randomprocessnoisehad
beenincludedat eachtimestep. Similarly, new posesaregivenby �
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Dependingon thedatasetandthechoiceof kernels,longsequencesgeneratedby sampling
or mean-predictioncandiverge from the data. On our datasets,mean-predictiontrajec-
toriesfrom the GPDM with an RBF or linear+RBFkernelfor dynamicsusuallyproduce
sequencesthat roughlyfollow thetrainingdata(e.g.,seetheredcurvesin Figure3). This
usuallymeansproducingclosedlimit cycleswith walking data.We alsofoundthatmean-
predictionmotionsareoftenvery closeto themeanobtainedfrom theHMC sampler;by
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Figure2: Modelslearnedfrom a walking sequenceof 2.5gait cycles.Thelatentpositions
learnedwith aGPLVM (a)andaGPDM(b) areshown in blue.Vectorsdepictthetemporal
sequence.(c) - log variancefor reconstructionshowsregionsof latentspacethatarerecon-
structedwith high con�dence.(d) Randomtrajectoriesdrawn from themodelusingHMC
(green),andtheir mean(red). (e) A GPDM of walk datalearnedwith RBF+linearkernel
dynamics.Thesimulation(red)wasstartedfar from thetrainingdata,andthenoptimized
(green).Theposeswerereconstructedfrom pointson theoptimizedtrajectory.

(a)

    

(b)

  

Figure3: (a)Two GPDMsandmeanpredictions.The�rst is thatfrom theprevious�gure.
The secondwaslearnedwith a linear kernel. (b) The GPDM modelwaslearnedfrom 3
swingsof a golf club,usinga ���FD orderRBF kernelfor dynamics.Thetwo plotsshow 2D
orthogonalprojectionsof the3D latentspace.

initializing HMC with mean-prediction,we �nd that thesamplerreachesequilibriumin a
smallnumberof interations.Comparedto theRBF kernels,mean-predictionmotionsgen-
eratedfrom GPDMswith the linear kerneloften deviate from the original data(e.g.,see
Figure3a),andleadto over-smoothedanimation.

Figure3(b) shows a 3D GPDM learnedfrom threeswingsof a golf club. The learning
alignsthesequencesandnicelyaccountsfor variationsin speedduringtheclub trajectory.

3.2 Optimization
While mean-predictionis ef�cient, thereis nothingin thealgorithmthatpreventstrajecto-
riesfrom drifting away from thetrainingdata.Thus,it is sometimesdesirableto optimize
aparticularmotionundertheGPDM,whichoftenreducesdrift of themean-predictionmo-



(a) (b)

Figure4: GPDM from walk sequencewith missingdatalearnedwith (a) a RBF+linear
kernelfor dynamics,and(b) a linearkernelfor dynamics.Bluecurvesdepictoriginaldata.
Greencurvesarethereconstructed,missingdata.

tions. To optimizea new sequence,we �rst selecta startingpoint
�
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 anda numberof
time-steps.The likelihood �
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7 of thenew sequence
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� is thenoptimizeddirectly
(holdingthelatentpositionsof thepreviously learnedlatentpositions,� , andhyperparam-
eters, �

� , �x ed). To seewhy optimizationgeneratesmotion closeto the traing data,note
that thevarianceof pose� %��$
 is determinedby �

�

R

1@� % 7 , which will be lower when � % is
nearerthetrainingdata.Consequently, thelikelihoodof �$%��$
 canbeincreasedby moving

�&% closerto the training data. This generalizesthepreferenceof the SGPLVM for poses
similar to theexamples[4], andis a naturalconsequenceof theBayesianapproach.As an
example,Fig.2(e)showsanoptimizedwalk sequenceinitializedfrom themean-prediction.

3.3 Forecasting
We performeda simpleexperimentto comparethe predictive power of the GPDM to a
lineardynamicalsystem,implementedasaGPDMwith linearkernelin thelatentspaceand
RBF latentmapping.We trainedeachmodelon the�rst 130framesof the60Hzwalking
sequence(correspondingto 2 cycles),andtestedon the remaining23 frames.Fromeach
testframemean-predictionwasusedto predictthepose8 framesahead,andthentheRMS
poseerrorwascomputedagainstgroundtruth. Thetestwasrepeatedusingmean-prediction
andoptimizationfor threekernelsand�rst-order Markov dynamics:

Linear RBF Linear+RBF
mean-prediction 59.69 48.72 36.74

optimization 58.32 45.89 31.97

Due to the nonlinearnatureof the walking dynamicsin latentspace,the RBF andLin-
ear+RBFkernelsoutperformthe linear kernel. Moreover, optimization (initialized by
mean-prediction)improvestheresultin all cases,for reasonsexplainedabove.

3.4 Missing Data
TheGPDMmodelcanalsohandleincompletedata(acommonproblemwith humanmotion
capturesequences).TheGPDMis learnedby minimizing

�

(Eqn.(16)),but with theterms
correspondingto missingposes�

% removed. The latentcoordinatesfor missingdataare
initializedby cubicsplineinterpolationfrom the3D PCA initializationof observations.

While this producesgood resultsfor shortmissingsegments(e.g., 10–15framesof the
157framewalk sequenceusedin Fig. 2), it fails on long missingsegments.Theproblem
lies with the dif�culty in initializing the missinglatentpositionssuf�ciently closeto the
trainingdata.To solvetheproblem,we�rst learnamodelwith asubsampleddatasequence.
Reducingsamplingdensityeffectively increasesuncertaintyin the reconstructionprocess
sothattheprobabilitydensityover thelatentspacefalls off moresmoothlyfrom thedata.
We thenrestartthe learningwith theentiredataset,but with the kernelhyperparameters
�x ed. In doingso,thedynamicstermsin theobjective functionexert morein�uence over
thelatentcoordinatesof thetrainingdata,andasmoothmodelis learned.

With 50 missing framesof the 157 walk sequence,this optimizationproducesmodels



(Fig. 4) that are much smootherthan thosein Fig. 2. The linear kernel is able to pull
the latentcoordinatesontoa cylinder (Fig. 4b), andtherebyprovidesanaccuratedynam-
ical model. Both modelsshown in Fig. 4 produceestimatesof themissingposesthatare
visually indistinguishablefrom thegroundtruth.

4 Discussionand Extensions
Oneof themainstrengthsof theGPDM modelis theability to generalizewell from small
datasets. Conversely, performanceis a major issuein applying GP methodsto larger
datasets.Previousapproachespruneuninformativevectorsfrom thetrainingdata[5]. This
is not straightforwardwhenlearninga GPDM, however, becauseeachtimestepis highly
correlatedwith thestepsbeforeandafter it. For example,if we hold � % �x edduringopti-
mization,thenit is unlikely thattheoptimizerwill makemuchadjustmentto � %��$
 or �&%43&
 .
Theuseof higher-orderfeaturesprovidesa possiblesolutionto this problem.Speci�cally,
considera dynamicalmodelof the form 
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arerelatedonly by thevelocity 
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� ( , we canhandleirregularly-sampled
datapointsby adjustingthetimestep� ( , possiblyusinga different � ( at eachstep.

A numberof furtherextensionsto theGPDM modelarepossible.It would bestraightfor-
wardto includeacontrolsignal � % in thedynamics0/12� % ��� % 7 . It wouldalsobeinterestingto
exploreuncertaintyin latentvariableestimation(e.g.,see[3]). Our useof maximumlike-
lihood latentcoordinatesis motivatedby Lawrence's observation that modeluncertainty
andlatentcoordinateuncertaintyareinterchangeablewhenlearningPCA[5]. However, in
someapplications,uncertaintyaboutlatentcoordinatesmaybehighly structured(e.g.,due
to depthambiguitiesin motiontracking).
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