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Abstract

We show how to visualizea setof pairwisesim-
ilarities betweenobjectsby usingseveral differ-
ent two-dimensionalmaps,eachof which cap-
turesdifferentaspectsof thesimilarity structure.
Whenthe objectsareambiguouswords,for ex-
ample,different sensesof a word occur in dif-
ferent maps,so “ri ver” and “loan” can both be
closeto “bank” withoutbeingatall closeto each
other. Aspectmapsresembleclusteringbecause
they model pair-wise similarities as a mixture
of differenttypesof similarity, but they alsore-
semblelocal multi-dimensionalscalingbecause
they model each type of similarity by a two-
dimensionalmap. We demonstrateour method
on a toy example, a databaseof humanword-
associationdata,a large setof imagesof hand-
written digits, and a set of featurevectorsthat
representwords.

1 Intr oduction

Given a large set of objectsand the pairwisesimilarities
betweenthem, it is often useful to visualizethe similar-
ity structureby arrangingtheobjectsin a two-dimensional
spacein sucha way that similar pairs lie closetogether.
Methodslikeprincipalcomponentsanalysis(PCA)or met-
ric multi-dimensionalscaling (MDS) [2] are simple and
fast, but they minimize a cost function that is far more
concernedwith modelingthe largedissimilaritiesthanthe
small ones. Consequently, they do not provide good vi-
sualizationsof datathat lies on a curved low-dimensional
manifold in a high dimensionalspacebecausethey do not
re�ect the distancesalong the manifold [8]. Local MDS
[7] and somemore recentmethodssuch as local linear
embedding(LLE) [6], maximumvarianceunfolding [9],
or stochasticneighbourembedding(SNE) [3] attemptto
modellocaldistances(strongsimilarities)accuratelyin the
two-dimensionalvisualizationat the expenseof modeling

largerdistances(smallsimilarities)inaccurately.

The SNE objective function is dif�cult to optimize ef�-
ciently, but it leadsto muchbettersolutionsthanmethods
suchasLLE, andbecauseSNE is basedon a probabilis-
tic model, it suggestsa new approachto producingbetter
visualizations:Insteadof using just onetwo-dimensional
map as a model of the similarities betweenobjects,use
many different two-dimensionalmapsandcombinethem
into a singlemodelof thesimilarity databy treatingthem
as a mixture model. This is not at all the sameas �nd-
ing, say, a four-dimensionalmapandthendisplayingtwo
orthogonaltwo-dimensionalprojections[6]. In that case,
the four-dimensionalmap is the product of the two two-
dimensionalmapsanda projectioncanbevery misleading
becauseit canput pointsthatarefar apartin 4-D closeto-
getherin 2-D. In a mixture of maps,beingclosetogether
in anymapmeansthattwo objectsreally aresimilar in the
mixturemodel.

2 StochasticNeighbor Embedding

SNEstartsbyconvertinghigh-dimensionaldistanceor sim-
ilarity datainto asetof conditionalprobabilitiesof theform
pj |i , eachof which is the probability that one object, i ,
would stochasticallypick anotherobject j asits neighbor
if it wasonly allowed to pick oneneighbor. Thesecondi-
tional probabilitiescanbeproducedin many ways. In the
word associationdatawe describelater, subjectsareasked
to pick an associatedword, so pj |i is simply the fraction
of the subjectswho pick word j when given word i . If
the dataconsistsof the coordinatesof objectsin a high-
dimensionalEuclideanspace,it canbeconvertedinto aset
of conditionalprobabilitiesof theform pj |i for eachobject
i by usinga sphericalGaussiandistribution centeredat the
high-dimensionalposition of i , xi , as shown in �gure 1.
Wesetpi |i = 0, andfor j 6= i ,

pj |i =
exp(−||xi − xj ||

2=2� 2
i )

P
k 6= i exp(−||xi − xk ||2=2� 2

i )
(1)
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Figure1: A sphericalGaussiandistribution centeredat xi

de�nes a probability densityat eachof the other points.
Whenthesedensitiesarenormalized,we geta probability
distribution, Pi , over all of theotherpointsthat represents
their similarity to i .

The sameequationcan be usedif we are only given the
pairwisedistancesbetweenobjects,||xi − xj ||. Thevari-
anceof the Gaussian,� 2

i , canbe adjustedto vary the en-
tropy of thedistributionPi whichhaspj |i asatypical term.
If � 2

i is very smalltheentropy will becloseto 0 andif it is
very largetheentropy will becloseto log2(N − 1), where
N is the numberof objects. We typically pick a number
M � N andadjust� 2

i by binarysearchuntil theentropy
of Pi is within somesmalltoleranceof log2 M .

Thegoalof SNEis to modelthepj |i by usingconditional
probabilities,qj |i , that aredeterminedby the locationsyi

of pointsin a low-dimensionalspaceasshown in �gure 2:

qj |i =
exp(−||yi − yj ||

2)
P

k 6= i exp(−||yi − yk ||2)
(2)

For eachobject, i , we can associatea cost with a set of
low-dimensionaly locationsby usingtheKullback-Liebler
divergenceto measurehow well thedistributionQi models
thedistributionPi

C =
X

i

K L (Pi ||Qi ) =
X

i

X

j 6= i

pj |i log
pj |i

qj |i
(3)

To improve themodel,we canmove eachyi in thedirec-
tion of steepestdescentof C. It is shown in [3] that this
gradientoptimizationhasa very simplephysical interpre-
tation(see�gure 3). yi is attachedto eachyj by a spring
which exertsa force in thedirectionyi − yj . Themagni-
tudeof this forceis proportionalto thelengthof thespring,
||yi − yj ||, and it is alsoproportionalto the springstiff-
nesswhichequalsthemismatch(pj |i −qj |i )+(pi |j −qi |j ).
Steepestdescentin thecostfunctioncorrespondsto follow-
ing the dynamicsde�ned by thesesprings,but noticethat
the springstiffnesseskeepchanging.Startingfrom small
randomy values,steepestdescent�nds a local minimum
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Figure2: A circular Gaussiandistribution centeredat yi

de�nes a probability densityat eachof the other points.
When thesedensitiesare normalized,we get a probabil-
ity distribution over all of theotherpointsthat is our low-
dimensionalmodel,Qi of thehigh-dimensionalPi .

of C. Better local minima canbe found by addingGaus-
siannoiseto they valuesaftereachupdate.Startingwith
a high noiselevel, we decaythenoisefairly rapidly to �nd
theapproximatenoiselevel atwhichstructurestartsto form
in thelow-dimensionalmap.A goodindicatorof theemer-
genceof structureis thatasmalldecreasein thenoiselevel
leadsto a largedecreasein thecostfunction. Thenwe re-
peattheprocess,startingthenoiselevel justabovethelevel
atwhichstructureemergesandanealingit muchmoregen-
tly. Thisallows �nding low-dimensionalmapsthataresig-
ni�cantly betterminimaof C.

2.1 Symmetric SNE

Theversionof SNEintroducedby [3] is basedonminimiz-
ing thedivergencesbetweenconditionaldistributions. An
alternative is to de�ne a single joint distribution over all
non-identicalorderedpairs:

pij =
exp(−||xi − xj ||

2=2� 2)
P

k<l exp(−||xk − xl ||2=2� 2)
(4)

qij =
exp(−||yi − yj ||

2)
P

k<l exp(−||yk − yl ||2)
(5)

Csy m = K L (P ||Q) =
X

i 6= j

pij log
pij

qij
(6)

This leadsto simpler derivatives, but if one of the high-
dimensionalpoints,j , is farfromall theothers,all of thep·j

will beverysmall.To overcomethis problemit is possible
to replaceEq. 4 by pij = 0:5(pj |i + pi |j ) wherepj |i and
pi |j arede�ned usingEq. 1. When j is far from all the
otherpoints,all of thepj |i will bevery small,but thep·|j

will sumto 1. Even whenpij is de�ned by averagingthe
conditionalprobabilities,westill getgoodlow-dimensional
mapsusingthederivativesgivenby Eqs.5 and6.
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Figure 3: The gradient of the cost function in Eq. 3
with respectyi hasa physical interpretationas the resul-
tant forceproducedby springsattachingyi to eachof the
other points. The spring betweeni and j exerts a force
that is proportionalto its lengthandis alsoproportionalto
(pj |i − qj |i ) + (pi |j − qi |j ).

3 AspectMaps

Insteadof using a single two-dimensionalmap to de�ne
qj |i we canallow i andj to occurin severaldifferenttwo-
dimensionalmaps.Eachobject,i , hasa mixing proportion
� m

i in eachmap,m, andthe mixing proportionsarecon-
strainedto add to 1 for eachobject:

P
m � m

i = 1. The
differentmapscombineto de�ne qj |i asfollows:

qj |i =

P
m � m

i � m
j e−dm

i;j

zi
(7)

where

dm
i;j = ‖ym

i − ym
j ‖

2; zi =
X

h

X

m

� m
i � m

h e−dm
i;h

Provided thereis at leastonemapin which i is closeto j
andprovidedtheversionsof i andj in thatmaphave high
mixing proportions,it is possiblefor qj |i to bequite large
even if i andj arefar apartin all the othermaps. In this
respect,usinga mixturemodelis very differentfrom sim-
ply usingasinglespacethathasextradimensions,because
points that are far aparton one dimensioncannothave a
highqj |i nomatterhow closetogetherthey areontheother
dimensions.

To optimize the aspect maps model, we used Carl
Rasmussen's “minimize” function which is available at
www.kyb.tuebingen.mpg.de/bs/people/carl/code/minimize/.
Thegradientsarederivedbelow.
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4 Reconstructingtwo mapsfr om onesetof
similarities

As a simple illustration of aspectmaps,we constructeda
toy problemin which the assumptionsunderlyingthe use
of aspectmapsarecorrect.For this toy problem,the low-
dimensionalspacehasas many dimensionsas the high-
dimensionalspace.Considerthe two mapsshown in �g-
ure 4. We gave eachobjecta mixing proportionof 0:5 in
eachmapandthenusedEq. 7 to de�ne asetof conditional
probabilitiespj |i which can be modeledperfectly by the
two maps.Thequestionis whetherouroptimizationproce-
durecanreconstructbothmapsfrom onesetof conditional
probabilitiesif theobjectsstartwith randomcoordinatesin
eachmap.Figure4 shows thatbothmapscanberecovered
up to re�ection, translationandrotation.

5 Modeling human word associationdata

The University of SouthFlorida hasmadea databaseof
humanword associationsavailable on the web. Partici-
pantswerepresentedwith a list of Englishwordsascues,
and asked to respondto eachword with a word which
was“meaningfullyrelatedor stronglyassociated”[5]. The
databasecontains5018cuewords,with anaverageof 122
responsesto each.This datalendsitself naturallyto SNE:
simply de�ne the probability pj |i asthe fraction of times
word j waspickedin responseto word i .

Ambiguouswordsin thedatasetcausea problem.For ex-
ample,SNE might want to put “�re” closeto the words
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Figure4: Thetwo mapsin thetoprow canbereconstructed
correctlyfrom a singlesetof pairwisesimilarities. Using
a randomlychosenone-to-onemappingbetweenpointsin
the top two maps,thesimilaritiesarede�ned usingEq. 7
with all mixing proportions�x edat0:5.

“wood” and“job”, even though“wood” and“job” should
not beput closeto oneanother. A solutionis to usetheas-
pectmapsversion,AMSNE, andconsidertheword “�re”
asa mixtureof two differentmeanings.In onemap“�re”
is a sourceof heatandshouldbeput near“wood”, andin
theother“�re” is somethingdoneto employeesandshould
becloseto “job”. Ambiguity is not theonly reasona word
might belongin two differentplaces:asanotherexample,
“death” might besimilar to wordslike “sad” and“cancer”
but alsoto “destruction”and“military”, eventhough“can-
cer” is notusuallyseenasbeingsimilar to “military”.

Whenmodelling the free associationdata,we found that
AMSNE wouldputmany unrelatedclustersof wordsin the
samemapfarapart.To make theindividualmapsmoreco-
herent,we addeda penaltythatkepteachmapsmall, thus
discouragingany one map from containingseveral unre-
latedclusters.Thepenaltyterm �

2

P
i

P
m ‖ym

i ‖
2 is sim-

ply addedto thecostfunctionin Eq. 3.

We �tted the free associationdatawith the aspectmaps
modelusing50 mapswith � setto 0:48. In orderto speed
the optimization,we only usedthe 1000 cue words that
were most often given as responses.Four of the result-
ing mapsare shown in �gures 5 and 6. In �gure 5 the
two differentmapsmodeltheverydifferentsimilaritiesin-
ducedby two different meaningsof the word “can”. In
�gure 6 we seetwo differentcontexts in which the word
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Figure5: Two of the50 aspectmapsfor theword associ-
ation data. Eachmap modelsa different senseof “can”.
Eachword is representedby a circle whoseareais propor-
tional to its mixing proportion.

“�eld” is used. Whethertheseshouldbe calleddifferent
meaningsof theword “�eld” is anopenquestionthat can
be answeredby linguistic intuitions of lexicographersor
by lookingatwhethertwo “meanings”modeltheobserved
similarity judgementsbetterthanone.

6 UNI-SNE: A degenerateversionof aspect
maps

Onsomedatasets,wefoundthat�tting two aspectmapsled
to solutionsthat seemedstrange.Oneof the aspectmaps
wouldkeepall of theobjectsveryclosetogether, while the
otheraspectmapwouldcreatewidely separatedclustersof
objects. This behaviour can be understoodas a sensible
way of dealingwith a problemthatariseswhenusinga 2-
D spaceto modela setof high-dimensionaldistancesthat
have anintrinsic dimensionalitygreaterthan2. In thebest
2-D modelof thehigh-dimensionaldistances,theobjectsin
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Figure6: Two of the50 aspectmapsfor theword associa-
tion data.Eachmapmodelsadifferentsenseof “�eld”.

themiddlewill becrushedtogethertoocloselyandtheob-
jectsaroundtheperipherywill bemuchtoo far from other
peripheralobjects1. Using the physical analogyof �gure
3, therewill be many weakbut very stretchedspringsbe-
tweenobjectson oppositesidesof the 2-D spaceandthe
neteffect of all thesespringswill beto forceobjectsin the
middletogether.

A “background”mapin which all of the objectsarevery
close togethergives all of the qj |i a small positive con-
tribution. This is suf�cient to ensurethat qj |i is at least
as great as pj |i for objectsthat are signi�cantly further
apartthan the averageseparation.Whenqj |i > pj |i , the
very stretchedspringsactually repel distant objectsand
this causesthe “foreground” mapto expand,thusprovid-
ing enoughspaceto allow clustersof similar objectsto be
separatedfrom eachother.

If we simply constrainall of theobjectsin thebackground

1To �atten a hemisphericalshell into a disk, for example,we
needto compressthecenterof thehemisphereandstretchor tear
its periphery.
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Figure7: Theresultof applyingthesymmetricversionof
SNEto 5000digit imagesfrom theMNIST dataset.The10
digit classesarenotwell separated.

mapto haveidenticallocationsandmixing proportions,we
get a degenerateversionof aspectmapsthat is equivalent
to combiningSNEwith a uniform backgroundmodel.We
choseto implementthis idea for the simpler, symmetric
versionof SNEsoEq. 5 becomes:

qij =
(1 − � ) exp(−||yi − yj ||

2)
P

k<l exp(−||yk − yl ||2)
+

2�
N (N − 1)

(9)

We call this robust version“UNI-SNE” andit often gives
muchbettervisualizationsthanSNE.We testedUNI-SNE
on the MNIST datasetof handwrittendigit images. It is
very dif�cult to embedthis datainto a 2-D mapin sucha
way thatvery similar imagesarecloseto oneanotherand
the classstructureof the datais apparent.Using the �rst
two principalcomponents,for example,producesa mapin
which theclassesarehopelesslyscrambled[4]. A nonlin-
earversionof PCA [4] doesmuchbetterbut still fails to
separatetheindividualclasseswithin theclusters4,7,9and
3,5,8.

We �rst usedprincipal componentsanalysison all 60,000
MNIST trainingimagesto reduceeach28×28 pixel image
to a 30-dimensionalvector. Thenwe appliedthesymmet-
ric versionof SNEto 5000of these30-dimensionalvectors
with an equalnumberfrom eachclass. To get the pij we
averagedpi |j andpj |i eachof whichwascomputedusinga
perplexity of 30 (see[3] for details).We ranSNEwith ex-
ponentiallydecayingjitter, stoppingafter 1100parameter
updateswhenthe KL divergencebetweenthe pij andthe
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Figure 8: If 0:2 of the total probability massis usedto
provide a uniform backgroundprobabilitydistribution, the
slight attractionbetweendissimilarobjectsis replacedby
slight repulsion.This causesexpansionandrearrangement
of themapwhich makestheclassboundariesfar moreap-
parent.

qij waschangingby lessthan:0001 periteration.Figure7
showsthatSNEis alsounableto separatetheclusters4,7,9
and3,5,8andit doesnotcleanlyseparatetheclustersfor 0,
1, 2, and6 from therestof thedata.Startingwith thesolu-
tion producedby symmetricSNE,we ran UNI-SNE for a
further1500parameterupdateswith no jitter but with 0:2
of thetotalprobabilitymassuniformly distributedbetween
all pairs.Figure8 shows thatthis produceda dramaticim-
provementin revealingthetruestructureof thedata.It also
reducedthe KL divergencein Eq. 6 from 2:47 to 1:48.
UNI-SNE is betterthanany othervisualizationmethodwe
know of for separatingtheclassesin thisdataset,thoughwe
have not comparedit with the recentlydevelopedmethod
called“maximumvarianceunfolding” [9] which,likeUNI-
SNE,triesto pushdissimilarobjectsfarapart.

We have also tried applying UNI-SNE to a set of 100-
dimensionalreal-valuedfeaturevectorseachof which rep-
resentsoneof the500mostcommonwordsor symbolsin
a datasetof AP newswire stories[1]. The corpuscontains
16,000,000words and a featurevector was extractedfor
eachof the18,000commonestwordsor symbolsby �tting
a model (to be describedelsewhere) that tries to predict
the featuresof the currentword from the featuresof the
two previouswords.WeusedUNI-SNEto seewhetherthe
learningprocedurewasextractingsensiblerepresentations



of thewords. Figure9 shows that the featurevectorscap-
turethestrongsimilaritiesquitewell.
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Figure9: A mapproducedby applyingUNI-SNE to 100-dimensionalfeaturevectorsthatwerelearnedfor the500com-
monestwordsin theAP newsdataset.


