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Abstract. We analyze the class of Carrier Sense Multiple Access (CSMA) policies for scheduling
packet transmissions in multihop wireless networks with primary interference constraints. Our main
result is to establish that, in an appropriate limiting regime of large networks with a small sensing
period, CSMA policies are capacity-achieving. While such efficiency characteristics of CSMA policies
has been well-established in the special case of single-hop networks, their analysis for general multihop
networks has been an open problem due to the complexity of the interaction among coupled interference
constraints.

To answer this problem, we first introduce a novel fixed point equation to approximate the CSMA
policy performance, and prove that the approximation becomes accurate for large networks with a
small sensing period. Then, we use this approximation to characterize the achievable rate region of
static CSMA schedulers, and show that the achievable rate region asymptotically converges to the
capacity region of the network under primary interference constraints. This work reveals that random
access schemes, which can operate asynchronously, can be used in large networks to serve many flows
efficiently. Our empirical investigations also indicate that the accuracy of our fixed point formulation
is achieved even for moderately sized networks.

This result has important implications for network algorithm design for ad hoc networks in that it
reveals for the first time that random channel access schemes with attractive complexity, overhead,
distributiveness, and asynchronism characteristics can achieve maximum throughput in large multihop
networks.
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1 Introduction

In this paper, we investigate Carrier Sense Multiple Access (CSMA) policies for multihop wireless
networks in which nodes operate asynchronously and sense the wireless channel before making an
attempt to transmit a packet, which may result in collisions. Our aim is to understand the achievable
rate region of such random access policies. For fully-connected (also called single-hop) wireless networks
where all nodes are within transmission range of each other, it is well-known that CSMA policies
are throughput-optimal® in the limiting regime of networks with many small flows and small sensing
periods [1]. However the analysis of CSMA schedulers for general multihop networks has been an
open problem due to the complexity in the interaction amongst interfering transmissions. As a result,
currently very little is known about the performance of CSMA in wireless multihop networks, and
whether they are still throughput-optimal in this case.

Here, we analyze the performance of CSMA policies for general wireless networks with primary
interference constraints. The main contribution of the paper is to show that CSMA policies are asymp-
totically throughput-optimal for large networks with many small flows and a small sensing time. This
is a surprising and counter-intuitive result, and we provide a discussion in Section 5 to give intuition
why this result is true.

The main results that we obtain in our analysis are as follows. We introduce a novel fixed point
approximation, called the CSMA fixed point, to characterize the service rates of CSMA schedulers, and
show that the fixed point approximation is asymptotically accurate for large networks with a small
sensing time. Using the fixed point approximation, we characterize the achievable rate region of the
static CSMA schedulers for networks with primary interference constraints. We show that the achievable
rate region converges to the capacity region for networks with many small flows and a small sensing
time.

This paper is a continuation of our earlier work [15], in which we analyzed the synchronized operation
of CSMA policies. This assumption greatly simplifies the analysis but is not realistic for a practical
network. Here, we provide the analysis and results for the general case of an asynchronous operation of
the networks, and we provide numerical results to confirm our theoretical statements and to investigate
the accuracy of our result for moderate sized networks.

Our results have important implications. While the design of throughput-optimal network algorithm
design has attracted much attention (see, for example, [3,5,6,8,11,17,18,21,24,25] and references therein)
in the last decade following the seminal work of Tassiulas and Ephremides [22], there are important
issues such as computational and communication complexity, synchronization, and distributiveness
that need to be resolved before their practical implementation. Our results show that CSMA policies
can also achieve throughput-optimality in large multihop networks and are potentially much simpler
to implement; hence, opening up the possibility of obtaining practical distributed resource allocation
mechanisms for wireless multihop networks that are throughput optimal.

The paper is organized as follows. In Section 3, we define our system model and in Section 4 we
describe the main components of the class of CSMA policies we consider in this paper. In Section 5
we provide a summary and discussion of our main result. We provide our fixed point formulation and
prove its asymptotic accuracy in Sections 7-sec:asymp. In Section 10 and 11, we respectively provide
a characterization of the achievable rate region of the class of CSMA policies, and show that it is
asymptotically capacity achieving. We end with concluding remarks in Section 12.

2 Related Work

For single-hop networks where all nodes are within transmission range of each other, the performance of
CSMA policies is well-understood. For the case where nodes are saturated and always have a packet to
sent, the achievable rate region of CSMA policies is easily obtained [2]. For the case where nodes only
make a transmission attempt when they have a packet to transmit has recently been derived for the
limiting regime of many small flows [2]. Furthermore, the well-known “infinite node” approximations
provides a simple characterization for the throughput of a given CSMA policy, as well as the achievable

1 An algorithm is said to be throughput-optimal if it stabilizes the network queues for flow rates that are stabilizable
by any other algorithm.



rate region of CSMA policies, in the case of a single-hop networks [1]. This approximation has been
instrumental in the understanding of the performance of CSMA policies, as well as for the design of
practical protocols for wireless local area networks [1].

For general multihop networks, results for CSMA policies are available for idealized situation of
instantaneous channel feedback. This assumption of instantaneous channel feedback allows the elimina-
tion of collisions, which significantly simplifies the analysis. Under this assumption, Jiang and Walrand
in [10] derived a dynamic CSMA policy that, combined with rate control, achieves throughput-optimality
while satisfying a given fairness criterion. Similar results have been independently derived by Shah and
Sreevastsa in [20] in the context of optical networks. While these results are obtained for a simplified
(idealized) model of CSMA policies, they suggest the fact that CSMA policies might be throughput-
optimal. In this work, we confirm this suggestion in the presence of collisions. It should be noted
that the result by Jiang and Walrand has been obtained for general interference models, whereas our
analysis focuses on wireless networks with primary interference constraints. However, our analysis does
not assume instantaneous channel feedback and hence takes packet collisions into account.

The paper establishes a connection between the (asymptotic) behavior of CSMA in multihop wireless
networks with well-known results for the Erlang fixed point in loss networks [12]). In particular, our
proof for showing that the CSMA fixed point formulation is asymptotically accurate heavily uses results
and techniques developed by Hajek and Krishna for the special case of a loss network where each link
has capacity one, and the route of each connection consists of two links [9]. This suggests, as it was
also noted in [2], that there is a close connection between the analysis of CSMA policies in multihop
networks and loss networks. Moreover, our analysis suggests that for the well-known limiting regimes
for which it can be shown that the Erlang fixed point is asymptotically accurate (see for example [12]),
it should also be possible to show the same result for the CSMA fixed point presented in this paper.
Exploring this connection beyond the limiting regime considered in this paper is future work.

3 System Model

In this section we describe the network and the traffic model assumed in our paper (see also Fig. 1).
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Figure 1: Example of a network where two routes f and g given by Ry =
{(sf,1), (i, 9), (4, v), (v,w), (w,df)} and Ry = {(sq.k),(k,7),(2,7),(j,n),(n,dg)}. In this net-
work: the set of upstream neighbors of node j is given by U; = {i,v}; the set of downstream
neighbors of node j is given by D; = {i,sq,n,v}; the set of outgoing links of node j is given
by £, = {(4,9),(4,sg),(4,v),(j;n)}; and the set of links that interfere with (,j) is given by
iy = 1(4,1), (85,1), (i, k), (K, i), (4, 8¢), (4,v), (v,5), (j,n)}; the mean rate on link (i,j) is given by
Aij) = Ar + Ag; and the load on node 7 is A; = 2Ap + 2.

Network Model: We consider a fixed wireless network composed of a set N of nodes with cardinality
N, and a set L of directed links with cardinality L. A directed link (i,7) € £ indicates that node i is
able to send data packets to node j. We assume that the rate of transmission is the same for all links
and all packets are of a fixed length. Throughout the paper we rescale time such that the time it takes
to transmit one packet is equal to one time unit.

For a given node i € N, let U; := {j € N : (i,j) € L} be the set of upstream nodes, i.e. the set
containing all nodes which can receive packets from 7. Similarly, let D; := {j € N : (j,4) € L} be set



of downstream nodes, i.e. the set containing all nodes j from which i can receive packets. Collectively,
we denote the set of all the neighbors of node i as N; :=U; UD;. Also, we let £; := {(i,5) : j € D;} be
the set of outgoing links from node ¢, i.e. the set of all links from node 7 to its upstream nodes U;.
Throughout the paper, we assume that U; = D;, for all i € N so that we have U; = D; = N, for
each i € N. This assumption simplifies the notation as we can use a single set N to represent both D;
and U;. Our analysis can be extended to the more general case requiring only notational changes.
Henceforth, we will describe a network by the tuple (N, £).
Interference Model: We focus on networks under the well-known primary interference, or node
exclusive interference, model [13,23].

Definition 1 (Primary Interference Model). A packet transmission over link (i,7) € L; is successful
if only if within the transmission duration® there exist no other activity over any other link (m,n) € L
which shares a node with (i,j). o

The primary interference model applies, for example, to wireless systems where multiple frequen-
cies/codes are available (using FDMA or CDMA) to avoid interference, but each node has only a single
transceiver and hence can only send to or receive from one other node at any time (see [19] for additional
discussion).

We use the following notation to represent the primary interference constraints. For each link [ € L,
let Z; denote the set of links I’ € £ that interfere with link [, i.e. the set of all links I’ € £ that have a
node in common with link /.

Traffic Model: We characterize the network traffic by a rate vector A := {\, },cr where R is the set
of routes used by the traffic, and A\, A, > 0, is the mean rate in packets per unit time along route
reR.

For a given route r € R, let s, be its source node and d,- be its destination node, and let

RT = {(87’7i)7 (ivj)v Ty (Ua w)’ (w’ dT)} cL

be the set of links traversed by the route. We allow several routes to be defined for a given source and
destination pair (s,d), s,d € N.
Given the rate vector A = {\, },er, we let

Mgy == >, A (L)) €L, (1)
r:(4,7)ER
be the mean packet arrival rate to link (4, 7). Similarly, we let
A=) Mgy +Agal,  TEN (2)
JEN;

be the mean packet arrival rate to node i € N.

4 Policy Space and CSMA Policy Description

In this section, we introduce the space of scheduling policies that we are interested in, and provide the
description of CSMA policies in that space. We also define the notions of stability and achievable rate
region.

4.1 Scheduling Policies and Capacity Region

Consider a fixed network (N, £) with traffic vector A = {\, },er. A scheduling policy 7 then defines the
rules that are used to schedule packet transmissions on each link (7,7) € £. In the following we focus
on policies 7 that have a well-defined link service rates as a function of the rate vector A = {\, },er.-

?Notice that our definition of interference model does not require a time slotted operation of the communication
attempts, and hence applies to asynchronous network operation.



Definition 2 (Service Rate). : Consider a fized network (N,L). The link service rate 1 1y (A)
(i,7) € L, of policy 7 for the traffic vector A = {\, }rcr is the fraction of time node i spends successfully
transmitting packets on link (i,7) under m and X\, i.e. the fraction of time node i sends packets over
link (i,7) that do not experience a collision.

Let P be the class of all policies 7 that have well-defined link service rates. Note that this class
contains a broad range of scheduling policies, including dynamic policies such as queue-length-based
policies that are variations of the MaxWeight policy [22], as well as noncausal policies that know the
future arrival of the flows.

We then define network stability as follows.

Definition 3 (Stability). For a given network (N, L), let p™(\) = {1l )N} ajec the link service
rates of policy w, m € P, for the rate vector A = {\; }rer. We say that policy w stabilizes the network
Jor Xif A 5y < u&j)(x\), (i,7) € L.

This commonly used stability criteria [22] requires that for each link (,7) the link service rate
1 j)()\) is larger than the arrival rate A(; ;). The capacity region of a network (N, £) is then defined
as follows.

Definition 4. (Capacity Region) For a given a network (N, L), the capacity region C is equal to the
set of all traffic vectors X\ = { A\ }rer such that there exists a policy m € P that stabilizes the network
for A\, i.e. we have

C={A20:3r P with A\ jy < puf; ;A\, V(i,j) € L}.

4.2 CSMA Policies

In this paper we are interested in characterizing the performance of CSMA policies. In particular, we
are interested in the question whether CSMA policies are throughput-optimal in the sense that for a
given network (N, £) they are able to stabilize any rate vector A in the capacity region C. In this section,
we describe the basic operation of the CSMA policies that we consider; a more detailed description of
channel sensing and transmission scheduling mechanisms are given in Appendix A.

A CSMA policy is given by a transmission attempt probability vector p = (p(i ;)i jec € [0, 1)F
and a sensing period (or idle period) § > 0. The policy works as follows: each node, say i, senses the
activity on its outgoing links [ € £;. We say that ¢ has sensed link (7, 5) € £; to be idle for a duration
of an idle period g if for the duration of 8 time units we have that (a) node 7 has not sent or received a
packet and (b) node ¢ has sensed that node j have not sent or received a packet. If node i has sensed
link (i,7) € L; to be idle for a duration of an idle period (3, then i starts a transmission of a single
packet on link (7,7) with probability p(; ;), independent of all other events in the network. If node i
does not start a packet transmission, then link (¢, 7) has to remain idle for another period of 5 time
units before i again has the chance to start a packet transmission. Thus, the epochs at which node 4
has the chance to transmit a packet on link (i, j) are separated by periods of length 8 during which link
(i,4) is idle, and the probability that i starts a transmission on link (¢, 7) after the link has been idle
for 8 time units is equal to p(; ;),

We assume that packet transmission attempts are made according to above description regardless
of the availability of packets at the transmitter. In the event of a transmission decision in the absence
of packets, the transmitting node transmits a dummy packet, which is discarded at the receiving end
of the transmission (see also our discussion in Section 12).

The duration of an idle period 3 is again given relative to the length of a packet transmission which
is assumed to take one unit time, i.e. if the length of an idle period is L; seconds and the length of
a packet transmission is L, seconds, then we have § = L;/L,. For a fixed L;, the duration of an idle
period § will become small if we increase the packet lengths, and hence the packet transmission delay
L,.
Given the length of an idle period S, in the following we will sometimes refer to p as the CSMA
policy.



4.3 Achievable Rate Region of CSMA Policies

We show in [16] that a CSMA policy p has a well-defined link service rate vector pu(p), i.e. CSMA
policies are contained in the set P. Note that for a given (3, the link service rate under a CSMA policy
depend only on the transmission attempt probability vector p, but not on the arrival rates A. The
achievable rate region of CSMA policies is then given as follows.

Definition 5 (Achievable Rate Region of CSMA Policies). For a given network (N, L) and a given
sensing period (3, the achievable rate region of CSMA policies is given by the set of rate vectors \ =
{\r}rer for which there exists a CSMA policy p that stabilizes the network for X, i.e. we have that

Ay < g (), (4,7) € L.

5 Main Result

For given network (N, L), let T'(3) be the achievable flow rate region of CSMA policies when the
duration of an idle period is equal to 3. After providing a characterization of T'(/3), in our main result
in Section 11, we show that

E%F(ﬁ):{/\ZO:Ai<1, for all i € N'}

for networks with many small flows 3. Since it is impossible for any policy to stabilize the network if for
a node 7 we have that A; > 1, this results states the CSMA policies are (asymptotically) throughput-
optimal.

In fact, there is an interesting corollary to this result. It provides a simple characterization of
the capacity region for networks with many small flows, i.e. the (asymptotic) capacity region of such
networks is given by

C={A>0:A;<1, foralli e N'}.

The result that the achievable rate region of CSMA policies is asymptotically equal to C (for networks
with primary interference constraints) may seem very surprising and counter-intuitive at first. And
indeed, it is important to stress that our result does not state that the achievable rate region of CSMA
policies is always equal to C, but only under the conditions that (a) 8 becomes small and (b) the network
resources are shared by many small flows. Let us briefly comment on these two conditions.

The fact that 3 needs to be small in order to obtain a large achievable rate region is rather intuitive;
clearly if (8 is large (let’s say close to 1) then the above result will not be true. The fact that we need
the assumption of many small flows in order to obtain our result is illustrated by the following example.

Flow f;

Five possible maximal matchings for the Pentagon
network under the primary interference model

Figure 2: The pentagon network with flows rq,--- .75 on each link, and the five possible simultaneous
transmissions that can occur under the primary interference model. The rate A\, = (1 —€)/2, i =
1,---,5, for any € € (0,0.1] is not achievable by any policy for this scenario.

Example 1. For the pentagon network of Figure 2, let ¢ € (0,0.1] and \,, = (1 — €)/2 for each
r = 1,---,5. Then, the load on each node is given by A; = (1 —¢) for each i € N. Although the
resulting traffic vector X lies within C, no scheduling policy can stabilize the network for A. This can be
seen by noting that at most two links out of five can transmit successfully at a given time, as shown in
the figure. Hence, even an optimal centralized controller cannot achieve a mazimum symmetric node
activity of more than 2/5, and clearly, our result cannot hold for this network. o

3We will provide a precise description of the assumption need for the derivation of this result in Section 11.



The reason that in the pentagon network a node cannot achieve a throughput of more than 2/5 is
that under each “maximal” schedule given in Figure 2, if one of the neighboring nodes of a given node
i is busy transmitting, then node 7 has to wait for a duration of 1 time unit to get a chance to make
a transmission attempt. However, if we have a network where each node ¢ has many neighbors with
which it exchanges data packets (many flows), then nodes will typically have to wait for much less than
1 time unit before it gets the chance to make start a packet transmissions. Intuitively, the larger the
number of neighbors of a node, the shorter a node has to wait until it gets a chance to start a packet
transmission. In addition to having many flows, we need the assumption that each flow is small in order
to avoid the situation where the dynamics at each node is basically determined by a small number of
large flows, essentially leading to a similar behavior as in the case where each node has only a small
numbers of neighbors. Note however that these assumptions aren’t sufficient in order to obtain our
result; we also need to show that there exists a CSMA policy under which nodes (a) don’t wait too long
before making a transmission attempt (and hence waste capacity), (b) are not too aggressive such that
a large fraction of packet transmissions result in collisions, and (c¢) share the available network resources
such that the resulting link service rates support the given traffic vector A € C.

6 Overview of Analysis

In this section, we provide a brief description of the different steps taken toward obtaining our main
result that CSMA policies are (asymptotically) throughput-optimal for networks with many small flows
and sufficient routing diversity.

CSMA Fixed Point Our first step is to derive a tractable way to characterize the link service rates
for a given CSMA policy. Inspired by the reduced load approximations utilized in the loss network
analysis [12], in Section 7.2 we propose a novel fixed point formulation to model the performance of a
CSMA policy p. Similar to the reduced load approximation in loss networks, the fixed point equation
is based on an independence assumption. We show that the fixed point is well-defined, i.e. there exists
a unique fixed point.

Asymptotic Accuracy of the CSMA Fixed Point We then show that the CSMA fixed point
asymptotically accurate in the sense that it accurately characterizes the link service rates of a CSMA
policy as 3 becomes small for large networks with many small flows. A technical issue the requires care
in the proof is the scaling of how  becomes small and the network size N becomes large. For our proof,
we use the scaling given in Assumption 1 in Section 9.

Achievable Rate Region under the CSMA Fixed Point We then use the CSMA fixed point to
characterize the achievable rate region, and show that this characterization suggests that CSMA policies
are throughput-optimal in the limit as the sensing time § becomes small. As part of the deriving the
achievable rate region using the CSMA fixed point, we obtain an algorithm that allows to compute
CSMA policy to stabilize the network for a given rate vector A that is in the achievable rate region.

Throughput-Optimality of CSMA polices Finally, in Section 11, we derive our main result, i.e.
that CSMA policies become asymptotically throughput-optimal as 3 becomes small for large networks
with many small flows.

In our subsequent discussion, for ease of exposition we will typically refer to links as performing
sensing or transmission attempts. This must be understood as the transmitting node of the (directed)
link performing the action.

7 Formulation of CSMA Fixed Point Equation

In the first part of our analysis, we introduce a fixed point approximation, called the CSMA fixed point,
to characterize the link service rates under a CSMA policy p. The fixed point approximation extends



the well-known infinite node approximation for single-hop networks (see for example [1]) to multihop
networks which we briefly review below.

In the following we will use 7 to denote the services rates obtained under our analytical formulations
that we use to approximate the actual service rates p under a CSMA policy as defined in Section 4.3.

7.1 Infinite Node Approximation for Single-Hop Networks

Consider a single-hop network where N nodes share a single communication channel, i.e. where nodes
are all within transmission range of each other. In this case, a CSMA policy is given by the vector
p = (p1,---,pn) € [0,1]Y where p, is the probability that node n starts a packet transmission after
an idle period of length 3 [1].

The network throughput, i.e. the fraction of time the channel is used to transmit packets that do
not experience a collision, can then be approximated by (see for example [1])

G(p)e ¢

T(G(p)) = m

(3)

where G(p) = 25:1 pn- Note that G(p) captures the expected number of transmissions attempt after
an idle period under a CSMA policy p.

This well-known approximation is based on the assumption that a large (infinite) number of nodes
share the communication channel. It is asymptotically accurate as the number of nodes N becomes
large and each node makes a transmission attempt with a probability p,, n € N that approaches zero
while the offered load G = 25:1 pr, stays constant (see for example [1]).

The following results are well-known. For 3 > 0, one can show that

fG) <1, G>0, (@)
and for GT(8) = v/203, 8 > 0, we have that

lim (G (8)) = 1. (5)

Using (3), the service rate u,(p) of node n under a given CSMA policy p can be approximated by

pneGP)

m, n:L...,N. (6)

7u(P)
In the above expression, p, is the probability that node n tries to capture the channel after an idle
period and e~%(P) characterizes the probability that this attempt is successful, i.e. the attempt does
not collide with an attempt by any other node.
Similarly, the fraction of time that the channel is idle can be approximated by

B

p(p) = p(G(p)) = F11_ o

where we have that limg o p(GT(8)) = 0.

7.2 CSMA Fixed Point Approximation for Multihop Networks

We extend the above approximation for single-hop networks to multihop networks as follows.
For a given a sensing period 3, we approximate the fraction of time p;(p) that node i is idle under
the CSMA policy p by the following fixed point equation,

_ g .
p?(p)_ (ﬂ—l—l—e*Gi(P))’ Z—l; 7N7 (8)
where
Gi(p) = Z [pi.5) + PGy i (D), i=1,---,N. 9)
JEN;



We refer to the above fixed point equation as the CSMA fized point equation, and to a solution p(p) =
(p1(p), - ,pn(p)) and G(p) = (G1(p),- - , Gn(p)) to the fixed point equation as a CSMA fized point.

The intuition behind the CSMA fixed point equation (8) and (9) is as follows: suppose that the
fraction of time that node i is idle under the CSMA policy p is equal to p;(p), and suppose that the
times when node 7 is idle are independent of the processes at all other nodes. If node i has been idle for
[ time units, i.e. node 7 has not received or transmitted a packet for § time units, then node ¢ can start
a transmission attempt on link (i,7), 5 € NV;, only if node j also has been idle for an idle period of 3
time units. Under the above independence assumption, this will be (roughly) the case with probability
p;(p), and the probability that node i start a packet transmission on the link (4, j), j € N;, given that
it has been idle for 3 time units is (roughly) equal to p(; ;)p;(p). Similarly, the probability that node
j € N starts a packet transmission on the link (j,7) after node i has been idle for 8 time units is
(roughly) equal to p(;;)p;(p). Hence, the expected number of transmission attempts that node i makes
or receives, after it has been idle for § time units is (roughly) given by (9). Using (7) of Section 7.1,
the fraction of time that node 7 is idle under p can then be approximated by (8).

There are two important questions regarding the CSMA fixed point approximation. First, one needs
to show that the CSMA fixed point is well-defined, i.e. that there always exists a unique CSMA fixed
point. We have the following result.

Theorem 1. For every CSMA policy p € [0,1]F there ewists a unique CSMA fized point p(p).

We prove Theorem 1 in the next section.

Second, one would like to know how accurate the CSMA fixed point approximation is. In the next
section, we show that the CSMA fixed point approximation is asymptotically accurate for large networks
with many small flows and a small sensing period .

For a given an sensing period (3, we can then use the CSMA fixed point G(p) for a policy p to
approximate the link service rate p(; ;)(p) under a CSMA policy p by

PGis)Ps (p)e— (G (P)+G;(P)
1+ ﬂ — @_Gi(p)

T(1.5)(P) (10)

where
GI(p) =Y pi.ari(p).
JEN;

Note that the above equation is similar to (6) where p(; j)p;(p) captures the probability that node
makes an attempt to capture link (¢, j) if it has been idle for 8 time units, and exp [—(GF(p) + G;(p))]
is the probability that this attempt is successful, i.e. the attempt does not overlap with an attempt by
any other node to capture a link that has an endpoint in common with link (¢, j). Note that

P j)ﬁef(Gi(P)JrGj(P))
1+83— efgi(P)) (]_ + 06— e—Gj(P))

(.5 (P) = ( (11)

as Gi(p) > G (p).

8 Existence of a Unique CSMA Fixed Point

In this section, we prove Theorem 1 which states that there always exists a unique CSMA fixed point.
We first establish the existence of a CSMA fixed point.

Proposition 1. For every CSMA policy p, there exists a CSMA fized point p(p).

Proof. The proof uses the continuity properties of the fixed point equation given (8), and is a straight-
forward application of the Brouwer’s fixed point theorem. O

We next establish the uniqueness of the CSMA fixed point for any p. Unlike standard methods in
establishing the uniqueness of a fixed point, our proof method does not require additional assumptions
on the fixed point mapping, therefore may be of independent interest. The proof follows a number

10



of steps, which is outlined here for clarity: Lemma 1 shows the uniqueness of the solution under the
CSMA policy such that p; ;) = 0, (i,5) € L; Proposition 2 proves the upper-semicontinuity of the
correspondence G(p) given by (9); Proposition 3 proves that for any CSMA policy p and G € G(p),
(p, G(p)) is uniquely defined in a neighborhood of (p, G(p)); finally Theorem 1 combines the preceding
results to establish global uniqueness of the CSMA fixed point for any p.

Lemma 1. Consider CSMA policy p with
Py =0, forall (i,5) € L,
then for any > 0 the unique CSMA fized point p(p) is given by
piP)=1, i=1,..N.

and
G;((p) =0, i=1,...,N.

The above results follow immediately by using the CSMA policy p with p(; ;) = 0 in (8) and (9).
We next study the continuity properties of G(p). The proof uses the continuity of the mapping

Blpay +real

filGp)=Gi— ) 015 6y

JEN;

N. (12)

Note that for f(G,p) = [fi(G, p)]i=1,....n we have that f(G(p),p) = 0.

Proposition 2. The correspondence G : [0,1]F — Rf is upper-semicontinuous; i.e., G(p) has a closed
graph.

Proof. Note that for all p € [0,1]F, G(p) is given by
Gp) ={GeRY | fi(G,p) =0, i=1,...,N}. (13)

We will show that G has a closed graph. Let {(px,Gr)} be a sequence which satisfies Gy € G(py) for
all k and converges to some (p, ). Assume to arrive at a contradiction that G ¢ G(p). By (13), this
implies that there exists some i € {1,..., N} such that f;(G,p) # 0. Assume without loss of generality
that there exists some e > 0 such that

fi(G,p) > 2e. (14)

By the continuity of the functions f;, we have
A fi(Gy, pr) = fi(G,p),
which implies the existence of some K such that
fi(G, D) — fi(Gr,pr)| <, Vik>K.

Combined with (14), this yields B
fi(Gr,pr) = fi(G,p) —€ > ¢,

contradicting the fact that Gy, € G(px) [cf. (13)]. O

Recall the definition of the mapping f(G,p) = [fi(G, P)]i=1,....~ given by (12). The next proposition
establishes the local uniqueness of the correspondence G(p).

Proposition 3. For all CSMA policies p and all CSMA fized points G € G(p), there exist neighborhoods
U C Rj\_’ of G and V C [0,1] of p such that for each p € V the equation f(G,p) = 0 has a unique

solution G € U. Moreover, this solution can be given by a function G = ¢(p) where ¢ is continuously
differentiable on A.

11



Proof. We prove this statement by using the implicit function theorem.

For node i € N we have

1 i=
of; ) ’
o =1 0 ¢ N
J Yanwi JEN,
with
bag = Pap + 200l g ey
and
e_Gj

P Fras ey

Note that the function f is continuously differentiable. Therefore, in order to use the implicit function

theorem we need to show that the matrix

Ofi
G, lc=cG(p)

has linearly independent rows. Before we proceed, we note that this matrix is a positive matrix.
Suppose that the rows are not linearly independent, then there exists a coefficient vector x

(z1,...,2n) # 0 such that

Jj=1

Using the special structure of the Jacobian matrix, we obtain

i + i Zw(j,i)sz(), forallie {1,...,N}

JEN;
and

JEN;

Consider node i* such that for all i = 1,..., N we have

i+ [B+ (1= e )| > a5 [8 + (1 — e )],

Then,

Ly
L= —er ) Vi oo
JEN;= !

g

IN

JEN;=

ij<%ém>:0, forallie {1,...,N}.

T = —Q; Z ¢(j’i)$j, for all 7 € {1, .. .,N}.

i Y [Parg) PG Br(l—eCr)

258+ (1 —e %))

e |x7 [ﬁ"’ (1 — e—Gj)H

p

JEN;*
@  Ge(pe P ©
B+ (1 —eGir(p)

< e Y [p<i*,j>+p<a‘7i*>]m

(15)

(16)

(17)

where (a) follows from (16), (b) follows from the fact that f;-(G,p) = 0, and (¢) follows from (4). This

proves that the Jacobian matrix in (15) is non-singular. The result follows from the implicit function

theorem.

We next combine Propositions 1-3 to complete the proof of Theorem 1.

12
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of Theorem 1. By Proposition 1, for the policy p with p(; ;) = 0, (4,7) € L, there exists a unique fixed
point G(p). For a given policy p define the convex combination of p and p as

p(t) = (1 —t)p + tp, t e0,1].

By Lemma 1, the set G(p) is nonempty, i.e., there exists at least one CSMA fixed point at p. We use
the following lemma to complete the proof.

Lemma 2. For every G e G(D), there exists a continuous function h : [0,1] — Rf that satisfies

h(0) = G(p), and h(1) = &

of Lemma 2. Assume, to arrive at a contradiction, that there does not exist such a continuous function.
We define the set of functions

H = {h:[0,1] — RY | h(t) € G(p(t)), h(1) = G(D)}.

For all h € H, let Ty, € [0, 1] denote the set of points at which h is discontinuous. We define the point
t€[0,1] as

Note that the set U Tn is a bounded and closed set, therefore the minimum in the preceding opti-

heH
mization problem is attained, implying the existence of some h € H such that h is discontinuous at

t. By the upper-semicontinuity of G(p) (cf. Proposition 2), the function h can be chosen to be right
continuous at t. Note also that since G(p(0)) is unique, it follows that ¢ > 0. By the definition of ¢,
there exists some § > 0 such that for all € > 0 sufficiently small,

@@—Ge>& Y G e Gp(i —e)).

This contradicts the fact that for all p and G € G(p), (p, G(p)) is uniquely defined in a neighborhood

of (p,G) (cf. Proposition 3), proving the claim. O

Back to the Proof of Theorem 1: Assume, to arrive at a contradiction, that there exist Gy and Gy
(Gy # G) such that Gy, Gy € G(p). By Claim 2, it follows that there exist continuous functions, hy (-)
and hy(+), such that hi(0) = h2(0) = G(p); hi(1) = G1(p) and hy(1) = G2(p). Then, there must exist
a7 =max{t € [0,1] : hy(t) = ha(t)}. Since we know that G(p) is unique, there must be a bifurcation
of the (p(t), G(p(t)) as t exceeds 7. But, this contradicts the local unigueness result of Proposition 3.
Hence, G(p) [and therefore p(p)] is unique for all p. O

The uniqueness result of Theorem 1 combined with the upper-semicontinuity of Proposition 2 directly
implies the continuity of G(p), and hence of p(p). This is stated in the following corollary.

Corollary 1. The fized point p(p) is continuous in p.

9 Asymptotic Accuracy

Consider a sequence of networks for which the number of nodes N increases to infinity. Let £(N) be

the set of all links in the network with N nodes, and let M(N) be the set of neighbors of node .

As N increases, consider a corresponding sequence of CSMA policies {p(N N N>1 With sensing periods
{ BN )} N>1, Where p™) defines the CSMA policy for the network with N nodes. We make the following
assumptions.

Assumption 1. For the sequences {p(N)}Nzl and {ﬁ(N)}Nzl the following is true.

(a) We have that limy_ NBW) = .

13



)
(b) For P = . ji)rleagc(N) pEfVJ)) we have that limy_ oo % =0.

(¢) There exists a constant x and an integer Ny such that for all N > Ny we have that

(N) (N) (N) Ca
Y. aj +rgal <X i=1 N
jEJ\/,i(N>

These technical assumption have the following interpretation: condition (a) characterizes how fast
B(N) decreases to zero as the network size N increases, condition (b) implies that the attempt proba-
bility of each link becomes small as N becomes large, and condition (c¢) states that the total rate with
which links that originate or end at a given node ¢ are captured, is upper-bounded by x.

For the above scaling, let p(p™)) = (p1(p™)),---, px(p™™))) be the CSMA fixed point for the
network of size N, and let ﬁi(p(N )) be the actual fraction of time that node i is idle. Furthermore, let

0N = max_|pi(p™) = (™)

=1,

be the maximum approximation error of the CSMA fixed point. Similarly, let

4.5 (PM)

1 —
H(i,5) (P(N))

5$N) = max
(i,5)€LDN)

be the maximum relative approximation error of the link service rates under the CSMA fixed point.
Note that under Assumption 1 the link service rate p(; ;) (p(N )) will approach zero as N increases and
the error term |T(i’j)(p(N)) — H(ij) (p™))| will trivially vanish; this is the reason why we consider the
relative error when studying the accuracy of the CSMA fixed point equation for the link service rates.

The following result states that in the limit as IV approaches infinity the CSMA fixed point approx-
imation becomes asymptotically accurate.

Theorem 2. For the above defined scaling we have that

lim ") =0, and lim ) =0,
N—oo N—oo

We provide a proof of Theorem 2 in Appendix B.

9.1 Numerical Results

In this section we illustrate Theorem 2 using numerical results obtain for the network given in Figure 3.

Figure 3: Network topology for our numerical results consists of a set of N sender nodes Ng = {1, ..., N},
and a set of N receiver nodes Nz = {N +1,...,2N}. The set of links £ consists of all directed links
(i,7) from a sender i € Ng to a receiver j € Ng.

For this network, a CSMA policy p = (p(;,j)).j)ec € [0, 1]¥ determines the probabilities P(i,j) With
which sender i € Ng starts a transmission of a packet to receiver j € Ny, after link (4,7) has been

14



sensed to be idle for sensing period of § time units. Given a sensing period (3, the CSMA fixed point
for a policy p is then given by

5 .
pi(p):(ﬂ+1_e—ci(P))’ Z:]_,...jQN,
where
Gi(p)= > pupri(P),  iE€Ns
JENR
and

Gi(P)= > pajyri(P),  JENa.
i€Ns

Consider then a sequence of policies p(™) and a sequence of sensing periods SV as function of size
of the sender set N, given by

BN = 1/(Nlog(N)) and  p(j = xB™ /(2N).

Note that this scaling satisfies Assumption 1. Furthermore, due the symmetry of the network topology
as well as the CSMA policy p) that we consider, the CSMA fixed point p;(p¥)) is symmetric and
we have that

pi@™) = p;(p™N),  i,jEN =NsUNg.

We then evaluate the performance of a CSMA policy p™) using x = 10 for different sizes N of the
sender set N.
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= ° —%=Simulated CSMA Performance, g™ go4
5 0421 . o
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S o4f :g ©-Fixed Point Analysis, T
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£ o038 o ] <]
..
036 . ©-0-0-0-0-0-6-0-0- | E o1
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§ 2 4 6 8 10 14 16 18 20 22 24 2 4 6 8 10 14 16 18 20 22 24
Number of sender nodes, N Number of sender nodes, N

Figure 4: Comparison of the actual fraction of idle time under the CSMA policy and the predicted
values based on the fixed point formulation.
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Number of sender nodes, N Number of sender nodes, N

Figure 5: Error terms of Theorem 2 for different values of V.

Figure 4 shows the measured mean fraction of times that nodes are idle and mean node throughput,
compared with the performance predicted by the CSMA fixed point. Figure 5 shows the error terms of
Theorem 2 for the approximation error in the fraction of time that nodes are idle, and the link service
rates.

Note that the above numerical results suggest that the CSMA fixed point approximation is remark-
ably accurate even for smaller values of N. This suggest that the CSMA fixed point approximation is
not only asymptotically accurate, but is already useful to characterize the performance for networks
where each nodes has a relatively small number of neighbors. However, more simulations are needed to
verify this observation for more general network topologies.
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10 Approximate Achievable Rate Region

In this section we use the CSMA fixed point approximation to characterize the achievable rate region
of CSMA policies. In Section 11 we will show that this characterization is asymptotically accurate for
large networks with a small sensing time.

Consider a network (N, £) with sensing time 3 > 0 as described in Section 3, let I'(3) be given by

L3 = {)\ ={A>0JA; < T(G+(6))€_(G+(ﬁ)), i=1,--- ,N} ,
where G (3) = /273 and 7(G* () are as defined in Section 7.1 and
A= Pap tAgal,  iEN,
JEN;

is as defined in Section 3.
The next result states that for a network (N, £) with sensing time § > 0 the achievable rate region
of CSMA policies under the CSMA fixed point approximation contains the set I'(3).

Theorem 3. Given a network (N, L) with sensing period 3 > 0, for every A\ € T'(3) there exists a
CSMA policy p such that

)\(i,j) < T(4,5) (p)7 (Zaj) €L

Proof. By the definition, we have A; < 7(G*(3))e=¢" ® for all i € N.
For each node i = 1,..., N, choose G; € [0, GT(f3)) such that
e GG (BN 1(G;)e= G B) = A,

3

and let
5

pi:iﬁ—l—l—e*@'

Such a G; exists since the function
F(Gy) = eGi=C BN (G,)e= ¢
is continuous in G; with f(0) = 0 and
F(GH(B) = (G (B)e” D > M.
Using p; = 1,..., N as defined above, consider the CSMA policy p given by

Aij + ..
PG, = —(‘ j? 562(; (ﬁ)a (%J) €L (18)
PiPj

By applying the above definitions, at every node i = 1, ..., N we have that

)\ i, +)\ i +
S s +pgale = 3 206D gacte,,

jeNi jENg plpj
Be26GT(B) 36267 (8)
= ——— > Pap HAgal = NN
Pi jen, pi
2GT (B
= ﬁeTA()e(Gi—G*—(ﬁ))T(Gi)e—G*—(ﬂ) _ ﬁpleclT(Gz)

B+1-— e Gi Gie_Gi
G
oGi
B Bt+1-eG

This implies that the above choices of G = (Gy,--- ,Gn) and p = (p1,- -+, pn) define the CSMA fixed
point of the static CSMA policy given by (18), i.e. we have that

p(p) =p and G(p)=G.

= p =Gi.

16



Using (11), the service rate 7(; j)(p) on link (7,7) under p is then given by

D) P (p)e~(Gi(P)+G;(p))
1+ ﬂ — @_Gi(p)
o~ (Git+Gy)

(4,5 (P) >

e~ (Git+Gj)

DIHB—e @ pip L+5-e @

26T (B)—=(Gi+G))

)\ i" —+ 5
PG A J)ﬂeQG (B) Pi

N
(,,J)pi(l +B8—eG)

GH(B)—(Gi+G;
= Aijpe®@ DEHE) >\ ),

where we used in the last inequality the fact that by construction we have G;,G; < GT(8). The
proposition then follows. O

The proof of Theorem 3 is constructive in the sense that given a rate vector A € I'(3), we construct
a CSMA policy p such that A j)y < 7 ;) (P), (i,7) € £. We will use this construction for our numerical
results in Section 11.3.

Note that from Section 7.1, we have that

li t(B) = d i + =1.
lim G7(8) =0, and  lim 7(G™(5))
Using these results, we obtain that

gng(ﬁ)z{Azomi <1li=1,---,N}.
Since any rate vector A for which there exists a node ¢ with A; > 1 cannot be stabilized, this suggests
that for network with a small sensing time the achievable rate region of static CSMA policies is equal
to the capacity region, C ={A>0|A; <1 i=1,--- N}

In the next section we show that this result is true for the limiting regime of networks with many
small flows.

11 Asymptotic Throughput-Optimality

In this section we derive our main result and show that CSMA policies are asymptotically throughput-
optimal as the sensing period 8 becomes small for networks with many small flows.

11.1 Many Small Flows Asymptotic

In Section 9 we introduced a sequence of networks for which the number of nodes NV increases to infinity,

and let £™) be the set of all links in the network with N nodes, and M(N) be the set of neighbors of
node 7 in the network with N nodes. In this section, we introduce a similar scaling for the rate vectors.
Let A(V) = {/\gN)}reRm) be the rate vector for the network with N nodes. Furthermore,

A= 3T A () e L™,
reRMN):(i,j)€er

be the mean packet arrival rate on link (i, j), and let
) _ (V) % =1
A= X DG TG =T,
jeN’i(N)
be the mean packet arrival rate at node i.

Definition 6 (Many Small Flows Asymptotic). Given a sequence of networks {N™) LN}~y we
define D as the set of all rate vector sequences {)\(N)}N21 such that

T (N) )
lim sup ((ij)nez?:(m )\(m,)) =0.

N—o00
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The above definition characterizes the limiting regime where as the number of nodes in the network
increases, we have that the mean arrival on each route becomes small, i.e. the network traffic consists
of many small flows.

We then define the asymptotic achievable rate region of CSMA policies under the many small flows
asymptotic as follows.

Definition 7. The asymptotic achievable rate region of static CSMA policies under the many flow
limit is the set of sequences {)\(N)}N21 € D for which there exists a sequence of static CSMA scheduling
policies {p™)}n>1 such that

C (pN)
lim inf min M
N=so | @aec™ AN

> 1.

The above definition implies that every rate sequence {)\(N )} ~>1 in the asymptotic rate region can
eventually be stabilized by the sequence of CSMA policy {p(N)}Nzl.
Note that a sequence {\(V)}y>; € D for which there exists a node i with

lim AZ(.N) >1
N—oo
can not be stabilized as service rate at each node is bounded by 1. Hence, the achievable region under
the many flow limit is contained in the set

C= {{)\(N)}N21 € D| lim sup ( maXNAZ(.N)) < 1}.
N —oo =

i=1,...,

We refer to C as the capacity region under the many small flows asymptotic.

11.2 Asymptotic Rate Region

In this subsection we characterize the asymptotic achievable rate region of CSMA policies under the
many small flows asymptotic for networks with a small sensing period. To do this, we again consider
a sequence of sensing periods 3(N), N > 1, that satisfies Assumption 1. The next theorem shows that
in this case CSMA policies are throughput-optimal, i.e. the achievable rate region converges to the
capacity region C.

Theorem 4. Given a sequence of networks {N'WV)| E(N)}Nzl and a sequence of sensing periods (ﬁ(N))Nzl
such that
Jim N =,

we have that for every sequence \N) € C there exists a sequence of CSMA policies {p(N)}Nzl that
asymptotically stabilizes the network, i.e. we have

 (p™)
lim inf min 7/1(7"])@ )

> 1.
N—o0 (i,5)€LDN) )\gi\;))

Proof. By deﬁnitiorb for each sequence {/\(N )} ~>1 € C there exists a scalar A < 1 and an integer N
such that for N > N we have

AN <R i=1,..N.
Let then A* be given by ~
1—A
ANf=1—-——<1
5 <

and let

A

7T
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Using this definitions, let

() = g
wnd () () )
A _ A L5 e V)
AV = ST DI D] ien .
jEJ\/,i(N)

For all i € NV we then have
< N > N.
As limy oo BN) = 0 and limgo 7(GH(B)) = 1 (see (5)),
N > Ny we have that

S~—
|

there exists a integer Ny such that for

A < 7(GHBM))e GBI =1, N,

Using the proof of Theorem 3, we can then construct a sequence of CSMA policies {p(N )} ~N>1 such
that for N > Ny we have -
M <1ape™), () € LM

Using Theorem 2, the approximation 7(; ; (p™)) of the service rate of link (i,7) is asymptotically

accurate as N increases, if the sequence {p(N )} N>N, satisfies Assumption 1. In this case, the theorem
follows as we have that

- (pM)
lim inf min RGP ) ()
| e T

— lim inf (0.5 ™) pii ) (M)
Rl W T )

- (pY)
= lim inf min Mﬁ)
N=oo | pece AN

(pV)
> liminf [ v min 77-(1’],) ")
N —oo (i,5)eLN) )\gi\;))

> > 1.

To verify Assumption 1, recall that by using the proof of Theorem 3 we obtain a sequence of CSMA
policies {p(N)}Nzl such that for N > Ny we have

ngj)) <tan®M),  (6,5) € LN,

we follows.
For a given network size N the value let GEN) € [0,GH(BN))) such that

G =GO (NGB = RV

and let

g(N)
;Y =

= B 41 @—GEN) .

Such a GEN) exists as shown in the proof of Proposition 3.
Consider then the CSMA policy pV) given by

(N) S‘EZ‘V’)) +(g(MM)

N) _ @5 p(N) 26T (BN) .

p(zj) - p(N)p(N)ﬁ e ) (7').]) € ‘C7
g J
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using the proof of Theorem 3 we then have that
\ N . .
A < 1@, (,5) € £V,

To verify Assumption 1 for the resulting sequence {p¥)} N>N,, we first show that for

(N) _— (N)
Pmaz = ; ezim Pes)
we have that
Phnee
N Gy = O
To see this, note that for pgN) as given above, we have that
(N) (N)
- B > s . e N,
' BN +1— =GN T BIN) p 1 — e=GH(BM
It then follows that
(N) +g(N)
P N (N) B(N) +1—e G0 26+ (BN ..
ﬁ(N) = )\(13) (ﬂ(N))Q € ) (7’7]) €L

Note that by definition we have
lim e267(6) =1
N—oo

Furthermore, we have that

B 1T
1m

_4
Combining the above results with the fact that for {\(")}y>1 € D we have

: (V) )
e (s X05) =0

it follows that
(N)
Pmazx -0

N gy =0

In addition, using the results that

ot
lim 6(N) + 1—e GT(B 62G+(5(N)) _ é
N ERE 3
and )
o N -Gt
Py xom B0 41— e TW e ;e g
SIN) = 7(0) (BV))2 ’ ’ ’

we obtain that there exists a constant B such that for N > Ny we have that

BIN) 41 — e=GH(B™
(BV)2

(N) (V)
i) T PG
> P + Pl g Jopa s
JGM(N)

ezg+(ﬁ(l\’)) < B

Hence the sequence {p™} x>y, satisfies Assumption 1 and the theorem follows.
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11.3 Numerical Results

In this section, we illustrate Theorem 2 using the network topology as the one that we used for the
numerical results in Section 9.1 (see also Figure 3).
As the network size increases, we consider a sequence of rate vectors idle periods V) and traffic
vectors A(V) given by
BN =0.1/(Nlog(N))

and
0.95 _ () . .
(M) = T2 EM(GHENY), i€ Ns,j € Nr.
We then have

AN = RGO (@ (50)), i e N = NsUN

K3

and the rate vector is within approximate rate region I'(3(Y ) that we obtained using CSMA fixed point
approximation.

In the proof for Theorem 3, we derive the following construction for obtaining a policy p(™) that
supports a given traffic vector A € T(3(™)). Let GV) € [0, GT(B™)) be such that

0.95
e(G(N)7G+(ﬁ(N)))T(G(N))67G+(B(N)) _ TefG‘*'(,@(N))T(Gﬁ’ (ﬁ(N)))

In the proof, we also showed that such a GV) exists. Furthermore, let

g(N)
BIN) 41 — =GN

pN) =

Then the CSMA policies p®) with

A +og() o
Piij) = (p(N))Qﬂ(N)GQG (B )7 (i,7) € £

will support the traffic vector A(N) under the CSMA fixed point approximation.
Theorem 4 then states that for the above sequence of CSMA policies we have for a large enough N
that

N N .
“Ev J)) > AEH))’ (@,7) € £
as well as
Jim ) it > 095, i€ N,
JENR
and

lim Z pin)h > 095, jeN

We simulate the network to measure the true link service rates for different values of N. Figure 6
shows the average node throughput that we obtained. Note that the average node throughput indeed
is above the value AY) for which we designed the CSMA policy p(™). Furthermore, as N increases the
average node throughput becomes larger then 0.95 as predicted by our theoretical result. This example
suggests that CSMA policy can be close to throughput optimal even if the number of neighbors of each
node is relatively small.

Figure 7 shows the distribution of the ratio of link service rates to link throughputs. We know from
Theorem 4 that this ratio will eventually exceed 1 for all links as N tends to infinity. We observe in
Figure 7 that already at a moderate value of N = 20, more than 95% of the links exceed 1 and the rest
of the links achieve rates close to 1. This simulation also reveals the fair nature of our CSMA policy by
demonstrating that link rates are closely located.

It is interesting to contrast the measurements shown in Figure 7 with results obtained for other
random access policies where a high throughput comes at the expense of severe (short) term unfairness
(see for example [4]). The above constructed CSMA policy prevents such unfairness by selecting the
transmission attempts carefully so that they are locally balanced.
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Figure 6: Performance of the CSMA policy for the network in Figure 3 with symmetric load. The policy
achieves rates close to the aimed value of 0.95 per sender node even for moderate values of N.
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the network in Figure 3 with IV = 20.
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12 Conclusions

For our analysis, we consider CSMA policies where links make a transmission attempt with a fixed
probability after the channel has been sensed to be idle, independent of the current backlog of the link.
This may seem unreasonable scenario as it implies that a link might make a transmission attempt even
if there is no packet to be transmitted. However, there are at least two reasons why this situation
is of interest. First, such a policy could indeed be implemented (where links send dummy packets
once in a while) and if we can show that it is able to achieve throughput-optimality, then it might be
considered to be practical. Second, and more importantly, being able to characterize the throughput
of such a policy opens up the possibility of studying more complex, dynamic CSMA policies where
the attempt probabilities depend on the current backlog. In particular, the results of our analysis
can be used to formulate a fluid-flow model for backlog-dependent policies, where the instantaneous
throughput at a given state (backlog vector) is given by the expected throughput obtained in our
analysis. Besides showing that the CSMA policies are (asymptotically) throughput-optimal, our work
also provides a framework for the analysis of CSMA policies where the transmission probabilities for
a given link depend on the backlog at the link. Such policies are of interest as they might allow for
dynamic adaptation of the traffic load in the network. An example of such a policy, combined with rate
control, is given in [14]. We are currently investigating this approach.
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A Detailed Description of CSMA Policies

In this section, we provide a detailed description of the CSMA policies that we consider.

Recall that a CSMA policy is given by a transmission attempt probability vector p = (p(; ;)) (i, j)ec €
[0, 1]F and a sensing period (or idle period) 3 > 0. The policy works as follows: each node, say 7, senses
the activity on its outgoing links [ € £;. We say that ¢ has sensed link (4,5) € £; to be idle for a
duration of an idle period f if for the duration of § time units we have that (a) node ¢ has not sent
or received a packet and (b) node i has sensed that node j have not sent or received a packet. If node
¢ has sensed link (i,7) € £; to be idle for a duration of an idle period 3, then ¢ starts a transmission
of a single packet on link (7,7) with probability p(; ;), independent of all other events in the network.
If node ¢ does not start a packet transmission, then link (7, ) has to remain idle for another period of
[ time units before i again has the chance to start a packet transmission. Thus, the epochs at which
node ¢ has the chance to transmit a packet on link (4, 7) are separated by periods of length § during
which link (7, ) is idle, and the probability that i starts a transmission on link (4, j) after the link has
been idle for 3 time units is equal to p(; ),

We assume that packet transmission attempts are made according to above description regardless
of the availability of packets at the transmitter. In the event of a transmission decision in the absence
of packets, the transmitting node transmits a dummy packet, which is discarded at the receiving end
of the transmission.

Below we describe more precisely the channel sensing, as well as the scheduling, mechanism of a
CSMA policy.
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A.1 Sensing Delay and Idle Periods

When a link I’ in the interference region of a link I € £; becomes idle (or busy), then node 7 will be not
be able to detect this instantaneously, but only after some delay, to which we refer to as the sensing
delay.

Definition 8 (Sensing Delay 5;(1)). We let 8;(I') denote the time it takes for node i to sense the state
(active or idle) of a link l" in the interference region of a link | € L. o

Note that a the sensing delay a given in the above definition is lower-bounded by the propagation
delay between node ¢ and i’. The exact length of the sensing delay will depend on the specifics of the
sensing mechanism deployed. We describe two possible sensing mechanisms in Appendix A.2. In the
following we assume that all sensing delays are bounded by the length of an idle period 3.

Assumption 2. For all links | € L we have that
B)<p, Ued.

In our subsequent discussion, for ease of exposition we will typically refer to links as performing
sensing or transmission attempts. This must be understood as the transmitting node of the (directed)
link performing the action.

A.2 Channel Sensing

The exact length of the sensing delay will depend on the specifics of the sensing mechanism deployed.
Here we describe two possible approaches how channel sensing could be done for networks with primary
interference constraints.

Suppose that each node ¢ € N is assigned a channel ¢; over which it receives data packets, and
suppose that the sensing radius and transmission radius of the nodes are different. The channel ¢; could
either be a frequency range, or a code, if a FDMA-based, or a CDMA-based, approach respectively is
used to implement to obtain a network with primary interference constraints (see also our discussion
in Section 3). Nodes that are within the transmission radius of a node can successfully receive its
packet transmission if there are no collisions by another transmission within the transmission radius
of the receiver. Nodes that are within the sensing radius of the transmitting node can only detect the
presence or absence of activity together with its destination. The activity within the sensing radius
does not cause collisions, but it signals the presence of activity. In this setting, a node j € N; can sense
whether node i is currently sending a packet by scanning the channels ¢; used by node ¢ for transmission
on its outgoing links (i, k) € £;. Furthermore, if the sensing radius is at least twice the transmission
radius, then a node j € N; can sense whether node i is currently receiving a packet by scanning channel
¢i. Note that the time (measured in seconds) that it takes a node to detect whether a neighboring node
is busy, will increase as the number of neighbors of a node increases; however, the sensing delay 3;(’)
measured relative to the time it takes to transmit a packet can still kept low by increasing the size of a
packet, and hence increase the time L, it takes to transmit a packet.

Again, suppose that each node i € N is assigned a communication channel ¢; over which it receives
data packets, and that in addition it is assigned a control channel ¢;, where the bandwidth of the
communication channel ¢; is much larger than the one of the control channel ¢;. Then, if node 7 is
currently receiving a packet transmission on its communication channel ¢;, then it can send out a busy
signal on the control channel ¢;. In this setting, a node j € A; can sense whether node i is currently
sending a packet by scanning the channels ¢, used by node i for transmission on its outgoing links
(i,k) € L;. Furthermore, a node j € N; can sense whether node i is currently receiving a packet by
scanning the control channel ¢;. Again, the time (measured in seconds) that it takes a node to detect
whether a neighboring node is busy, will increase as the number of neighbors of a node increases; but
the sensing delay 5;(I") measured relative to the time it takes to transmit a packet can still kept low by
increasing the size of a packet. Figure 8 gives a timing-diagram for this case.

A.3 Scheduling

One additional issue that we have to account for is the event that the idle periods of two links [ and
" that both originate at node 7 end at the same time. To prevent the possibility that node 7 starts
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Figure 8: Nodes m, i, j, and k are connected as shown on the left. Node ¢ starts a packet transmission
to node j at to, which is overheard starting at ¢; by node m. Thus, the sensing delay (3, (4, j) is equal to
(t1 —to). Node j starts reception of the packet at to (hence its sensing delay satisfies 3; (i, j) = (t2 —to))
and generates a signal over its control channel¢; to indicate the activity of link (4, j). Node k senses the
control signal of node j at time ¢3 (hence its sensing delay is B (7,7) = (t3 — to). The transmission of
the packet ends at time ¢4 which equals (tp 4+ 1) since the packet transmission duration is normalized
to one. Nodes m, j, and k sense the end of the activity at t5,ts, and ¢7, respectively.

in this case a transmission on both links [ and I’ simultaneously (leading to sure collision), we use the
following mechanism.

At a given time t > 0, let £;(t) be the set of links in £; for which an idle period ends at time ¢. If
link I = (4, 7) belongs to the set £;(t) then the probability that node i starts a transmission on link [ at
time t is given by

PG.j)
Z PG,

{5":G.3")eLi(t)}

independently of all other attempts by any node in the network.

B Proof of Theorem 2

Recall the setting for Theorem 2. We consider a sequence of networks for which the number of nodes
N increases to infinity. Let £(™) be the set of all links in the network with N nodes, and let M(N) be
the set of neighbours of node 7. Furthermore, let {p(N)}Nzl be a sequence of CSMA policies where
p™) defines a CSMA policies for the network with N nodes, and let {ﬁ(N)}Nzl be the corresponding
sequence of sensing periods. By Assumption 1, the following conditions hold.

(a) For the sequence {3N)} >, we have

: (N) _
Jim N5 =0

(V) (N)

(b) For Pmax = (z’Jr)nEaLX(N) p(m) we have that
(N)
. Pmax
ngréo ) 0



(¢) There exists a constant x and an integer Ny such that for all N > Ny we have that

(N) (N) (N) .
2 )[p(i,j) + 0l <xBYY, i=1,..,N.
JENWN

For this setup, Theorem 2 states that

lim 51(,N) =0, and lim 6&V) =0,
N—o00 N—o00

where 6,(,N) and 6,(,N) are as defined in Section 9.

To prove Theorem 2, we uses techniques and results presented by Hajek and Krishna in [9] for their
analysis of blocking probabilities in loss networks. Before we start we the analysis, we provide in the
next section a brief summary of the work by Hajek and Krishna in [9]. In Section B.2, we provide an
overview of the proof.

B.1 Result by Hajek and Krishna

Here we provide a brief summary of the work by Hajek and Krishna, we refer to [9] for a more detailed
description.

Consider a wired (loss) network consisting of a set of undirected links £, where each link i € £ has
capacity 1. The network serves connections (calls) where each connection uses 1 unit of the capacity
at each link it traverses, i.e. each link can accommodate at most 1 connection. Furthermore, suppose
that all connections use routes that consist of exactly two links. Connection requests arrive according
to independent Poisson processes where v;; = v;; denotes the arrival rate for connections that use link ¢
and j. Once a connection is accepted, it stays in the system for an amount of time that is exponentially
distributed time with mean one. If a new connection using links ¢ and j as a route, and one these
links is already serving another connection, then the newly arrived connection is blocked and lost. The
Erlang fixed point equation for this loss network is then given by (see also [9])

B; .
]__BA:ZVij(l_Bj)’ ZEN, (19)

JEL

where B; approximates the probability that link ¢ is busy, i.e. serving a connection. In [9], Hajek and
Krishna obtain the following result.

Proposition 4. Consider a loss network as defined above and let

Ty = Max V;;
ijel

and
X = rlneacx Z Vij.
JEL
For the actual steady-state probability B;, i € L, that link i is busy we have that
(1— Bi)efx(r/ﬂrrﬁﬁ) <1-B;<(1- Bi)ex(rﬂrri/?)7
where Bi, i € L, is the solution to the Erlang fixved point equation given by Eq. (19).
The above proposition implies that for small x and 7, the solution to the Erlang fixed point equation
approximates well the actual steady-state probability of a link being busy.
B.2 Overview of the Proof for Theorem 2

To prove Theorem 2, we will proceed as follows.

1. We relate the CSMA fixed point to the Erlang fixed point given by Eq. (19). To do this, we derive
and analyze in Section B.3 and B.4 an alternative formulation of the CSMA fixed point.
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2. We show that the steady-steady probabilities of nodes being idle under CSMA policy p are
asymptotically independent. More precisely, we will first derive in Section B.6 and B.7 several
properties for the the steady-steady probabilities of nodes being idle under a CSMA policy p,
which we then use to show in Section B.8 that the steady-state probabilities of nodes being idle
become asymptotically independent.

3. Combining the results from step 1 and 2, we show in Section B.9 that that under Assumption 1
the solution to the CSMA fixed point equation is asymptotically accurate. In particular, we derive
the following result.

Proposition 5. Consider a CSMA policy p™Y) for a wireless network consisting of N nodes and
let
(N) _ (N)
pmam - (zr,r;)aexﬁp(zj)
and let x be as defined in Assumption 1. Then there exist constants k and ks that do not depend
on N, such that the actual steady-state probabilities ﬁi(p(N)), i € N, that node i is idle under the

CSMA policy p™™N) satisfy
pi(p(N))e*X(TJrTQ/?)e*X(KﬁJr(Hﬁ)Q/?) (M)

(N)) (472 /2) X (R B+ (5B)?/2)

< pi(p

< pi(p

where pi(p(N)) is the solution to the CSMA fized point equation for p™N), and
r= 2N+ 1) (ks8N + 2rp

with N
o pgna)T

Tp = ﬂ(N)

Using Proposition 5, we can prove Theorem 2 as follows.

Proof of Theorem 2: Consider a sequence of CSMA policies p¥) that satisfies Assumption 1.

To keep the notation light, we use in the following only p instead of p™¥)

, Dij instead of pg\’/j)), Di
instead of p;(p™)), p; instead of p;(pN)), and 3 instead of FN). Furthermore, we use Hi,;) instead of
(i) (p™)) to denote the link service rate for link (4, j) under the CSMA policy p), and T(i,j) instead
of 7(; y(P™Y)) to denote the approximation of link service rate for link (4, j) under the CSMA fixed
point approximation for the CSMA policy pM).
We first show that
lim ") = 0.

N —o0

This result follows immediately from Proposition 5 which states that the steady-state probabilities
asymptotically converge to the solution of the CSMA fixed point equation if

Jim (2N +1)(5s8) +2r) =0,

or
i V3=
and )
. Pmax o
am == =0

And indeed, these conditions hold by Assumption 1.
The proof that
lim 0N =0

N —o00

requires results that we obtain in Section B.7 and B.8; we will provide references to these results in the
derivations below.
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We are going to use the following convention. We say that a node i is idle if node i is currently
neither sending, nor receiving, a data packet. We say that a link [ = (¢, ) is idle if both node i and j
are idle. Otherwise, we say that node 4 (link (4, 7)) is busy.

Let y; be the indicator whether node 7 is idle (y; = 0) or busy (y; = 1), and let P(y; = 0,y; = 0) be
the steady-state probabilities that node ¢ and j are jointly idle. In Section B.6, we show this steady-
state probability exists. Using the same argument as we give in Section B.7 to prove Lemma 20, one
can show that

1
P(y; = 0,y; = 0)pg.j) (1 — 4xB)* < pgijyB < Py; =0,y = 0)p(¢,j)m,
where (1 — 4x() is a lower-bounded (see Section B.7) on the probability that a packet transmission on
link (7, 7) is successful, i.e. does not experience a collision.
By Proposition 8 in Section B.8, we have that

1 1 2N< P(y; =0,y; =0)
1+27”p 14+ ks0 pipPj

< (14 8s8)N (1 +21,),

and it follows that

L . oN
( ) Pibip(i, ;) (1 — 4x3)?

1+ 27"p 1+ /fsﬁ
< KB
1
N -
< U+ mf)™ L+ 20)0i05P6) T g

Combining this result with Proposition 5, we obtain that

1 1N o rir?/2) —ax(npe(nB)/2) 2
e e ' pqujp(i,j)(l —4x03)

142r, \14+ksf
< ue, B
2N r4r? K kB)? 1
< (1+ ks8N (14 2r,,)e2’<( +77/2) 2x(kB+(50) /Q)Pil)jp(i,j)ma

where p; and p; are the solutions to the CSMA fixed point equation for the CSMA policy p.
As we have that (see Section 7.2)

o = — ST S ——F— 77
14+ 83— e (Gilp) 1+ 5 —eGilp) 1+ 3 —eGilp)
or s
om e 2X oimy.
pzpjp(zg)e < ) < plpj;(h])’

it follows that

1 1 2N 2 2/2) —2 2/2 2
( ) =B 12) =2 (RBHB/2) (1 _ gy, §)e2XP

1+2r, \1+krsp
T(ij) 2N Ix(r472/2) _2x(kB+(rB)%/2) 1
< < (14 5B)°N (1 + 2r,)eX e2x S
1i(i. ) ( " ») (1 —4x3)?

Note that under Assumption 1, we have that

1 1 2N
lim ( ) e 2X(412/2) XA ()2 (1 _ gy B)e=2X8 — |

N~>ool—|—2’l“p 1+/€sﬁ
and .
Jim (14 k87 (14 270,,)e2><<r+r2/2>e%c(nmmﬁf/z)w =1,
and it follows that
Jim stV = 0.
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B.3 Alternative Formulation of the CSMA Fixed Point

In this section, we derive an alternative formulation for the CSMA fixed point for a CSMA policy p,
which we will use to related the CSMA fixed point to the Erlang fixed point for loss networks. To keep
the notation light, we use in the following p; ;) instead of pEfVJ), 3 instead of V), G; instead of GEN),
and A; instead of NN

Recall that for a CSMA policy p with sensing period (3, the CSMA fixed point equation is given by

B

:m, izl,...,N,

Pi

where

G = Z (Pig) + PGi))Ps-
JEN;

First we observe that for large IV the offered load G; becomes small at all nodes 7.

Lemma 3. We have that

Proof. By Assumption 1, we have that

lim G; = ngnoo Z (P + PGP < ngnoo Z (Paij) +PGay) < A}gnoo x8 = 0.

Nmoo JEN; JEN;

O

Let

The corresponding fixed point equation is given by
Bizl—L, 1=1,..., N, (20)
B+1—e G

where

G = Z (P + PGy (1 — Bj). (21)

JEN;

Note that we can rewrite the expression for B; as

Ié] 1

1
Bizi—
B+1—eGi [

(1=e™¥) = pig(l—e"%) = (1= B) 51— ™).

S

We then have the following result.
Lemma 4. Given a CSMA policy p for a network with N nodes, let
P(ig) T P.i)
ﬂ )
and let x be given as in Assumption 1. Let B;, i =1,...,N, be the CSMA fixed point for p as given by
Eq. (20) and (21). Then for k > (e — 1)~ 1x we have

i,j=1,.,N

Vij =

B; = Z I)ij(].—Bi)(].—Bj), iEN,
JEN;
where U;; > 0 is such that

<£<1 b .7. EL)
1578 S oy = + Kk (4,7)

and ﬁi,j =0 Zf (Z,j) ¢ L.
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The above lemma states that the CSMA fixed point B;, i = 1,..., N, as given by Eq. (20) and (21)
can be expressed as a solution to the fixed point equation

Bi=> v(1-B)(1-B;), i€eN,
JEN;

where the true transmission rates v;; are replaced by “approximate transmission rates” 7;;. Further-
more, we note that the above fixed point equation is the same as the Erlang fixed point equation given
by Eq. (19), except that we allow that ©;; # ;;. We use this fact in the following to related the CSMA
fixed point to the Erlang fixed point considered by Hajek and Krishna.

Proof. For G; € [0,1], i € N, we have
Gz(l — 6_1Gi) <1- G_Gi < Gz(l + 6_1Gi).

Furthermore, for £’ > (e — 1)~! we obtain that

Gi -G /
— <1- <Gyl i), i ,1.
e e <Gi(1+K'Gy) G; €[0,1]

As by Assumption 1 we have that G; < x/3, it follows that for

K2 (6 - 1)_1X7
we obtain o
L <1-e <Gl ; 1].
17 rB = e < Gi(1+kP)), G, €10,1]
Combining the above results, for k > (e — 1)1y we have that
1
T Z vij(1—B;)(1 — B;) < B; < (1+ Kp) Z vij(1 = B;)(1 - By),
JEN; JEN;
where
L = Pli) T PG
! g
The result then follows. O

B.4 Existence and Uniqueness of a Fixed Point

Consider the fixed point equation of Lemma 4 that is given by

Bi=> v;(1-B)(1-B;), €N,
JEN;
with
Ui; >0, (i,j) € L,
where we allow that
Uij # Ui
In this section, we will show that there exists a unique fixed point by using an argument that is similar

to the one in Section 8 that we used to prove the existence and uniqueness of the CSMA fixed point.
We first rewrite the above fixed point equation as

B; . )
5 = > vi(1-B;), i€N, (22)
! JEN;

where 7;; > 0, (i,j) € L.
Given vector 7 = (;5) (5, jyec With D5 >0, (4,7) € L, let B() be the set of fixed points for Eq. (22).
Then we have the following result.
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Lemma 5. For all fived points B € B(D), there exist neighbourhoods U C Rf of B and V C [0,1]* of
U such that for each v € V the equation F(B,v) = (F;y(B,v))ien = 0 where

B;
Fi(B,v)=1—F ~ > vi(1=By),
‘ JEN;

has a unique solution B € U. Moreover, this solution can be given by a function B = ¢(v) where ¢ is
continuously differentiable on V.

Proof. For i € N, we have

1 L
OF; B2 =)
9B, = Vij, jeEN;

J 0, otherwise.

Note that the function F'is continuously differentiable. Next we show that the Jacobain matrix

OF;

has linearly independent rows. Having established this result, the lemma then follows from the implicit
function theorem. Before we proceed, we note that this matrix has non-negative entries.

Suppose that the rows are not linearly independent, then there exists a coefficient vector x =
(z1,...,2n) # 0 such that

)20, forallie {1,...,N}.

N
Z T OFi(p)
"\ 0B
J=1
Using the special structure of the Jacobian matrix, we obtain

+iju”_0 i e N,

JEN;
or
1+ Zu” (1-B)?=0, ieN.
JEN; Li
Consider a node i* such that
L= S T e N
1-B- |~ |1-B;|” "=
Then,
i 1 — By~
1 = - Z I/i*j(].—Bi*)(].—Bj) xj ]
) i 1 — B;
JEN
< Z v+ (1 — By )(1 — Bjy) J —
) zi+ 1 — B;
JEN
< > wj(1-Bp)(1-Bj) =B < 1.
JEN
Hence, we obtain a contradiction and the result follows. O

The following result we then obtain by the same argument as given for the uniqueness of the CSMA
fixed point.

Lemma 6. There exists a unique fixved point to Eq. (22).
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B.5 Sensitivity Analysis

In this section we show that asymptotically (as N becomes large) the solution to the CSMA fixed point
equation converges to the solution of the Erlang fixed point equation given by Eq. (19). To show this, we
use the sensitivity analysis as given by Hajek and Krishna in Section 4 of [9] with only minor notational
changes. For convenience, we provide below the analysis of Hajek and Krishna applied to our setting.
Given vector v = (vi5) @i jyec With v;; >0, (4,7) € L, let B = (B4, ..., By) be the the fixed point to

the equation 5
1_7'Bi = Zyiju—Bj), i€N, (23)

JEN;

where we allow that v;; # v;;. Furthermore, let the links [ = (¢, j) € £ be indexed with numbers 1, ..., L.
Consider then F'(B,v) = (F1(B,v), ..., Fx(B,v)) where the function F;(B,v) is given by

B; .
Fi(Bv) = 1—F - > viy(1-B;), ieN.
! JEN;

with vi; > 0, (l,]) eL.

We then have OF )
g5 S A » -
OB;  (1—B;)?7~ T Vig ij €N,

and
or;

8Vij

Let b be the N x N diagonal matrix with

—(1-By), i€LjeEN.

bii = (1—By).
Furthermore, let R be the N x N matrix given by

0, otherwise,

and let T' be the N x |£| matrix given by

Ty :{ (1-DB)(1 —Bj)7 1= (i,5),j €N;,

0, otherwise.

Using the above definitions, we then have that

OF o
and OF
— =—b'T.
v b
Finally, let let
A= (I+bRb)™"

Then we have the following result.

Lemma 7. The matriz A is well-defined and

1
E |A”|§—7 iGN,
JEN 1-B,

where B, = max;cn B;.

33



Proof. Recall that

oF
—— —_p2
9B + R
which we can rewrite as
oF _ b (I + bRb)b ™!
OB '

By Lemma 5, the matrix g—g is invertible. It follows that (I 4+ bRb) is invertible and A is well defined.
To show that 1
Ayl < ——, i€N,
JEN 1-B.

we can use the same argument as given to prove Lemma 1 in [9]. That is, let M = bRb, so the diagonal
elements of M; ; are all equal to zero and the off-diagonal elements are given by

Mi’j = (]. — Bl)(]. — Bj)Vij.

Note that the elements of M are all non-negative and that

Z Mi’j = (1 — Bl) Z Vij(]. — Bj) = Bi.

JEN JEN;
Let e denote the vector with all elements being equal to 1. Then we have that

M@SB*,

where the inequality is understood to be coordinate-by-coordinate. By induction, we obtain for n > 0
that
M"e < B},

and A is given by the absolute convergent series
(o]
A= (-1)"M™.
n=0

Moreover, for |A| given by

|Afi; = [Aij]
we have
oo oo 1
A < Mn < Bn —
e S ares 3 pre= g
n=0 n=0
and the lemma follows. O

Using the above result, we have that

0B
— = (b2 Ly = bAT.
% (b"+R)
Recall that the solution (B;);en to the CSMA fixed point equation is also the solution of the fixed
point equation given by

B; . .
]_—B: Zyij(l_Bj)v ZEN,
! JEN;

where for the constant y as given in Assumption 1 and for x = (e — 1)~ 1x we have

< <1
].—I—I{ﬂ_l/ij S1+x08

with
PGy T PG

Vij E (1,5) € L.
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We use this fact as follows. Let B(s) be the solution to the fixed point equation

B; . .
5 = > vi(s)(1—=By), i€N, (24)
¢ JEN;
with
Dzj(s)zuw(l—f—é”s), —1/(1+/€6) S(S” S 1

Note that as we vary d;; in the interval [—1/(1+4 x(),1] and s in the interval [0, k3], 7;; will vary in the
interval [1/(1 — kf),1+ x0].
Using the chain rule and the fact that

0B
v

we obtain for By (s), k =1,.., N, that

dB
= XD 5 b

v,
ieN jEN; K

dB
> D g vt

ieN jEN; K

(1= Bi) Y [Awil Y Tigiglvigdiil

ieEN JEN;

(1= Br) > Akl Y (1= Bi)(1 = Bj)vi;los5]

ieEN JEN;

By
ds

IN

IN

As we have that v;; = 0 for j ¢ N;, we obtain that

dBy,
— | < (1=Bp) Y |Akl Y (1= Bi)(1 = Byl
ds : ,
ieN JEN;
= (1=Bi) > [Awl(1=B) Y 03y |——L—| (1= By).
: : 1+ 5645
ieN JEN

We then have the following result.

Proposition 6. Let k = (e — 1)~ 'x and let B(s) be the solution to the fized point equation
B;

-5 - D o) (1=By),  P€N,
‘ JEN;
with
ﬁij(s)zyij(l—i—&js), —1/(1+nﬂ)§5w < 1.

Then for 0 < s < k3, we have that
(1= Bi(0))e™x(+/2 <1 — Bi(s) < (1 - B;(0)eX+/2 e N.

Proof. For the proof, we use the same analysis as given to prove Theorem 2 and Corollary 2 in [9].
That is, for s € [0, k3] and 0;; € [-1/(1 + k(), 1] we have

_1SLS1.
1+36ij

Combining this bound with the fact that B;(s) is the solution to Eq. (24), we have that

E I/ij

JEN

5ij
1+ S(Sij

B;
1—-B;

(1-Bj) <
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Combining the above result with Lemma 7, it then follows that

dBy, B.
—|/<(1-B Awi|B; < (1—-B . 2
TH < (=B Y AulBr < (1= B (25)
iEN
Recall that B;(s) is the solution to
Bl(s) R
=B~ 2 A= Bi(s), s €08
JEN
with
ﬁij(s):uij(l—i—éijs), —1/(1+I€ﬂ) S(SU <1
As
ﬁij(s)gl/ij(l—l—s), —1/(1+nﬂ)§5”§1
and by Assumption 1 we have that
Z Vij < Xs
JEN;
it follows that
- 1+ s).
g, <x(1+s)
Combining this result with Eq. (25), we obtain that
dB
| S @=Box(1+s), s 0.s6),
and the proposition follows. O

We have the following corollary.

Corollary 2. The solution B;, i € N, to the CSMA fized point equation given by Eq.(20) and (21)
satisfies
(1— Bi)e—x(ﬁﬁ-i-(ﬁﬁ)z/?) <1-B;< (1-— Bi)ex(ﬁl“(ﬁﬂ)z/?),

where B; is the solution to the Erlang fized point equation

B; .
]_—B: Zyij(l_Bj)v ZEN,
! JEN;

with

Proof. Recall that if we vary d;; in the interval [—1/(1 + £f3),1] and s in the interval [0, (], 755, then
Dij(s) = vij(1+6558),  —1/(1+rB) <& < 1.

will vary in the interval [1/(1 — k3),1 + kf].
The corollary then follows immediately from Proposition 6 and from the fact that CSMA fixed point
is a solution to the fixed point equation

Bi=> v(1-B)(1-B;), ieN,
JEN;

where 7;; > 0 is such that

1 iy
<M <1 , i,7) € L
1+k68 7 vy — + 1 (i) ’

and ﬁij =0if (Z,j) ¢ L.
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The above corollary states that the solution to the CSMA fixed point equation given by Eq.(20) and (21)
and the solution to the e Erlang fixed point equation

B; .
1—B': Zl/ij(].—Bj), ieN,
bEN;

with

become (asymptotically) identical for large N, as by Assumption 1 we have hat 3 approaches 0 as N
increases. We are going to use this result in Section B.9 to prove Proposition 5.

B.6 Existence of Steady-State Probabilities

In this section, we show that the family of CSMA policies p is contained in the set P of all policies that
have well-define link service rates.

Consider a CSMA policy p with sensing period 3. Furthermore, recall that §;(I’) is the amount of
time link [ requires to detect that link !’ has finished transmitting a packet, i.e. [;(I’) is the sensing
delay of link [ for link I’ (see also Appendix A).

We then use the following convention. We say that a node 7 is idle if node ¢ is currently neither
sending, nor receiving, a data packet. We say that a link [ = (4, j) is idle if both node ¢ and j are idle.
Otherwise, we say that node ¢ (link (7, )) is busy.

For a given directed link I = (i, j), we refer to node i as the source node of link {. We then say that
link { = (4, 4) is sensed to be idle by its source node, if node i is (a) currently idle and (b) senses node
j to be idle. Otherwise, we say that node i senses link [ to be busy.

Suppose that at time o node ¢ has sensed link [ = (7,) to be idle for exactly the duration of a
sensing period (3, i.e. node 7 first detect that link [ is idle at time ¢y — . Furthermore, suppose that at
time tp node 7 starts a packet transmission on link /. Then we say that link [ has been been idle in the
interval [tg — 3, %0).

If at time tg, link [ = (4,7) just became busy (either because node i started a packet transmission
on link /, or because a link I’ € Z; that interferes with link [ started a packet transmission) and that
time ¢; is the first time after time ¢ that link [ is idle again, then we refer to the interval [to,t1) as a
busy period of link [.

Let y;(¢) indicate whether link [ is busy (y;(¢t) = 1) or idle (y;(t) = 0). In this section we show that
then the steady-state probabilities

P(y; =0) = klim P(y;(kB) = 0), 1€ L,
and
P(y; = 0,y; = 0) = lim P(y;(kf) = 0,y;(kf) =0),  i,jeL,

exist.
Note that the state of the system at time ¢ can be characterized by the vector (y(t), z(t)) where

y(t) = (w(t))iec,
indicates for each link [ € £ whether [ is busy (y;(¢) = 1) or not (y;(¢) = 0), and
z(t) = (zu(t) e,

indicates the remaining time until node ¢ has the chance to start a packet transmission on link [ (if link
[ is currently idle), or the time until link ! becomes idle again (if link [ is currently busy).

The existence of the steady-state probabilities p(y; = 0) and p(y; = 0,y; = 0), 7,7 € N, can easily
be established for the special case where (a) all sensing delays are equal to 3, i.e. we have

=8, LUeL,
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and (b) the sensing times of all nodes are aligned, i.e. all nodes are initial idle and start sensing links
at time ¢y = 0. In this case, the system dynamics are given by a finite-state Markov chain (y(k), z(k),
k > 0, such that

(wi(k), 2(k)) = (nu(kB), z1(k3)),

where y;(k) € {0,1} and
zi(k) € {B,28,.....1,1 4+ 5}, le Lk>0.
Furthermore, the Markov chain has a single-recurrent class containing the state (y*, z*) given by
y, =0 and z =p, lel,

and is aperiodic as the recurrent state (y*,z*) has a self-transition. It then follows that the above
steady-state probabilities exist.

For the general case where not all sensing times are equal to 3, or perfectly aligned, we define a
renewal process [7] to establish the existence of the above steady-state probabilities.

Without loss of generality we assume for the rest of this section that

(a) for all links (i, j) € £ we have that p(; ;) > 0, and

(b) the interference graph consists of one connected component, where the vertex set of the interference
graph is equal to £ and there exists an edge between two vertices [,1’ in the interference graph if
link [ and I’ interfere with each other.

B.6.1 Recurrent State (y*,z*)

In the following, we construct a recurrent state (y*,z*) that we use to define a renewal process for
the general case where not all sensing times are equal to 3, or perfectly aligned, . To do this, we first
iteratively number the links in the following way. At step 1, let [; be an arbitrary link in £ and let S;
be the set of links that have an interference constraint with link /1, i.e. we have

St :Ill-

In addition set By = {l1}, set Ay = S1, and set C; = £\(S1 U{l1}), i.e. set Cy contains all links except
for link /; and the links that interfere with [;. We then apply this procedure recursively as follows.
Suppose that we are given the sets Ay, By, and Cy, of step k. Then we proceed as follows at step k+ 1.
If the set Ay is empty, then we stop. Otherwise, we pick an arbitrary link from the set Ay and label it
as lg4+1. Let Sk41 be the set of links in set Cj, that interfere with link l;41, i.e. we have

Sk+1 = (), lekH'

Set Bi41 = B U {lk+1}7 set Apy1 = (Ak @] Sk+1)\{lk+1}, and set Cyy1 = Ck\Sk+1~

Without loss of generality, we assumed that the interference graph is connected, and the above
procedure will terminate after L steps with A;, = Cr, = 0.

Having labeled the links as given above, we then construct the following sample path of the system
to which we will refer to as sample path SP*.

Sample Path SP*: Suppose that during in the interval [to,to + ) are idle. Then let time
t6 - tO + 67

and let link 1y starts a packet transmission at time t(,+ z, (t() and all other links to remain idle during in
the interval [t)),t(, +203)). In this case, the packet transmission of link Iy will not experience a collision.
Let ty =ty + z1, () + 1 be the time when ly finishes its transmission and let all other links remain idle
during the interval [ty + 23, t1).

Then proceed iteratively as follows. Let ty, k =1,..., N, be the time when link Iy finishes its packet
transmission, and let all links to be idle in the interval [ty, tr, + 3). Then set

t;g:tk—"ﬁv
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and let link ly41 start a packet transmission at time t), + z;, (1)) and all other links to remain idle
during in the interval [t},,t) + 208). Let tp11 = t), + 21, (t},) + 1 be the time when link ly+1 finishes its
transmission and let all other links remain idle during the interval [t} + 205, tr41).

Let time ty, be the time when link I, finished its packet transmission and let all links to remain idle
in the interval [tr,tr + 3). Finally, let

tr=tr+ 0+ 2, (tr)

be the time when link 1, has a chance to start a packet transmission in the interval [t;, + 5,tr + 203),
given that the source node of link I continues to sense link 1y to be idle during the interval [t, — [3,t,).

Having defined the sample path SP*, we show next that the state variable z(¢,.) = (2;(¢,))nz at the
end of the sample path SP* does not depend on the state z(t(,) at time t{, but is uniquely determined
by the sequence of how all links make their transmission attempts and the fact that all links were idle
at time ¢,. To do this, let

2(t) = mod [zll(t) — (t)]

be the difference (offset) between the time when the current active period ends for link [y and [. We
have the following result.

Lemma 8. Let the time t), k=1,...,L be as given in the definition of the sample path SP*. Then at
time t,, k =1,..., L, for all links | in the set Ay U By, the offset 2(t},) is given by a function that does
not depend on z(t;), but depends only on the constants Bi(I'), 1,1 € L, and the sequence of the first k
links that are activated in the sample path SP*.

Proof. As we do not require the transmission time 1 to be divisible by 3, let At be given by
At = mod g(1).

We prove the lemma by induction. For the sample path SP*, note that at time ¢} we have for all links
[ in the set A; U By that
ath) = Ail)

where ;(l1) is the time link [ requires to sense that link /; has finished a packet transmission. Hence
the conditions given in the lemma are true for k = 1.

Suppose that the lemma is correct for £k — 1 > 1, and let [ be the link kth link that is activated in
the sample path SP*. We consider the following two cases. First suppose that iy ¢ Z;,. Then for all
links [ € Ay, U By, such that [ ¢ Z;, , we have that

Z(ty) = Z(t_1)-
For link [;, we have that
2, (th) = mod 5|2, () + At
Finally, for all links | € Ay U By, such that [ € Z;, , we have that
Z(t) = mod g {%(%_1) + At + 51(11@)} :
Next suppose that Iy € Z;,. Then for link /;, we have that
21, (k) = B — B, (k)
For all links | € Ay U By, such that [ ¢ 7;,, we have that
a(ti) = wod 58— B, () + 2, (ther) — 2t + At].
Finally, for all links | € Ay U By, such that [ € 7;, , we have that
ath) = mod 5|8, () — Bily)].

As by the induction hypothesis Z(¢},) does not depend on z(#) but only on the constants 3;(1’),
I,I' € L, and the sequence of the first k links that activated in the sample path SP*, the statement of
the lemma is true for step k. The results then follows. O
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We then have the following lemma.

Lemma 9. Let t{, and t, be as given in the definition of the sample path SP*. The state (y*,z*) =
(y(tr), 2(t,)) in the sample path SP* is given by a function that does not depend on (y(t(), z(t;)), but
only on the constants Bi(I'), I,I' € L, and the sequence of links activated in the sample path SP*

Proof. This result follows immediately from Lemma 8 and the fact that
21, (tr) =0
and
Zl(tr) = il(tlL), l#1.
O

Next we show that there exists a positive constant py such that the probability that the above
sample path reaches state (y*, z*) within at most (1 + L)(1 + 2(3) time units is lower-bounded by py.

Lemma 10. Let

Pmax = (;E?éiﬁ P,
and

Pmin = (ifIJ})lgﬁp(i,j)-

Then the probability that we reach the state (y*,z*) within (1 + L)(1 + 20) time units from any given
initial state (y(to), z(to) is lower-bounded by

L
Po = (]‘ B pmaX)L([l/mJFQ) |:pmin(]- - pmax)L(2+[1/'B] .

Proof. Note that from any initial state (y(¢o), z(to), with probability at least

(1 _pmax)L(fl/ﬁ1+2)

we have for
to=to+1+206

that all links are idle during the interval [t — 3, ().
Consider the sample path SP*. The probability that link [; starts a packet transmission in the
interval [t), t(, + ) and all other links remain idle in the interval [t{, t;, + 2), is lower-bounded by

pmin(]- - pmax)QL

The probability that no other link starts a packet transmission in the interval [t{ + 208, ¢, + 1 + 20) is

lower-bounded by
L[1/8]

(]— - pmax)
Let t1 be the time when link [y finishes its packet transmission; note that

t1 <ty + B+ 1.

If all other links remain idle during the interval [t), ¢, +1+203), then all links are idle during the interval

[t t1 + ).
The result follows by applying the above argument iteratively to the case where link I, k =2, ..., L,
start a packet transmission under the sample path SP*. O
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B.6.2 Renewal Process

Using Lemma 10, we can define a renewal process where renewal epochs are marked by visits to the
recurrent state (y*, z*).

Lemma 11. The expected length of the interval between visits to state (y*,z*) is bounded, and the visits
to the state (y*,z*) define a renewal process.

We have the following result for the resulting renewal process.

Lemma 12. The rencwal process defined by wvisits to the state (y*,z*) is either aperiodic, or has a
period (3/c where ¢ is a positive integer.

Proof. The lemma follows immediately from the fact that if (y(to),2(t0)) = (y*, z*) then with proba-
bility at least (1 — paz)” we have that

(y(to + ), 2(to + B)) = (y", 27).

Combining the above lemmas, we obtain the following result.

Proposition 7. For every sensing period § > 0, the family of CSMA policies p is contained in the set
P of all policies that have well-define link service rates.

Proof. Let I; j)(t) be the in indicator function for whether link (4, j) is transmitting at time ¢ a packet
that does not experience a collision during its entire transmission time. Using Lemma 12, we then we
have that (see for example [7])

t

o1t .
lim — ; L gy (r)dr = lim P(I 5 (kB) = 1).

t—o00

B.7 Properties of Balance Equations

In this section, we characterize the balance equations for the steady-state probabilities
Py =0) = lim P(yi(kf) =0),  i€L,

and
P(y;=0,y; =0) = klinolo P(yi(kB) = 0,y;(t) = 0), i,j € L,

under a CSMA policy p with sensing period 3.

We are going to use the following notation. If node ¢ is busy at time ¢, i.e. if y(t) = 1, let x;(¢),
i € N, denote the time until node i becomes idle again, i.e. until 7 stops sending, or receiving, the
current packet transmission. Furthermore, if node i and j are jointly idle at time ¢, i.e. we have that
yi(t) = y;(t) = 0, then let 2;;(t) = x;;(t) be the amount of time that node i and j haven been jointly
idle. Note that if node 7 and 7 have to be jointly idle for at least the duration of sensing period 3 before
node ¢ can potentially start a packet transmission on link (4, j).

B.7.1 Preliminary Lemmas

For a given link [ = (7, j), recall that Z; be the set of links that interfere with [. Suppose that at time
t node i and j have been jointly idle for at least 3 time units, i.e. we have that y;(t) = y;(t) = 0 and
x;i(t) > . Given a CSMA policy p, the probability that node i starts a packet transmission on link !
during the interval (¢,¢ + (] is then lower-bounded by

P@,5) H (1 —Pl’),

I"eN;
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upper bounded by p; ;-

Note that from the definition of a CSMA policy, it immediately follows that p(; ;) is an upper-bound
on the probability that node i starts a packet transmission on link ! during the interval (¢,¢t + 3]. To
see that p(; jy [[c N, (1 —py) is lower-bound, we observe the following. Given that at time ¢ node 4 and
7 have been jointly idle for at least [ time units, let ¢y be the earliest time after ¢ when node ¢ has the
chance to start a packet transmission on link 7, if link / remains idle in the interval (¢,¢p). Note that

to < t+ .

In the worst case, all links I’ € Z; have an opportunities to start a packet transmission in the interval
[to — B,to). In this case, the probability that that no link I’ € Z; starts a packet transmission during
the interval [tg — [3,to), and link [ has the opportunity to start a packet transmission at time to is
lower-bounded by

[Ha-m)

l'eZ;

and the probability that that link [ starts a packet transmission in the interval (¢, ¢+ 3] is lower-bounded
by pig) ez, (1 =)
We have the following result.

Lemma 13. Suppose that at time t node © and j have been jointly idle for at least B time units, i.e.
we have that y;(t) = y;(t) = 0 and x,;;(t) > B. Then there exists a constant kp, such that the probability
that the link starts a packet transmission in the interval (t,t + 3] is lower-bounded by

1

1
mp(i,j)y B €0, (4x)]

and upper-bounded by
(14 £pB)P(i5) -

Proof. For k € Z; we have that

d

d_p(i,j) H (1—pr)| < D)
pk e,

From the mean value theorem, in then follows that

Pl — Z ) < i) H (1—pv).

e e,

By Assumption 1 we have that
Z b < 2Xﬂv

l'e1;
and it follows that

P (1 =2xB) < pay) H (1 —pu).
UVeT;

Note that for
Kp 2> 4x

we have that
— < (1-2xP), € [0, (4x)7 Y.
1+/-ep6*( xB) Belo,(4x)7"]
The result then follows. O

Below, we derive additional lemmas that we are going to use in Section B.7.2.

Lemma 14. The probability that a packet transmission experiences a collision is upper-bounded by 4.
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Proof. Suppose that node 7 starts a packet transmission on link [ = (7, ) at time ¢. Then this packet
transmission will experience a collision only if another node starts a packet transmission on a link I’ € Z;
in the interval (¢t — 3,t + (). This is because by Assumption 2, we have that for links I’ € Z; we have
that the sensing delay 5;(I’) and 8y (1) is bounded by . Furthermore, by Assumption 1 we have that

Z b < 2Xa
ey

and the lemma follows. O

Lemma 15. We have

Proof. The above lemma follows immediately from the fact that a packet transmission takes 1 time

unit. 0

Lemma 16. We have
1 142
P(y;=1,z; € (0,5])5 <P(y;=1) < P(y; = 1,2, € (0,5)) ﬁ-

g

Proof. The results follows immediately from the fact that the length of a busy period is bounded
between 1 (the length of a successful transmission) and 1 4 25 (the maximal length of a collision). O

Lemma 17. We have
Plyi=1,2, € (1,1 +0]) < P(y; = L,z; € (1 - 3,1])4x.

Proof. Note that the event {y; = 1,z; € (1,14 f]} indicates that a packet transmission resulted in
a collision. By Lemma 14, the probability of this happening is upper-bounded by 4y, and the lemma
follows. O

Lemma 18. We have
P( =0, Y = 0, Tij > 5)
(yz = O7yj = 0)

Proof. Suppose that that at time ¢ node ¢ and j have just become jointly idle, and let T} the time it
takes starting from ¢ until either node i or j become busy. Note that by Assumption 1, we have that

2(1_4)(6)7 7’7]6-/\[

E[T] > ﬂ—ﬁ—ﬂ
It then follows that
P(yi=07yj=0,$ij25)>5/2Xﬂ—2 4X»3 S 1— dyB.
P(y; =0,y; =0) ~ B/2xB -8 1—2 X8 ~

B.7.2 Bounds on the Steady-State Probabilities

In the following, we derive bounds on the steady-state probability P(y; = 1), i € N. We start with the
following lemma.

Lemma 19. For
B €0, (16x) "]
there exists a constant KJ;, such that

1+ - ﬂ Z (yi = 0,95 = 0)(pij) + Pii))

<P(y¢=1 zi € (1-p,1]) <

(14 &, Z P(yi = 0,y; = 0)(p(ij) + D))
JEN;
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Proof. Suppose that the system is in steady-state at time ¢y and that we observe the evolution of the
system from time ¢y to tg+ 8. Using lemma 12 which states that the renewal process is either aperiodic,
or has a period of 3/c¢ where ¢ is a positive integer, it follows that at time ¢g + 3 the system is again in
steady-state. Furthermore, suppose that at time ¢y nodes i and j have been jointly idle for at least § time
units, i.e. we have that y;(to) = y;(to) = 0 and z;;(tg) > 3. Then by Lemma 13, for 3 € [0, ((4x3)~")
there exists a constant k, such that the probability that link (i, j) starts a packet transmission during
the interval (¢, to + ] is bounded between mp(m) and (1+#x,03)p(, ;). Furthermore, by Lemma 14
the probability that this transmission will result in a collision is upper-bounded by 4x3. When the
transmission does not result in a collision, then at ¢y + § the remaining time until node ¢ finishes the
packet transmission will be in the interval (1 — 3, 1], i.e. we have x;(to + 8) € (1 — 3,1].
Combining the above results, we obtain the following inequality

1— 4y
X Z P(y; = 0,y; = 0,255 > B)(pi,j) + 1)) < Plys =1,z € (1 - ,1])
L+l JEN:

and

P(yi=lw;€(1=3,1) < 14r,08) Y Plyi=0,y;=0)(pu) + i) +
JEN;
+P(y; =1, 2; € (1,14 f]).

Using Lemma 18, we obtain for the first inequality that
(1- 4xﬁ
Z P(y; = 0,y; = 0)(piij) +pG.) < Plys = 1,2 € (1 - 6,1))

Furthermore, using Lemma 17 we obtain that

Plyi=1lz;€ (1-4,1]) < 1+4+K,0) Z P(yi = 0,y; = 0)(pgi,j) +Pgay) +
JEN;

+P(y: = 1,2; € (1 - 3,1])4x0,

or
14 kpf
Plyi=1,z; € (1-4,1]) < P2 N Py = 0,45 = 0)(pay) + PGia)-
—dy A
JEN;
Note that for 5 € [0, (16x) '] and ), > 2(k, + 8X) we have that
L _1-8x8 _ (1-4xp)
T+k,8 7 1+k8 7 1+4kK0
The lemma then follows. O

Using Lemma 19, we obtain the following bound for the steady-state probability P(y; = 1), i € N.

Lemma 20. For
B e[0,(16x)"]

there exists a constant ks such that

> Plyi =0,y =0y < Plys = 1) < (1+k8) > Py = 0,y; = 0wy,
L+rsf JEN; JEN:

where
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Proof. Using Lemma 15-19, for 8 € [0, (16x) '] we have

1 1+2
P(y;=1,z; € (1—571])5 <Plyy=1)<Pys=1,2; € (1-p,1]) —; ﬂy
and there exists a constant H;, such that
! > Plyi =0, = 0)(pij) + (i)
/ i =YY = (4,5) (4,9)
1 + Kpﬁ JEN;
<P(yl = ]-axi S (1_ﬁa1]) S
(L+r,8) > Plyi = 0,y; = 0)(piij) + D))
JEN;
Combing the above results, we have that
1
P(y; = 0,y; = 0)y;
/ Z ’J] J
1+ /-cpﬁ Py
< Pyi=1)
<1+, (1+28) Y Ply; =0,y; = 0)vij,
JEN;
where
L Pas) T PG
! B
Note that for 3 € [0, (16x) '] and
!
ks > KL 4+ 24 %
2> Ky By
we have that
(1+s,B8)(1+28) < 1+ ksf3.
The lemma then follows. O

B.8 Characterization of the steady-state probabilities

In this section, we characterize the steady-state probabilities
Bzzl—P(:lﬁ:O), iEN,

that a node ¢ is busy under a CSMA policy p with sensing period [, using the same analysis as given
by Hajek and Krishna in Section 3 and 4 of the reference [9] with only minor changes.
Throughout this section, we set

Vij:p( ,J)ﬂp(m)’ ijeN,

with v;; =01if (i,7) ¢ £ and (j,1) ¢ L.
Note that by Lemma 20 there exists a constant x5 such that

1
——— Y P(yi=0,y; =0y,
1+H86j§ﬁ‘ (y ! ) !

< Pyi=1)

< (1+ksB) Y, Plyi = 0,y; = 0)viy.

JEN;

We have the the following result.
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Lemma 21. Let ks be the constant of Lemma 20. Then we have that

1
Py =0,y = 0,1 = 0)vg; <
T rid j;l (ye = 0,5 = 0,51 = 0)vg; <

Plyp =1, =0) <

(1 + K:sﬁ) Z P(yk = anj = O7yl = O)ij'
Jj#k,l

Proof. Note that we have
Py =1,y =10) = P(yx = 1]y; = 0)P(y. = 0)

and
P(yr =0,y; =0,y =0) = P(yx = 0,y; = 0ly; = 0)P(y; = 0).

Therefore, in order to obtain the result if suffices to show that

1
1+/€sﬂjz P(yr =0,y; = 0y = 0)vy; <

Py, =1lyr=0) <

(1+k4B) > Py = 0,y; = Olys = 0.
J#k,l

The above inequalities are obtained by the same argument as given in the proof for Lemma 20. O
We then have the following result.

Proposition 8. Let ks be the constant of Lemma 20. We then have that

1 1 N Ply;=0,y; =0) .
< ! 1) < (1 s 142
1+2r, <1+/~;Sﬂ) = P(y; = 0)P(y; = 0) < (L mef8)7 (L 2rp),

where
_ pmaw

Tp = 6

and Ppaz 1S as given in Assumption 1.

Proof. Let Z; be the steady-stated probability P(y; = 0) that node i is idle, let Z;; be the steady-stated
probability P(y; = 0,y; = 0) that nodes ¢ and j are jointly idle, and let Z;;; be the steady-stated
probability P(y; = 0,y; = 0,y = 0) that nodes ¢, j, and k, are jointly idle

We use a proof by induction on the number of nodes in the network, as given in [9]. For a network
with N = 1 node the proposition is trivially true, and suppose that N > 2.

Using Lemma 21, we have that

(Zkl + Z ijlek) <Z;<(1+ Hsﬁ)(Zkl + Z ijij)

1
L+ £sf3 pory poy

Furthermore, starting with the equation
1=P(yx =0)+ P(ye = 1)
and using the result from Lemma 20 which states that

1
1+ k0

( > Plys=0,y; = O)ij) <Ply=1)<(1 +/fsﬁ)( > Plys=0,y; = O)ij),
FENE JEN
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we obtain that

1
m (P(yk = O) + jEZNk P(yk = O, Yj = O)ij)
<1
< (1 + rKsp) (P(yk =0)+ Z P(ys = 0,y; = O)ij),
JENK

Combining the above inequalities, we obtain by the same approach as in [9] that

1 (Zk + Zivi) Zit + 3 g1 ZikZraVin
(14 ks0)2 ZyZy + 3y pk0 ZeZikiVik
P(y; =0,y; =0)
T Plyi=0)P(y; =0)
(Zk + Zavi) Ziw + 3 j 50 Zjk ZraVijn
ZyZy + 35 pk0 ZeZikiVik '

(1+ rsB3)?

Using the fact that Zy; < Zj and by Assumption 1 we have
0 <y <21y,

it follows that
- Zy + Zyivi

1
< 7
Furthermore, by the induction hypotheses applied to the network with N — 1 nodes that we obtain by
deleting node k, we have that

<1427,

1 1 2NED 7 Tk 2
<Z < (14 k82N (1427,
1+ 2r, (1—}—%85) *Zkzjkl*( + 5s9) (1 +2rp)

Combining the above results, we obtain that

2N
1 < 1 ) - P(y; =0,y; =0)

< (1+ 58" (142,
142r, \1+ k3 P(yi:())P(yj:O)f( ksB)7 (14 2rp)

and the result follows. O
We then obtain the following corollary.
Corollary 3. Let g be the constant of Lemma 20, and let B; be the actual steady-state probability that

node i is busy. Then ~
B; . _
5= > (1= By)
JEN;

where v;; is such that

1 1 2N+1 T
< < (14 k)N (142
1+2rp <1+K96) — Vij 7( +KJ ﬂ) ( + rp)’

where rp, s as given in Proposition 8.

The above results follows immediately from Proposition 8 and Lemma 20. Combining the above
corollary with Proposition 6 from Section B.5, we obtain the following result.

Corollary 4. Let ks be the constant of Lemma 20. The actual steady-state probability B;, i € N that
node 1 is busy satisfies

(1 _ Ei)e_X(T+T2/2) <1-— Bz < (1 - Bi)€X(T+T2/2),
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where B; is the solution to the Erlang fized point equation given by

B; .
]_—B: Zyij(l_Bj)v ZEN,
! JEN;

where
r= (2N 4+ 1)(ksB) + 2rp

and ry, s as given in Proposition 8.

B.9 Proof of Proposition 5

In this section, we combine the results of Sections B.5 and B.8 to prove Proposition 5.
Consider a CSMA policy p for a wireless network consisting of N nodes and set

i) T PG .
Ijij:p(r])ﬁp(jv)’ Z,JGN.

Let B;, i = 1,..., N, be the CSMA fixed point given by Eq. (20) and (21), and let B; be the actual
steady-state probability that node 7 is busy. Then by Corollary 4, we have that steady-state probabilities
B;, i € N, satisfy

(1 — By)e Xr+7°/2) < 1 _ B, < (1 — By)ex(r+7*/2),

where B; is the solution to the Erlang fixed point

B; .
]_—B: Zyij(l_Bj)v ZEN,
! JEN;

where
r= (2N 4+ 1)(ksB) + 2rp

and 7, is as given in is as given in Proposition 8.
Furthermore, by Proposition 6 we have that there exists a constant x such that

_ B e XEBHEB)/2) « 1 _ B. < (1 — B,)eX(rB+(rB)?/2)
(1 - Bye <1-B;<(1-Be .

Combining these two results, we immediately obtain Proposition 5.
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