CS 137 - Graph Theory - Lecture 2
February 14, 2012

(further reading Rosen K. HDiscrete Mathematics and its Applications, 5th ed., chapters 8.2, 8.4, 8.5)

1.1. Summary

— Handshaking Lemma
— Paths and cycles in graphs
— Connectivity, Eulerian graphs

1.2. Handshaking Lemma

Let G be a graph and Ieftoy, . . ., v, } be the vertex set df such that
deg(vy) > deg(vy) > ... > deg(vn).
Then the sequence

(deg(v1),deg(v2),...,deg(vn))
is called thedegree sequence of G.
For example, the degree sequence of the graph on the rightds4, 3,3, 3,3, 3,2,2,2,2,2,2,2,1).

Lemmal. LetGbeagraph. Then )  deg(u) =2|E(G)|.
ueV(G)

Proof. Every edge{u, v} contributest2 to the left-hand side, namely1 to deg(u) and+1 to deg(v). O

Exercise: How many edges in a grapgh with the degree sequence?
- (3,3,3,3,3,3)

- (3,3,3,3,3)

- (3,2,1,0)

Corollary 2. Inevery graph G, the number of vertices of odd degreeis even.

Corollary 3. Every graph has at least two vertices with the same degree.

1.3. Paths and cycles in graphs
A walk is a sequencey, uy, . .., u; of vertices ofG such that{u;, u; 1} € E(G) for eachi € {1,...,t —1}.
Verticesu; andu; are theendpoints of the walk while the vertices,, ..., u;_1 areinternal vertices of the walk.
Thelength of a walk is the number of edges on the walk, i.e. the walk . ., u; has lengtht — 1.
Note: a walk can consist of only a single vertex (has zero length).
A closed walk is a walk whose endpoints are the same.
A pathis a walk that does not repeat vertices.
A cycleis a closed walk of lengtk> 3 that does not repeat vertices (besides its endpoints)

Lemma 4. If every vertexin G has degree at least two, then G containsa cycle.

Proof. Take alongestpatln, ..., u;in G. Sincedeg(uq) > 2, the vertexu; has a neighbour different fromu,.
By the maximality of the pathy = u; for somei € {3,...,t}. Thusuy,..., u; 1y is a cycle inG. ]




1.4. Connectivity, Eulerian graphs

A graphG is connected if there exists a path between any two verticesGof
Otherwise G is disconnected and it decomposes inttnnected components.

Example: the graph on the right has 4 components whose vertex setg-are r
spectively{1,2,3,4,5,6,7},{9}, {8,10,12,13}, and{11, 14, 15,16}

A trail is a walk that does not repeat edges.
A closed trail or acircuit is a closed walk that does not repeat edges.

An Euler circuit is a circuit of G that goes through all edges Gf

Example: each of the connected components of the graph on the riglatrhBsler circuit, namely:
1,2,3,7,2,5,7,6,5,4,1is an Euler circuit of the topmost component,

— 9is an Euler circuit of the middle component,

— §,10,13,12, 8 is an Euler circuit of the bottom-left component, and

— 11,15,16,14,11is an Euler circuit of the bottom-right component.

Notes:

— asingle-vertex walk is always a circuit.

— inthe above graph the degree of every vertex is even.

We now prove that the latter point, in fact, is both necesaarysufficient for the existence of Euler circuits.
Lemma 5. Every connected component of G has an Euler circuit if and only if each vertex in G has even degree.

Proof. (=) An Euler circuit contributes +2 to the degree of a vertex d@anh it passes through that vertex. Thus
each vertex irG must have even degree.

(<) We proceed by induction on the number of edge&inConsider a connected componéhof G. If
K has only one vertex, thenv is an Euler circuit of this component. Thus assume fhdtas more than one
vertex. Since the degrees of all vertices in this componenégen, this means that each verteXimas degree
at least two. By Lemma, K contains a cycleC. Let G’ be the graph resulting froi by deleting the edges of
the cycleC. Note that every vertex is’ has even degree. Thus, by induction, every connected caenpGhhas
an Euler circuit. Observe that consists of the cycl€ and the union of some connected components’ofit is
not difficult to see that combining the Euler circuits of tae®mponents together with a circuit that traverses all
edges of the cycl€ yields an Euler circuit oK. O

Notes:
— the above process actually produces a decompositiGriimo edge-disjoint cycles.
— we have the following theorem as a corollary.

A graphisEulerian if it has an Euler circuit.
A connected componentisvial if it consits of one vertex (such a vertex is also calledsatated vertex).

Theorem 6. A graph G isEulerian if and only if every vertex in G has even degree, and G contains at most one
non-trivial connected component.

A Hamiltonian path/cycleis a path/cycle ofs that goes through all vertices 6f.

Related optimisation problems:
— Chinese postman problem: “find a closed walk of least cedtgbes through all edges”
— Travelling salesman problem: “find a Hamiltonian cycleexddt cost”
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