Solution to the 2018 CSC 336 Exam

1. [10 marks; 2 marks for each part]

For each of the five statements below, the students were asked say whether the state-
ment is true or false and briefly justify their answer.

(a)

A good algorithm will produce an accurate solution to a problem regardless of
the conditioning of the problem being solved.

False.

If a problem is ill-conditioned, any small rounding that you make in solving the
problem might result in a very large change in the computed solution. So, it is
very likely that the computed solution will be inaccurate (at least in some cases).

In the IEEE double-precision floating-point number system, machine epsilon, of-
ten referred to as €.y in your textbook, is the smallest positive floating-point
number. That is, there are no double-precision floating-point numbers between
€mach and zero.

False.
The definition of machine epsilon that I gave them in class is that it is the distance

from 1 to the next larger machine number. This is very different from the smallest
positive floating-point number.

A well-conditioned matrix can have a very small determinant. That is, an n X n
matrix A can have cond(A) not too large (for example, 1 < cond(A) < 10), but
det(A) very close to 0 (i.e., 0 < det(A) < 1).

True.

An example of a matrix A with cond(A) not too large but det(A) very close to 0

(i.e., 0 < det(A) <« 1) is
e 0
= (67

condso(A4) = (|4l | A7
1

=€ —
€

=1

where 0 < € < 1. In this case,

but
det(A) = €

So, cond(A) =1 but 0 < det(A) = € < 1.
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If an iterative method for solving a nonlinear equation gains more than one bit of
accuracy per iteration, then it is said to have a superlinear rate of convergence.

False.

A linearly convergent iterative method can gain more than 1 bit of accuracy per
iteration. To see this, recall that a linearly convergent iterative method satisfies

i =2

for some C' < 1, where x* is the root. If C' < 1/2, then this iterative method will
gain more than one bit of accuracy per iteration (at least for n sufficiently large).
Suppose you are given N data points, (t1,y1), (t2,¥2),- .., (tN, yn), where

e N is a positive integer,

e ecacht, e Rand each y, € R, forn=1,2,..., N, and

o 1 <ty < < iy

Then there are infinitely many polynomials of degree IV that interpolate the data

points (t1,v1), (t2,Y2), - - . (tn, Un)-
True.

I showed them in class that there is a unique polynomial py(t) of degree N — 1
or less that interpolates the data:

pn(t) = yi fori=1,2,...,N
Now, for any ¢ € R, let
pre(t) =pn(t) +c(t —t1) - (T — tn)
Note that, for any ¢ # 0, pn.(t) is a polynomial of degree N and
pne(ti) =vy;  fori=1,2,....N

So, for any ¢ # 0, py.(t) is a polynomial of degree N that interpolates the
data. Since there are infinitely many nonzero ¢ € R and each of them gives
rise to a different polynomial py.(t) (i.e., Pne (t) # Dne(t) if ¢1 # ca), there
are infinitely many polynomials of degree N that interpolate the data points

<t17y1>7 (t27y2)7 s (tN7yN)-
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2.

[10 marks: 5 marks for each part]

I told the students that the function

flo) =
satisfies
i () = 1 )

I also told them that they don’t have to prove (1); just accept it as true.

[ also gave them a table on page 4 of the exam that shows the computed values of f(x)
forx =107% and k =1,2,...,15.

(a) I noted that the computed values for f(x) first seem to be converging to 1 for
k=1,2,...,8, but then diverge from 1 for £k = 11,12,...,15. I asked them to
explain why this happens.

The students should do a little rounding error analysis to explain why the com-
puted values for f(z) in the table behave the way they do. To this end, I told
them that they can assume

exp(z) = e"(1 + 0,)

where 0, changes with z, but its magnitude is at most a few multiples of €.cp.
(Le., |02] < ¢€maen for some ¢ that is at most 2 or 3.)

Therefore,
() =1 (<)

e

(2)
_ (€A +6:) —1)(1+04) (1+6)

for some §; and J satisfying ;| < %emach and |09 < %emach. Now we can perform
standard mathematical operations on the last line of (2) to get

Mﬂ@»—fiiifiu+aM1+@>

) (14 61)(1 4 69)

(=
((1+ —x+ O(x )) (%ex)) (14 61)(1 4 92)
( < z+ O(x )> + <%ex)) (1+01)(1+02)
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From our assumption above, |0,;] < cépaen S 107, So, for £ = 1,2,...,6 and
r=107F,
bl

1
. <~z + O(2?)

2

Hence, from the last line of (3),

1
f(f () = 1+ 52+ O(7)
That is, our rounding error analysis predicts that the computed value of f(z) will
behave like 1 + %x + O(2?) for k = 1,2,...,6. We see quite clearly in the table
on page 4 of the exam that this is indeed the case.

For the values of k in the range k = 7,8,...,11, the behaviour of f(x) is not as
clear. That’s because, for the k in this range,
Oz 1

, Qx—i-(?(x)

Hence, from the last line of (3), we see that both

1
—z + O(z?)
2
and
Oz
x

affect the behaviour of f(x). So, our rounding error analysis predicts that the be-
haviour of f(x) is not particularly clear in this range. This prediction is supported
by the data in the table on page 4 of the exam.

However, for k = 12,13,14, 15,

1 Oz
0< 51’4—(9(1’2) < .

So, for this range of k, our rounding error analysis predicts that

A(f(z)) ~ 1+%

Since the 0, is somewhat “random” in the range [—¢ €mach, € €macn|, the values of
f(z) for k in this range are somewhat erratic, but |0,/z| generally grows at x
decreases (e.g., k increases). Hence, f(z) diverges from 1 (in a somewhat erratic
way) as k increases for k in this range. This prediction is supported by the data
in the table on page 4 of the exam.
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(b) The students are asked to explain why the computed values for

et —1
~ In(e?)

g9()

shown in column four of the table on page 3 of the exam (see the file exam.2018.pdf)
give much more accurate results for small z than f(z) does, even though in exact
arithmetic f(z) = g(x) for all z € R (assuming you define f(0) = ¢g(0) = 1).

To see how rounding errors affect g(x), we first need to see how rounding errors
affect In(u) for u close to 1. It’s reasonable to assume that

A(In(u)) = In(u)(1 + &) (4)

However, |0,| might be much larger than €y, since In(w) is ill-conditioned for u
close to 1. (Note, we are assuming here that © = e” and |z| is small, so u ~ 1.)
For now, let’s not try to determine a bound on |d,|. We will come back to that
later. So, using (4), we can perform a rounding error analysis on g(z) that is
much like the one in part (a) for f(z). That is,

o) =1 (- )

(@1 +0,) — 1)(1 +61)
~ (In(e*(1+4,))) (1 + dy,) (1490)

(5)

for some §; and d; satisfying |d;| < %emach and [0z < %emaeh. It’s important to note
that the rounding error that is made when computing e” is the same for the e in
the numerator of (5) and the e® in the denominator of (5). More generally, the
rounding error that is made when computing e” is deterministic. So, the rounding
error is the same whenever e computed for the same value of x. Therefore, the
J, in the numerator of (5) is the same as the 0, in the denominator of (5). This
is very important for the analysis below.

For the analysis that follows, it is convenient to note that there is a 4, such that
et = o7(1 4 4,) (6)
where by taking logarithms of both sides of (6), we see that
T+ 06, = x4 In(1+40,)

whence

0y = In(1 +6,) = 6, + O(6?)

Since we assumed in part (a) that |0,;] < ¢€macn for some ¢ that is at most 2 or 3,
it follows that |0,| < ¢ €maen for some ¢ that is only slightly different from ¢. That
is, we can also assume ¢ is at most 2 or 3.
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Therefore, we can rewrite (5) as

(et —1)(1+6)
(In(e=+=))(1 + d,,)

B T s _ ] y (14 61)(1+469)
 In(evtd0) (14 6u)

fi(g(z)) = (1+02)

R R R (7)
(+0,) + 2@+ 0.2+ O((x +6,)%) (14 61)(1 4 6y)

B (x+3.) T
- (1 + %(m +0,) + O((z + Sx)z) < +<fli((155 )
For k=1,2,...,13 and x = 107%,
\550] <Lz
So,
(1450480 + O+ ) =14 5 3)

which agrees very well with the numerical results shown in the table on page 4 of
the exam. A slightly surprising thing is that the term

(1+61)(1 + 6y)
(14 6y)

on the right in (7) does not disturb the result (8). Although the §; and J, terms
would not disturb the result (8), since |6;| < %emach and |0y] < %emach, I would
have expected that the 4, term could disturb the result (8), since I think we could
have |d,| > €macn. However, the results in the table on page 4 of the exam do not
suffer from this potentially large perturbation.

Also, for k = 14,15, you might expect that

This could also perturb the result (8). However, this potential perturbation does
not appear to occur in the numerical results reported in the table on page 4 of
the exam.
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3. [15 marks: 2 marks for each of parts (a) and (c); 3 marks for each of parts (b) and
(e); b marks for part (d)]

(a) [2 marks]
I asked the student to show that, if A is an n x n real symmetric positive-definite
matrix, then A4,; >0 forallt=1,2,... n.

I gave them the following hint.

Hint: for each ¢ = 1,2, ..., n, choose a particular € R" for which = # 0
and A;; = #TA#. Then note that 27 Az > 0, since & # 0 and A is an
n X n real symmetric positive-definite matrix.

What is the required vector 7?7

The required & is & = e;, where e¢; € R™ is the vector with all elements equal to
0 except for the i*® element, which is 1. (Another way of saying this is that e; is
the i*h column of the n x n identity matrix.) It is very easy to see from this that

T AG = el Ae; = Ay

In addition, since e; # 0 and A is symmetric positive-definite, we must have
el Ae; > 0. Therefore, Aii = el Ae; > 0.

[If they don’t give the last two sentences above, don’t take off any marks, since

it is just repeating what is in the hint. Give them the full 2 marks if they say
T = ei.]
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(b) [3 marks]

I told the students to let

m;1 = Ai,l/Al,l for i = 2, ,n
and form the vectors
0 1
ma1 0
my = msn, e = 0
mp1 0
and the matrix
M1 =1 - ma 6{
where [ is the n x n identity matrix.
Then I asked the students to show that
A O o .- 0
0 /}2,2 /}2,3 /}2@
Ay = M AM] = 0 Asp Ass Az (9)
O An,Z An,iﬂ An,n

where A ; is the (1,1)-element of the original matrix A and the fli,j, for ¢ =
2,...,nand j = 2,...,n, are modified elements of A computed by multiplying A

by M, on the left and by M on the right.

To see that (9) holds, first note that M;A is just the matrix that we would get

from the first stage of Gaussian elimination. That is,
Arg {11,2 {11,3 {11,n
0 42,2 42,3 1‘}2,n
A= MA= 0 Aso Aszg As,, (10)
0 An,Q An,?) An,n
where the elements A; ; for i =1,2,...,n, in the first row of A; are the elements

in the first row of A. That is, the first row of A is unchanged by the multiplication

M A.

Now, when you compute AlMlT , this has the effect of multiplying column 1 of A
by m;; and subtracting it from column i of Ay, for i = 2,...,n. So, the (1,1)
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element of 4; = AIMIT becomes

Al,i - mi,lAl,l = Al,i - mi,lAl,l
= Al,i - (Ai,l/Al,l)Al,l

= A1 — Ain

=0
where the last line follows from the symmetry of A. Therefore, the first row of
Ay = AAMT = MyALMT has zeros in elements (1,4), for i = 2,...,n, as shown
in (9).

Note that the first column of A; is not changed by the multiplication AlMlT :
Therefore, the (1,1) element of A; = A;M] = M;A; M is A;; and the elements

(1,1), for i = 2,...,n, are zero, as shown in (9).
Finally, note that the multiplication AlMlT does not change the elements (i, 5), for
i=2,...,nand j =2,...,n of A, because all the elements (i,1) fori =2,...,n
in the first column of A; are zero. So, the elements A,-J, for v = 2,...,n and
j=2,...,n,in A; and Ay are exactly the same.
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[2 marks|

Show that the matrix A; shown in (9) is an n X n real symmetric positive-definite
matrix.

Ay = M AMT is obviously an n x n real matrix, because each of My, M{ and A
are n X n real matrices. Hence, the product M;AM{ is an n x n real matrix.
[If they do not mention this, do not take off any marks.]|

To see that A; = My AM is symmetric note that

AT = (MyAMT)"
= (M])" AT
= M AMT
= A,

where we have used the fact that A is symmetric (i.e., A = AT). Since AT = A,
Aj is symmetric.

To see that A; = My AMT is also positive-definite, note that for any z # 0,y =
Mz also satisfies y # 0, since M, is nonsingular, hence M is also nonsingular.
Therefore, y* Ay > 0, since y # 0 and A is symmetric positive-definite. Putting
these pieces together, we get that for any = # 0

T Ay = ot (MlAMlT) x
= (2"My) A (M z)
= (MlTx)T A (MlTx)
=y Ay
>0
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[5 marks]

Show that you can compute A; with %n(n —1) adds and multiplications and n— 1
divisions.

We need n — 1 divisions to compute the multipliers
mi1 :Ai,1/A171 fori=2,...,n

Having computed the multipliers with n — 1 divisions, we need to show that we
can compute A, = MyAM{ with in(n — 1) additional adds and multiplications.

From (9), it is clear that we only need to compute the fl” fori=2,...,n and
j =2,...,n, since Ay is the (1,1) element of A and so does not need to be
computed, and the zeros in the first row and column of A; don’t need to be
computed either, since we chose the multipliers so that these elements would be
Zero.

First note that A; is symmetric, so we need to compute only elements (i, 7) of

Ay fort=2,...,nand j = 2,...,1, since we can use the symmetry of A; to get
the other elements. That is, you only need to compute element (i,7) of A; for
i=2,....,nand j = 2,...,4, since elements (¢, 7) and (j,7) of A; are the same.

So, you don’t need to compute the elements (j,i) of A; — you essentially get
them for free. Hence, we only need to compute gn(n — 1) elements of A;.

Second, we noted in part (b) above that the elements /LJ for i = 2,...,n and
j=2,...,nin (9) and (10) are the same. So, we only need to compute elements
/L»,j in (10) for i =2,...,nand j = 2,...,i. Moreover, to compute each element
/Alm- in (10) requires one multiplication and one subtraction (which we usually
call an addition). Therefore, we can compute all the fl” for e = 2,...,n and
J=2,...,1 with %n(n — 1) adds and multiplications and then use the symmetry
of A; to get the other elements Aw fore =2,...,.n—1land j =i+1,...,n
without any additional computational work.

Therefore, the total computational work required to compute A; = M;AMY is

in(n — 1) adds and multiplications and n — 1 divisions.
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(e)

[3 marks]
I asked the students to show that they can rewrite

My My_y- MoMyAMIM] - MY M =D (11)

as
A=LDL" (12)

I also asked them if they can determine the L needed in (12) without any addi-
tional arithmetic work and to justify their answer.

The key here is to note that the My = I — mke;f in (11) are the same as the Mj,
that we used in Gaussian elimination. Therefore, they can use without proof that
M ' =1+ myel and that

]\/_/1_1]\42_2--~Mn__11 = I—i—mlequngeg—i— ---—|—mn_1e£_1 (13)

Moreover, each of the myel in (13) is an n x n matrix with all elements zero except
for the elements in the k' column below the diagonal, which are the multipliers
used in the k*P-stage of the LDL factorization. Therefore, you can form the lower
triangular matrix

L — M{1M2*2 e M,r:_l]_ == I _'_ mle{ + m2€’§ + st + mnflez;_]_

without doing any additional computational work: you just have to put 1’s on
the diagonal of L and copy the the multipliers used in the k'"-stage of the LDL
factorization into the &' column of L below the diagonal.

Note also that

LT‘::(A4J1A452.__A171)T’::A47T

n—1 n—1"

--M{TMfT

where I have used M, for (M_*)7.
We also need below that M, " = (M, ")T = (M})~".
Therefore, we have from (11) and the discussion above that

A= M1—1M2—2 o ]\471—_111)]\/[71—_7’1 .. M2—TM1—T
=LDL"

As explained above, we don’t need any additional computational work to deter-
mine the L. We just need to copy values that are already computed into the right
place in L.
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4. [15 marks: 5 marks for each part]

(a) To show that there is a unique point z* > & for which f(z*) = 0, we will follow
the advice of the hint and first show that f(z) — oo as x — oo.

First note that, since f'(z) =0
f@) = 1) - 1@ = [ o

for x > &, since f”(x) > 0 for all x € R. In addition, f’(z) is strictly increasing.
That is, if 1 < xo, then f'(z1) < f'(xq), since

f(22) = f'(a1) = / ? ) ds > 0

Putting these two results together, we get that f'(z) > f/(z+1) > 0 for x > #+1.
Therefore,

ﬂ@—f@%=/?ﬂww

:/I+ f'(t) dt + ’ f'(t) dt
T T+1
>0+ f(2+1)(z—(2+1))

since f'(t) > 0 for ¢t € [&,2 + 1] and f'(t) > f'(z+ 1) for t € [ + 1,z]. Since
ff(a+1)>0, f(2+1)(x —(T+1) - 0o as © — oo. Therefore, f(z) — oo as
T — 00.

Since f(x) — oo as & — o0, there must be an & > & such f(&) > 0.

In addition, since f”(z) exists and is continuous for all z € R, f’(z) exists and is
continuous for all z € R, which in turn implies that f(x) exists and is continuous
for all z € R.

Therefore, we have that

e f(x) is continuous for all = € R,

e f(z) <0and f(&) > 0.
Therefore, by the Intermediate Value Theorem, there is an z* € (Z, &) such that
f(z*) = 0. That is, there is an z* > & such that f(z*) = 0.
To see that z* is the only point > & for which f(z*) = 0, it is sufficient to note
that f(z) is a strictly increasing function of z for x > &, since f'(x) > 0 for all
x> 7.
Alternatively, they could prove the result by contradiction as follows. Suppose
there is another point y* > z for which f(y*) = 0. If * < y*, then

167 =16 = [ s> 0
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since we showed above that f/(x) > 0 for all z > & and z € [z*,y*] implies that
x > . However, this contradicts, f(y*)— f(z*) = 0, which follows from f(z*) =0
and f(y*) = 0. Assuming z* > y* leads to a similar contradiction. Therefore, we
must have x* = y*. That is, there is only one point z* > & for which f(x*) = 0.

I asked the students to show that, if xg > 2 and z,,, for n = 1,2, ..., is generated
by Newton’s method
Ty =Tp_1— f(Tn1)/f (Tn_1), forn=1,2,... (14)
then
o ¥ <x,forn=12 ... and

o v, <ux,forn=12 ...

That is, the x,, form a decreasing sequence that is bounded below by z*.

A few people seemed to be confused by the assumption that I asked them to
show z* < x, for n = 1,2,..., but I told them to assume only xy > z. Since
& < x*, they were worried that, if xy € (z,2*), then this would violate z* < x,, for
n=1,2,.... Of course, it doesn’t, since the condition z* < x,, forn = 1,2, ...
starts with n = 1, not n = 0.

First suppose xg = x*. Then f(z¢) = f(2*) = 0 and, from part (a), f'(x¢) =
f'(x*) > 0. Therefore, (14) with n = 1, gives 1 = xy = z*. It follows immediately
by induction on n that x,, = xqg = x* for all n = 1,2,.... Hence,

o ¥ <x,forn=12, ... and
o v, <ux,forn=12 ...

Next assume that zp € (&,2*). Since f(x) is a strictly increasing function for
x> & (since f'(x) > 0 for > 2) and f(z*) = 0, we must have f(xy) < 0. Also,
f'(xog) > 0. Therefore, from (14), x; > zo. Hence, x1 > xy > .

Now consider the line

lo(w) = f(xo) + (x — 20) f'(0)

We showed in class that the point x; generated from zy by Newton’s method (14)
satisfies lo(x1) = 0. It obviously also satisfies ly(z9) = f(x¢). Therefore,

flar) = fla1) = lo(z)
= (F(z1) = bo(@))) = (F(z0) ~ lo(av))

— [ (@) - @) ds

Zo

N / U (F@) - f(0) de

Zo

>0
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since f'(x) > f'(xo) for x > xp. Now recall that f(z) is a strictly increasing
function of z and f(z*) = 0 and f(z;) > 0. Therefore, x; > x*.

One the other hand, if o > *, then f(xy) > 0, since f(x) is an increasing
function of z and f(z*) = 0. We also have that f'(x¢) > 0, since we showed above
that f'(z) > 0 for all > & and xy > z* > &. Therefore, we have from (14) that
x1 < x9. Now consider again the line

lo(z) = f(wo) + (z — x0) ' (20)

As noted above, this line satisfies lo(xo) = f(zo). Therefore,

lo(z) = lo(z") — f(z7)

since f'(x) < f'(xg) for x = [2*,x¢), since f'(x) is an increasing function of x
(because f”(x) > 0 for all x € R). Now note that lo(xg) = f(xg) > 0, lp(z*) <0
and [y(x) is continuous. So, lo(x) has a root x; € (z*, (). However, the root x;
of lo(x) is the iterate x; of Newton’s method (14). Therefore, we have shown that
the iterate z; for Newton’s method (14) satisfies z1 > z*.

Hence, whether xy < x* or xg > z*, we get x; > x*.
Now we show by induction on n that

o v¥ < x,forn=12 ..., and

e v, <z, forn=12 ...
For the base case, n = 1, we have already proved z* < z;. Since f(z) is an
increasing function for x > & and f(2*) = 0, f(x;) > 0. Also, f'(z;) > 0.
Therefore, from (14), xo < x;. Therefore, we have proved the two statements

o ¥ < 1,

o 1,1 <x,
for n =1.

Moreover, the general case is essentially the same as the proof given above for
xo > x*. That is, if we assume the induction hypothesis that z* < x,_1, then we
can prove =¥ < x, using the same approach as given above for to prove z* < x;
if we start from z* < xy. Once you have proven z* < z,, it follows easily that
f(z,) > 0 and f'(z,) > 0. Hence it follows immediately from Newton’s method
(14) that z,41 < .
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(c) We showed in part (b) that the z, generated by Newton’s method (14) form a
decreasing sequence that is bounded below by z*. I told them that they can use
without proof that a decreasing sequence that is bounded below must converge.
That is, they can conclude from part (b) without proof that z,, — y* as n — oo
and that z* < y*.

They are asked to show in this part that x* = y*.

We will show that z* = y* by first showing that f(y*) = 0. Then recall that f(x)
has a unique root z* > 2. Since both f(2*) =0 and f(y*) = 0 and both z* > 2
and y* > Z, we must have that * = y* (since otherwise f(z) would have two
roots greater than 7).

So all that remains is to show that f(y*) = 0. To this end note we can rewrite
(14) as
f(xn—l) = _f/($n—1)(xn - xn—l)
Hence,
[ (@)l = ' @n-s)llzn = zna] < |f'(22)[J2n — 2n (15)

for n > 2, since z* < x,-1 < x; from part (b) and f’(z) is a positive increasing
function for z > x*, whence 0 < f'(z,-1) < f'(x1). Now z,, — y* as n — oo. So,
|x, — zp_1] — 0 as n — oco. Hence, it follows from (15) that

lim f(l‘n—l) =0

n—oo

However, f(x) is a continuous function. So,

lim f(zn,1) = f(y")

n—o0

Thus, f(y*) = 0.
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D.

[10 marks: 5 marks for each part]

I told the students to assume that we are given the data

fh=—1 ty=0 t3=1
y1=1 y2=0 yz=1

and we want to find a polynomial p(t) of degree 2 or less that satisfies
p(ti) = y; fori=1,2,3.

(a) The students are asked to use the monomial basis approach to find the polynomial
p(t) in the form
p(t) = c1 + cot + c3t? (16)

They are also asked to give the values of the coefficients ¢y, cs, c3.

We can convert this problem of finding the coefficients ¢y, ca, ¢35 of p(t) to the
following linear algebra problem for the coefficients ¢y, co, c3.

1 -1 1 c 1
1 0 O co | =10
1 1 1 C3 1

The middle equation gives ¢; = 0. Substituting this value into the first and third
equations gives the smaller system

11\ () (1
11 e ) L1
Adding these two equations together gives

203:2

Hence, c¢3 = 1 from which it follows that ¢; = 0.
Thus, our solution is ¢; = 0, co = 0 and ¢3 = 1. Hence, the polynomial is

p(t) = t*
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(b) The students are asked to use the Lagrange basis approach to find the polynomial
p(t) in the form

p(t) = Lty + l(t)y2 + 13(t)ys (17)
where the [;(t), for i = 1,2, 3, are the Lagrange basis functions.

They are also asked to show that the polynomial p(t) written in the monomial
basis form (16) is the same as the polynomial p(t) written in the Lagrange basis
form (17).

To begin, note that we don’t need l5(¢) since yo = 0. The I4(¢) and I5(t) Lagrange
basis functions for this example are

(t—to)(t—ts)  t(t—1)  t(t—1)

WO = G =t D) 2
ity = Lt —t) @+ (1
’ (t3 —t1)(t3 —t2) (2)(1) 2

Therefore

p(t) = L)y + L(t)y2 + 13(t)ys

tt—1)  (t+1)t
> T

= 2

Note that I've shown above that the polynomial p(t) written in the monomial
basis form (16) is the same as the polynomial p(t) written in the Lagrange basis
form (17). They are both p(t) = t2.
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