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(a) Euler’s Method, stepsize 0.3
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(b) Modified Euler’s Method, stepsize 0.3
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(c) Leapfrog Method, stepsize 0.3
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(d) Leapfrog Method, stepsize 1.2
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��£�¤�ª�¬Uª�£�¤�ª�£% ¢�?¥*¶Ó ¢²wªÜ¤���Á¯ª¢®Rª�£�¦�ªÜ�°£´¬¯¡V ¢ª�£% %���`�ßª�£�ª�®Iµ¼¥�¨Uª: Í¸rª�ª�£´�È¬�®I¡n¬¯¡`§Iª�¤´§c %�¼ %ªÜ�`£�¤À ¢²�ªÜ¦¢«�®R®Iª�£% 
§c ¢�V ¢ªÂ¸Â���°��¨¯ªÂ ¢²�ªÈ§I«�� ¡`±^�°£�¤�ª�¬¯ª�£�¤�ª�£% Ö¤��°Á¯ª�®Iª�£�¦�ª�§t±¿¡`®Üª��`¦P²'·��`®R�°�n¨��°ª�ÅÇÞ3±j¸rªÈÊ�º� %²�ªÈ§c ¢�`£�¤��n®I¤
¤�ª:·����V ¢�°¡n£�¶;:V¶j±A¡`®�ª��`¦E²á¬�®I¡n¬¯¡`§Iª�¤á¦E²��`£�µnª�¶U ¢²�ª©�yª��`£á�n£�¤È ¢²�ªG· �n®I���`£�¦�ªt¡n±� %²���§8¬¯¡¼ %ª�£% ¢�°�n�jª�£�ª�®Iµ¼¥
¤���ÁUª�®Rª�£�¦�ªy¸»�°����¨¯¡¼ %²�µn®I¡¹¸ �°��£�ª��`®R�?¥Ú¸Â�½ %²Ñ�*¶K¸Â²���¦E²�¸»�°������ª��`¤� %¡Ù�Ù¬�®I¡nµ`®Iª�§I§I�½·Óª��½¥Û��¡P¸rª�®��`¦�¦�ª�¬�Ã
 ¢�`£�¦�ª'®R�V ¢ª�Å Æ�¡����n�°£% ¢�`��£�®Iª��n§¹¡n£��`¨���ª'¬Uª�®R±A¡n®I�y�`£�¦�ª�¶<:y¸Â���°��²w�¹·wª� %¡�¤wª�¦�®Rª��`§Iª'�n§��Ç�°£�¦�®Iª��n§Iª�§IÅ
w«�®c %²�ª�®R��¡n®Iª�¶� ¢²wªy£"«��Ü¨¯ª�®¡n±��? %ª�®R�V ¢�°¡n£�§»£�ª�ª�¤�ª�¤Ö %¡Õ®Iª��n¦E²��Ò£�ª��`®R�?¥���£�¤�ª¢¬¯ª�£�¤�ª�£% �¬U¡n�°£% 8¸Â���°�1¨¯ª
¬�®R¡`¬¯¡`®� %��¡`£��n�  ¢¡=: Ç n ¶+§I��£�¦�ªª:º�¬��°¡n®I�¼ %��¡`£Ò��§1·U�°�y��®I�n£�¤�¡`� ¸8�n��Ä"Å
���°�y�°���`®R�?¥*¶Ó¸Â²�ª�£´��³´à��°§�«�§Iª�¤À %¡§¹�n��¬���ªÜ±A®R¡`� �¤��°§c ¢®I��¨�«n ¢�°¡n£´�°£À¸»²��°¦E²À ¢²�ªÜ¦�¡`�y¬U¡n£�ª�£% %§�¡n±

XÕ�n®Iª��£�¤�ª¢¬¯ª�£�¤�ª�£% ¢¶0«�§I�°£�µ� %²�ªÄ
�°£�ª: ¢�°¦ª�£�ª�®Iµ¼¥Ñk�ì\]�í � ó ] n � o � ¶� ¢²�ª¤��°Á¯ª�®Iª�£% �ì�X � �	] � íÜ¬��n�°®R§Ü¤�¡
£�¡¼ À��£% %ª�®R�`¦: À¤�«�®R�°£�µt %²�ªy§I�°�Ü«��°�¼ %��¡`£�¡`±��t %®R��Ô:ª�¦: %¡n®c¥´Ø ª��`¦P²�ì�XZ� ��]��_í¬��n�°®8±A¡`���°¡¹¸»§»���n�����? ¢¡`£����`£
¤�¥�£��n����¦�§j�n¦�¦�¡`®R¤��°£�µK %¡KÔ3«w§c � ¢²�ª�¡n£�ªß ¢ª�®I�4�°£� %²�ª�¬U¡¼ %ª�£¢ %���`�"ª�£�ª�®Iµ¼¥À�°£%·w¡`�½·��°£�µôXZ�¯�n£w¤� %²�ª�¡`£�ª¾ %ª�®R�
��£» %²�ªGÄ"��£wª: ¢�°¦Gª�£�ª�®Iµ¼¥Y�°£¢·Ó¡n�?·���£�µ2]��_Å0Æ^²wª�®RªG�°§¾ %²�ª�®Rª�±A¡`®RªG£w¡Â£�ª�ª�¤È±¿¡`®¾ ¢²�ªG�°ª�£�µV ¢²�°£Ê�¦: %�½ %��¡`«�§¾ %����ª
¡n±¾�� %®R��Ô:ª�¦: ¢¡`®c¥À ¢¡©�°£�¦�®Rª��`§Iª�¸Â�½ %²Ö¤��°�yª�£�§¹��¡`£��n�°�½ Í¥*Å^��¡¹¸8ª:·wª�®I¶��`¦�¦�ª�¬� ¢�`£�¦�ªr¡`±� ¢²�ª8ª�£�¤�Ã¹¬¯¡`��£% ¡n±� %²�ª



ý u$.1 "!"y¹�'þ8BZw���|�y{�¸ÿ�w����ë|���ÿ�~)B�� � ï
 ¢®I��Ô3ª¢¦: ¢¡`®�¥Y�°§�¨��`§Iª�¤¡`£» %²�ªGª�®R®I¡n®��°£j� ¤�«�ª	 ¢¡� %²�ªG�°ª��n¬�±A®R¡`µÜ�n¬�¬�®I¡¹º������V ¢�°¡n£�¶
¸»²��°¦E²��§ß ¢²�ª�§I«�� ¡n±
 ¢²�ªGª�®I®R¡`®R§�¬Uª�®� %�n�°£���£�µ� ¢¡Üª��n¦E²áì�XZ� ��]��_íK¬��`��®IÅ9
Ó¡n®��ÂÊ�º�ª�¤§c ¢ª¢¬�§I��Ý�ª�¶q	"¶¯�`£�¤Ê�º�ª�¤» ¢®I��Ô3ª�¦: %¡`®�¥Y��ª�£�µV ¢²�¶
	ôM1¶6¨¯¡¼ %² %²�ªt�yª��`£á�n£�¤È ¢²�ªG·��`®I���`£�¦�ªt¡n±� %²�ªtª�®R®I¡n®r��£É� µn®I¡¹¸(���°£�ª��n®I�½¥Y¸Â�½ %²��*Å©Æp²���§�¸»�°���j��ª��`¤
 ¢¡Ü�t¬�®R¡`µn®Iª�§I§I�?·wª��?¥Y��¡P¸rª�®��`¦�¦�ª�¬� ¢�`£�¦�ª�®R�V ¢ª��n§�¤��°�yª�£�§¹��¡`£��n�°�½ Í¥'��£�¦�®Iª��`§Iª�§I¶U��±+�½ r�°§�£�¡¼ r¦�¡`«�£% ¢ª�®I�n¦: %ª�¤
¨%¥´�y¤�ª�¦�®Iª��n§Iª8�°£'	"Å^Æp²�ª8£"«��Ü¨¯ª�®^¡n±ß�°ª��n¬�±A®R¡`µy§c ¢ª�¬�§p£�ª�ª�¤�ª�¤t ¢¡y®Iª��n¦E²Õ�`£Õ��£�¤�ª�¬Uª�£�¤�ª�£% ¬¯¡`��£% ^¸»�°���
¨¯ª¬�®I¡n¬¯¡`®� %��¡`£��`�� %¡�	 ÇvÈ Å

Æ�¡§Iª�ªp¸Â²��°¦P²´�yª: %²�¡"¤'§I¦��`��ª�§�¨¯ª: I ¢ª�®I¶Ó¸rªÂ£�ª�ª�¤À ¢¡¤�ª: %ª�®I�y�°£�ªÂ²�¡¹¸ ®I�n¬��°¤��½¥Ò¸rªÂ�t«�§c t®Rª�¤w«�¦�ª>:
�n£�¤�	©�n§��Ü�°£�¦�®Iª��n§Iª�§I¶¯�°£À¡`®R¤wª�®� %¡Â���n�°£¢ %�n�°£À�Â®Iª��`§I¡n£��`¨���ªG�n¦�¦�ª�¬� %�`£�¦�ª�®I�¼ %ª�Å0Ï�§F�Ü�°£�¦�®Iª��n§Iª�§��n£�¤�:
¡n®5	�µn¡G %¡ÜÝ�ª�®I¡n¶ 6 È ¸»�°���Uµ`¡� %¡tÝ�ª�®R¡t�n§�¸rª����°Å��G§¹��£�µt�t§Iª�¦�¡n£�¤�Ã¹¡`®R¤wª�®��`¬�¬�®R¡PºU�°�y�V ¢�°¡n£Ö¡n±+ª:º�¬¾ì ¡76 È í�n§Âî ¡�6 È § 6 n È o � ¶  ¢¡`µnª: %²�ª�®j¸Â�½ %²Òª��"«��¼ %��¡`£�ì�¸nÅBî@�`íR¶ ¸rªÊ�£�¤© %²��¼ 

¯ 6 È ° ò ¯ 6 n È °�o � ì�¸`Å îVïní
Þe Õ±¿¡`���°¡¹¸Â§t±A®R¡`�  ¢²��°§G %²��¼ t %²�ªÂ·��`®R�°�n£�¦�ªÈ¡`± 6 È �°§G Í¸Â��¦�ªÜ ¢²�ªÈ��ª��n£�¡n± 6 È ìþ¸»²�ª�£ 6 È ��§©§I�y�`���°íR¶
¸»²��°¦E²Õ����¬��°��ª�§6 ¢²��V ^ ¢²�ª0·��n®I���`£�¦�ª8¡`± 6 µ ��§6 Í¸Â��¦�ª� %²�ª8��ª��n£Ò¡n± 6 µ ìcª:·wª�£©¸»²�ª�£ 6 µ �°§^£�¡V »§I�y�`���°íRÅ
Æß¡t�n¦E²��°ª:·wª��Üµ`¡"¡
¤È�`¦�¦�ª�¬� %�n£�¦�ª�®I�¼ %ª�¶
¸rª��Ü«�§c � ¢²�ª�®Iª�±A¡n®IªGÄ`ª�ª�¬Â ¢²�ª���ª��n£È¡`± 6 µ £�ª��`®�¡`£�ª�¶U§I��£w¦�ªG����`®Rµ`ªÂ�yª��`£y¸Â���°�¾£�¡V Ü¨¯ªÂ§I�P·wª�¤'¨%¥��§I�������°�n®I�½¥Ù���`®Rµ`ªÂ§c %�n£�¤��`®R¤'¤�ª:·����V ¢�°¡n£Úìþ¸»²��°¦E²y¸8¡n«��°¤Y¬w®R¡"¤�«�¦�ª
±¿�`��®I�½¥�±A®Iª��
«�ª�£% Â�n¦�¦�ª�¬� %�n£w¦�ª�§p�n§ 6 µ ¡
¦�¦��`§I�°¡n£��`���?¥È ¢�`Änª�§p¡`£Ò��£�ª�µn�V ¢�?·wª0· �n�°«�ª�íRÅ

Ó¡n®»®R�`£�¤�¡n�8Ã_¸r�`��Äá³´ª: %®R¡`¬¯¡`���°§0¸Â�½ %²Ù�Ò§c¥����yª: %®R�°¦�¬�®R¡`¬¯¡`§I�n�	¤���§c %®I��¨�«� %��¡`£�¶+¸rª�¦��n£Ù§Iª�ª�²�¡P¸?:

£�ª�ª�¤�§8 %¡�§¹¦��n�°ªÒ¨%¥#¤���®Iª�¦: ¢�?¥#�¹·wª�®I�nµ`��£wµ 6 È ±A¡`®y�Ù¬�®I¡n¬U¡n§I�`�^�`£�¤Ì�? ¢§À��£%·wª�®I§Iª�Å¾J¾ª: � %²�ªÒ¬�®R¡`¬¯¡`§I�n�
±¿¡`®�¡n£wª©·��`®R�°�n¨��°ªÒ¨Uª�ñ�� � ñÉ§A@¼¶��`£�¤Ì§I«�¬�¬U¡n§Iªy ¢²��V B@ � ×Ç�n£�¤�@ � ¡ ×Ç�`®RªYª��
«��`���?¥#�°��Ä`ª��½¥*Å
ÏG¬w¬�®R¡¹º��°�y�V ¢�°£�µÓfÀì\ñ � í» %¡Ç§¹ª�¦�¡n£�¤�¡`®R¤wª�®�`§�fÀìEñßíB§C@WfD�ÍìEñßíB§C@ n fD� �ÍìEñßíZo � ¶^¸rªáÊ�£�¤� ¢²��V  %²�ª
�¹·wª�®I�`µnªÖ¡n± 6 È � fÀì\ñ5�Ií ¡ fÀìEñßít¡¹·wª�®5@ � ×��`£�¤E@ � ¡ ×���§�×enpf � � ìEñßíRÅòÏK·Óª�®R�`µn�°£�µ ¢²��°§©¡¹·wª�®
 ¢²�ª�¤���§c %®R�°¨�«� %��¡`£ ¡n±ç×*¶p¸Â�½ %² §c %�n£�¤w�n®I¤ ¤�ª:·����V ¢�°¡n£F:V¶Â�n£�¤#¡¹·Óª�®Â %²�ªá¤w��§c %®R�°¨�«� ¢�°¡n£#¡n±8ñß¶p¸rª�§Iª�ª
 ¢²��V  ¯ 6 È °��°§t¬�®I¡n¬U¡n®c ¢�°¡n£��`�ß ¢¡G:	n¢ÅòÞe Õ±A¡n�°��¡¹¸Â§G %²��V  ¯ 6 µ °��°§©¬�®R¡`¬¯¡n®c %��¡`£��n�ß ¢¡���:	n¢¶p§I¡¸rªÈ¦��`£
�y�`��£% %�n�°£Ö�©®Iª��n§¹¡n£��`¨���ª8�`¦�¦�ª�¬� ¢�`£�¦�ªr®I�¼ %ª8¨¢¥á��ª: I ¢�°£�µ5:r¨¯ª8¬�®R¡`¬¯¡`®� %��¡`£��n�" %¡�� ÇvÈ-* n%Å^Æ^²�ª8£"«��Ü¨Uª�®0¡n±
�½ %ª�®R�V ¢�°¡n£�§�£�ª�ª�¤�ª�¤» ¢¡Ü®Rª��`¦E²�Â£�ª��`®R�?¥Y��£�¤�ª�¬Uª�£�¤�ª�£% �¬¯¡`��£% �¸»�°���¯¨¯ªG¬�®I¡n¬U¡n®c ¢�°¡n£��`�` %¡>: Ç n%¶*¸»²��°¦E²»¸»�°���
¨¯ªp¬�®I¡n¬¯¡`®c ¢�°¡n£��`�� %¡h�*Å0Æ^²�ªp�`�y¡`«�£% �¡`±U¦�¡n��¬�«� ¢�V ¢�°¡n£8 %�°�yªp£�ª�ª�¤�ª�¤8¸Â���°�n Í¥�¬���¦��`���?¥Ö¨Uªp¬�®R¡`¬¯¡`®� %��¡`£��n�
 ¢¡«�en¢Å

Ï�§¾¤���§I¦�«w§I§Iª�¤»�¼ + %²�ª	ª�£�¤»¡n±���ª�¦: ¢�°¡n£ � Å°ñn¶% %²�ª	ª�®R®I¡n®+�°£��É¸»²�ª�£»«�§I�°£�µ6 %²�ª1�°ª��n¬�±A®I¡nµp¤��°§I¦�®Iª: ¢�°Ý��¼ %��¡`£
 ¢¡©§I�°�Ü«��°�¼ %ªr�r ¢®I��Ô3ª�¦: %¡n®c¥´¡`±¾�©Ê�º�ª�¤Õ��ª�£�µV ¢²Õ��§^¬�®I¡n¬¯¡`®� %��¡`£��`�" ¢¡�	 n ì�±A¡`®0§I«�ñy¦��°ª�£% ¢�?¥´§I���n�°�ô	"íRÅ^Æp²�ª
ª�®R®I¡n®8��£É�ó±A¡n®8�Ö§I�°£�µn�°ªÒì�XZ� ��]��_ír¬��`��®8��§� %²�ª©§I�n��ª©�n§ 6 È ¶1§I¡Ü¸rª©§Iª¢ªG %²��¼  6 n È �°§8¬�®I¡n¬¯¡`®� %��¡`£��`�¯ ¢¡	 � Å >�"«��V ¢�°¡n£$¸`Å îVïÖ ¢²�ª�£ò�°�y¬��°��ª�§8 ¢²��V  ¯ 6 È °^�°§y�n�°§I¡�¬�®R¡`¬¯¡`®� %��¡`£��n�j ¢¡�	 � Å Æp²�ªÕ�¹·Óª�®R�`µnªt %¡¼ %�n�
ª�®R®I¡n®��°£�� ±A¡`®��n�°�Ó·��`®R�°�n¨��°ª�§I¶ ¯ 6 µ °°¶¯¸»�°����¨UªÜ¬�®I¡n¬U¡n®c ¢�°¡n£��`�Ó ¢¡B�¸	 � ¶j�n£�¤á²�ª�£�¦�ª�¸8ªÜ�t«�§c ©�y�`Änª�	
¨¯ª»¬�®I¡n¬U¡n®c ¢�°¡n£��`�  %¡¨� ÇvÈ+* �  ¢¡À�y�`��£% %�n�°£Y�À®Rª��`§I¡n£��`¨���ªÂ�n¦�¦�ª�¬� %�n£�¦�ªÂ®R�V ¢ª�Å�Æp²�ª»£"«��Ü¨¯ª�®�¡n±j�°ª��n¬w±¿®I¡nµ
«�¬¯¤��V ¢ª�§1 %¡�®Iª��n¦E²Y�À£�ª��n®I�½¥���£�¤wª�¬¯ª�£�¤�ª�£% Â¬¯¡`��£% �¸»�°���� ¢²�ª�®Iª�±A¡n®Iª»µn®I¡¹¸ �`§2� È-* � ¶¾�n£�¤y %²�ª»�n��¡n«�£% Ü¡n±
¦�¡n��¬�«� ¢�V ¢�°¡n£È %����ª�¸»�°���¯ 3¥U¬��°¦��n�°�½¥Úµ`®R¡¹¸ �n§��IH * � ¶U¸Â²���¦E²��°§r�t«�¦E²á¨Uª: R %ª�®� ¢²w�n£È ¢²�ª��enyµn®I¡¹¸p ¢²�±A¡n®
®R�`£�¤�¡n�8Ã_¸r�`��ÄÈ³´ª: %®R¡`¬¯¡`���°§IÅ
J �ß�¢�������©��¿�¿*�
�������^¿*�����w����� � J�¥�ª:º" ¢ª�£�¤��°£�µÈ ¢²�ªÕ�n£��`�½¥�§I�°§©�`¨¯¡P·wª�¶1¸rªÕ¦��n£ò¤�ª: ¢ª�®I�y�°£�ªÜ¸Â²��¼ 
 ¢²�ª��`¦�¦�ª�¬� ¢�`£�¦�ª�®I�¼ %ª�¡n±Ü¬�®I¡n¬U¡n§I�`��§Ò�°§©¸Â²�ª�£� ¢²�ª�¡`¬� %�����n�¦P²w¡n��¦¢ª�¡n±K:�¡n®��Ò�°§Ò«�§Iª�¤�Å Æ^²w��§Ò�°§
²�ª���¬�±A«��ß¸Â²�ª�£' %«�£���£�µ %²�ªÈ�`��µ`¡n®I�½ %²���§GØ ¬�®I¡¹·���¤�ª�¤�¶p¡n±�¦�¡n«�®I§Iª�¶j %²��V t ¢²�ªÖ¤���§c %®R�°¨�«� %��¡`£Ú§I�`�y¬��°ª�¤
��§�²��°µn²�Ã¹¤��°�yª�£�§¹��¡`£��n�°¶+�n£�¤Y²��n§�¬�®I¡n¬Uª�®� %��ª�§1 ¢²w�¼ Â�`®Rª»�n¤�ª��"«��V ¢ª��?¥���¡
¤�ª��°ª�¤Y¨¢¥���¤���§_ ¢®I��¨�«� %��¡`£©¸Â�½ %²
®Rª�¬��°��¦��V ¢ª�¤©· �n®I���`¨���ª�§IÅ

Æ�¡yÊ�£�¤t ¢²w��§^�`¦�¦�ª�¬� %�n£�¦�ª8®I�¼ %ª�¶�¸rª8Ê�®I§c »£�¡¼ %ª� ¢²w�¼ »§I��£�¦�ª³´ª: %®R¡`¬¯¡n�°��§p�yª: %²�¡"¤�§^§I�V ¢�°§I±õ¥á¤�ª: ¢�`���°ª�¤
¨��n�°�n£�¦�ª�¶� %²�ªY¬�®R¡`¨��n¨��°���? Í¥Û¡n±r�n£��`¦�¦�ª�¬� %ª�¤�¬�®R¡`¬¯¡n§¹�n�1¸»�? ¢² 6 µ £�ª�µ`�¼ %�½·ÓªY�Ü«�§c '¨UªYª��
«��`�6 %¡Õ %²�ª
¬�®R¡`¨��n¨��°���? Í¥ ¡`±�n£��`¦�¦�ª�¬� ¢ª�¤ ¬�®R¡`¬¯¡n§¹�n�K¸»�? ¢² 6 µ ¬¯¡`§I�½ %�½·Óª�Å ����£�¦�ª´�`����¬�®I¡n¬¯¡`§I�`��§Â¸Â�½ %²�£�ª�µ`�¼ %�½·Óª
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6 µ �`®Rª©�n¦�¦�ª�¬� %ª�¤�¶U ¢²�ª©�n¦�¦�ª�¬� %�n£�¦�ª©®R�V ¢ª©��§8§I����¬��?¥Y Í¸Â��¦�ªG %²�ªt¬�®I¡n¨w�n¨��°���? Í¥Y %²��¼ y�Ö¬�®R¡`¬¯¡`§I�n�j²��`§r�
£�ª�µn�V ¢�?·wª 6 µ ÅT
Ó¡n®G�°�n®Iµnªç�*¶w %²�ªÂà^ª�£% %®R�`��Jß�����½ tÆ^²�ª�¡`®Rª�� ����¬��°��ª�§	 %²��¼ G %²�ªÂ¤���§c %®R�°¨�«� %��¡`£'¡n± 6 µ �°§K»�n«�§I§I�°�n£w¶¾§I�°£�¦�ªÂ�½ Ü�°§G�À§I«�� ¡n±Q��°£�¤�ª�¬¯ª�£�¤�ª�£%  6 È ·��n�°«�ª�§IÅ�ì�Æp²��°§��`§I§I«���ª�§	 ¢²��V � %²�ª^· �n®I���`£�¦�ªÂ¡n±
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