Today's lecture

Exact inference in graphical models.

@ Variable Elimination

@ Elimination as Graph Transformation
Treewidth
Sum-product belief propagation
Max-product belief propagation

Junction tree algorithm (during tutorial)

Figures from Koller book as well as Nowozin et al.
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Inference: conditional probabilities

@ Today we will look into exact inference in graphical models.
@ We will focus on conditional probability queries

P(Y,e)
P(e)

P(Y[E=e) =

@ Let W =X —Y — E be the random variables that are neither the query nor
the evidence. Each of the distributions can be computed by marginalizing
over the other variables:

p(Y,e)=> P(Y,e,w), Ple)=) P(yew)

@ Naively marginalizing over all unobserved variables requires an exponential
number of computations. Why?

@ Is there a more efficient algorithm?
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Probabilistic inference in practice

@ Probabilistic inference in NP-hard (both Directed and Undirected models)
@ Should we give up?
@ NP-hardness simply says that there exist difficult inference problems

@ Real-world inference problems are not necessarily as hard as these worst-case
instances

@ It is easy to do inference in some graphs, e.g., inference in hidden Markov
models (HMMs) and other tree-structured models

Y, Y, Y3 Y4 Ys e
X4 Xy X3 Xq X5 Xg
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Variable Elimination (VE)

Exact algorithm for probabilistic inference in any graphical model

@ Running time will depend on the graph structure

Uses dynamic programming to avoid enumerating all assignments

Let's first look at computing marginal probabilities p(X;) in Directed
models, and then generalize this to conditional queries on MRFs
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Basic idea of variable elimination

@ Let's start with a simple chain A— B — C — D, and we want to compute
P(D)

This is nothing but computing a table

By the chain rule we can write the joint distribution

p(A, B, C,D) = p(A)p(B|A)p(C|B)p(D|C)

To compute p(D), we can marginalize all other variables

p(D):Zp(A:a,B:b,C:C,D)

a,b,c

This looks exponential, but - - -
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Let's be a bit more explicit...

P(a') P('|a') P(c'[b) Pd'|ch)
+ P(a®) P |a®) Pt |b) P(d|eh)
+ P(a') P(B*|a') P(c' |82 P(d']|c")
+ P(a®) P |a?) Pt |¥) Pd|eh)
+ P(a') P('|a') P(2|b) P(d'|c?)
+ P(a?) P |a?) P b)) Pd|e?)
+ P(at) P#?|a') P(2| V) P(d|eY)
+ P(a?) P |a®) P( 1) P(d'|e?)

P(at) P |a') P(ct|bY) P(d*|ch)
+ P(a?) P |a®) P(ct|b) P(d?|eh)
+ P(a') P(#?|al) P82 P(d2] )
+ P(a®) P(p*|a?) P | P(d®|c)
+ P(a') P('|a') P(2 b)) P(d®|c?)
+ P(a?) P |a?) P(c?|b') P(d?|e?)
+ P(at) P |at) P b)) Pd*|eh)
+ P(a?) P(?|a®) P(c*|b?) P(d®|e?)

@ There is structure on the summation (repeated terms)

@ Let's modify the computation to first compute
P(a')P(b*|a") + P(a*)P(b'|a?)
P(a')P(b*a") + P(a*)P(b?|a°)
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@ Let's modify the computation to first compute

P(aY)P(b*|a") + P(a*)P(b'|a?)

and

P(a)P(b?|a") + P(a*)P(b?|a%)

@ Then we get

71(b') = P(a")P(b'|a) + P(a?)P(b'|a?)

Val(B) — R,

@ We define 7 :
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Let's be a bit more explicit...

@ We now have

A

+++
o

‘won'e

TRRR

233N

+
+ 71
+

@ We can once more reverse the order of the product and the sum and get

(ra(6")P(c! | bY) + m(B?)P(c! [ 6)) P(d! | <))
+ ()P ) +n(b")P(e® [0)) P | )

@ We have other repetitive patterns.
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Let's be a bit more explicit...

@ We define 1, : Val(C) — R, with
m(c') = 7(b")P(cb") + m(b°)P(c|b%)
n(c?) = m(b")P(c’b') + u(b?)P(c?|b?)
@ Thus we can compute the marginal P(D) as

m2(c!)  P(d"|ch)
+ Tg(cz) P(dl \62)

Tao(ct)  P(d?|ct)
+ 7(c?) P(d%|?)
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Even more explicit...

@ The joint is

P(D)=> p(a,b,c,D) = Y P(a)P(bla)P(c|b)P(D]c)

a,b,c a,b,c

Y>> P(DIc)P(c|b)P(b|a)P(a)
c b a

@ We can push the summation inside

P(D)= ) P(Dlc) )  P(clb) p_ P(bla)P(a)

T1(b)

o Let's call 1,(A, B) = P(A)P(B|A) and 71(B) = 3, v1(A, B).
@ We can define 9»(B, C) = m1(B)P(C|B) and 7(C) = > g ¥1(B, C).

@ This procedure is dynamic programming: computation is inside out instead
of outside in.
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Complexity of a chain

@ Generalizing to a chain X; — X; — .-+ — X}, and each node has k states.
@ We can compute at each step i=1upton—1

P(Xiy1) = Z P(Xiy1]xi) P(xi)

Xi

@ We need to multiply P(x;) with each CPD P(X;;1|X;) for each value of x;.
@ P(X;) has k values, and the CPD P(X;;1|X;) has k? values.

@ k2 multiplications and k(k — 1) additions.

@ The cost of the total chain is O(nk?).

@ In comparison, generating the full joint and summing it up has complexity
O(k").

@ We have done inference over the joint without generating it explicitly.
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Summary so far

@ Worst case analysis says that computing the joint is NP-hard.

@ In practice due to the structure of the Bayesian network some subexpressions
in the joint depend only on a subset of variables.

@ We can catch up computations that are otherwise computed exponentially
many times.

@ This depends on our having a good variable elimination ordering
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Sum-product Inference

@ We want an algorithm to compute P(Y) for directed and undirected models
@ This can be reduced to the following sum-product inference task
T(Y) = Z H ¢(25cope[¢]ﬁ27 y5cope[¢]ﬁY) vY
z pcd
where @ is a set of potentials or factors

@ For directed models, ® is given by the conditional probability distributions
for all variables,

® = {ox 1 = {P(Xi[Xparx)) it
where the sum is over theset Z=X —Y
@ For MRFs, the factors ¢ correspond to the set of potentials

e Sum product returns unnormalized distributions, so we normalize by
dividing by > 7(y)
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Variable elimination

o Let ¢(X, Y) be a factor where X is a set of variables and Y ¢ X

@ Factor marginalization of ¢ over Y (also called "summing out Y in ¢") to

be a new factor
T(X) = 6(X,Y)
Y

@ We only sum up the entries that X matches up

al | b | ¢! 0.25

al | bt | 035

a' | b7 | ¢ | 008

a' | b? | & Q.16 al | ¢! | 033

a? | bt | ¢! 0.05 al | ¢ | 051

a? | bl ¢ | 007 a? | ¢! | 005

a® |b? | ¢! 0 a? | ¢ | 007

o’ | b* | e 0 %ai o | 024
o |bc| 015 o | e | 039
a® | b! | 021
a® | b? | ¢! 0.09

a® | b2 | ¢ 0.18
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Sum-product Variable Elimination

@ Order the variables Z (called the elimination ordering)
@ lteratively marginalize out variable Z; one at a time
@ For each i

@ Multiply all factors that have Z; in their scope, generating a new
product factor

© Marginalize this product factor over Z;, generating a smaller factor

© Remove the old factors from the set of all factors, and add the new one
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Algorithm 9.1 Sum-Produet Variable Elimination algorithm

Procedure Sum-Product-Variable-Elimination (

$. |/ Set of factors
Z. |/ Setof variables to be eliminated
< // Orderingon Z
)
1 Let Z1,...,Zg be an ordering of Z such that
2 Zi<Z; iff i< j
3 fori=1,...,k
1 ¢ — Sum-Product-Eliminate-Var(®, Z;)
5 9" lgea®
6 return ¢*
Procedure Sum-Product-Eliminate-Var (
®. /) Set of factors
Z |/ Variable to be eliminated
)
1 O'— {pe® : Ze Seope[d]}
9 O D — D
3 Ve Tlscar @
1 Te— Y0

return " U {7}
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Some properties

@ If we sum out all the variables in a normalized distribution, what do we get?

@ If we sum out all the variables in an unnormalized distribution, what do we
get?

@ Important property is that sum and product are commutative, and the
product is associative, i.e., (¢102)d3 = d1(Pad3).

@ Therefore, if X ¢ Scope(¢1) then

D ($162) =1 > o2
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Chain example again

@ Let's look at the chain again
P(Aa B7 C7 D) = ¢A¢B¢C¢D
@ The marginal distribution over D

P(D) = Y ¢adsodcop

= ;SC(% zsj <¢c zAj (¢B¢A)>>

where we have used the limited scope of the factors.

@ Marginalizing involves taking the product of all CPDs and sum over all but
the variables in the query.

@ We can do this in any order we want; some more efficient than others.

@ Effective as the scope is limited, we push in some of the summations.

Zemel & Urtasun (UofT) CSC 412 Feb 9, 2016 20 / 56



Example of Directed Graph

Coherence

@ The joint distribution
p(C,D,1,G,S,L,H,J) = p(C)p(D|C)p(1)p(G|D, I)p(L|G)P(S|1)P(J|S, L)p(H|J, G)
with factors
® = {6:(C), 60(C, D), 61(1), 6a(G, D, 1), 6u(L, G),
#s(5,1),¢,(J,S, L), ¢n(H, J, G)}

@ Let's do variable elimination with ordering {C, D, I, H, G, S, L} on the board!
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Example of Directed Graph

STOS T (L LS Y (L, G) Y pr(H, G, S s (S ()Y e (G 1, D) Y ha(Crbp(D,C)
L s G H I D o]

T1(D)

SO s L) WLl G) 3 bu(H,G,J) D> vs(S,)1v1I) Y ba(G,1, D) (D)
L s G H D

I

T2(G,I)

SN T L,S) D (L, G) > du(H, G, I) Y ds(S, D (Dra(G, 1)
L S a H T

73(G,5)

S TS WAL S Y W (LGS du(H, G, T) (G, 5)
L 5 a H

T4(G,J)

3 S, 8) Y pr(L. G)ra(G, s (G, S)
L s G

75(J,L,8)
S (4L, S)ms(d, L, S)
L s
Ta(J.L)

> 6l L)

L

— —

7 (J)
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Elimination Ordering

@ We can pick any order we want, but some orderings introduce factors with
much larger scope.

Step | Variable Factors Variables New
eliminated used involved factor
1 C ¢c(C), ¢p(D,C) C,D (D)
2 D ¢a(G,I,D), 71(D) G.I,D | 7=(G,I)
3 I ¢1(I). $s(S, 1), 72(G,T) G,S,I | m(G,S)
4 H ¢u(H,G,J) H,G,J 74(G, J)
5 G 74(G, J), 13(G,S), (L, G) | G,J,L,S | 75(J,L,S)
6 S 75(J, L, S), ¢5(J, L, S) JL,S 76(J, L)
7 L 76(J, L) J L 77(J)
@ Alternative ordering...
Step Variable Factors Variables New
eliminated used involved factor
1 G ¢c(G,I,D), ¢.(L,G), pg(H,G,J) | G.I,D,L,J.H | 7(I,D,L,J . H)
2 I or(I), ¢s(S, 1), n(I,D,L,S,J,H) | S,I,D,L,J,H | 7o(D,L,S,J,H)
3 S ¢s(J,L,S), 2(D, L, S, J, H) D,L,S,J,H 73(D,L,J,H)
4 L 73(D,L,J,H) D, L,J H T4(D, J, H)
5 H T4(D, J, H) D, JJH 75(D,J)
6 c 75(D,J), ¢p(D,C) D, J,C (D, J)
7 D 76(D, J) D, J 7(J)
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Semantics of Factors

@ In the chain example the factors were marginal or conditional probabilities,
but this is not true in general.

@ The result of eliminating X is not a marginal or conditional probability of

the network
(A, B, C) ZP P(AIX)P(C|B, X)
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How to introduce evidence?

@ But we wanted to answer conditional probability queries

. p(Y.e)
p(Y|E—E) - p(e)

Apply variable elimination algorithm to the task of computing P(Y,e).

Replace each factor ¢ € ® that has E N Scope[¢] # 0 with

(bl(XScope[(z)]fE) = (b(XScope[dJ]ny eEﬂScope[qﬁ])

Then eliminate the variables X —Y — E. The return factor ¢*(Y) is p(Y,e)

To obtain the conditional p(Y|e) normalize the resulting product of factors
— the normalization constant is p(e).
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Sum-product VE for conditional distributions

Algorithm 9.2 Using Sum-Product-Variable-Elimination for computing conditional
probabilities.
Procedure Cond-Prob-VE (
Ko/

! A network over A’

" Set of query variables
E=e // Evidence

1 $ — Factors parameterizing K
2 Replace each ¢ € @ hy ¢[E = €]
: Select an elimination ordering <

3
4 Z— =X-Y -FE

5 ¢* — Sum-Product-Variable-Elimination(®, <, Z)
G @ = P yevay) ?(Y)
T return a, ¢*
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Example

@ We want to compute P(J).

@ Step | Variable Factors Variables New
eliminated used involved factor
ifficlty>  Gnveligenced 1 c 4c(0), 4p(D,0) c.D (D)
9 D 6e(G, I, D), 71(D) G I,D | (G
Coraded  CsATD 3 I 61(1), ¢s(S,1), (G, 1) G, ST | 7(G,9)
1 H bu(H,G..T) H,G.J | m(G.J)
Cetter) 5 e 74(G,J), 73(G.S), 61(L.G) | G.J,L.S | 7(J.L.S)
6 S 75(J, L, 8). ¢5(J, L, S) JL,S 76(J, L)
G D 7 L 6(d, L) JL ()
@ To compute P(J|it, h%)
Step Variable Factors Variables New
eliminated used involved factor
r C ¢ (C), op(D,C) c,D T1(D)
2 D e[l = ' )(G, D), ¢r[I =i'](). (D) G.D 75(G)
5 G (@), ¢r(L,G), (_;’:'PH[H:IIO](G,J) G,L,J Te(L, J)
6’ S sl =i')(S), ¢s(J, L, S) J.L,S T4(J, L)
T L T6(J L), T4(J, L) J.L THJ)
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Complexity of Variable Elimination

Step | Variable Factors Variables New
eliminated used involved factor
1 C oc(C), op(D,C) c,D 71(D)
2 D ¢a(G,I,D), 11(D) G.I,D (G, I)
3 1 or(I), ds(S,1), m2(G,I) G, 8,1 T3(G, S)
4 H u(H,G,J) H,G,J | 74(G,J)
5 G 4G, J), 13(G,S), op(L,G) | G,J,L,S | 75(J,L,S)
i S T5(J, L, S), ¢5(J L, S) J.L.S T5(J, L)
7 L 75(7, L) 7L 72(J)

@ Let n be the number of random variables and m the number of initial factors.

@ At each step we pick a variable X; and multiply all factors involving the
variable, resulting in a single factor 1;. The variable gets sum out of ¥;,
resulting in a new factor 7; with scope(r) = scope(p) — X;.

@ Let N; be the number of entries in the factor ¢;, and let N,.x = max; N;.
@ Therefore the total cost is O(mkNm=), with k = |Val(X)|.

@ Problem: N, can be as large as n
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Complexity in Graph terms

@ Let's try to analyze the complexity in terms of the graph structure.

@ The algorithm does not care if the graph is directed or undirected, only
depends on the scope of the factors.

@ Let Go be the undirected graph with one node per variable, where we have
an edge iff there exists a factor ¢ € ® such that X;, X; € Scope(¢).

@ Ignoring evidence, this is either the original MRF or the "moralized” directed
graph
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Elimination as Graph Transformation

When a variable X is eliminated:

@ We create a single factor ¢ that contains X and all of the variables Y with
which it appears in factors.

@ We eliminate X from ), replacing it with a new factor 7 that contains all of
the variables Y, but not X. Let’s call this ®x.

How does this modify the graph from Go to Go, ?
@ Constructing 1 generates edges between all of the variables Y € Y.
@ Some of these edges were in Gy, some are new.
@ The new edges are called fill edges.

@ The step of removing X from ¢ to construct 7 removes X and all it's
incident edges from the graph.
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Coherence
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Induced Graph

@ We can summarize the computation cost using a single graph that is the
union of all the graphs resulting from each step of the elimination

@ We call this the induced graph Z¢ < where < is the elimination ordering
@ Npax is the size of the largest clique in Zo <

@ The running time is O(mkNm), exponential in the size of the largest clique
of the induced graph
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Example

Coherence

Step Variable Factors Variables New
eliminated used mvolved factor
1 [= oc(C), ¢p(D,C) D (D)
2 D bc(G,I,D), 11(D) G, I,D T2(G,T)
3 I ¢r(I), ¢s(S,1), 72(G, 1) G,S.1 (G, 8)
4 H on(H,G,J) H,G,J (G, J)
5 G (G, J), 73(G,S). (L, G) | G,J,L,S | 75(J,L,S)
6 S 75(J,L,S), ¢5(J L,S) JL.S 76(J, L)
7 L T6(J, L) J L 77(J)

i el
/(Coherence >

L

(Maximal Cliques)
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Example

i S
[(Gtereree
;

|

Step | Variable Factors Variables New
eliminated used involved factor
1 [ ¢c(C), ¢p(D,C) C,D T1(D)
2 D ¢a(G,1,D), 11(D) G, I,.D (G, I)
3 I or(I), ¢s(S,I), T2(G,I) G, 8,1 73(G, S)
1 H on(H,G,J) H,G.J | n(G,J)
5 G (G, ), 7a(G, S), dL(L,G) | G, L, S | 75(J, L, 8)
/ 6 s 5(1,L, S), o5(J, L, S) J,L,S | m(JL)
7 L 76(J, L) J.L 77 (J)
(Maximal Cliques) (VE)
@ The maximal cliques in Zg - are
C, = {C/D}
C2 = {D7 /a G}
C3 = {Ga La 57 ‘/}
C, = {G,J,H}
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Induced Width

@ The width of an induced graph is #nodes in the largest clique -1.

@ We define the induced width wg - to be the width of the graph Zg -
induced by applying VE to G using ordering <.

@ We define the tree width or minimal induced width of a graph K to be

ws = m<in w(Zk, <)

@ The treewidth provides a bound on the best running time achievable by VE
on a distribution that factorizes over G: O(mk"s*1)

@ Finding the best elimination ordering (also computing the tree width) is
NP-hard

@ Use heuristics to find a good elimination ordering
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Choosing an Elimination Ordering

Set of possible heuristics:

@ Min-fill: the cost of a vertex is the number of edges that need to be added
to the graph due to its elimination.

@ Weighted-Min-Fill: the cost of a vertex is the sum of weights of the edges
that need to be added to the graph due to its elimination. Weight of an
edge is the product of weights of its constituent vertices.

@ Min-neighbors: The cost of a vertex is the number of neighbors it has in
the current graph.

© Min-weight: the cost of a vertex is the product of weights (domain
cardinality) of its neighbors.

Which one better?
@ None of these criteria is better than others.

@ Often try several
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Sum-product belief propagation (BP)

@ What if you want to compute marginals for many variables, e.g.,
p(X,'),VX,' e x?

@ We can run VE for each variable, but, can we do something more efficient?

@ Consider a tree, we have

plxa, - s xn) zH¢' ) T1 06 %)

(iJ)eT

@ The sum-product BP computes all marginals with just two passes

@ It is based on message-passing of "messages” (tables of partial
summations) between neighboring vertices of the graph
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Sum-product message

@ The message sent from variable j to i € N(j) is

o Mj i mj—)l Xi) Z¢J Xj ¢U XHX_] H mk—>J )<J

/2NN KEN()\
OREN0

@ Each message mj_,; is a vector with one value for each state of x;
@ In order to compute mj_,;, we must already have my_,;(x;) for k € N(j) \ i

@ Thus we need a specific ordering of the messages
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Example

@ Suppose we want to compute p(x;), with x; the root

Xl)CX Z H¢I X/ H (bl,j Xl7)<_])

X,y Xn 0 (i ))eET

© mso1(a) = Y bs(xs)bis(x1, %)
y -

©
7 \\
© @ Ma_s2(x2)

o/4

m3a(x) = Y d3(xa)¢as(x, x3)

X3

Z ¢4(X4)¢24(X2, X4)

X4

m1(x) =Y da(xe)dr2(x1, x2) M 2(x2) ma2(x2)

X2

p(x1) o< ¢1(x1)mai(xa)ms1(x1), Z= Z p(x1)

@ Elimination algorithm in trees is equivalent to message passing

@ What about we want p(xs)? rerun the algorithm?
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Belief Propagation (BP)

Input: Tree 7 with potentials ¢i(x;), ¢ij(xi, x;))V(i,j) € T
Choose root r arbitrarily

Pass messages from leafs to r

Pass messages from r to leafs

Compute

p(xi) o ¢i(xi) [ mjix), Vi

JENT(I)
Running time is 2 times the cost of VE = O(nk?) with n = #nodes and
k = F£states per node

Numerically difficult: renormalized the messages to sum to 1 as constants
are taking care by normalization constant later

Id
mP®(x;) = 7mf_>i(Xi)
— 1) — ~
J’ % mfgi(xi)

Even better to work in log domain
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Generalization to Tree-Structured Factor Graphs

Iteratively updates and passes messages:
@ rr,y, € RYi: factor to variable message

® g, F € RYi: variable to factor message

rr—y;
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Variable to factor

@ Let M(/) be the factors adjacent to variable i, M(i) ={F € F:(i,F) € £}

@ Variable-to-factor message

aor(i) = D reoy(n)

FreM()\{F}
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Factor to variable

@ Factor-to-variable message

reoy(yi)=log Y e |0yE)+ Y. ayor(y)

YEEVEY! =Yi JEN(F\{i}
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Message Scheduling

@ Select one variable as tree root
@ Compute leaf-to-root messages

© Compute root-to-leaf messages
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Computing marginals

@ Partition function can be evaluated at the root

log Z = IogZexp Z rE—y, (¥r)
¥

FeM(r)

@ Marginal distributions, for each factor

1
nr(ye) = plye) = Z exp | Or(ye) e%(:F Gy (vi)
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MAP Inference

@ Recall the MAP inference task
argmaxp(x),  p(x) = 5 [] delxe)

we assume any evidence has been subsumed into the potentials
@ As the partition function is a constant we can alternatively
arg max H dc(xc)
ceC
This is the max product inference task
@ Since the log is monotonic, let 0.(x;) = log ¢ (xc)
arg max Z 0c(xc)
ceC
This is called the max-sum
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@ Compare the sum-product problem with the max-product (equivalently,
max-sum in log space):

sum-product Z H be(xc)

x ceC

max-product m)?xz 0c(xc)
ceC

@ Can exchange operators (+,*) for (max, +) and, because both are semirings
satisfying associativity and commutativity, everything works!

@ We get " max-product variable elimination” and " max-product belief
propagation”
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Simple Example

@ Suppose we have a chain, A— B — C — D and we want MAP

max ¢ap(a, b)psc(b, c)ocp(c, d)

a,b,c,d

@ We can push the maximizations inside
max dag(a, b) max ¢pc(b, ¢) max ocplc, d)
a, c

or equivalently

max Oa5(a, b) + maxfgc(b, c) + max dcp(c, d)
a, c

@ To find the actual maximizing assignment, we do a traceback
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(=%, N T

SIS R

Procedure Max-Product-VE (
@, [/ Set of factors over X
< Ordering on X
)
Let Xy,..., Xk be an ordering of X such that
Xi<X;Ri<j
fori=1,...,
(®, ¢x,) ¢+ Max-Product-Eliminate-Var(®, X;)
x* + Traceback-MAP({¢x, : i=1,...,k})
return *, & /I & contains the probability of the MAP

£l

Procedure Max-Product-Eliminate-Var (
®, I Set of factors
Z I Variable to be eliminated

¥+ {pe® : Z e Scope[d]}
- -

Ve Ilier @

T 4+ maxzi

return (9" U {r},1))

Procedure Traceback-MAP (
{ox, - i=1,...,k}

w; = (2, 2}) (Scopelgx, | — {Xi})
/I The maximizing assignment to the variables eliminated after

5
o} 4 argmaxg, ¢, (Ti, ;)
1 2} is chosen so as to maximize the corresponding entry in
the factor, relative to the previous choices u,;
return x*
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Max-product belief propagation (for tree-structured MRFs)

@ Same as sum-product BP except that the messages are now

mj—n(X:) = max¢1()9 ¢U(XnXJ H mk—>J Xj
keN()\i

@ After passing all messages, can compute single node max

mi(x) = ¢i(x) [[ mimiCx), Vi

JEN()

@ If the MAP assignment x* is unique, we can find it by locally decoding each
of the single node max-marginals

x;" = arg max m;(x;)
Xi
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Max-sum belief propagation (for tree-structured MRFs)

@ Same as sum-product BP except that the messages are now

mjsi(xi) = max6;(x) + 05(xi. ) > misi(x)
! keN()\i

@ After passing all messages, can compute single node max

m,-(x,-) = 9,'(X,') + Z ij;(X,'), Vi

JEN(i)

@ If the MAP assignment x* is unique, we can find it by locally decoding each
of the single node max-marginals

*
X = arg max mi(x;)
@ Working in log-space prevents numerical underflow/overflow
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Factor Graph Max Product

Iteratively updates and passes messages:
@ rr,y, € RYi: factor to variable message

® g, F € RYi: variable to factor message

rr—y;
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Variable to factor

@ Let M(/) be the factors adjacent to variable i, M(i) ={F € F:(i,F) € £}

@ Variable-to-factor message

aor(i) = D reoy(n)

FreM()\{F}
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Factor to variable

@ Factor-to-variable message

’F%y/(yi)zy,egFa;,_y_ 0(yr) + Z qyj—>F()’f)
e JEN(F\{i}
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Message Scheduling

@ Select one variable as tree root
@ Compute leaf-to-root messages

© Compute root-to-leaf messages
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Max Product v Sum Product (log domain)

Max sum version of max-product

@ Compute leaf-to-root messages

aor(i) = D reoy(n)
FreM(i)\{F}

@ Compute root-to-leaf messages

o) =, max_ (00F)+ D Ry
FEYR Y=y JENFIi}

Sum-product
@ Compute leaf-to-root messages

Gioryi) = D reoy(n)
FreM(i)\{F}

@ Compute root-to-leaf messages

reoy(vi) =log

YrEVE,Y! =yi

exp [O(vr)+ D> aysr(y))
JENFI\(7}
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