155  Find a finite function f of natural variables i and j to serve as an upper bound on the
execution time of the following program, and prove
' <t+fij < ifi=0 A j=0 then ok
else if i=0 then i:=jxj. ji==j-1. t=t+1. ' <t+fijfi
elseii=i-1. r=t+1. ' <t+fijfi

After trying the question, scroll down to the solution.



One such functionis fij = i+ j+j3 . Proof by cases:
first case
f<t+i+j+j2 <= i=0aj=0nA 0k
f<t+i+j+2 <= i=0aj=0ni'=inj=jAt=t context

F<t+i+j+2 < i=0A>0 A (i:=jxj. ji=j-1. t=t+1. ' <t+i+j+)3)
substitution 3 times

= f<t+i+j+3 = =20Ap0Al<t+1+72+j-1+(-1)3 portation
= F0OAPO=>E st+1+2+j-1+G-1)3 = <t+i+j+)3) connection
= =0OAPO=>@+1+2+j-1+(G-1)P3<t+i+j+)3) cube

EOAS0=(+1+/2+j-1+P3-3x2+3xj—1<t+i+j+)3)
cancel, and use =0

= =0A>0=(2x2-3xj+1=20) arithmetic
= 7T
last case
f<t+i+j+3 <« #0A(:=i-1. t=t+1. ' <t+i+j+j3)  substitution twice
F<t+i+j+3 <« #0OA'<t+i+j+3 specialization
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