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Abstract

In this note, we review the Rademacher complexity and its application in statistical
learning theory.

1 Prerequisites

We first review a few inequalities which are very useful in proving the main results. We leave the
proof of these inequalities in the appendix.

Theorem 1.1. (Markov’s Inequality) Let X be a random variable that assumes only nonnegative
values. Then for every a > 0,

E
P(X >a)< L
a
Theorem 1.2. (Hoeffding’s Lemma [5]) Let X be a random variable such that X € [a,b] and
E[X] = 0. Then for every A > 0,
]E[e’\X] < e,\2(bﬂz)2/8_

Remark. This is a commonly used bound for the moment generating function of bounded random
variables and will be used in proving the Hoeffding’s inequality.

Concentration Inequalities We now review a few concentration inequalities.

Theorem 1.3. (Hoeffding’s Inequality [5]) For bounded random variables X; € [a;,b;] where
X1, , X, are independent and S,, = ;.| X;, then

P (Sn —E[Sn] > t) < exp (M) ’

—2t2
P(E[S,] — Sp, > t) < exp (n> .
D im1 (b — ai)?
Theorem 1.4. (McDiarmid’s Inequality [9]) Consider independent random variables X1,--- , X,, €
X and a mapping ¢ : X" — R. Ifforalli € {1,--- ,n} and for all x1,--- ,xn, %, € X, the
function ¢ satisfies

|¢(331,"' 7$i717$i79€i+17"'$n) —¢($17"' >$i71,$§,$i+1,"'$n)| <g¢

then

942
P(¢(X17 7Xn) _]E[¢(X17 aXTL)] Zt) S exp (z:n2t02) )
i=1"1

(B[O (X, )] 0060 ) 2 ) o (s ).

Preprint. Under review.



2 Definitions

2.1 Rademacher Complexity of a Set

Rademacher Complexity (Rademacher Average) [13] Given a set of vectors A C R™, the
Rademacher complexity is defined as

1 m
R, (A) = —E, lsup Zaiai] ,

m
acA i—1

where the expectation is taken over o = {01,049, - - , 0., } and they are independent random variables
following the Rademarcher distribution, i.e., P(o; = 1) = P(o; = —1) = 1/2.

2.2 Rademacher Complexity of a Function Class
Rademacher Complexity (Rademacher Average) [6,4] Let P be a probability distribution over

a domain space Z. The Rademacher complexity of the function class F w.r.t. P for i.i.d. sample
S = (21,29, -, 2m) with size m is:

Rm(]:) = Egs~pm [;Ea l?gg;alf(ZZ) ‘|‘| ’

where the inner expectation is taken over o = {01,049, ,0,,} and they are independent random
variables following the Rademarcher distribution, i.e., P(c; = 1) = P(o; = —1) = 1/2. The
empirical Rademacher complexity is defined as,

- 1
Rm(]:, S) == EEU

sgg; Uif(zi)] :

f

Remark. We can motivate the Rademacher complexity from the binary classification. Let f be a
classification function which maps data z; to its label o; € {—1,1}. It is straightforward to show that
SUp e i oif(2;) is equivalent to minimizing the classification error. Taking the expectation over
all o; amounts to considering all possible labeling (partitioning) of the samples. If F consists of a

single function f, then Rm(f, S) = 0. If F shatters {z1,- - , 2m }, then Rm(}', S) = 1. Therefore,
the Rademacher complexity intuitively indicates how expressive the function class is.

3 Preliminary Results

Theorem 3.1. (Scalar Multiplication and Translation) For any A C R™, scalar ¢ € R, and vector
b € R™, we have

Ru({ca +bla € A}) = |c|Rpm(A).

Proof. If ¢ > 0, then supgc 4 (¢ > 10, 05a;) = supgea (Je| Doty 05a;) = |c|supgea (Oiey 0ia;).

Otherwise, sup,¢ 4 (c 2211 0i0;) = SUPge 4 (—[c] 2111 0ia;) = |c|Supge 4 (ZZ1(_Ui)ai)-

Since o; and —o; follow the same distribution, we have

Eo [sup | ¢ o;a; =Es ||c|sup o0 . (D




Therefore,

Ry,({ca+b:ac A}) = %Ea supZol (ca; + b;)

aeA
1 B m
= —FE, |sup | c oia; | + o;b;

(Elo] =0 Vi)

1 M m
= EEU 2161]3l (cZaiaz)
Zml)] (1)

\
| —
=
q
/—\
3

|| sup
acA
= |e| Ry (4).
O
Theorem 3.2. (Summation) Let A, B C R™ and define A+ B = {a + bla € A,b € B}. Then,
Ryn(A+ B) = Ry (A) + R (B).
Proof.
1
Rn(A+B)=R,({a+blac A,be B}) = — ,,l sup Zmal—kb)
m acAbEB T
= —Es |su oia; + su o;b
e ey Sen]
=R (A) + R (B)
O

Theorem 3.3. (Convex hull) LetA CR™and A" = {Z _,o5a a9|N € N,VYj,aV) ¢ Aa; >
0, [leefly = 1}. Then Ry (A) = Ry (A").

Proof. Denoting Ay = {a|a € RN, Vj,a; >0, |e]l; = 1}, we have

N
Ro(A) = Rp({) " 0;a9 N €N,¥j,a") € 4,0, >0, |af; =1})
j=1

1
=—E o Q;
m NeN, aEAN7{a(7)6A} ; ' Z 7
1 o
= —FE, |sup sup sup o oia’
m 7 NeN{a(ﬂeA}aeANz Z ‘
1 r m . m )
= —Es | sup Z o;a (J Here Z oial(-J ) — maXZ aiagj)
m [ateA i=1 (|
= R, (A),
N
where the second last equality uses the fact that for any vector a € RY, sup " aja; = maxaj;.
acAn j=1 J

O



4 Main Results

In this section, we state the main results about the Rademacher complexity: (1) how to bound the
expected maximum error in estimating the mean of any function using samples; (2) how to estimate
the Rademacher complexity in some cases.

4.1 Rademacher Complexity and Sampler Error

Theorem 4.1. Let P be a probability distribution over a domain space Z. The Rademacher com-

plexity of the function class F w.r.t. P for i.i.d. sample S = (21,22, -+ , zm ) with size m is Ry, (F).
We have,
1 m
Egwpm |sup | E.up[f(2)]— — ) f(zi) || < 2Rn(F).
o (-3 5
Proof. Pick another independent sample 5" = {z{,--- , 2z}, }. We have
Boplf(2)] = Bsmn | = 3 () @
- o mig '

Moreover, we have

Eswpm |Es'npm |Eq [;telg (nll ;fn (f(=) — f(zi))ﬂH
1 m , v
=Espm |Eg/pm l;gg (m ; (f(z) — f(%)))” 3)

To obtain this, we first note that & € {—1,1}"™ and every possible configuration/value of o has
probability 1/2™. WLOG, we can permute any configuration of o so that it can be represented as

[O'ul =104, = 1,0’uk+1 =-1,-- 04, = _1] >

m

where 0 < k < mand w = {uy, - ,un} is a permutation of {1,--- ,m}. We want to show, for
any configuration of o,

fer

k m
=Egs.pm lEsme [SUP (1 ( (f(2,) = flzu)) + Z (f(zu,) — f(%:))))”
fer \™M \iZ4 i=k+1
= Es~pm l]ESme [Sup (;L Z (f(=) — f(%)))H .

fer i=1

Espm lEsme [SHP (nll Zai (f(2) — f(zi))>H
i=1

To see this, we note that z,, and z;,, are independent and symmetric. Hence we proved Eq. (3)



Combining the above results, we have

Egpn [sup <Ez~P[f(Z)] -y f(zn)

feF

1
1
=Eg.pm |sup (Esfmpm [ (Eq. (2))
feF m

= ESNPWL sup ES/NP’”
fer

1 & 1 & ]
<Eg.pmn |Egwpm [sup <m Z fzh) — - Z f(z,»)) (Jensen’s inequality)

=Eg.pn _lEswpm Eo sup (;Zlo (f (=) f(Zi)))]H (Eq. 3))
< IES/NP’” a' SUP ( 201 ) +ES~P7" l o SUP < Zalf Zq >‘|‘|
2R, (F) @)

For the last inequality, we use the fact that o; and —o; follow the same Rademacher distribution and

m 1 m m m
sup( Zaf mgoif(zi)><sup< Zaf >+J§IEHF)< Zaf >

feF

O

Remark. This theorem shows that one can bound the maximum error in estimating the mean of any
Sfunction f using the Rademacher complexity of the set of functions F.

Theorem 4.2. Let F be a set of functions such that for any f € F and for any two values x and

y in the domain of f, | f(z) — f(y)| < c for some constant c. Let Ry,(F) and R,,(F,S) be the
Rademacher complexity and the empirical Rademacher complexity of the set F, with respect to a
random i.i.d. sample S = {z1,- - , 2, } of size m from a distribution P.

1. Foranye € (0,1),
P (Rm(f, S) = Rpn(F) > e) < gm2me/e?

P (Rm(]-') — R (F,8) > e> < em2me /et
2. Forall f € Fande € (0,1),

IP<EP(f( %Zm: f(z) > 2R (F,S) + ) < m2me/e?

1 & 22
P — m(F,8) + 3¢ | <2e72me/e
(B 5 S 1) <
Proof. (1) Recall the definition of the empirical Rademacher complexity as

supZalf Zi ] .

R, (F,S) = —E,




We observe that R,,(F,S) is a function of m random variables 21, - , z,,. Moreover, since

|f(x) — f(y)| < c, any change of one of the random variables would change the R, (F,S) by at
most ¢/m. Therefore, we could apply the McDiarmid’s inequality (Theorem 1.4) to obtain

i (Rm(}", S) — Es[Rm(F, S)] > e) < exp (_2;“2) .

Relying on the fact that Eg[R,,, (F, S)] = Ry, (F), we proved the first inequality. The second one
follows similarly.

(2) From Theorem 4.1, we have

1 m
Eswpm |E.~p[f(2)] — — f(zi)| <Egwpm |sup | E.p] - —
S~P Pl ; S~P [fef ( plf o Z: )]
< 2R (F). &)
We denote event A as

1 m 1 m
<]Ez~P[f(Z)] - > f(%)) —Es~pm lEZNP[f(Z)] - > f(Zi)] > e (6)

i=1 i=1
Since E.p[f(2)] — £ 37| f(z;) can be seen as a function of m random variables 21, - - - , z,,, and

any change of one of the random variables would change the outcome by at most ¢/m, we can again
apply the McDiarmid’s inequality (Theorem 1.4) to obtain P(A) < e—2me’/e,

‘We denote event B as

1 m
E..plf EZ %) — 2R (F) > €. (7

From Eq. (5), event B implies event A. Therefore, we have P(B) < P(A) < e—2m<*/e* \which
proves the first inequality.

We denote event C' as
Ru(F,8) > Ru(F) — €. (8)

From the first part of this theorem, we know that P(C') > 1 — e—2me®/c?
We denote event D as

m

E..p[f(z)] — — Z f(2) > 2R (F) + 3e. )

=1

It is clear that event C and event D happening together would imply event B, i.e., P(C N D) < P(B).
Therefore, we have

P(Ezwp[f( f%zm: f(z) > 2Ry, (f)+3e)1@( )

=P(CND)+P(CUD)—-PC)
<P(B)+1-P(C)
— 26—2me2/c2.

O

Remark. This theorem shows that for bounded functions: (1) the Rademacher complexity is well ap-
proximated by the empirical Rademacher complexity; (2) the estimation error of the mean function is
well approximated by twice the Rademacher complexity. One could combine the one-side inequalities

in the first part as P (|Rm(}', S) — R (F)| > 6) < 9e—2me? /.



4.2 Estimating the Rademacher Complexity

In this section, we review the standard techniques in estimating the Rademacher complexity.

Theorem 4.3. (Massart’s Lemma [8]) Assume | F| is finite. Let S = {z1,- -+ , zm } be a random i.i.d.
sample, and let

1
m 2
B= % (2
per (£ )
then

Ro(F,S) < By2In|F|

m

Proof. For any s > 0, we have

esnLRm(]:,S) — es]E,_-, [supfe}- > oif(zi)]
)

< Es {es SUPjer 2it1 ‘”f(zi)} (Jensen’s inequality)

:]EO'

sup e S oif(z:)
fer

< Z E, {es Xim ‘”f(zi)] (inner part is positive)

fer
= Z HE" {es"’*f (Zi)} . (independence of o)
JeFi=1
where o = {01,092, -+, 0} is the set of Rademacher random variables. Since E, [o; f(2;)] = 0

and — f(z;) < 0;f(2;) < f(zi), we can apply Hoeffding’s Lemma (Theorem 1.2) to obtain,
By [ord (0] < o072,

Plugging this into the previous inequality, we have

o5 B (F,S) < Z ﬁ o572 (2i)/2
feFi=1
= Z e(57/2) 0Ly (=)
feF
< Z e(sB)?/2
feF
_ \]-"|e(53)2/2

Hence, for any s > 0,

R 1 (In|F|  sB?
m s 2
By optimizing over s, one can find that setting s = 7&;1“?\ yields

. By/21

m
O

Remark. This theorem provides an upper bound on the empirical Rademacher complexity when the
class of function is finite.



Theorem 4.4. (Talagrand’s Contraction Lemma [7]) Let ®1, - - - , ®,, be l-Lipschitz functions from
RtwR, o1, - ,0., be Rademacher random variables, and S = {z1,- -+ , z;, } be a random i.i.d.
sample. Then, for any hypothesis set F of real-valued functions, the following inequality holds,

l
—IE sup 0i(®; 0 f)(z1) § —Eo sup 0’1 f(z)

In particular, if ®; = ®,Vi € {1,--- ,m}, then the following holds

= IR (F,9)

R7n(®ofa S) S lém(f’ S)

Proof. We have

—]E

m o

supZUZ (®;0f) (21)] 1 E

f€.7: mo/om

E [sup Um—1(f) + (P 0 f)(Zm)H ;

om | feF

where u,,_1(f) = 27:11 oi(®; 0 f)(2).
By the definition of the supremum, for any € > 0, there exist f1, fo € F such that

Um—l(fl) + O'm(ém, o fl)(zm) Z (1 - 6) [Sup um—l(f) + Um(q)m o f)(’%n)]

feF

um—l(fZ) - O'm((I)m © f2)(zm) > (1 - 6) |ﬁ’up um—l(f) - U'm(q)m © f)(zm)] )

feF

since otherwise the RHS would be the new supremum.

Therefore, we have

(1-¢ E

Om

sup umfl(f) + Um(q)m o f)(zm)] )

feF

=(1-¢) [; sup [um—1(f) + (®m o f)(zm)] + 1 sup [tm—1(f) = (Pm o f)(zm)]]

fer 2 jer
<5 L1 (£1) + 0@y 0 1) (o) + o1 (2) = 0 (@ 0 f2) ()]
S% [Um—1(f1) + um—1(f2) + sgn (f1(zm) — f2(2m)) (f1(zm) — f2(2m))] (Lipschitz condition)
= a1 (10) + €51 () + o1 (F2) = o) (Simplify s = sgn (i) = fo(em)
1

<= sup [um—1(f) + €sf(zm)] + 1 sup [um—1(f) — €sf(zm)] (Definition of supremum)
2 jer 2 rer

=E [sup Um—1(f) + Eomf(zm)] (Definition of 7., )
om | feF

Since the above inequality holds for any € > 0, we have

E

Om

sup U —1(f) + (P 0 f)(zm)] <E [SHP Um—1(f) + Lom f(2m)
feF om | feF

Here we use the fact that if (1 — €)a < bforall ¢ > 0, then a < b. To see this, if a = 0, then 0 < b
and @ < b. For a # 0, let us first assume a > b. We set € = 2|a| > 0, then (1 — €)a = 22 if

a > 0 and otherwise (1 — €)a = 3%=L. Therefore (1 — €)a < b implies a < b which contradlcts the
assumption.

We can apply the above analysis to all other o; (i # m) to finish the proof. O



Remark. This theorem establishes the relationship between the empirical Rademacher complexity
of the class of functions and the one of another class of functions constructed by its composition with
some Lipschitz functions. Since the proof requires neither f nor ® to be a single-variable function,
the result could be generalized to the multi-variate case.

Theorem 4.5. (Covering Number Bound [12]) Let F be a class of real-valued functions, S =

{z1," -, zm} be a random i.i.d. sample, and C(F ¢, | - ||1,s) be the size of minimal e-cover of F'
wrt. || - ||1 s, 1., the covering number. Assuming
1
2
sup f (z:) <c,

then we have

R,.(F,S) Seigg <e+\/ln0 (F,e, |l - ||15)>

Proof. Fixany ¢ > 0. Let F be a minimal e-cover of F w.r.t. Il |l1,s i-e., forany f € F, there exists

f € F such that LS (=) — f(z)| < e. Note that F C F due to the definition of the e-cover.
We have

Rm(}-vs) = iEo’ Supzazf Zi ]

m fe}-z 1

m m

= %Ea -sup (Z of (f(zl) - f(zz)) + Zazf(zz)>]

|feF \i=1 i=1

1 i m R 1 m )
— ;1612 (Z oi (f(zi) - f(%))) +Eo Lbclelg (; Uif(zi)>] . (10)

i=1
A B

IN
\
&=

q

Here we use the property of the supremum in the last inequality. Note the f has a dependency on
f so that one can not drop the supremum inside the term B. Now we will bound terms A and B
respectively. For the term A, we have

up (zmj oi (=) - f@-)))] < _E, :?253 (m oi () — F0) \)
g, s (Z joul [ (£(z0) = fez0) \)]

1 m
< — =
< —Bo §:1 61 € an

1
~E,
m

IN

where the we use |o;| = 1 in the last equality. For the term B, we have

7]14: —E,
s (Sereo) | = e o (S5t
<sup< Zf )2271;1|ﬂ

feFr
. C\/ZInC Fo6 |- ||1,S)'

m

12)

For the second inequality, we use Massart’s lemma in Theorem 4.3. For the last inequality, we use the
assumption in this theorem and the definition of the covering number. By first combine the bounds in
Eq. (11) and Eq. (12) and then taking the infimum over € > 0, we complete the proof. O



Remark. This theorem establishes the upper bound of the empirical Rademacher complexity of the
class of (possibly infinite number of) functions F. The key idea is to first relate the class of (possibly
infinite number of) functions to its (finite size) cover and then use Massart’s Lemma to bound the
covering number.

Theorem 4.6. (Dudley’s Entropy Integral Bound [12]) Let F be a class of real-valued functions,
S ={z1,,2zm} be arandom i.i.d. sample, and C'(F ¢, || - ||2,s) be the size of minimal e-cover of
Fwrt. | - |2,s. Assuming

1

bup( Zf zZ> <eg,

feF

then we have

12
R, (F,S) < inf de + — InC(F,v,
(F.9) 66[1536/2]<e+f CFE s )

Proof. Fix S = {z1,--- ,2m}. Foreach j € N, lete; = 55 and C; € F be a minimal ¢;-cover of
Fwrt. | - |l2,s. We have |C;| = C(F,€j, || - ||2,s). Forany f € F and j € Ny, let f; € C; such
that || f — f;]|2,s < €;. The sequence f1, fa,... converges towards f. This sequence can be used to
define the following telescoping sum, for given n € N to be chosen later:

f=F=fat Y (fi—fic1)
j=1
where fo = 0. This telescoping sum can the regarded as a “chain" connecting fjy to f (why the
technique is named as chaining). We have

1
R, (F,S) = EE ?1611])__201]" % 1
i=1

n

1
= %Eo’ Sup Z o — faz) + D (Fi(z0) = fi-1(24))
L j=1
1 m n 1 m
< —E, ;gg; i ( — fu(2)) +; —Es ;1611;; o (fi(zi) = fi-1(21))

The first term is bounded as below,

Zaz — 1) £ 301 () =l

=1
< me,, (13)

where the second inequality uses the fact that for any a € R™, we have

2<Z|ai> ZZQMM% ZZ(&?—Fa?):mZa?—l—mZa?:ZmZaf.
= i=1 j=1 i=1

=1 =1 j=1 =1 j=1

For the second term, we first note that f;(z;) — f;_1(z;) could be constructed in |C;||C;_1| different
ways since f; € C; and f;_; € C;_;. Therefore, by Massart’s Lemma (Theorem 4.3), we have

> L, [supZm (=) hﬂz»)}s s <Z(fj(zz~)fj1(zz~))2) e e ]

feF —  Ti€C; m
I=1_1eCi

. V/2In |C5]]C; -
<Y 6 - €j+1)$7

10



where the last inequality uses the fact that

(Z (fj(zi) — fj1<zi))2> < (Z (fi(zi) — f(zi))2> + <Z (f(z:) — fjl(z»f)
=1

i=1 i=1

< Vmle; +€j-1) = 3vme; = 6v/m(e; — €11).

Note that |C;| = C(F,€j, || - ||2,s). Since the covering number C(F, ¢, || - ||2,s) is non-increasing
w.r.t. the e and €;_1 > €, we have |C;_;| < |C}| and

12 «
Fon(F,8) S ent = Z:(ej G ImC(F ey )

<2epin + / VnCE v |- s)dv

€n+41

where the last inequality holds since the integral is bounded below by the lower Riemann sum as
the function C(F, ¢, || - ||2,s) is non-decreasing w.r.t. €. For any € > 0, we can choose n such that
€ < €41 < 2¢ or equivalently n = sup{jle; > 2¢}. Therefore, for any ¢ > 0, we have

Ron(F, 5)<4e+7 \/lnC]-'u |- Jl2.s)d

The theorem follows by taking the infimum over ¢ € [0, 5]. O

1
Remark. One can also set ¢ = sup ¢ r (% Dy fz(zz)) 2 to make the bound tighter [14]. This
theorem improves the upper bound of the empirical Rademacher complexity using Dudley’s chaining
technique. To see this, following [14], let InC(F ¢, || - |2,s) < gm/(€) and let G, (€) be the analytic
Sfunction whose derivative at € is gy, (€). Then by Theorem 4.6, we have

12 (2
< inf  |4e+ = 1 .
R, (F,S) < . ( €+ ﬂ/ \/nC(f, v, || ||2,s)dl/>

< inf (4 —|——/ gm (v )
€€(0,¢/2]

= <4e + — V)E)
e€| O 6/2]
12G,, ) ( 12Gm(6)>
= inf 4e — ————= | .
vm 56[0 c/2] /m

Let us consider the case where InC(F ¢, || - ||2,s) = O(%) for some p > 0. We have

7920 (= (8) 7+ it (b e

1 1
=0 <m1/z + m/> (14

11



Recall the bound in Theorem 4.5, we have

R (F,S) < inf e+—\/1nC Foell-lh 5)>
< inf <e+\/1nC (F el ||2$)>

1
O(mw) 03

where the second inequality uses the fact that C(F ¢, || - |1.s) < C(F, ¢ | - |l2.s)-

INA
VE
Sk

|
=)
=8

If p > 2, we have R, (F,5) <0 ( 1/p) from Theorem 4.5 which is tighter than the one from
Theorem 4.5, i.e., O (W) in Eq. (15).

Ifp < 2, we have R,,(F,S) < O (%/2) from Eq. (14) which is still better than the one in Eq. (15).

If p = 2, we have R,,,(F,S) < (9(

(15), e, O (7).
Theorem 4.7. (Sudakov’s Theorem [15]) There exists a constant ¢ > 0 such that

) from Eq. (14) which is still better than the one in Eq.

Bn(F,8) 2 5 sup <\ Nlog C(F e, |- 2.5).

NN e>0 M

Proof. TBD. [

S Application in Statistical Learning Theory

In this section, we demonstrate the application of Rademarcher complexity in deriving generalization
bound in statistical learning theory.

5.1 Supervised Learning

The basic setting of the supervised machine learning goes as follows. We are given some random
sample S = {(X;,Y;) € Z|i = 1,--- ,m}, drawn from some (typically unknown) distribution D
defined over Z. Here input data X; € X, output label Y; € ), and Z = X x ). Typical examples of
X and Y are R? and {1, 1} respectively. Then we specify the function (a.k.a. hypothesis or model
or concept) class F C {f : X — YV}, e.g., all the neural networks with a particular architecture, and
the loss function ¢ : )) x ) — R. Specifically, the empirical risk (a.k.a. empirical error) is denoted as

Zéf X, Y;) = ZE (16)

We often care more about the true risk (a.k.a. generalization error or true error) as below

Lp(f) = Ex,y)~pls(X,Y) = Ex y)~pl(f(X),Y). (17

For ease of notation, we compose the loss function and the model to form a new family of functions
H={:Z—-R|feF}

A very popular learning paradigm is called empirical risk minimization (ERM) which basically finds
a function f in the class F so that the empirical risk is minimized. Other paradigms exist, e.g., the
structural risk minimization (SRM).
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From the perspective of statistical learning theory, people care about bounding the true risk using
the empirical risk, i.e., the generalization bound. One type of such bounds is based on the technique
called uniform convergence which intuitively requires that the empirical risk is close to true risk for
all hypotheses in the class uniformly.

5.2 Rademacher Complexity based Uniform Convergence

We now state the generalization bound using Rademacher complexity which also belongs to the
uniform convergence type of bound.

Theorem 5.1. Let H be a set of functions such that for any {y € H and for any two values (X1, Y1)
and (X2,Ys) in Z, [(;(X1,Y1) — £;(Xa,Ya)| < c for some constant c. Let R,,(H,S) be the

empirical Rademacher complexity of the set H with respect to a i.i.d. sample S = {(X;,Y;)|i =
1,--+,m} drawn from any distribution D defined over Z. For any § € (0,1) and any £, € H, with

probability at least 1 — 9,
log (1/6
Lo(f) < Ls(f) + 2Rm(H, S) + q/%m/) (18)

Lp(f) < Ls(f) +2Rm(H,S) + 3¢ % (19)

Proof. Substituting f and F in Theorem 4.2 with £; and H respectively and using the second part of
the results finish the proof. O

Remark. One can work out the value of c for specific loss function and model class. For example,
with the 0-1 loss function ¢(f(X),Y) = 1[f(X) £ Y] = %ﬂx) and linear separator, one can
show ¢ = 1. The tricky part is how to bound the empirical Rademacher complexity. Section 4.2
provides some general tools. One can see e.g., [13], for results on SVM.

6 Concluding Remark

Many materials in this note are based on the chapter 14 of the excellent book [10]. I added some
details in all the proofs to make them easier to understand. The proofs of the concentration inequalities
are largely based on the lecture note [3]. For additional reading on this topic, see for example, the
references [0, 4, 2, 13, 11].
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7 Appendix

We restate some of the theorems and provide their proof.

Theorem 1.1. (Markov’s Inequality) Let X be a random variable that assumes only nonnegative
values. Then for every a > 0,

E[X]

P(X >a) <
(X2 a) <=

Proof. Let us consider the following indicator random variable

[ 1 ifX>a
" 10 otherwise.
Therefore, we have I < % for all X > 0. Taking the expectation w.r.t. X on both sides, we have
X E(X
E[I]=P(X >a) <E[—] = [ ]

a a

O

Theorem 1.2. (Hoeffding’s Lemma [5]) Let X be a random variable such that X € [a,b] and
E[X] = 0. Then for every X > 0,

E[eAX] < eAQ(bfa)2/8.

Proof. First, if we consider the case a = b = 0, then the statement is trivial. Since E[X] = 0, we

now only need to consider the case a < 0 and b > 0. Since f(z) = e* is a convex function, for any
a € (0,1), flaa+ (1 —a)b) < af(a) + (1 - a)f(b).

Therefore, for z € [a,b], let « = =2, then x = aa + (1 — )b and we have

b—=x T—a
e)\x < eAa 6/\b.
b—a b—a
Taking the expectation w.r.t. z on both sides.

E[B)\m} <E |:Zl':| 6)\(1 +E |:£C — GJ:| 6)\17

— b—a
_ b a b
b—a* b—a®
Let ¢(t) = —0t +In(1 — 6 + e’), for § = ;=% > 0. Then

(PONb=) _ o=0Nb=) (] _ g | geb—a)
= e)‘a(l -0+ Ge/\(b_a))
b a
_ Jha _ A(b—a)
¢ (b —a b-— ae )
_ b e a b
T bh— ae b— ae
= E[e”}
Note that ¢(0) = 0, ¢'(0) = 0, and for all ¢
(1—6)0et
5 <1/4.

(b// t —
() (1 -0+ 0et)
By Taylor’s theorem, for any ¢ > 0, there exists ¢ € [0, ¢] such that

B(1) = 6(0) +19/(0) + L (¢) <

| T

Thus, setting t = A(b — a), we have

A2(b—a)?
s

E[e*] = e#X0-a) < ¢
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Theorem 1.3. (Hoeffding’s Inequality [5]) For bounded random variables X; € [a;,b;] where
Xy, , X, are independent and S,, = Z:'L:1 X, then

o942
P (S, —E[S,] > t) < exp (M) ’

B B[S — 50> ) < e (s s )

Proof. We prove the one side as below. The other side follows immediately. For any A > 0, we have

P(S, —E[S,]>t) =P (ex\(Sn—]E[Sn]) > e/\t)
E [eX(Sn—ElSn])]
L
Y
e i A (2(bi—a;))?/8
= oA
= G(Z? A? (bi_aq‘,)z/Q—)\t) )

(Markov’s Inequality in Theorem 1.1)

(Hoeffding’s Lemma in Theorem 1.2)

In the last inequality, we apply Hoeffding’s Lemma (Theorem 1.2) to each X; — E[X] individually
since |E [Xz — E[X,H =0and X; — E[XZ] S [ai — bi, b; — ai].

Since the above inequality holds for all A > 0, we can find the tightest bound as

. : (0 A2 (bi—as)?/2—At)
P(Sn —E[Sa] 2 1) < inf (e )

(sro—ar)
=X 7 /. 92 |
P S b=

: * 4t
where the optimal \* = ST e O

Before we show the proof of the McDiarmid’s inequality, we first show the Azuma-Hoeffding
inequality for martingales. The proof is omitted here and could be found in, e.g., [10].

Theorem 7.1. (Azuma-Hoeffding Inequality [ ], 5]) Let Xy, - - - , X,, be a martingale such that
B < Xp — X1 < B +dy

for some constants dj, and some random variables By, that may be functions of Xq,--- , Xip—1. Then
forallt > 0 and any \ > 0,

P(X;—Xg>N)<e p( 2\ )
t— A2 A)Sexp| ——— |
ke

P(Xg—X; >N <e p( 2\ )
0—Xi >N <exp| ———— |-
>k 7

Theorem 1.4. (McDiarmid’s Inequality [9]) Consider independent random variables X4, --- , X, €
X and a mapping ¢ : X™ — R. Ifforalli € {1,--- ,n} and for all x1,--- ,xn, %, € X, the
function ¢ satisfies

| (@1, i1, Ty Tt T) — G (T, i1, Ty Tt - ) | <

then

_ 942
P(d)(Xla 7Xn)_]E[¢(Xla 7Xn)] Zt) Sexp (27121602>’

P(E[¢(X1,...7Xn)]—¢(X17...7Xn)2t)§exp(z:—712tcz)-
i=1Ci
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Proof. Let Z; = E[p| X1, -, X;] for1 <4 <n.Hence Z,, = ¢(X1, -+, Xp).

Then the sequence of Z1, - - - , Z,, is a Doob martingale w.r.t. X;,--- , X, sinceforl1 <:<n—1
E[Zip1]| X1, Xi] = E[E [ Xy, -+, Xiga] [ X1, -+ X
— E[|X, - X}
=7;.

Here we slightly abuse the notation by omitting the input arguments of ¢ when the context is clear.
The second line uses the property of the conditional expectation E[V|W] = E[E[V |U, W]|W].

The martingale difference is Z; — Z;_1 = E[¢| X1, -, Xi]| — E[o| X1, , Xg—1]-
It is clear that

Zi—Zi-1 > Ly =infE[¢| X1, -, X; =y] —E[p| X1, -+, Xi_1]
y

Zi—Zi-1 Ui =supE[p| Xy, -, X; =y] —E[o| X1, -, Xi—1].
y

If we can show that U; — L; < ¢;, then we can apply the Azuma-Hoeffding inequality (Theorem 7.1)
to obtain the final result. Note that

Zi—Zia <U = L;
=supE[¢[ Xy, X; = 2] —infE[9| Xy, -+, Xi =y
T Y

:SHPE[¢(X17"' aXi =T, 7X7L)_¢(X1a"' 7Xi =Y, 7XTL)|X17"' aXi—l]-
zy

For any pair of values z, y, we have

E[¢(X17 aX’i =T, 7X’ﬂ) 7¢(X1a aXi =Y, ?X”)|X17'“ 7X’L‘*1]

= // ]P’(X’H’l?'“ aX’"«|X13"' 7X’i*1) (¢(X13 7Xi =Z, vX”ﬂ)_¢(X17“' 7Xi =Y, 7X”7«))
Xit1,,Xn

= // ]P(XiJrh'” 7X71)(¢(X17 7Xi =T, - 7X’ﬂ) _¢(Xla"' aXi =Y, 7X71))
Xit1,,Xn
< // P(Xig1,- , Xn)ci
Xit1,,Xn
= G4,
where we use the fact that X, - - - , X, are independent random variables and the bounded difference
assumption.
Therefore, we have Z; — Z;,_1 < ¢; which allows us to apply the Azuma-Hoeffding inequality.
O
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