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Abstract

When searching for new phenomena in high-energy physics, statistical analy-
sis is complicated by the presence of nuisance parameters, representing uncer-
tainty in the physics of interactions or in detector properties. Another compli-
cation, even with no nuisance parameters, is that the probability distributions
of the models are specified only by simulation programs, with no way of eval-
uating their probability density functions. I advocate expressing the result of
an experiment by means of the likelihood function, rather than by frequentist
confidence intervals or p-values. A likelihood function for this problem is dif-
ficult to obtain, however, for both of the reasons given above. I discuss ways
of circumventing these problems by reducing dimensionality using a classifier
and employing simulations with multiple values for the nuisance parameters.

1 The Problem

I will discuss a class of problems that I hope at least resemble those encountered in high-energy physics
experiments, such as searches for the Higgs Boson with the LHC. The solutions that I examine will
have much in common with some present practice, though I will not attempt to provide comprehensive
references. I hope that my discussion will clarify the role of existing techniques, such as the training of
classifiers for ‘signal’ vesus ‘background’ events, and also point to possible new approaches.

In this paper, I deal with experiments where we will observe O events, indexed by i =1,...,0,
that are described by variables, v;, computed from the raw observational data. Events can either be
from the ‘background’ or (if it exists) from the ‘signal’ — for instance, an event in which a previously-
unobserved particle appears. I assume that simulation programs for background and signal events exist,
which stochastically generate the variables from either a background distribution, which has probability
density function pg(v), or a signal distribution, which has probability density function p1(v). The real
events come from a mixture of signal and background distributions, with an unknown proportion, f,
of signal. We may be most interested in whether or not f is zero — since f > 0 may, for instance,
correspond to the existence of a previously-unknown particle.

Our first difficulty is that no explicit formulas for py(v) and p;(v) exist. We may know’ pg and
p1 in some sense, or we couldn’t have written the simulator programs, but we have no way of translating
this knowledge into a practical method for computing these density functions.

Our second difficulty is that, typically, we don’t actually know pq and p; exactly. The simulators
for generating from these distributions have some parameters — relating either to the physics or to the
behaviour of the detector — whose values are not known precisely. Call these parameters ¢. I’ll assume
that although ¢ is not known, we have a suitable prior distribution for ¢, with density p(¢). Note that
¢ is a ‘nuisance’ parameter, since our only real interest is in f. The fact that ¢ is unknown is just an
annoyance. (Though ¢ might be of interest to other people, such as the designers of the detector.)

2 The Role of the Lik elihood Function

The likelihood function is the probability (or probability density) of the observed data, seen as a function
of the model parameter(s). The likelihood function is defined only up to an arbitrary constant factor, and
hence only ratios of likelihoods for different values of the parameters are meaningful.
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When there are no nuisance parameters, the likelihood function for our problem (assuming inde-
pendent observations) is a function of f alone:
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Here, fp1(v;) + (1—f)po(v;) is simply the probability density for obtaining the observation v; from
either the signal distribution (with probability f) or the background distribution (with probability 1— f).
When there are nuisance parameters, ¢, the likelihood is a function of both f and ¢. I defer consideration
of nuisance parameters to Section 4.

According to the likelihood principle (see, for example, the discussion by Cox and Hinkley [1],
Section 2.3), the likelihood function contains all the information from the experiment that is relevant to
inference for the parameters. So inference should not depend on aspects of the data that do not enter into
the likelihood function. (An exception is that checks of the appropriateness of the model on which the
likelihood function is based may utilize other aspects of the data.) Note that the likelihood function is
itself a function of the data, and sometimes (not always!) depends only on some low-dimensional statistic
computed from the data, such as the sample mean and/or the sample variance. A quantity computed
from the data that can be used to compute the likelihood function is known as a ‘sufficient statistic’. The
likelihood function itself is a ‘minimal sufficient statistic’, containing no irrelevant information.

This ‘weak’ form of the likelihood principle is accepted by most statisticians. The ‘strong’ form,
which is not universally accepted, says that the same conclusions should be drawn from two experiments
(involving the same parameters) if they produced the same likelihood function. Bayesian inference obeys
the strong likelihood principle, since it simply combines the likelihood with a prior distribution (which
presumably does not vary with the choice of experiment). The strong likelihood principle is accepted
by some non-Bayesian statisticians as well, however, partly because it follows from the weak likelihood
principle together with a form of the principle that one should condition on an ancillary statistic (whose
distribution does not depend on the parameters).

Classical (ie, non-Bayesian, frequentist) confidence intervals and p-values (other than those used
for model checking) often violate the likelihood principle. For example, consider observations of n
independent binary events, of which k& turned out to be 1, with the remaining n — k being 0. If we
are interested in inferring the probability, €, that an event is 1 (assumed the same for all events), the
likelihood function will be L(#) = 6%(1—60)"*. In particular, if » = 10 and k = 1, the likelihood
function is L () = 6(1—0)°. This likelihood function is the same regardless of whether we had decided
to observe n = 10 events and found that £ = 1 of them were 1, or we had decided to observe events until
k = 1 of them were 1, and found that this was reached when n = 10. Hence, according to the likelihood
principle, our conclusions should be the same in these two scenarios. However, the one-sided p-value for
testing the null hypothesis that § = 1/2 versus the alternative that§ < 1/2is P(k < 1) = (10+1)2710
when the number of events is fixed at n = 10, but is P(n > 10) = 2-9 when the number of 1 events
is fixed at & = 1. Of the many arguments why such differing results should not be accepted, I will
mention only consideration of an observer who knows everything that the experimenter does and sees,
but doesn’t know the experimenter’s thoughts. Does this observer really need to ask the experimenter
whether the stopping condition was n = 10 or £ = 1 in order to draw an inference from the data? And
would inference really be impossible if the experimenter had forgotten?

This issue arises also with Feldman and Cousins’ [2] method for constructing confidence intervals
from data, n, that is a sum of Poisson-distributed counts of ‘signal’ events (with unknown mean, 1) and
‘background’ events (with known mean, b). (We will see in Section 3 that this problem can arise as a
much-reduced form of the problem discussed in this paper.) Their method (as well as some others) pro-
duces different confidence intervals for 1 from an observed count of zero depending on the mean number
of background events — the interval is tighter (with smaller upper limit) when the mean number of back-
ground events is higher. This violates the strong likelihood principle, since the likelihood functions for a
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