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Derive new clauses from old using:
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 Derivation of  certifies unsatisfiability ⟹ Λ
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Introduced the DPLL algorithm 
 Lower bounds on the runtime of DPLL follow from lower bounds on tree 

Resolution proofs


Introduced the CDCL algorithm by extending DPLL with 
 Unit Propagation 
 Clause Learning 
 Restarts 

→

→
→
→

Last Time



Unit clause: a clause containing a single literal ℓ

Unit Propagation: if  contains a unit clause 
(under the current assignment), set   

F
ℓ = 1

0

Last Time — Unit Prop
(x ∨ y) ∧ (z ∨ w) ∧ (h ∨ z̄ ∨ ȳ) ∧ (ī ∨ z̄) ∧ (i ∨ z̄ ∨ ȳ)
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Last Time — Clause Learning
When a conflict, use Resolution to learn a clause
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(y ∨ z) ∧ (y ∨ z̄) ∧ (x ∨ ȳ ∨ z) ∧ (x ∨ ȳ ∨ z̄) ∧ (x̄ ∨ ȳ)
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x ∨ ȳ ∨ z̄

(y) ∧

y

x ∨ ȳ ∨ z
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(ȳ) ∧



Analyzing CDCL
What do we learn if we run CDCL on an unsatisfiable formula?Q .
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y

Resolution



Analyzing CDCL
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x ∨ ȳ ∨ z̄

(y) ∧

y
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x ∨ ȳ ∨ z̄

(y) ∧

y

x ∨ ȳ ∨ zx ∨ ȳ

ȳ
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Analyzing CDCL
Theorem: Let  be an unsatisfiable CNF formula. If CDCL takes time  to solve , 
then there is a size-  Resolution proof of 

F s F
s F

In order to prove bounds on the runtime of CDCL it suffices to analyze Resolution 
proof size
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Resolution Lower Bounds — Some History
First lower bound proved by Armin Haken in `85

Technique: Bottleneck Counting 
In every Resolution proof of ,

1. Every  falsifies a wide clause in the proof

2. Every wide clause is falsified by only a small number of 


 Proof must have many wide clauses! (Size lower bound!)

F
x ∈ {0,1}n

x ∈ {0,1}n

⟹



Resolution Lower Bounds — Some History
Connection between width and size formalized by Ben-Sasson Wigderson `99



Resolution Lower Bounds — Some History
Connection between width and size formalized by Ben-Sasson Wigderson `99

Theorem:  
For any unsatisfiable CNF formula  on  variables with clauses of width ,F n ≤ w

sizeR(F) ≥ exp Ω((widthR(F) − w)2/n)



Resolution Lower Bounds — Some History
Connection between width and size formalized by Ben-Sasson Wigderson `99

Theorem:  
For any unsatisfiable CNF formula  on  variables with clauses of width ,F n ≤ w

sizeR(F) ≥ exp Ω((widthR(F) − w)2/n)

Takeaway: If  and  then we get size lower bounds!w = O(1) widthR(F) = ω( n)



Resolution Lower Bounds — Some History
Connection between width and size formalized by Ben-Sasson Wigderson `99

Theorem:  
For any unsatisfiable CNF formula  on  variables with clauses of width ,F n ≤ w

Takeaway: If  and  then we get size lower bounds!w = O(1) widthR(F) = ω( n)
We can prove a similar theorem, with a much simpler proof by composition!

sizeR(F) ≥ exp Ω((widthR(F) − w)2/n)



Resolution Lower Bounds — Some History
Connection between width and size formalized by Ben-Sasson Wigderson `99

Theorem:  
For any unsatisfiable CNF formula  on  variables with clauses of width ,F n ≤ w

Takeaway: If  and  then we get size lower bounds!w = O(1) widthR(F) = ω( n)
We can prove a similar theorem, with a much simpler proof by composition!
Theorem:  
For any unsatisfiable CNF formula ,F

sizeR(F ∘ XOR) ≥ 2Ω(WidthR(F))

sizeR(F) ≥ exp Ω((widthR(F) − w)2/n)
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For any unsatisfiable CNF formula ,F

sizeR(F ∘ XOR) ≥ 2Ω(WidthR(F))

 obtained by substituting  F(x1, …, xn) ∘ XOR xi ← yi ⊕ zi = (ȳi ∨ z̄i) ∧ (yi ∨ zi)
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Size to Width
Theorem:  
For any unsatisfiable CNF formula ,F

sizeR(F ∘ XOR) ≥ 2Ω(WidthR(F))

 obtained by substituting  F(x1, …, xn) ∘ XOR xi ← yi ⊕ zi = (ȳi ∨ z̄i) ∧ (yi ∨ zi)

e.g.  
                                     
                                     … expand as CNF
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=
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Theorem:  
For any unsatisfiable CNF formula ,F

sizeR(F ∘ XOR) ≥ 2Ω(WidthR(F))

Step 1. Prove the theorem: 

Step 2. Prove that some formula  (Pigeonhole formula) requires large widthF
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Proof: , let  be any Resolution proof of w := WidthR(F) Π F ∘ XOR

Idea: construct a partial assignment  so that 

1.  is a proof of 

2. If  is small   has width

ρ ∈ {0,1,*}n

Π ↾ ρ F
Π ⟹ Π ↾ ρ < w
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 Tails: fix  with equal probability. 

ρ i ∈ [n]
→ yi ∈ {0,1}
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 Each literal in  is set to  w.p.   
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By a union bound over the wide clauses in Π
Pr[Π ↾ ρ has width ≥ w] ≤ (3/4)w |Π |
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