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On Brooks’ Theorem for Sparse Graphs
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Let G be a graph with maximum degree A(G). In this paper we prove that if the girth g(G)
of G is greater than 4 then its chromatic number, y(G), satisfies
A(G)
G) <{1 1))———
HG) < (1 + o) s
where o(1) goes to zero as A(G) goes to infinity. (Our logarithms are base e.) More generally,
we prove the same bound for the list-chromatic (or choice) number:

A(G)

(G =< +0(1))logA(G)

provided g(G) > 4.

1. Introduction

In this paper we focus on Vizing’s [29] question concerning a possible ‘Brooks’ theorem
for sparse graphs’:

Find a best possible upper bound for the chromatic number y(G) of a graph G with girth
g(G) at least 4 in terms of the maximum degree A(G) of G,

where the girth g(G) is the length of the shortest cycles of G.

For general graphs G, A(G) + 1 is a trivial upper bound on y(G). Brooks’ Theorem [7]
gives an exact description of the graphs achieving this bound (the connected ones are just
the complete graphs and odd cycles). It is natural to expect that Brooks’ bound is very
weak for graphs without small cycles or large complete subgraphs, say for graphs of a
large degree without C, or K,-subgraphs (h, r fixed).

The first non-trivial result in this direction was discovered independently by Borodin
and Kostochka [5], Catlin [8] and Lawrence [18]: for Ks-free G,

x(G) < (3/4)(A(G) + 2).
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For triangle-free G (i.e. Ks-free), this was improved slightly (10 years later!) by Kostochka
[17], who gave the bound

x(G) < (2/3)A(G) +2. (1)
This remains the best upper bound known for Vizing’s problem, a rather remarkable
situation, since the bound (1) differs only by the factor 2/3 from the trivial upper bound.

On the other hand, it is now well-known [4] that there are graphs G of arbitrarily large
girth with
e A A(G) , )

og A(G)
where C is a constant. The best constant to date is asymptotically 1/2 as A(G) goes to
infinity. (Our logarithms are base e.)

We may consider how close the lower bound in (2) is to the truth. The situation here
is analogous to that for the independence number. (Recall that the independence number
a(G) of a graph G is the maximum size of a set of pairwise nonadjacent vertices.) The
independence and chromatic numbers are connected by the obvious relation

2G) = [V (G)|/a(G). (3)
For the independence number, the classic result of Turan [28] may be stated as
«G) > [V(G)I/(t+1),

where t = t(G) is the average degree of G.

Turan’s Theorem is sharp when G is the disjoint union of complete graphs of order +1.
On the other hand, Ajtai, Komlos and Szemerédi [2] (see also [1]) proved for triangle-free
G

2G) = C

(4)

t

a(G) =Q(

and Shearer [24] improved this to

IV(G)| logt>

|V(G)|logt

t
{both bounds as ¢ goes to infinity). These bounds are best possible up to the value of the
constant, since there are graphs G of arbitrarily large girth with

|V(G)|log t
p .

%(G) = (1 —o(t))

«(G) < (2+ o(r))

While the inequality (3) is very weak in general, it is close to the truth in many natural
situations, suggesting again that the lower bound in (2) might give the correct order of
growth for y. (Note that one cannot bound the chromatic number in terms of average
degree.)

Provided g(G) = 5, we prove that the lower bound in (2) gives the correct order of
magnitude. In fact, our result is more general. Define the list-chromatic number (or choice
number) y,(G) of a graph G to be the minimum integer k, such that for every assignment
of a set S(v) of k colours to every vertex v of G, there is a legal colouring of G that assigns
to each vertex v a colour from S(v) {3, 10, 30].

Our main result is:
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Theorem 1.1. Let G be a graph. If g(G) = S then

A
mmsu+mm@%%

where o(1) goes to zero as A(G) goes to infinity.
As a corollary of this theorem, we have

Corollary 1.2. Let G be a graph. If g(G) = 5 then

ﬂ®30+dmﬁ£%5

where o(1) goes to zero as A(G) goes to infinity.

The basic approach is via the so-called ‘semirandom’ method, some version of which
seems to have been first used in [2]. Subsequently, more developed applications appeared
in many papers [6, 22, 11, 21, 14]. See also [12, 13] for fairly detailed discussions of these
developments. The method here is close to that of [14].

In section 2 we sketch the proof of Theorem 1.1. In section 3 we introduce our basic
parameters and algorithms, and prove Theorem 1.1 modulo the proof of our main lemma
on the behaviour of these parameters under a random colouring. The main lemma
says roughly that the behaviour of our basic parameters under an appropriate random
colouring procedure is highly predictable. There are two parts to this: showing that
expected values behave properly; and showing that the parameters are concentrated near
their expectations.

Section 4 deals with the main lemma at the level of expectations. To prove high
concentrations near means of the random variables (in the main lemma), we develop
Azuma-Hoeffding-type martingale inequalities in section 5, which are thought to be of
independent interest. Finally, we prove the main lemma (the concentration results) in the
last two sections using these inequalities.

2. Sketch of methods (semirandom methods)

In this section we give a rough idea of the proof of Theorem 1.1. Let G be a graph
with girth at least 5 and maximum degree D. Further, suppose we have a set S(v) of size
s = D/log D assigned to every vertex v in G. We call S(v) the set of legal colours for v.
Our object is to find an S-legal colouring on V(G), that is, a function from V(G) to the set
of all colours I' := U,ey(6)S(v) such that for all v, 7(v) € S(v) and 1(v) # t(w) if v ~; w.

In each stage of our algorithm we will colour some set, say X, of uncoloured vertices
so that the new set X together with the set of already coloured vertices is legally
coloured. Our goal is to reach a situation in which the maximum degree of the graph
induced by uncoloured vertices is less than the minimum over uncoloured » of |S(v) \
{colour of w : w ~ v,w is coloured}|. Once we achieve this goal it is enough for us to
colour the uncoloured vertices greedily.

Before showing how to choose such a set X, and a legal colouring on it, we introduce
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the following notation: for v € V(G), w = V(G) and sets S(w) of legal colours for w € W,
define

Nw) = {weW 1w~ v}, dw(v) = |Nw ()|
Nw(sy) = {weNw@):yeSw)},  dw(;y)=IN(@;y)l. (5)
Also for a set A = V(G), we write
NwA)y={we W :w~,v forsomeveAd}.

When W = V(H) for an induced subgraph H of G we write Ng(v) etc. Usually we do
not write the subscript W (or H) if the identity of W (or H) is obvious.

The induced subgraph of G on W < V(G) is denoted by G[W]. For the rest of this
section we use ‘~’ to mean approximately equal, deferring precise statements to the next
section.

We give a rough version of our colouring algorithm only for the ‘canonical case’ in
which the graph G is D-regular and all S(v) are the same. In general, the idea is similar,
but we need some auxiliary structures (see the last part of this section) to make the
evolution, as in the canonical case. (Note that it is not a loss of generality to assume G is
D-regular.)

Fix a small 8 > 0. First, we define parameters: a9 = o =1 and for L = D/s = logD

aip1 = exp(—0fie %)y
Biv1 = (1—(8/L)e™%)p; (6)

i=0,1,...
Our first algorithm is:

Algorithm 1 (idea) Initially we set Hy = G, To(v) = S(v), to = |To(v)l =s and i = 0.

(Step 1) In general, at the beginning of each stage we will have H;, the subgraph of G
induced by the set of uncoloured vertices, and a list T;(v) of still-legal colours for each
v € V(H;). The properties we seek to maintain are
d,‘(l)) ~ ﬁ,D
t(v) =~ s
di(v;y) =~ oD
for all v € V(H;) and y € Ti(v). (Note that these are obvious initially, ie. i = 0.)
Assuming these properties hold, we define the random colouring t; according to
p. ==0/@D) ify€ Ti(v)
Pr(ti(v) =y) =4 1—-pITi()l ify=A
0 otherwise
(Note that p;| Ti{(v)| = ais(6/0;D) =~ 6/log D < 1) independently of all other colours t;(w),
and set
Xi={veV(H) tu@+A, v~, w=1)# (W)}
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For the next stage, we should consider the induced subgraph Hiy, := H;[V(H;)\ Xi]
and the sets Ty (v) of still legal colours for each v € V(H,-)T, defined in the obvious way:

Tis1(v) = Ti0) \ {ti(w) : w € Xj,w ~,, v}.
Also let ¢, (v) = | Tiy1 (V)]
We then want
dis1(v) ~ BiD
tii(v) =~ aips (7
diy1(v;7) = 1B D.

The definitions of o;+; and fiy; come from analysing the (probable) behaviour of the
parameters under the random colouring specified above. Namely,

air1/ei = Pr(y € T (v)) (y € Tyv)), (8
Bir1/Bi = Pr(w € V(Hiyy)) (w € V(H)). )

(These are not hard to see, but for (8) we need the fact that the girth of H; is at least 5.)
Furthermore,

ai+lﬂi+l/(aiﬁi) = Pr(y € T,'+|(W), we V(HH—I))’ (}’ € T,'(W)) (10)

reflecting the idea that the events “y € Ti11(w)” and “w € V(H;;,)” are almost indepen-
dent.

Once we have X; and 7, satisfying the properties (7), we proceed to

(Step 2) Set i =i+ 1 and go to step 1.
The number of stages will be

a :=min{i : §; < D7%/(2L)} (11)

(note that a is some power of log D).

The goal of the above algorithm is to reach a situation in which each colour degree
d(v;7y) is small enough relative to t(v). (See (13).) To achieve this goal the role of 8 is
important, though it is somewhat technical. Note that for v € V(H;)

Pr(v € X) = Pr(z(v) # A)Pr(z(w) # (v) Yw ~ v|t(v) # A).

and that as 6 increases the first factor of the right-hand side increases but the second
factor decreases. Thus, some optimization of 6 is in order.
What is left now is to prove that the properties (7) are feasible, i.e.

Pr(‘(7) happens’) > 0. (12)

To prove (12), we will consider the following steps:

e (a) Prove the properties (7) at the level of expectations.

Titis enough for us to consider these sets only for v € V(H;y,), but it is convenient to consider them for all
v € V(H;).
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e (b) Prove that the random variables d;.,(v) etc. are highly concentrated near their
means.

e (c) Prove (12) using (b) and the Lovasz Local Lemma. (Here it is very easy to show
that we have enough independence for the local lemma.)

Parts (a) and (c) are not hard. The only hard part is (b). Though the martingale
inequalities of {25, 15, 14] are quite powerful, we cannot use them directly for d'(v;y). In
section 5 we develop some martingale inequalities which are useful in our situation.

After running the above algorithm a times we will have
da(v;7) T D™’1a(v)/2 (13)

by the definition of a. We then run the following more efficient algorithm which prevents
excessive error accumulation. Actually, we may not expect any nice behaviour of di(v;y)
(i > a), since these might be too small to disregard error terms. Thus we need a new
phase:

Algorithm 2 (idea) We randomly colour all remaining vertices as in Step 1 with p, = 1/t;(v)
(i = a). (We may delete colours from the larger T;(v)s so that all t;(v)s are equal.) It turns
out that in this phase the degrees will shrink rapidly while the numbers t(v) remain almost
constant.

More precisely, the properties we will have are

d,'(U) 5 %Dl—(i-—a-f-l)e (14)
L(v) =~  ags. (15)

i=a,...,b where b ;= a+ 0! 4 3. (Note that for i = a these are obvious by the definition
of a. Also, it turns out that we cannot run this algorithm more than §—! + 3 times, since
the expected degrees E[d,,,(v)], if possible, might be smaller than error terms.) To prove
these we do not need any information about d(v;y) other than (13).

Assuming (14) and (15), it is clear that we can achieve our main goal (i.e. d,(v) < t,(v)
for all uncoloured v) provided

S > D% | (16)

which is possible by choosing a suitable 6.
In the general (i.e. non-canonical) case, we do not have (7). Instead, we will have

d{vy < BD
L) 2 oys (17)
di(v;y) S afiD

for all v € V(H;) and y € Ty(v).

The first two properties are in our favour. For example, we may throw away some
colours from Tiv) so that t;(v) =~ «;s. But the last property may cause some trouble in
the next stage. Roughly speaking, the reason is that we cannot control the t;(v)s well if
some colour degrees are small and the others are relatively big. To avoid such problems
we add some new (artificial) vertices to H;. These extra vertices are used to force the ti(v)s
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(for v € V(H;)) to behave as in the canonical case, and are then discarded before the
beginning of the next stage.

For each v € V(H;), y € Ti(v) with di(v;y) < d;, we add d; — di(v;y) new vertices
{w,,...,wdi_dl_(v'ﬁ} =: A(v;y) all joined to v. (The precise value of d; =~ o;;D will be given
below.) For each of these new vertices w;, we add d;— 1 more new vertices {u(lf), e, u;”_l} =
B(v;y,w,) all joined to w,. Finally, set T;(z) = {y} for all z € A(v;7) UU?':ld"("’” B(v;y,w,)).
All sets {A(v;7)}wy and {B(u;7,W,)}wy,) must be mutually disjoint.

From now on, we write H; = H;(d;) for the extended graph just defined. Also, we write
Ni(v), Ni(v;7) etc. for Ng (v), Ng,(v;7) etc. (see (5)). Note that if each di(v; ) is at most d;
then di(v;7) = d; for all v € V(H;) U N(V(H,)) with y € T;(v).

3. Main lemma

In this section we define our parameters and algorithms precisely, and give the proof of
Theorem 1.1 modulo our Main Lemma (Lemma 3.3) on the behaviour of our random
colouring procedure.

First, we need some parameters. Let 0 < n < 1, and then choose 0 < 8 < 0.1 with §~!
an integer and é such that

%(1+11e0+20)<5<1. (18)
Set A(G)=D and L =nlogD. Also, let y, =v, =1and fori=0,1,...

Hist ) _ 1 Bi Wi
Vitl 1/L 1+Bi/L vi
(these parameters are to be used to control the error terms precisely), whereas in (6),
o, = f, =1and
Aip] = exp(—@ﬁie_eﬂ")ai
Bis1 = (1—(8/L)e%)p..
Furthermore, for notational convenience set
a = min{i : §; < D~%/(2L)},

and fori=0,1,...,a

A = B(1+vD*HD
o= ol —wD* /L (19)
di = af(1+vD>H)D
except
dq = D7, (20)
As mentioned in the previous section, we use a two-part colouring procedure to prove
that
u(G) < |t,] <D/L. (21)

https://doi.org/10.1017/50963548300001528 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548300001528

104 J. H. Kim

Notice that to prove Theorem 1.1 it is enough to prove this for each fixed # and large
enough D.

Suppose we are given sets S(v) of size ty, v € V(G). (Of course, we should really write
I7,] here.) First we describe Algorithm 1 which colours many of the vertices of G and
leaves an (induced) subgraph in which the colour degrees are significantly smaller than
the sizes of the sets of legal colours.

Algorithm 1 Initially we set Hy = G, To(v) = S(v), and i = 0. We run the following Steps
a times.

(Step 1) Define the random colouring 7; from V(ﬁi), H = ﬁ;(di), to the set of all colours
according to

p, =0/(x;D) ify e Tiv)

Pr(ti(v) =7y) = 1—p|Ti(v)] ify=A
0 otherwise

independently of the other colours 7;(w). Also set
X, = {peVH):tuw)#£A v~w in H, = 1,(0) # t(w)}
Tit1(v) = Tiw)\{t(z):z€X;, z~v in fl,} .
and Hiy = Hi[V(H) \ Xi].
The properties we want are:
dis1(v) Ay

tiy1(v) tit1 (22)
dig1(v;y) < dip

vV A

for all v € V(H;) and y € Ti(v) except
da(v;7) < agfa(l+ vaDé—l)D'

Define an event Q; = { (22) holds Vv € V(H;) and y € Ti(v) }. As mentioned, we need
to show

Pr(Q;) > 0. (23)

Supposing (23) is established, we choose 7; so that (22) holds and proceed to Step 2.
(Step 2) Discard some colours, if necessary, from the sets Tiy1(v) (v € V(Hit1)) so that
| Tix1(v)] = tiz1. (By this modification diy;(v;7y) never increases.)

(Step 3) If i <a—1thenseti =i+ 1 (ie. replace H; by H;y, etc.) and go to Step 1. Stop
otherwise.

We will show below that values of y,, v, satisfy

1aD?~, v, D = o(1), (24)

where o(1) tends to zero as D tends to infinity. Thus by 8, < D~?/(2L) we have
A, < D1 +vDY)D/(2L) (25)
d, < (2/3)D7%, (cf. (20)). (26)
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We now continue with a modified algorithm better suited to the current values of our
parameters. First, set b :==a+60"'—3 and fori=a,...,b

Aiyy = (1+1/logD)D?A,
iy = (1=2D7%;
dyn = D%y, .

We run the following steps ¢ := #~! — 3 times.

Algorithm 2 Initially, i = a.
(Step 1) Do step 1 of the first algorithm with p, = 1/¢;. (Note p,t;(v) = 1 for v € V(H;).)
The properties we seek are:
di1(v) Air
tit1(v) 2t (27)
diy1(v;y) < dip
for all v € V(H;) and y € Ti(v). Note that the last inequality is trivial since by (26)

IA

dip1(v;7) < dy(v;y) < D04y (28)

(because the number of stages is less than the fixed constant §~1). Define an event Q; =
{ (27) holds Vv € V(H;) and y € Ti(v) }. Again, we need to show

Pr(Q) > 0. (29)

Supposing (29) is established, we choose 7; so that (27) holds and proceed to Step 2.
(Step 2) As in Algorithm 1.
(Step 3) Ifi<a+6~!—4 thenset i =i+ 1 and go to step 1. Otherwise, stop.
Notice that once

d,(v) <t,(v) foraliveV(H,) (30)

we may colour the remaining vertices greedily. So to prove (21) (for large enough D), we
just need to prove (23), (29), (24) and (30). We first dispose of the last two of these and
then turn to the more difficult (23) and (29).

Lemma 3.1.

g > D (31)
max{pa, Va} = Do(l), (32)

where o(1) goes to zero as D goes to infinity. In particular, we have (24).

Proof. Since
o = exp(—0Bi—1e”%)a;_; > exp(—0Bi—1)oi—y

we have
a—1

o, > exp(—0 Z Bi)-

i=0
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On the other hand, since
Bi=(1—(8/L)e %-1)p;_y < (1 — (/L) ®)piuy < (1 — (0/L)e? (33)

we have
1

az_: B < i(l —0e7%/L) = 0L/0,

i=1 i=0
which implies
a—1
os > exp(—0 > _ B) > exp(—0e’L/0) = D7
i=0

To prove (32), let us define a, to be the maximum i such that §; > L2, Then by (33),
we have

a, <207'LlogL.

Ka, 1 1 R
(val>s<l/L 1+1/L) (1>

(meaning, as usual, that u, (resp. v, ) is at most the first (resp. second) component of the
right-hand side). Similarly, we have

Note that, trivially,

a<ée®LlogD + 0 'log(2L)) + 1,

ma Yo U v N,
(v,,)—(l/L 1+1/L3> v

since B; < L2 for i > a,. Furthermore, the matrices

1 1 1 1/L2
(1/L 1+1/L)’ (I/L 1+1/L3>

have diagonal Jordan forms with eigenvalues approximately 1 + 1/ \/Z, 141 /(L\/f),
respectively, and these with the above bounds on q, a, imply

max{y ,va } < 2JL(1 4+ 2//L)y% = p°"V

and

and
max{pg, va} < 2L(1 + 2/(L/1))*D*M = p°O),
O

Proof of Theorem 1.1 Suppose now that we have run Algorithm 2 ¢ times. Then by (24)
and (25)

A, = (1 4+ 1/log D)’D~®A, < exp(c/log D)D~+Vp /L < D,
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On the other hand, by (24), (31) and (18) we have
t,=(1—2D7%, > (1 —2D"%,D/(2L) > %D-"e" D/L > D* . (34)

Thus we are done. (]
We have already mentioned in section 2 the methods to be used in proving (23) and (29).
The following lemmas are precise statements. We will prove them in the last two sections.

From now on, we fix i € [b] := {1,...,b} and for simplicity, we do not write the
subscript i (i.e. H = H;,d(v) = di(v),a = o; etc.). Also, we write H', o' etc. for Hi;y, a4 etc.
(respectively).

Lemma 3.2. Forv e V(H) and y € T(v),

E[d®)] = (1-pt(1—p))d() < (1 - pt(1—p)y)A,
E[f@®)] = (1—pQ—p)t+o0(Q1),
E[d(;y)] < (1—p(l—p)y)(1—pt(1 —p))d+ 0(1).

The proof of Lemma 3.2 is quite straightforward. Our main lemma is:

Lemma 3.3. (Main Lemma)

Pr(d(v) — E[d(v)] = A'?logA) < exp(—(logA)*/4) (35)
Pr(f(v) — E[{ )] < —t'?logt) < exp(—(logt)?/2) (36)

Pr(d'(v;y) — E[d'(v;y)] = d/*(logd)?) < 3D? exp(—% log dlog log d) (37)

A

Our proof will give bounds on the probabilities in (35), (36) of other direction—e.g.
Pr(d'(v) — E[d(v)] < —A'?logA) < exp(—(log A)*/4) ‘

—but we restrict the formal statement to the values we will actually use.

Once the above lemmas are proved, it is easy to prove (23) and (29). Before doing so,
we summarize some inequalities already established. Here we write x <« y if there is a
constant ¢ > 0 depending only on 6,5 and 5 such that xD? < y.

5—1 > %(r]e9+20— 1) by (18) (38)

tj > D7~ 5 p¥ Y je[b] by (34) and (18) (39)

g; > D¢ V je€[a] by the definition of a (40)

ajLD < D! « pi-2- V jé€lal by (31) and (18). (41)
Moreover, by (40) and (39)

dj > D—G—o(l)tj > Dl—ne”—o—o(l) > D? Vje (], (42)

and by the definitions of Ap—j, A, and b=a+6"! =3 forall j=1,2,...,b—1
A > Ap_; > (1 + 1/log D)p-1map=tlb=l-a)p > p-6@'-4pl-6-al) 5, p2  (43)
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Proofs of (23) and (29). For each v € V(H) consider the event Q, that we do not have
the required properties for v, i.e.

Q, = {d@©)>E[d®)]+AlogA} U {f(v) <E[{(v)] —t/*logt}
U {d'(v;y) > E[d(v;y)] +d'*(logd)* for some y € T(v) }.

Since (by (43), (39) and (42))
min{A,t,d} > D,
Lemma 3.3 implies that (as D is large)
Pr(Q,) < 3tD?exp(—(8/3)log D loglog D) < D? exp(—(8/3)log D loglog D) .

Furthermore, note that the event Q, is independent of all events {Q,,} for which the
distance between v and w is more than 6 (since for all v, d'(v),¢'(v) and all d'(v;y)s are
determined by the values of 7 on vertices within distance 3 of v). Thus the Lovasz Local
Lemma [9], (see also [27]) together with the inequalities

4D°Pr(Q,) < D®D3 exp(—(68/3)logDloglogD) <1 Vv € V(H)

guarantees
Pr( ﬂ 0,)>0.
vEV(H)
Therefore, (using the values in Lemma 3.2) we can find a colouring t on V(H) such that
for every v and y € T'(v)

d) < (1—pt(1—pHA+AYlogA
‘() = (1—p(1—p))t—t"logt—0(1) (44)

d@v;y) < (1—p(l—p))(1—pt(1 — py)d +d"*(logd)* + O(1) .

Thus to show (22), (27) we just have to show that the inequalities in (44) imply those
in (22) if we are in Algorithm 1 and those in (27) if we are in Algorithm 2.

We analyse the two cases separately. In Algorithm 1 we have two kinds of error terms
other than the trivial errors O(1). The first kind is from accumulation of errors in the
expectations. (Note that ¢ and d already contain such error terms.) The other kind is, of
course, from concentration errors (A/?log A etc.). As will appear below, we have chosen
the parameters—see (18)—so that the errors of the first type dominate those of the second.
Though not hard, the estimates are somewhat complicated and tedious. We will frequently
use (41)—(43).

Suppose first that we are in Algorithm 1. Let us recall

pd = 0B(1 +vD* Y)Y <0.11, pt=60(1—uD’")/L <0.1. (45)

We claim
(1 — pe(1 — p)*) — (1 — (8/L)e™%) < (6/L)(u + 6Bv)D°~" + 0Bp (46)
0 < exp(—0Be%) — (1 — p(1 — p)¥)? < 6BvD’~1. (47)
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For (46), since 1 —p > e~P~7 we have

1—ptt—p) < 1— pte_”de"pzd
< 1—pte™™(1 — ptd) by e P4 >1—pid
< 1-pte™™ +08p by (45) and (24).

Now set
f(x,y) =1—(6/L)(1 — x)e~ 00+
If 0 < x,y < 0.1 then by Taylor’s theorem

f(x,9) = £(0,0) < fx(0,0)x + £,(0,0)y = (0/L)e™%x + (6*8/L)e™"y < (6/L)(x + 68y)
since all second order derivatives are non-positive (for 0 < x, y < 0.1). Setting x = uD°"!
and y = vD%"!, we have (46).

For the upper bound of (47), consider
(1=p(=pH" = (1—pe?)
exp(—pde ™ — p*de~)
(1 — p*de ") exp(—pde™)
exp(—pde™™) —p . (48)

v v

v

Set h(y) = —0B(1 + y)e~%81+Y)_ Then by a similar argument, we have

h(y) = h(0) = H'(O)y = (6% + 6°pe %)y = —(68 — 6°F%)y , (49)
for 0 < y < 0.1. Moreover, we have by (40) and (41)
p < 0°p2D%!, (50)
(note p = 0/(aD) here). Again setting y = vD®! we finally have
(1—-p(l=p) = exp(h(y)—p by (48)
> exp(h(0) — (68 —6°%)y) —p by (49)
> exp(—0Be )1 — (68 — 8°B*)y) —p
> exp(—0Be ") — (68 — 6*f7 D’ —p

v

exp(—0pe=%) — 6pvDo~! by (50),

which is exactly what we want for the upper bound.

Note that the upper bound is quite tight, thus we may easily modify the estimation to
show the lower bound. We leave this to the reader.

Now we claim the following to control the second kind of errors.

AY%logA+pA < (8/L)(u+ 0Bv)D*—'A (51)
t'2logt+0(1) < 6BvD* Ut (52)
d'?(logd)® + pd+ O(1) < (8/L)u+ 6Bv)D*"'d . (53)

We have already seen that p is small enough in (50). Thus it is enough for us to show

max{A~1/2, g~1¢~12 4-1/2) & DO,
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(We cannot disregard p here because it can be as small as D~9/(2L).) For (51), it is
enough for us to note that by (40) and (38)

A2 < (ﬁD)_l/z < DE-1)/2+0(1) < e W

Similarly, we have by (39), (40) and (38)
ﬁ—lt-—l/Z < D(qeﬂ+2o—1)/2+o(1) < D% .

Finally, by (42) and (38)
d-1? < D(ne"+9-1)/2+o(1) < D1 ,

which completes the proof of our claims.
Using the above claims and the fact that §/f is almost 1, we have
d@v) < (1—(6/L)e%)A+2(6/L)(u+ 6pv)D°~'A
B'(1+vD°~")(1+2(B/B')O/L) (1 + 68v)D*~")D
B'(1+ (v + (36/L)(+ 08v))D°~)D
B'(1+ (v + (u+Bv)/L)D*™)D
B'(1+v'D°"NHD .

IA A

IA

Here we do not have to be so careful about the product of the error terms, since we
already know g, v = DV, Similarly,

‘@) = o(1—(u+pv)D*)D/L =/ (1— /' D*)D/L
d@;y) < @B(L+0+(u+pv)/L)D* D =a/f'(1+vD*ND .
Suppose now we are in Algorithm 2. Then since (1 —p) > 1 — pd = 1 — D% we have
1-p(1—pf*=1—(1-p)<D?
and
(1-p—-p?21-p?i=1-D".
Since by (43)
A—-I/Z < D—(39—0(1))/2 — D—OD—0/2+0(1) < D_o/(logAlog D)
we have
d@w) < DPA+A"?logA

(14 DA 2 10og A)D™9A
(1+1/1ogD)D~PA = A'(= Aiyy) .

IA

IA

Similarly, by (39), we have
‘W) > (1—D%t—1"logt
= (1-D%—rlogey
(1=2D"Nt =t (=ti1) . O

v
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4. Expectations

In this section we prove Lemma 3.2. Let us recall the lemma.

Lemma 3.2 (restatement) For v € V(H) and y € T(v),

E[d@)] = (1—pt(l—p)ydw), (54)
E[f()] = (1—p(1—py)t+0(1), (59)
E[d@w;y)] < (1—p(—-p))Q—pt(1—p))d+0(1). (56)

Proof. (a) For degrees,
Ed@®]= ) (1-PriweX)).
weN(v)
But
Priwe X) = Z Pr(z(w)=1y,1(z) #vy Vz € N(w;y))
y€T(w)
= tp(1—p).

Therefore, we have (54).
(b) For the number of legal colours,

E[f@)] = Y Pry € T'()).
y€T(v)
On the other hand, for fixed v and y € T(v), we have y € T'(v) if and only if there is no
w € N(v) for which the event
Ay ={tw)=y, 1(z)#y VYz~w}

happens. If we condition on 1(v) # y, then, since g(G) = S, the events 4, (w € N ;7))
are independent, and we have

Pr(y € T'(0)lx(v) # 7) II PrAvre) #9)

weN(v:y)
(1—p(1 —py* ) (57

Thus, since Pr(t(v) = y) = p,

Priy e T'w)) = Pr(z(v) =y)Pr(y € T'(v)Ir(v) =)
+ Pr(x(v) # y)(1 — p(1 — p)*')?
= (1—p(l—p*") +0(p)
(1 —p(1—p)y +0(p), (58)

which (since pt < 1) gives (55).
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(c) For colour degree,

E[d@y)] = Y PrwgX,yeT(w)
weN(v;y)
= > (PrheT(w)—Pr(y € T'(w),w e X)).
wEN(v3y)
We claim
Pr(y € T'(w),w € X) = pt(1 — p)*(1 — p(1 — p)*)* + O(p). (59)

Since we know Pr(y € T'(w)) = (1 — p(1 — p)¥)? + O(p) and pd < 0.11 (see (45)), (56)
follows if we prove (59).

To do so, we need only consider the case t(w) # y, since the other case has the
probability p. First note that since w € X implies 7(w) # A we have

Pr(y € T'(w),w € X)
> Pr(x(w) =y)Pr(y € T'(w),w € X|z(w) =) + O(p)
YET(W\{y}
= p Y, PriweXixw)=7)P@ e T'w)we X,t(w) =y)+ 0(p)
yYeT(w\{ry}

= pl—p Y PO eTWIweX,1(w)=y)+0p).
YET(W\{r}

Thus it is enough to show that
Pr(y € T'(W)lw € X,1(w) =) = (1— (1 —p))* + O(p). (60)

Without the extra condition ‘w € X, we may easily prove (60) as in (57). On the other
hand, the extra condition is nothing but z(z) # ' for all z € ﬁl(w;y’) and does not
affect the mutual independence of events ‘t(z) = y’. The only change required here is
replacement of p = Pr(z(z) = y) by

- _ N [ p/L=p) ifz € Nwsy)
pe) = Pr(sa) =visa) ) = { PP 2 0T

Then as in (57)

Priy e T'w)lw € X,7(w) =y)= [] (1—p)1—p)*")
zeN(wsy)

Since p(z) = p + O(p?) we have (60). O

5. Martingales

In this section, we develop Azuma-Hoeffding-type martingale inequalities which form the
basis for our proofs of high concentrations of the random variables d'(v), t'(v), and d'(v;y)
near their expectations. For general probability theory and martingales, see elsewhere
[6, 19, 27].
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Here we define finite martingales briefly.

Let Y be a random variable and %, %, ..., %, a non-decreasing sequence of o-fields on
a probability space, where %, is the trivial o-field (i.e. Bo = {§, Whole Set}). Suppose Y
1s #,-measurable, that is,

E[Y|#,] =Y .
Then the martingale generated by Y with respect to {#:}, is the sequence
{Y; = E[Y|®B]}L, -
Note that Yo = E[Y], Y, =Y and
E[Y||%i_1] = Yi Vi=1,2,...,n (61)

(actually, (61) is the general definition of martingales). Also, we define the martingale
difference sequence

Zk = Yk_Yk—l fork=1,...,n,
andset Z :=3 ,;_,Z, =Y — E[Y].

From now on when we refer martingales we always assume that {#;}, Z;s etc. are taken
for granted. We first introduce the following lemma from [15].
Lemma 5.1. Let {Y;}., be a martingale. Suppose that
E[e*®|B )] <C. VYk=1,...,n (62)
Jfor some positive w and C,,...,C,. Then

(a) Ele*?] <[] Cc and
k=1

(b) Pr(Y —E[Y] 2 ) <e™* ] G
k=1

Sfor all real numbers A.
Proof. First, note that (a) implies (b) since Z =Y — E[Y] and

Pr(Z > 1) = Pr(e“? > e“?) < e E[e%?]

by Markov’s inequality. For (a), we show

k
E[ew(21+"'+Zk)] < H C
I=1

for all k = 1,...,n by induction. If k = 1,
E[e®®] = E[E[¢“?'|%]] < Ci
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For k > 1 using the induction hypothesis,

E[e@ @+ +24)] E[E[*® 2 g,_4])
E [ew(21+“'+z"-‘)E [eka |PBr-1]]

E[ew(21+"'+2k—1)ck]

k
IIc.
=1

A

IA

a

As mentioned in section 2, we need something a little more general than Lemma 5.1
which allows the bounds (62) to fail occasionally.

Lemma 5.2. If there are Ay € By—, such that
E[e®|B_il15_ < Cc  Yk=12...,n (63)
with C, > 1 for all k, then

n n—1
Pr(Y —E[Y] > ) < e ™[[Cc + Pr(| 4.
k=1 =0

When the Pr(Ay) is small enough we may roughly speak of C; as an ‘essential upper
bound’ on E [e®%|%)_].

Proof. First we define a stopping time

n—1
o(x) = min{k|x € 4} ifx€ kL=J0Ak
n otherwise.

Then by the Optional Sampling Theorem [6], the sequence {Yia,}i_, is a martingale,
where, as usual, k A ¢ := min{k,¢}. In particular, we have for Y' = Y,n,

E[Y'|%] =Yie Yk=0,...,n (64)

In particular E[Y'] = E[Y].
Furthermore, for Z; := E[Y'|%«] — E[Y'|®Bk-1] = Yine — Y(k—1)rs, WE know

zl = { 0 %f c<k—1
Y. -Y.1=2, ifo=k.
Thus we have
e% = el gy + € Zl oty = Lot} + €°H Lioniy -
Since {6 <k—1},{c 2k} € Bi_1, {0 2k} < Ax_; and C; > 1, we have

E[e°%|Bi-1] = lochry + E[°%|Bi-1]1{o5t) < Ci -
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Therefore, by Lemma 5.1 we have

n
Pr(Y' —E[Y]z i) <e“ ]G,
k=1
which implies the result since E[Y'] = E[Y] and Y' = Yuno, = Y, = Y except on
{c<n}= Z;éAk. ]

Of course if we know, say, |Zx| < ¢, on A4;-; then we can take C; = % or e/ (by
E[Z|Bk-1] = 0) in (5.2). But if (on A;_;) Z; is only rarely near its maximum, then we
should be able to do better. A typical example for us (and also, for example, in [14, 15])
is that Z; takes only two values, say

¢, on By
Zp = k _
¢, on By

for some low probability set By € %. In this case, if By is independent of %,_; then
E[Z|%i-1] = 0 implies that c, is small (no more than c, Pr(By) in absolute value). This
situation is described in the next lemma.

Lemma 5.3. Suppose that there is a set I < [n], such that

Izkll/ik_, < cxlp, + ¢, Pr(By), Vkel (65)
Zs, < ¢ ke J =[]\ I (66)

for some constants ci, and some sets Ay, € By and By independent of By_,. Then we
have for all positive  with w maxge;{c} <}

n—1
Pr(Y —E[Y] 2 ) < Pr(J AK) + exp(—o(A = Y _ i) + 30 Y tPr(By)).
k=0 keJ kel

Proof. By Lemma 5.2 it is enough to show that

E[e“®|Bi1]l,, < £@4PrB0 fork el (67)
and
E[ewz“lgk—l]l,ik_, < @@ forkeJ. (68)

Note that (68) is immediate from (66), we really only need to prove (67).
For (67), set V = Zy 1, |, B = Br—1, ck = ¢, By = B and b = Pr(B) (for fixed k € I).
Then

E[ekang—I]I,ik_, — E[ljk_lewz"l'%k—l] < E[ewVI.@] .
Also we know
EIV|B) = E[Zil;,_|Bis] = E[ZulBii]1z, = 0. (69)
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Thus by (69) and (65) we have

E[e"V|B) = > E[w/V/|#)/)!

j=0

IA

IA

1 e8]
+3D

j=2
On the other hand, since

b

By 3= { |

(since By is independent of %)), we have

J
E[(15 + bY|%] Z(
1=0

Jj
- 2(1

1=0
= b(l1+

Furthermore, since wc < 1/6 and b < |

1 +wE[V|8)] + Zw’E[l Vi) |9

JJE((15 + bY|4] .

if 1 j
ifl=j "

) E[b'(15Y "4

) bH—l + (b] — bj+1)

by + bi(1 —b).

f:wfcfE[(13+b)f|gz] = wacf(b(1+b)j+bj(1—b))

j=2 j=2

==

[ve) >8]
b @1 +bY +(1—b)>_ wlcb/

j=2

bw?c* (1 +b)? (1 — b)w’c?h?

1 —wce(l+b) 1 — wcb

Thus

> JE[(1p + b4
j=2

IA

<

Therefore,

E[e®"|%] < 1 + 3bw’c?

poy2c2 LT b)Y +b(1 —b)

1—wc(l +b)
1+3b
2.2
b e i+ b)
6bw*c?

< exp(3bw?c?) .
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6. More lemmas

In the previous section, we developed martingale inequalities which are useful when we
know nice (essential) upper bounds on Z; = E[Y |%] — E[Y |%i-1]. 1t is relatively easy
to find nice upper bounds if the random variable Y has the typical form

= Y(Tprza-“’rn)

where 1,,7,,...,7, are mutually independent random variables such that for every k the
o-field generated by 1,,7,,...,7, is exactly %;. As all examples we require will look like
this, we restrict our attention to such Y's from now on.

For

T =(1,,T...,7,) and T =(7,7,...,1,),

define equivalence relations =, by

1= 17 ifandonlyif <1, =1 forall je[n]\ {k}.
J

)

Lemma 6.1. With the above notation, suppose for some k € [n] there is a random variable
W such that

[YR)—Y(E) < W@E)+ W)  whenever 1=, 7. (70)
Then
|Zx] < E[W|%4] + E[W|%Bi-1] .
(Recall Z;, = E[Y |%B,] — E[Y |%Bi-1].)

Proof. First note that for fixed k = (k,,...,Kk,)

E[Y |Bx_i](k) = Z Y (Koo s K3 Vs s V)PP(T, = 94500, T, = 7,)

Pyrer¥n
and
E[YIBIK) = D YooKV VPTG = Vriroe o1 Tn = V)
Yiryr¥n .
= Z Y (i, s Ky Ve o P)PP(T, = Vs T = V1)
Yy os¥n

since ZP’(H =Yooy Tn = ¥n) = Pr(t,,, = V115 - Tn = ¥n). Thus by (70) we have
%

1Z(k)l = [(E[Y|%Bi] — E[Y |Bi1])(x)]
< Z Y (Kyse o K Viggoee s V) — Y (Kol Vi 5 V)l
YVyres¥n

XPr(t, =7y,...,7T, =7,)
Z (W(Kp---,Kk,)’k+1,--~,}’,.)+ W(Kp---,Kk_,,')’,‘,n-,)’,.))
Yi»-s¥n

IA

XPr(t, =y,,.--Tn = ¥n)
= E[WI|B](x) + E[W|Bk-1](x) . 0
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Now we come back to our own problem. Before developing some inequalities of the
form (70), we introduce a more convenient notation. For V(H) := {v,,0,,...,Un} We write
7, = 1(v,), k € [n]. We will specify the order of the vertices later, depending on our
purpose. From now on, %y is the o-field generated by 1,,...,t, and By is the trivial o-field
that consists of the empty set and the whole set. We also write

Ne:=R@,), Th =T@,), T =T(@,) and N, =RN(@,;y).

(Notice that Ty is in fact T;(v,).)
‘We define new random variables
1 ifo,~yp and 1, =1, #A
. — i k ¥ k
Q(7) { 0 otherwise.

and

R (1) = 1 if(1) 7, =y, and Q) v, ~v, orIv, e NjnN; -3- 1,=y
* 0 otherwise.

Remark 1. If j # k then |N} N ﬁl,:l < 1 because g(H) > 5. Thus the second condition of
(2) is very strong in most cases.

2. We could replace the condition v, € N} N NL by v € N in N, since the requirement
1, =y then forces v, € N} N N},

As we saw in section 4, our random variables are sums of 0-1 random variables. We
first consider the 0-1 random variables.

Lemma 6.2. Suppose 1 =, ©'. Then we have

L,ex3 (D) — Lexy (V) < Qi) + Qi) + Lijopy (71)
11pery(@) — lpery(@) < R (2)+ R (7)) (72)
and
Lo, ¢x9e3(2) — Ly gxyer (1))
< Qjk(1) + Qi(t') + R, (x) + R (*') + Loy (73)
forye T,

Proof. (a) For (71) suppose

Loexy(1) = Lpexy(f) = 1.
Then we claim
Qi(r) + 1oy = 1,
which means
Lwex)(0) = Lingxy(t)) < QD) + Lyjmiy - (74)
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Proof of claim. First note that
1{,,j¢x}(r) =1 = 7,=Aor 1;=1 for some v, € Nj and
lpgxy(@) =0 = ¢ #A and < #7, forallv, € N; .

We consider two cases.
() Ifz, # ‘r;_ then k = j. Thus 13, = L.
(2) Suppose 7, = r;_(aé A). Then we know 7, # A and there is v, € Nj such that 1, = 7, # 1,.
Thus! =k and 7, =1, # A ie. Qu(tr) = L.

Similarly, we may have
Lo ¢x3(t) — 1o, exy(7) < Q) + 1gjmty

which completes the proof.

(b) For (72) suppose that
Lyer(t) — Lpery(?) = 1.
Then we claim
R (1) + R ()=1.

Proof of claim. First we have

lgerp(r)=1=Vy, €A :={y,~v, i1, =7y} Jv~v -3 7,=y and

Lperp(¥) =0=3v, € 4" :={v, ~ 1, T =9} 3 T FY Y oug~u,
We again consider two cases:
(1) If A"\ A # O then it is clear by 7 = 7’ that A'\ 4 = {,}. Thus v, ~ v, and 7, = y by
the definition of 4'. This means R (7') = 1.
(2) Suppose A’ = A. Then take v, € A’ such that t;, # y for all v; ~ v,. Since v, is also in A

(= 1, =), we know there is v, ~ v, such that 7, =y. Thus it is clear to see that g, =k
and so R}’,k(r) = 1. (Note that this includes the case k = j.)

Similarly, we have the same claim when the other case happens, which completes the
proof.

(c) The inequality (73) follows from (71) and (72) via the triangle inequality, since
1o, expem3 (1) = Loexyery ()l
< gyexy (1) = Lgexp (T + ery(0) = Lgerp(T) - O

Finally, we have the following easy lemma:

Lemma 6.3. Ifv, ~v, and j > k then we have

E[ijl.@k] = Pl{rkeT;}
E[Qjx|Bk—1] PIT; N Ty .
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Also, if all vertices in Nj follow v, then we have
ER %] < pN; Nl (S 1)

E[R,|%Bi1] < PN, N Nillgery (< plyeny)

with equality unless j = k.

Proof. Suppose v, ~ v, and j > k. Then
E[Qjk|Bi] = Pr(t, =1, + Al%By) .

Since 7, is independent of %, we get

iftr €T;
Priz. ==, # M%) = { g othtarwis::

And since 7, is independent of %, it is clear that

E[Q|%Br-1] = EI[E[Qk|%1]|PBx-1]
= PE[lf e1}|Bi]

= PITyNTil.
For the second part, suppose all vertices in N j follow v,, in particular v, # v,. Then
ER|B] = Pr@v e N;nN, -3 1, =Bl

< pIN; NN oy (75)

since
Pr(, € NION,Y( ‘- 1,=9%) = Pr(d e N;ON,I "3 1,=Y)
< PN AR

And

E[R,|Bi—1] = PIN; 0 NilLypery - (76)

Furthermore, in (75), we have equality whenever W} ﬁﬁlﬂ =0 or 1, which happens unless
Jj =k (since g(ﬁ) = 95). O

In what follows we will treat concentrations of the random variables d'(v), t'(v) and
d'(v;y) separately. Since we would like to apply Lemma 5.3 the main goal is to establish
inequalities of the form (65) or (66). In most cases, A, = @ and I = [n], but in the proof
of the concentration result for d(v;y) we use Lemma 5.2 essentially (i.e. A; # 0 in some
cases) and I is no longer [n]. In each case, we first choose the order of vertices carefully.
Next we apply lemmas 6.1 and 6.2, and analyse the resulting upper bounds case by case
(using Lemma 6.3 in most cases). Again in the proof of the concentration result for d(v;y),
we need to consider Rj’,k under more complicated conditions, which will be developed in
section 7.3.
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In the following section, we always assume
T =k ‘L'/

when k is clear.

7. Proof of the main lemma
In this section we prove (35), (36) and (37) in the main lemma.

7.1. Degrees Fix v, =v € V(H). Since N(N(@)) " N(v) = 0 by g(H) > 5, we may label all
vertices so that

NN@)\ {v} = {v....,0m1} and N@®) = {vm,...,0n}

(recall N(v) = {w € V(H) : w ~ v}). Note that v, # v, if j # k since g(I:I) > 5. Our
random variable Y is, of course,

— 4 — —
Y=d@)= Z Liwexy = Z L, ¢x) -
weN(v) j=m
We do not even define the order of the other vertices because Y does not depend upon
their colours.
We look for inequalities of the form (70). For 1 =, 7/ we easily see that by (71)

Y@ =Y < D Iy ex(®) = Lpen @)
j=m
< ) Q@) + Qp(T) + Ljmigy) -
j=m
and by Lemma 6.1 we have
1Zil < Y (E[QuIBi] + E{QulBi] + 1(icigy) - (77

Jj=m
Now we claim that
Pr(Y —E[Y] = ) < exp(—(log A)*/4)

where 4 := A2 log A.
First, recall

pt <1 (by the definition of p) pd <0.11 (by (45) or (28)). (78)

We consider three cases to get inequalities of the form (65). In what follows, we always
assume m < j < n.

(Case 1) k=1
Then using Lemma 6.3, (77) and the fact that [N(v;y)| < |[N(v;y)| = d for all y € T(v),
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we have
1Zil < pY (lgery+pITiN Tl
j=m
= Pp(IN(v;z))| + ptd)
< pd+ ptd) < 2pd.

Therefore, we have
|Zy|<2pd<1=1/2+41/2,
ie.
¢, =1/2, Pr(B)=1 (79)
in terms of parameters in (65).
(Case 2) 2<k<m—1

In this case there is only one j (m < j < n), say j(k), such that v, ~ v,. By (77) and
Lemma 6.3 we have

|1Zkl < Pl{gemyuyy + PP T N Tiwl -
That is, for (65) we may take By := {r, € Ty} and
c.=p and  Pr(By) =p|TiN Tjwl . (80)
(Case 3) m<k <n,

Since v, ~ v and v, ~ v we know v, + v,. Thus all Q terms in (77) disappear. Therefore,
we have

Zkl <1 ie. ¢, =1/2 and Pr(By)=1. (81)

Therefore, by (79), (80) and (81), we know that

n m—1
1
3? ZcfPr(Bk) = 3w? <4 +p Z |Te O Tjuyl + -fN(v)l)

k=1 k=2
Furthermore,
INw)| <A
and by (78)
m—1
PY ITen Tl < BZ > ITnTj
k=2 j=m v, EN
= ’ZE:Zﬁmm
—'"v GN yeT;

= P3ZZ Z I{YGTk}

j=myeT; UkENj

pPAtd < pA . (82)

IA
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Finally, setting w = 4/(2A) and using Lemma 5.3 we have
Pr(Y —E[Y] = 2) < exp(—wi + w?A) = exp(—(log A)*/4) .
7.2. Sizes of sets of legal colours We define an order similar to that of the previous
section. Fix v € V(H) and set v, = v and
N() = {yy- s Um=1}s Nw) = {Oms--,Un} ,
where, in general, for a subset (or vertex) 4 of V(fI )

j=1
N(4)=4 and Ni(4) = NN\ | JN'(4) forl=1,2,....
1=0

Notice that by the definition
N(A)na=0 forall j=1,2,... (83)

We do not define any order on the other vertices because they are irrelevant.
If we set
Y=—t(v)=— Z Lyeryy
veTy
then for T =, 7’ we have by (72)

Y@=-YE) < D Ipery) = Lpery@)

yeT)
< Y RE+R().
€Ty
Hence by Lemma 6.1
1Zl < > (ER,|B] + E[R,|Be1]) - (84)

y€T,
We claim
Pr(Y —E[Y] > 2) < exp(—(logt)*/2)

for A :=t/2logt.
Again we first consider three cases.

(Case 1) k=1
Then by (84), Lemma 6.3 and the fact that |N;| = d, we have

1Z)| < pd D (Lye—y +p) < 1
veTh
ie.
¢, =1/2, Pr(B)=1. (85)
in terms of the parameters in (65).

(Case2) 2<k<m-—1
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Then there is only one element in Ny N Ny, say vjk)- By (84) and Lemma 6.3 (using
j(k) > k) we have

1Zl

IA

D IN, N N[ my + PN 0 Nyl Ler,)
y€T)

= Z(Pl{yerj(k,} 1{1k=7} + p2 I{YETj(k;} 1{7€Tk})
yeT

= plir emintyy) + PATi 0 Tjy N Tl -
Thus we may say By := {1 € T1 N Tjy)} and
¢ =p,  Pr(B) =plTiN Tjgy N Til- (86)

(Case 3) m<k<n
Then by (84) and Lemma 6.3 we have

|Zx] < Z(l{rk=y} +plyery) = lgery +PITI N T,
yeTh

that is, By := {r, € Ty} and
c.=1, Pr(By)=plTiNTy. (87)

Now by (85), (86) and (87), we have

n m—1 n
1
30 2Pr(B,) = 30 (z + 0 SITNT N Tl +p > _ ITiNTil) .
k=1 k=2 k=m

Moreover, by (78) we have

P> ITiN T = pdt < 0.11¢

k=m
and
m—1
PY IINTjyNTd < p Y >3 geromy
k=2 v}.eN, v eN;vETI

= pBZ Z Z lyeny

¥€T1 v eN] v, e;
= pd? <1,
So setting w = A/t and using Lemma 5.3, we have
Pr(Y —E[Y] = A) < exp(—wA + v?t/2) = exp(—(logt)?/2) . O

7.3. Colour degrees As we saw before, this case is a combination of the preceding two
cases. One might guess that the upper bound we try to get is more or less the sum of the
two previous upper bounds. However, our situation here is somewhat different, so that we
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need a more subtle and complicated analysis. The reason will be briefly explained after
we order vertices.
Fix v € V(H) and y € T(v). Set

{vpu} = N(N@3y)

(0,0} = NWN@;y)N{zeV(H):y¢T()
{v,...,v,,} = N(N@w;y)n{ze VH):z#v,y€ T(z)}
{v,,....v.,} = N(@;y)

and v, = v. Also set

n—1
Y=d@:9)= Y legx yere) =9 lpex, yeTl} -
z€N(v37) j=m

Then as in the previous sections for 1 =, v we have

n—1
Y@= Y@ < Y Mppex, rer(©) — Lgx, yery (@)
j=m
n—1
’ Y v,y
< 3000 + Q@) + R, (1) + R (<) + ey
j=m
and so by Lemma 6.1
n—1
1Zl < 3" E[QlBi] + E[Qi|Bi—1) + EIR, 1Bl + E[R,|Bici] + 1oy . (89)
Jj=m

For the Q terms we may use the same estimation as in section 7.1. However, for the R
terms we need new analysis. Briefly, one (possibly main) reason is that we must take into
account edges between vertices U := {v,,...,vm—1 }. For example, it may happen that there
is a vertex v, in U such that almost all vertices in N, are in U and precede v,. Furthermore,
it seems to be impossible to find a suitable order to avoid this kind of problem. Thus we
are considering essential maximums. The next two lemmas are presented mainly for this
purpose.

First we define new (random) sets

A=4() = {peN:1<i<k-1, 7,=y}
Cl=C() = {pelN, k<i<n t,=7}.

Then it easy to see that for v, € N [
¥
R, = e (59

and for v, ¢ Nj
R, < (IN; n Ay + 1N 0 Gl =) -

https://doi.org/10.1017/50963548300001528 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548300001528

126 J. H. Kim

Furthermore, since A: € By < By and C: is independent of %, we have
EIN; N4 18] = IN; N4
E(N;nC 18] < pIN;niy.

Thus for v, ¢ Nj, we have
E[R |Bi] < (N} n Al + pIN; n NiD1g o) - (90)

The next lemma is easy to get using the above inequalities.

Lemma 7.1. With the notation as above we have

n—1 Ck1{1k=y} if 1<k<h
SCER|B)<{ Q+IA Dy if h<k<m—1
j=m 1+ pd if m<k<n—1
where for 1 <k <h
n—1
ck=c: =p Uﬁljﬂﬁi .
J=m

Proof. For 1 <k < h we know N;- N A, = @ since all the vertices in N} follow v,. Also it
is easy to see that

n—1 n—1
p |N;nNL|=p|UN;nN;|=Ck (< pd) 91
j=m j=m

because the sets in the sum are disjoint by g(H) > 5. Thus by (90) we have

n—1 n—1
D _ERIBI<p) IN; 0Nl oy = 6145, =)
j=m j=m

On the other hand, for h < k < m — | there is only one j between m and n — 1 such
that v, € N;. Hence, by (89), (90) and (91) we get

n—1 n—1
SCERIB] < (1+ > IN;nA|+pd)lg -y
Jj=m j=m

In

Q+ 14D, =)

again because of the disjointness of the sets.
Finally, for m < k < n—1 we know that if j # k then N;N Ny = {v,}, which also means
N;n A = ¢. Thus by (90), we get

n—1

> E[RyI®:) < E[R},|B] + (d — Dplig—py < 1 +pd . O

j=m

In the above lemma, the size of A: can be as large as d. But the size is essentially small
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enough for our purposes. (Note that E[|4;|] < pd < 0.11.) The following lemma gives the
exact meaning of this.

Lemma 7.2. For all y, € T, we have

Pr(|A’| > logd) < dexp(— logdloglog d).

Proof. SetY' = |AZ° l. For o’ = loglogd we get

Elexp(@’'Y)] < E |exp| @’ Z Lgmy,)

neN?
= H E[exp(o'l{y=y,))]
v,~eﬁll°
< (1—p+pe”)
< exp(pde®)
< exp(e?)=4d.

Thus, using the Markov inequality we have

Pr(Y'>logd) = Prexp(w'Y’) > exp(w’logd))
< dexp(—w’logd) . il

Now we claim for A := d'/2(log d)?,
Pr(Y —E[Y]=A) < exp(—% log dloglogd) (92)

using Lemma 5.3. That is, we first show that (65) and (66) with appropriate c,s, Bys, Ax—1$
which satisfy the conditions in Lemma 5.3.
We consider five cases. In what follows we always assume m< j<n—1.

(Case 1) 1 <k <h-—1
Note that j # k, and by (83) v; £ v for all m < j < n— 1. Thus all Q terms in (88)
disappear as well as the term 1{;—;. By (88) and Lemma 7.1, we have

1Zi| < Ckl{‘tk=’y} +ka1{yeTk} '

(Case 2y h<k<l-—1
By y € Tk, all R terms in (88) disappear. Furthermore, because there is only one j, say
J(k), such that v, ~ v;, we have

1Zil < Plsetiy + P21 Tjoy N Tl (< 2p) . (93)
a

as in the Case 2 of section 7.1.
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Hence By := {tx € Tjx)} and
c=p, Pr(B)=plTjgNTil . 94)
(Case 3)I<k<m-—1
Let j(k) be as in (Case 2). Then we have the same bound in (93) for Q terms. Now we set
Aoy = {1 |4, (1) = logd} € By, .
Then by (88) and Lemma 7.1 we have
1Zkl14,_, <2p + (2 +logd)lyy =y +p(2 + logd) < (4 +logd)l(, 3 + p(4 +logd) .

Hence we may say that B, := {r, =y} and

¢, =4+logd, Pr(Ax-1) <a, Pr(By)=p 95)
where a; = exp(—dlogdloglogd) (see Lemma 7.2).
(Cased)ym<k<n-—1

Note that v; ¢ Ny and for k £ j, NjﬂNk = {vn} (m < j < n—1). So all Q terms disappear.
Therefore, by (88) and Lemma 7.1, we get

|Zi| <24 2pd +1 < 4, (96)
that is, ¢, =2 and Pr(B;) = 1.

(Case S)k=n
For
. T
My(7) = glea%{lAn ()},
we define

An—y = {1 : Mp(z) = logd} € B, .
Then it is easy to check by Lemma 7.2 that
Pr(A,_,) < tdexp(—logdloglogd) .

We now claim
Znl;  <2+logd,
that is, J = {n} and
cn=2+logd 97)

in terms of parameters in Lemma 5.3.

Proof of claim. For Q terms, note that

n—1 n—1
Y Qin(0) =D L=, #a)(7) < Ma(1)
Jj=m j=m
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and

S ElQjul B <pd < 1.

Jj=c
Hence by (88) we have
n—1
Za15,, < logd+ 1+ (Ligymy) +p)
j=m
< logd+1+dl;,—y +pd
= 24logd+ dl{,u=7}. (98)

If 7, # v then we get
IZ,,|1/—1”_1 <2+ logd.

When 1, = y, the upper bound in (98) is no longer good. Actually the (essential)
maximum of |Z,| is quite big. (Note that p is not so small.) But we can find a nice
essential upper bound of Z,. To do so we need a lemma, which is to be proved later. Our
result is an easy corollary of the lemma.

Recall that it is enough for us to consider only the case t, = y.

Lemma 7.3. With the same notation as above, suppose 1 =, ©" and t, = y. Then for
m<j<n-—1

1{u;¢X,yET}}(T) - 1{0]¢X,y€Tj’}(T’) < l{rj=y}(r) . (99)

Corollary 74. If t, =7y then
Z,1;7  <logd.

Proof. We use the same method in the proof of Lemma 6.1. For t = (1y,...,7,_,,7) We

know
Z,(t) = Y(@)—E[Y]r,...,1,]
= > (Y@-YE)Pr(z, =7
YlGTnU(A}

n—1

Z Z(l{ujgsx,yer;}(f) = Ly ¢xyery(V)Pr(z, =)

y'€T,U{A} j=m

where v = (1),...,7,_,'). Thus by Lemma 7.3 we have

n—1
anzn_l Z Z l{'j=)’} IA—Q”_lI;’r('r’l = 'Y,)

YETU{A} j=m

n—1
= D ly=plz, > Prr,=7)
Jj=m

IA

Y E€TU{A}
n—1
= Z 1{,,=.,} IZ,._, <logd. O
Jj=m
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We now have
n—1 h—1 -1

302 ZPr(B) = 30°(pY lyery +0° D T N Tl
k=1 k=1 k=h
m—1 n—1
+p> (4+logd?+ > 4).
k=l k=m

Also, it is easy to check that

m—1

-1
PPY ITjwN Tl <p’td® <1, p) (4+logd) < pd*(4 +logd)* < 0.12d(logd)?
k=h k=l

and
h—1 h—1 n—1
' L7
PY ¢ lpery = PPY_IUN NN Plgeny
k=1 k=1 j=m
h—1 n—1
< pPdY 1N nMitgen,
k=1 j=m
< pldd*d = plat

since the last sum is less than the number of edges between U;';ln N’ and its neighbours

j
v, withy € T},
Hence, setting @ = d~!/2 and using Lemma 5.3 (recall 1 = d'/%(log d)?) we have

Pr(Y —E[Y]22) < exp(—w(i-2—logd)+3w*(p’d* + 1+ 0.12d(logd)’ + 4d))

m—1

+Pr( U A1 UA,)
k=1

A

exp(—%(log d)?) + (d° + td) exp(— logd log log d)
< exp(—logdloglogd/2) .

We complete the proof of the Main Lemma by proving Lemma 7.3.

Proof of Lemma 7.3. First recall v, ~v;. We consider two cases.

If v, € X(7) (ie. Liy,ex}(r) = 1) then since 1, =y, we have y ¢ T;(1) (ie. 1{yeTlg}(t) = 0),

which implies
Lygxyer (1) =0.
Thus the left hand side of (99) is less than 0 while 1., > 0.
If v, € X(7) then it is easy to sce

y & Tj(x) ifand onlyif 3Iv;€ NynX(r)st 1, =7
if and only if v, € N;nX(7)st. ti=7y
if and only if  y ¢ Tj(7)

because t =, v and g(ﬁ) > 5. That is, I{YGT;}('C) = l{ye'r}}(‘[/).
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Thus by (74) we have

(Lgx3(7) — Lyexy (PN ey (1)
(™) = Lig=) - O

1{0,—¢X,yeTJ’.}(T) - 1{vj¢X,ye T}}(Tl)

IA

8. Further discussion

Our result (Theorem 1.1) gives the correct order of magnitude for both chromatic and
list-chromatic numbers (cf. (2)). However, the original question regarding triangle-free
graphs (ie. girth at least 4) is still open. Here we (J. Kahn and the author) would like to
conjecture that the same result holds for girth 4:

Conjecture 8.1. Let G be a graph. If g(G) > 4 then

#(G) <1+ o(l))log(TG()G)

where o(1) goes to zero as A(G) goes to infinity.

Remark Recently, R. Higgkvist said that A. Johansson and S. McGuiness had just
(independently) proved our result and were pretty sure that for girth 4 they could show
1(G) = O(A(G)/ log A(G)) and x,(G) = o(A(G)).

Acknowledgements The author is very grateful to Professor J. Kahn for Lemma 5.2 which
was jointly obtained with him.
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