COMPLEXITY OF GENERALIZED COLOURINGS OF
CHORDAL GRAPHS

Juraj Stacho

M.Sc., Comenius University, Slovakia, 2005

A THESIS SUBMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS FOR THE DEGREE OF
DocTOR OF PHILOSOPHY
in the School
of

Computing Science

(© Juraj Stacho 2008
SIMON FRASER UNIVERSITY
Spring 2008

All rights reserved. This work may not be
reproduced in whole or in part, by photocopy

or other means, without the permission of the author.



APPROVAL

Name: Juraj Stacho
Degree: Doctor of Philosophy
Title of thesis: Complexity of Generalized Colourings of Chordal Graphs

Examining Committee: Dr. Joseph G. Peters
Chair

Dr. Pavol Hell, Senior Supervisor

Dr. Ramesh Krishnamurti, Supervisor

Dr. Gabor Tardos, SFU Examiner

Dr. Ross M. McConnell, External Examiner,
Computer Science Department,

Colorado State University

Date Approved:

i



Abstract

The generalized graph colouring problem (GCOL) for a fixed integer k, and fixed classes
of graphs Py,..., Pk (usually describing some common graph properties), is to decide, for
a given graph G, whether the vertex set of G can be partitioned into sets Vi,..., Vi such
that, for each 4, the induced subgraph of G on V; belongs to P;. It can be seen that GCOL
generalizes many natural colouring and partitioning problems on graphs.

In this thesis, we focus on generalized colouring problems in chordal graphs. The struc-
ture of chordal graphs is known to allow solving many difficult combinatorial problems,
such as the graph colouring, maximum clique and others, in polynomial, and in many cases
in linear time. Our study of generalized colouring problems focuses on those problems in
which the sets P; are characterized by a single forbidden induced subgraph. We show, that
for k = 2, all such problems where the forbidden graphs have at most three vertices are
polynomial time solvable in chordal graphs, whereas, it is known that almost all of them
are N P-complete in general. On the other hand, we show infinite families of such problems
which are N P-complete in chordal graphs. By combining a polynomial algorithm and an
N P-completeness proof, we answer a question of Broersma, Fomin, NeSettil and Woeginger
about the complexity of the so-called subcolouring problem on chordal graphs. Additionally,
we explain, how some of these results generalize to particular subclasses of chordal graphs,
and we show a complete forbidden subgraph characterization for the so-called monopolar
partitions of chordal graphs.

Finally, in the last part of the thesis, we focus on a different type of colouring problem
— injective colouring. We describe several algorithmic and (in-)approximability results for
injective colourings in the class of chordal graphs and its subclasses. In the process, we
correct a result of Agnarsson et al. on inapproximability of the chromatic number of the

square of a split graph.

Keywords: chordal graphs; graph colouring; subcolouring; injective colouring; forbidden

subgraph characterization; polynomial time algorithms

Subject Terms: Graph Theory; Graph Coloring; Graph Algorithms; Perfect Graphs;

Homomorphisms (Mathematics); Graph Grammars

iii



Mojim
rodicom

Milanovi a Darine

To
my parents

Milan and Darina

v



Acknowledgments

The author would like to seize the opportunity to express his deepest gratitude to his
thesis advisor Dr. Pavol Hell for his guidance, enthusiasm, his profound insight, and broad
knowledge, and most importantly for his perpetual support during author’s graduate studies
at Simon Fraser University.

The author also wishes to thank his parents for their unconditional support throughout

his entire academic studies and wishes to dedicate this thesis to them.



Contents

[pproval i
[Abstrac i
[Dedicatiod iv

lContentd vi
ILj.SLQ.f_EigJ.L[‘_&J viii
[List of Tables ix
IList of Algorithmd ix
Il Introductio 1

Il 1 DPﬁniti(mFI ...................................... 4
I] 2 Chordal granhsl ................................... 7

IJ_}_B.ﬂa.Lﬁd_dass_es ................................... 11

b Toald 22

5_Polar_colourings of Chordal Graphd 40

|3 1 Monopolar Chordal Gmnhsl ............................ 40

vi



ILEQLbj_d_d_Qn_S_]_thranhq for Mnnonn]arityl

8.2 Hard | L ]l
8.3 FExactalgorithmicresultd . . .. .. ... ... ... ... ... ... .. ...

|8 3.1 TInjective stm(*tnrel .............................

IS 3.2 __Computing vi((F) in chordal granh.ﬂl ...................

|8,3,3 Bridgeless chorda gr;mhsl

R34 Perfectly tree-dominated graphd . . . . ..o

2 Conclusiond
Bibliography)

vil

63
64
68

89
90
90
96
101
105

108
108
112
117
120
124

126
135
138

143
144
146
151
153
154
156
157

160

162



List of Figures

I] 1__All minimal precoloured forbidden induced subgraphs of split. graphs I ... 18
E [he stubborn problem, its complement, and two N P-complete casesl . . . . . 23

2 __An example of a hyperedge replacement grammar generating all partial 3—tI‘PPS] 36
|3 1_Rules 1 - 8] ..................................... 44

4.5 Hypergraphs (part 1) for the proof of Theorem @ .............. 83
4.6 Hypergraphs (part 2) for the proof of Theorem @ .............. 84
4.7 Hypergraphs (part 3) for the proof of Theorem E.9 - .............. 86
|5 1__Tlustrating the case when there is an arc (u, ) in D (G\I ........... 91

|5,2 [Che grar)h H and sample 3-sub0010urings of H. | ................ 103
mm&mm&um@ﬂ;sm;nmg_l ................ 103

5.4 The graphs F}, for small k, and the construction from Theorem T3l . . . . . 106
|6,I [he graphs G5 and YI ............................... 109
lﬁ 2__The cotree for the graph G — S; I ........................ 111
6.3 Forcing graphs for the Pytransversal problem] . . . o o oo\ 112
6.4 Forcing graphs H k for the proof of Theorem 5] . ................ 115
6.5 Forcing graphs Bk and Dk for the proof of Theorem . ............ 116
|6 6__The graphs ¥ and G, I .............................. 117
lﬁ 7__The graphs G' (G") and G" for the P;-free Pk;tmnsxema_]_p_mblem_] ..... 120

* - -trapsversal problem. | . . . . . . . ... ... 124
7.1 __Matrices for selected GCOI, problems in chordal grﬂnhs—l ........... 126

|12 T formi " . L if " . . |..140

viii



List of Tables

I] 1A summary of complexities of selected graph nrohlems]

mmmmmmmmmwmmd ... 160

List of Algorithms

I]__‘I__L‘_exjmgm phic Breadth-First, Searchl ........................ 10

|3 1 Monopolar granh reoogniti(ml

3.4 Fxtracting a_monopolar Qggmglnl ......................... 46
3.5 Testing. whether a cligue is nice 61

|3,ﬁ Polar graph recogniti(ml ............................... 62

|5 1__The test for 2-subcolourability of GI ........................ 99
|5 2__The test whether P, is ( 711\—(‘010111“31319] ..................... 100
h.3 _The test whether T, is (—) colourablel . . . . ... ... ... ... .. ... .. 100
h.4 _The test whether T is (b) colourablel . . . . . . . . . . . . . ... ... .... 101

X



Chapter 1

Introduction

The graph colouring problem is probably one of the oldest problems of graph theory. Here,
the task is to label the vertices of a given graph using as few colours as possible in such
a way that no adjacent vertices receive identical labels. The origins of this problem can
be traced all the way back to the famous problem of four colours, formulated by Francis
Guthrie in 1852, which asks whether any map of countries can be coloured using at most
four colours in such a way that no two countries sharing a boundary use the same colour.
As it turned out later, this is just a special case of the graph colouring problem in planar
graphs. Since then, graph colouring and its variants have appeared in many different guises
in combinatorics, optimization, discrete geometry, set theory, and many other branches of
discrete mathematics. Also, many practical problems such as time tabling, sequencing, and

scheduling are related to the problem of graph colouring.

Unfortunately, graph colouring is one of the first known N P-complete problems. This
tells us that it is unlikely that an efficient algorithm for graph colouring exists, where, of
course, by efficient, we mean running in polynomial time (possibly also randomized). This,
however, does not mean that the problem is not efficiently solvable in some special case,
and indeed, there are numerous special cases in which the problem has a nice algorithmic
solution. These cases usually form classes of graphs with some structural property which

allows solving the problem efficiently.

Another line of research on graph colouring focuses on variants and generalizations of

this notion. This is, of course, inspired by practical problems for which the language of



CHAPTER 1. INTRODUCTION 2

graph colourings is not very convenient. Such examples are the problems of edge colour-
ing, subcolouring, circular colouring, graph homomorphism, and many others [7]. In
particular, the graph homomorphism problem is noted for having many practical appli-

cations [I7, 29, B9, B4].

In this thesis, we study a particular common generalization of graph colouring and
related graph problems. It is defined as follows.

The generalized graph colouring problem (GCOL) for a fixed integer k, and fixed classes
of graphs P1,...,Pg, is to decide, given a graph G, whether the vertex set of G can be
partitioned into sets Vi,..., Vi such that, for each ¢ € {1,...,k}, the induced subgraph of
G on V; belongs to P;. In some cases, we shall consider the following list version of GCOL.

The generalized list colouring problem (List-GCOL) for a fixed integer k, and fixed
classes of graphs Pi,..., Py, is to decide, given a graph G with lists ¢(v) C {1,...,k}
for all v € V(G), whether there exists a partition Vi,...,V; of V(G) with G[V;] € P; for
each i € {1,...,k}, which respects the lists ¢, that is, for any vertex v € V(G) and any
ie{l,...,k},if visin V;, then i € £(v).

We say that a class P of graphs is (induced) hereditary, if P is closed under taking
(induced) subgraphs, that is, if H is an (induced) subgraph of G € P, then also H € P.
We say that P is (co-) additive, if P is closed under taking disjoint unions (respectively
joins) of graphs. It can be seen that for any set P of graphs, the membership problem
of P can be expressed as GCOL simply by putting & = 1 and P; = P. Hence, GCOL,
in general, can be as difficult as it gets, even undecidable. This is still true even if we
insist that P is additive and hereditary. (Consider the smallest additive hereditary class
of graphs containing chordless cycles whose sizes are from an undecidable set of integers.)
We therefore focus on those GCOL problems for which the membership problem of the
classes P; is decidable in polynomial time. Observe that all such problems are clearly in
the class N P. In particular, if all P; are additive and induced hereditary, the complexity of
GCOL is completely resolved by the following result of Farrugia.

Theorem 1.1. [26] Let k > 2, and let Py,..., Py be additive induced-hereditary classes.
Then the problem GCOL for Pi,..., Py is NP-hard, unless k = 2 and P; = Py = O (the set

of all edgeless graphs), in which case the problem is polynomial time solvable.

Note that this theorem does not assume polynomial time membership of the classes P;.

Similarly, Farrugia proves the following result.



CHAPTER 1. INTRODUCTION 3

Theorem 1.2. [Z0] Let k > 2, and let Py,..., Py be additive or co-additive induced-
hereditary classes. Then the problem GCOL for Py,..., Py is NP-hard, unless k = 2 and

the membership for both P1 and Po is polynomial time solvable.

Observe that this theorem does not say anything about the complexity in the case when
k = 2, Py is additive, P is co-additive, and both are polynomially recognizable. In fact,
not much is known in this case with the exception of the following result of Feder, Hell,
Klein, and Motwani [27], which was also independently shown by Alekseev, Farrugia, and

Lozin [B] in a somewhat weaker form.

Theorem 1.3. [3, 27] Let Py be a class of graphs G with clique number w(G) < k, and
Py be a class of graphs G with independence number a(G) < £. Then GCOL for P1, P2 can
be solved in time O(n*EFO+2T(n)), where R(k,£) is the Ramsey number of k and £, and
T(n) is the time complexity of the membership problem for Py, respectively Ps.

We remark that (induced) hereditary classes P are particularly interesting since they
can be characterized by sets of forbidden (induced) subgraphs F(P), that is, graphs such
that G € P, if and only if, G does not contain F' as an (induced) subgraph for all F' € F(P).
This follows from the fact the (induced) subgraph order of graphs has no infinite descending
chain. We note that, in particular, if the set F(P) is finite, then the membership problem
for P is polynomially solvable, which is a fact frequently used in the literature.

In the following chapters, we do not consider the GCOL problem in its full generality,
but rather focus on a restricted case, where all classes P; are induced hereditary and each is
characterized by a single forbidden induced subgraph. As follows from the above, almost all
such problems are N P-complete in general. However, this is not necessarily the case when
the input of the problem is restricted.

This motivates us to study the complexity of GCOL in structured classes of graphs,
whose properties may allow us to solve many instances of GCOL efficiently. In this thesis,
we focus on the class of chordal graphs and its subclasses. This is a class of graphs with
particularly nice structure, and one for which many combinatorial problems are known to
be efficiently solvable.

The thesis is structured as follows. In the remaining sections of this chapter, we first
introduce chordal graphs and describe their structural properties, and then briefly mention
some similarly structured classes of graphs which are related to chordal graphs. After that,

we describe three simple, yet important cases of the GCOL problem which are polynomially



CHAPTER 1. INTRODUCTION 4

solvable in all graphs, but are not all covered by the above theorems. Next, in Chapter 2, we
describe some general tools for constructing efficient algorithms for combinatorial problems
on graphs, namely dynamic programming techniques, greedy algorithms, graph grammars,
and MSO-definable properties. After that, in Chapters 3, 5, and 6, we establish the com-
plexity of selected GCOL problems in chordal graphs, namely the monopolar partition, the
polar partition, the subcolouring, and the Pj- and Kj-free Pj-transversal problems, in that
order, either by giving a polynomial time algorithm, or by proving N P-completeness of the
problem. Additionally, in Chapter 4, we completely describe all forbidden induced sub-
graphs for the monopolar partition problem in chordal graphs. After that, in Chapter 7,
we establish the complexity of several other cases of the GCOL problem in chordal graphs

which, in particular, will allow us to deduce the following theorem.

Theorem 1.4. Let P; and Py be induced hereditary classes of graphs, each characterized by
a single forbidden induced subgraph having at most three vertices. Then GCOL for Py, P

is polynomial time solvable in the class of chordal graphs.

Later, in Chapter 7, we also discuss extensions of these results to strongly chordal graphs
and chordal comparability graphs. Finally, in Chapter 8, we describe a different colouring
problem on graphs, the injective colouring problem, and solve a number of complexity results

for this problem in chordal graphs.

1.1 Definitions

A graph G is a pair (V, E) where V is a set of vertices (also called a vertex set), and E, called
a set of edges (or an edge set), is a binary relation on V, that is, F C V x V. For a graph
G, the set of vertices and the set of edges of G is denoted by V(G) and E(G), respectively.

A graph G is undirected, if E(G) is symmetric. In case we want to emphasize that G is not
necessarily undirected, we say that G is directed, or that G is a digraph. A graph G is loopless,
if E(Q) is irreflexive. Note that the definition of graph above does not allow multiple edges
between two vertices; in other words, our graphs are what is sometimes referred to as simple.

We say that vertices u and v are adjacent in G (or that u and v are neighbours in G), if
wv € E(G) or vu € E(G). A walk W in G is a sequence of vertices W = uy, ua, ... uy such
that for each 1 < i < k, the vertices u; and wu;;1 are adjacent. A walk W = uq,...,ug in

G is closed, if the vertices u; and wuy are also adjacent. A (closed) walk W in G is a path
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(respectively a cycle), if no vertex of W appears on W more than once. We denote by Py
the path on k vertices with k — 1 edges, and denote by C} the cycle on k vertices with k
edges. We say that G is connected, if, for any two vertices u,v of GG, there exists a path
that connects them, that is, a path v = wuy,us,...,uxr = v. Otherwise, we say that G is
disconnected. We say that a graph is acyclic, if it contains no cycle. An undirected acyclic
graph is called a forest. A connected forest is called a tree.

We say that a graph H is a subgraph of G and denote it by H C G, if V(H) C V(G) and
E(H) C E(G). We say that a subgraph H of G is induced, if E(H) = E(G)NV (H)xV (H);
in that case we write H < G. For any subset S of the vertices of G, we denote by G[S5]
the induced subgraph of G whose vertex set is S. We also say that G[S] is a subgraph of
G induced on S. For a subset S of vertices (respectively edges), we denote by G — S the
subgraph of G that is obtained by removing from G the vertices (edges) of S. (Note that
with each removed vertex we must also remove all edges incident to it.) In the case that S
consists only of a single element x, we write G — z instead of G — {x}.

For a connected graph G, a vertex u is a cutpoint of G, if the graph G —u is disconnected.
An edge e = wv is a bridge of G, if the graph G — e is disconnected. A subset S of vertices
(edges) of G is a vertez (edge) separator of G, if G — S is disconnected.

We say that two graphs G and H are isomorphic and denote it by G = H, if there exists
a bijective mapping f : V(G) — V(H) such that uv € E(G), if and only if, f(u)f(v) € E(H)
for any u,v € V(G). The complement of a graph G is the graph G with vertices V(G) and
edges uv where u # v and wv ¢ E(G). The union G U H of two graphs G and H is the
graph with vertices V(G) UV (H) and edges E(G) U E(H). The disjoint union GW H of G
and H is the union of graphs G’ and H, where G =2 G’ and V(G') NV (H) = (). The join
G + H of two graphs G and H is the complement of G'& H.

A graph G is complete, if it contains edges between all pairs of distinct vertices. We
denote by K, the complete graph on n vertices. A clique of G is a complete subgraph of G,
and an independent set of GG is an induced subgraph of G having no edges. For any graph
G, we denote by w(G), and «(G), the size of a maximum clique in G, and the size of a
maximum independent set in G, respectively.

For a subset S of the vertices of G, we denote by N(.S) the open neighbourhood of S, that
is, the set of vertices of G—.S that are adjacent to at least one vertex of S. We denote by N[5]
the closed neighbourhood of S, that is, N[S] = N(S)U S. If S contains only one element u,
we abbreviate N({u}) and N[{u}] to N(u) and Nlu], respectively. We let deg(u) = | N (u)]
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be the degree of u, and let A(G) be the maximum degree among the vertices of G.

Throughout the whole thesis, unless indicated otherwise, n denotes the number of ver-
tices of G, and m denotes the number of edges of G.

A colouring of a graph G is a mapping ¢ : V(G) — N where N is the set of all natural
numbers. A k-colouring of G is a mapping ¢ : V(G) — {1,2,...,k}. A colouring ¢ of G
is a proper colouring, if, for any u,v € V(G), we have c¢(u) # c¢(v) whenever uwv € E(G).
The chromatic number of G, denoted by x(G), is the smallest integer k such that G admits
a proper k-colouring.

A dominating set S in G is a subset of vertices of G such that any vertex of G not in S
has at least one neighbour in S. The domination number of G, denoted by v(G), is the size
of a smallest dominating set in G.

For any two vertices u, v of a connected graph G, we denote d(u,v) the distance between
u and v, that is, the length of a shortest path between u and v in G. We denote by G* the
k-th power of GG, that is, the graph obtained from G by making adjacent any two vertices
in distance at most k.

A tree decomposition of a connected graph G is a pair (T, X) such that T is a tree, X is
a mapping which assigns each vertex v € V(T') a bag X (u) of vertices of G, and

(i) for each edge zy € E(QG), there exists u € V(T') with z,y € X (u), and

(ii) for each vertex z € V(G), the vertices u € V(T') with € X (u) induce a connected
subgraph of T'.

The width of a tree decomposition (7, X) is the size of a largest bag of 7" minus one.
The treewidth tw(G) of G is the minimum width of a tree decomposition of G.

For a graph H, we say that G is H-free is G contains no induced subgraph isomorphic
to H. For a set of graphs H, we say that G is H-free is G contains no induced subgraph
isomorphic to some H € H.

We say that a partition of the vertex set V(G) of a graph G into sets V3 UV3 is monopolar,
if V1 induces an independent set (that is, a Ky-free graph), and V5 induces a Ps-free graph.
A partition of the vertex set V(G) of a graph G into sets V; U Vs is unipolar, if V; induces a
clique (that is, a Ko-free graph), and V5 induces a P3-free graph. A partition of the vertex
set V(G) of a graph G into sets V1 U V4 is polar, if Vi induces a P3-free graph, and V5 induces
a Ps-free graph. A k-subcolouring of a graph G is a partition of the vertices of G into k
sets V1 U VLo U. ..U Vg, such that each V; induces a Ps-free graph.
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An H-transversal of a graph G is a subset S of the vertices of G that intersects each
induced copy of H in G, that is, G— S is H-free. In particular, an F'-free H-transversal of G
is an H-transversal S of G which induces an F-free subgraph of G. Any such H-transversal
S can be interpreted as a partition of vertices of G into sets V) = S and Vi = V(G) \ S such
that V; is F-free, and V5 is H-free.

1.2 Chordal graphs

A graph G is chordal (triangulated or rigid-circuit [38]), if it does not contain an induced
subgraph isomorphic to Cy for kK > 4. The class of chordal graphs is an interesting and
widely studied class of graphs. The graphs in this class possess numerous useful structural
properties. Here, we shall mention some of them.

An elimination ordering m of a graph G is a numbering of the vertices of G from 1 to n.

The fill-in F; caused by the ordering 7 is the set of edges defined as follows.

F, = {uv

An elimination ordering 7 is perfect, if F;, = (). Equivalently, one can say that a total

u# v, uv € E(G) and there exists a u-v path P in G
with 7m(w) < min{m(u), 7(v)} for all u,v # w € P

ordering < on the vertices of G is a perfect elimination ordering of G, if whenever y and
z are neighbours of x such that x < y and =z < z, we have that y and z are adjacent.
An elimination ordering m is minimal, if there is no elimination ordering o with F, ; Fr.
The graph G, = (V, E' U Fy) is the fill-in graph for 7.

Elimination orderings arise in the study of Gaussian elimination of sparse symmetric
matrices [56]. The following properties establish a connection between perfect elimination
orderings and chordal graphs. We say that a vertex v in a graph G is simplicial, if the

neighbourhood of v induces a clique in G.
Proposition 1.5. [19] Any chordal graph contains a simplicial vertez.
Proposition 1.6. [57] Any elimination ordering 7 is a perfect elimination ordering of G.

Proposition 1.7. [19, 67 A graph G has a perfect elimination ordering, if and only if, G

1s chordal.

Perfect elimination orderings play an important role in many algorithms for chordal

graphs. In particular, it can be shown [38] that using a perfect elimination ordering of a
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chordal graph G, one can compute in time O(n + m) the chromatic number x(G) of G, the
size of a maximum clique w(G) of G, and also the size of a maximum independent set a(G)
of G; all these problems are intractable in general. Moreover, for any chordal graph G, the
chromatic number of G and the size of a maximum clique of G are equal. Hence, since the
class of chordal graphs is induced hereditary, this shows that chordal graphs are perfect.
We discuss more examples of perfect graphs in the next section.

Now, let T be a tree and 7 = {T},...,T,} be a collection of (connected) subtrees of T'.
The vertex intersection graph of T is a graph G with vertex set V(G) = {v1,...,v,} in
which two vertices v; and v; are adjacent, if and only if, the trees T; and T} share a vertex,
that is, V/(T;) NV (Tj) # 0. (A similar class of so-called edge intersection graphs of paths in
a tree has also been studied [39].) We have the following property.

Proposition 1.8. [B6] A graph G is chordal, if and only if, G is the vertex intersection

graph of subtrees of some tree.

A family of sets {X7,..., X, } is said to satisfy the Helly property, if, for each collection
{ X, }ier of pairwise intersecting sets of the family, there exists an element which belongs to

each set of the collection, that is, (,c; X; # 0. The following claim is easy to observe.
Proposition 1.9. A family of subtrees of a tree satisfies the Helly property.
This implies the following well-known fact.
Proposition 1.10. [33] Any chordal graph G on n vertices has at most n mazimal cliques.
Lastly, we have the following property.
Proposition 1.11. [38] Every minimal vertex separator in a chordal graph induces a clique.

This property allows one to construct a decomposition of any chordal graph using its
minimal separators. This is captured by the following notion.

A clique-tree T of a connected chordal graph G is a tree such that (i) each vertex
v € V(T) corresponds to a maximal clique C, of G, and (ii) for any vertex z € V(G), the
vertices v € V(T') with z € C, induce a connected subgraph 7, in T

The following property explains a connection between vertex intersection graphs of sub-

trees of a tree and clique-trees of chordal graphs.

Proposition 1.12. Any chordal graph G is the vertex intersection graph of subtrees T, of
a clique-tree T of G.
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Finally, we establish a connection between perfect elimination orderings and clique-trees
of chordal graphs.

Let T be a fixed clique-tree of a chordal graph G. Let us consider T rooted at a vertex r
chosen arbitrarily, and let C be a strict partial order on the vertices of T" defined as follows:
u C v <= uis a descendant of v. Based on this, one can easily observe that the vertex
set of any (connected) subgraph of T has a (unique) maximal element with respect to L.
Hence, for any vertex z € V(G), let m, be the unique maximal element of T}, (the connected
subgraph of T formed by vertices v € V(T') with = € C,) with respect to .

Now, let < be a strict partial order on the vertices of GG defined as follows: z <y <—

m, C my. We have the following property, which characterizes the strict partial order <.
Proposition 1.13. Any linear extension of < is a perfect elimination ordering of G.
(We remark that this useful fact appears to not have been previously observed explicitly.)

Proof. First, we prove that y £ x implies y € C,,,, for any two adjacent vertices z,y.
Since zy € E(G), there must exist a clique C,, such that z,y € C,,. Hence, by the definition
of m, and m,, we have u C m, and u = m,. This implies that both m, and m, belong
to the path from u to the root of T'. Hence, either m, C m,, or my C m,. But, since we
assume that y £ x, it follows that u C m, C m,. Now, since y € C,, and y € Cy, it follows
that y must belong to each clique on the path from u to m,, and hence, y € C,,.

Now, let 7 be a linear extension of <, and let x,y, z be vertices such that 7(z) < m(y) <
m(z), and zy and xz are edges of G. Since 7(x) < m(y), and 7 is a linear extension of <,
we must have y A4 z. Similarly, we have z £ z. By the above, it follows that y € C,,, and
also z € Cy,,. Now, since C,,, is a clique, yz must be an edge. This shows that 7 is indeed

a perfect elimination ordering. O

Now, we introduce a fundamental concept for exploring the structure of a graph. Lezico-
graphic breadth-first search is an algorithm that, given a graph G, constructs a special
breadth-first search ordering of the vertices of G. In the process of exploring the graph, the
algorithm assigns to the vertices labels formed by (ordered) lists of numbers from {1,...,n},
and using these labels, it decides which vertex to explore next. The algorithm always chooses
an unprocessed vertex with lexicographically largest label among the unprocessed vertices
(ties are broken arbitrarily), where lexicographic order is just the usual dictionary order,
eg.,9,7,6,1 <985 and 6,4,3 < 6,4,3,2. The algorithm as just described is summarized
below as Algorithm [Tl
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Algorithm 1.1: Lexicographic Breadth-First search.

Input: A graph G

Output: An elimination ordering 7

1 set label(v) « 0 for all v € V(G)

2 for i +— n downto 1 do

3 pick an unnumbered vertex v with lexicographically largest label
4 (i) «— v /* the vertex v becomes numbered */

5 for each unnumbered w adjacent to v do

6 append ¢ to label(w)

We have the following property of this algorithm.

Proposition 1.14. [38] A graph G is chordal, if and only if, Algorithm [ on G produces

a perfect elimination ordering ™ of G.

Now, it follows that one can decide in time O(n+m) whether a given graph G is chordal
just by computing an elimination ordering 7 using Algorithm [Tl on G, and then testing
whether 7 is a perfect elimination ordering by simply checking whether the neighbours of
any vertex v that appear in 7 after v form a clique; both steps can easily be implemented
in time O(n +m) [38].

We remark that Lexicographic breadth-first search algorithm was originally introduced
by Rose, Tarjan and Leuker in [57] as a simple linear time algorithm for recognizing chordal
graphs (as we just described). It has since found numerous applications outside chordal
graphs, for instance, efficient recognition of cographs (Py-free graphs), Ps-sparse graphs, Py-
reducible graphs, AT-free graphs, interval graphs, unit interval graphs, and their powers [I1].

We should mention that there exists yet another efficient algorithm by Tarjan [64] for
recognition of chordal graph. Mazimum cardinality search is an algorithm that numbers
vertices of a graph from n to 1 where the next vertex to be numbered is one that is adjacent
to the most numbered vertices (ties are broken arbitrarily). This algorithm also produces
a perfect elimination ordering given a chordal graph, yet it should be pointed out that
the orderings produced by Maximum cardinality search and the orderings produced by
Lexicographic breadth-first search are not exactly the same, and moreover there are perfect

elimination orderings that neither of these algorithms can produce.
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We close by mentioning that recently a unified approach to graph search algorithms

generalizing both the above algorithms has been discovered [12].

1.3 Related classes

A graph G is perfect if, for every induced subgraph H of G, the chromatic number x(H)
is equal to the clique number w(H). The class of perfect graphs includes such classes
of graphs as bipartite graphs, chordal graphs, cographs, comparability graphs, and their
complements [38, G1]. It is an interesting and important class of graphs, and has been a
focus of attention for more than a half of a century now, which is in part due to the result
of Grotschel, Lovasz and Schrijver F1] who gave a polynomial time algorithm for all the
basic combinatorial problems (y,a,w) in perfect graphs. There are many interesting results
known about perfect graphs. We mention here only the most notable ones conjectured by
Berge M), namely The Weak Perfect Graph Theorem proved by Lovész [I8] and The Strong
Perfect Graph Theorem proved by Chudnovsky, Robertson, Seymour and Thomas [I0].

Theorem 1.15 (The Weak Perfect Graph Theorem). [IS]

A graph is perfect, if and only if, its complement is also perfect.

Theorem 1.16 (The Strong Perfect Graph Theorem). [10]

A graph is perfect, if and only if, it has no induced odd cycle or its complement.

As we already remarked, some problems that are difficult in general like the graph
colouring or the maximum clique problem, admit a polynomial time solution in perfect
graphs. Unfortunately, the algorithms for these problems are not always combinatorial,
and in addition, there are problems that are not tractable even in perfect graphs. It is
therefore natural to ask in which restricted classes of perfect graphs these problems have
nice combinatorial solutions and perhaps a polynomial solutions for problems intractable in
perfect graphs. We already mentioned such a subclass, namely the class of chordal graphs

in which many difficult problems admit even linear time algorithms.

In what follows, we briefly describe some other interesting examples of such classes, and

summarize complexities of selected combinatorial problems in these classes at the end.
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A graph G is split, if G can be partitioned into a clique and an independent set with no
other restriction on the edges between the two. A graph G is co-chordal, if G is chordal.
It can be seen that any split graph is also chordal, and since the complement of a split graph

is also split, any split graph is also co-chordal. In fact, the converse is also true.
Theorem 1.17. [38] A graph G is split, if and only if, G is both chordal and co-chordal.

A subset of edges F C E(G) of an undirected graph G is an orientation of G, if
FNFl'=0and FUF~! = E(G), where F~! is the set of edges vu such that uv € F.

A graph G is a comparability graph, if there exists a transitive orientation of G, that is,
an orientation F of G with F2 C F where F? = {ac | ab,bc € F for some b}. A graph G
is co-comparability, if G is comparability. We remark that basic facts about comparability

graphs go all the way back to the paper of Gallai [35].

For a permutation 7 of {1,...,n}, let G[r] be a graph with vertices V(G[r]) = {1,...,n}
and edges ij € E(G[r]) < (i —j) (7 1(i) — 71(j)) <0.

A graph G is called a permutation graph, if G = G[r] for some permutation 7. It can
be shown that any permutation graph is also a comparability graph. Moreover, one can
observe that the complement of a permutation graph G = G/[r] is the graph G[r%] where
7ft is the reverse of 7, that is, 7f%(i) = m(n 4+ 1 — i) for all 1 < i < n. Hence, G is also
a permutation graph, and it follows that any permutation graph is also a co-comparability

graph. In fact, again the converse (of both these statements) is also true.

Theorem 1.18. B8] A graph G is permutation, if and only if, G is both comparability and

co-comparability.

A graph G is a cograph, if G can be constructed from single vertex graphs using the
operations of join and union (or equivalently the operations of complement and union).
This construction can be represented by a tree whose leaves are the vertices of G, and inner
nodes are labeled either 0 or 1, denoting the operation of union or join respectively. We call
this tree a tree representation of G. In addition, it can be shown [I3] that for any cograph
G, there exists a unique minimum size tree that represents the construction of G; such a
tree is called the cotree of G. We remark that using the cotree of a cograph G, one can solve
many graph problems on G efficiently and usually in linear time.

In addition, cographs can be also described in terms of minimal forbidden induced sub-

graphs. The following theorem is from [T3].
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Theorem 1.19. [13] A graph G is a cograph, if and only if, G contains no induced Pj.

Moreover, the authors in [T3] show a multitude of equivalent definitions of cographs that
independently appeared in the literature. In particular, it can be observed that cographs

form a proper subclass of permutation graphs.

For a family of intervals Z = {I3,...,I,} on the real line, the intersection graph of 7 is
the graph with vertices {v1,...,v,} and edges viv; <= I, NI; # 0.

A graph G is an interval graph, if G is the intersection graph of a family of intervals
on the real line. It is easy to see that an interval graph cannot contain an induced Cy
with k > 4; thus, each interval graph is also a chordal graph. On the other hand, of any
two disjoint intervals, one must lie before the other one, and hence, the complement of an

interval graph is a comparability graph. The converse of this is also true.

Theorem 1.20. B8] A graph G is interval, if and only if, G is both chordal and co-

comparability.

In fact, it is shown in [38], that a graph is an interval graph, if and only if, it is co-
comparability and has no induced Cy. Additionally, by a result of Lekkerkerker and Boland
B3], we have the following characterization of interval graphs. An asteroidal triple of a
graph G is a triple of mutually non-adjacent vertices such that for any two vertices of the
triple there exists a path in G that avoids the neighbourhood of the third vertex in the
triple. We say that a graph G is AT-free, if G does not contain any asteroidal triple.

Theorem 1.21. B3] A graph G is an interval graph, if and only if, G is chordal and

contains no asteroidal triple (is AT-free).

We remark that AT-free graphs form an interesting class of their own. Though not
necessarily perfect, they nevertheless possess a structure useful for the design of efficient

algorithms [61].

A graph G is a circular-arc graph, if G is the intersection graph of arcs of a circle.

Circular-arc graphs are not necessarily perfect, e.g., C5 is circular-arc, but not perfect.

We close this section by summarizing complexities of selected combinatorial graph prob-
lems in these graph classes. The results are presented in Table [J] and are taken from [61].

Here, n and m, as usual, refer to the number of vertices respectively edges of an input graph,
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and n® is the complexity of matrix multiplication. We remark that all problems with the

exception of recognition assume that an appropriate representation of a graph is given, e.g.,

a set of intervals for an interval graph.

Recognition X(G) a(Q) 7(G) HAM
All graphs ; NPc NPc NPc NPc
Perfect O(n) polynomial polynomial N Pc N Pc
Chordal | O(n+m) O(n +m) O(n +m) NPc NPc
Split || O(n +m) O(n +m) O(n +m) NPc NPc
AT-free O(n®) open O(n3) O(nb) open
Interval | O(n+m) O(n) O(n) O(n) O(n)
Circular-arc || O(n+ m) NPc O(n) O(n) | O(n?logn)
Comparability O(n®) O(n +m) O(n?*m) NPc NPc
Co-comparability O(n®) O(n®m) O(n+m) | O(nm?) O(n?)
Permutation | O(n+m) | O(nloglogn) | O(nloglogn) | O(n) O(n+m)
Cographs | O(n+m) O(n) O(n) O(n) O(n)

Table 1.1: A summary of complexities of selected graph problems.



CHAPTER 1. INTRODUCTION 15

1.4 Polynomial time cases

In this section, we mention three simple examples of GCOL problems solvable in general
graphs in polynomial time, namely, the 2-colouring problem, the split partition problem,
and the unipolar partition problem. In all these problems k& = 2, and the classes P; and Ps
are induced hereditary and are characterized by exactly one forbidden induced subgraph,
namely, Ko for P; = P, for the 2-colouring problem, Ky for P; and K for P, for the
split partition problem, and Ky for P; and Ps for P, for the unipolar partition problem.
We remark that, by complementation, it will follow that the graphwise complements of
these problems are also polynomially solvable. Additionally, we will also mention how these
algorithms can be extended to solve the list versions of these problems. In all the cases,
since k = 2, this is equivalent to allowing precoloured vertices of the input graph (that is,

preassigned to either the set V; or V5 of the partition we seek).

2-colouring

A polynomial time algorithm for this problem is probably the best known graph algorithm
and probably one of the simplest ones. The algorithm performs a depth-first search on a
given graph while labelling its vertices with labels 0 and 1. The first vertex is labeled 0 and
its neighbours 1. Then each time a vertex v is visited, the neighbours of v are labeled with a
label different from the label of v. After all vertices are processed, the graph is 2-colourable
(or bipartite), if and only if, the labeling is a proper 2-colouring. The correctness of this
algorithm is straightforward. The complexity is also simple to analyze, since each vertex is
clearly processed in time O(|N(v)|), and hence, we have O(n + m) total running time. We

summarize this in the following theorem.
Theorem 1.22. There exists an O(n + m) time algorithm for the 2-colouring problem.

It can be immediately seen that this algorithm also allows precoloured vertices. Now, we
discuss the complementary problem, that is, the problem of recognizing co-bipartite graphs
(the complements of 2-colourable graphs). As remarked above, we can use the algorithm for
2-colourability to solve this problem by first, computing the complement of a given graph,
and then running the above 2-colouring algorithm on the complement. This can take as
much as ©(n?) time, since computing the complement takes ©(n?). Fortunately, it can be

n—t

observed that if a graph is co-bipartite, then it must have at least (;) —I—( 2 ) edges for some ¢,
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which is at least n2/4 — n/2. Hence, if the input graph has less than n?/4 —n /2 edges, we
reject, and otherwise, we compute the complement and run the 2-colouring algorithm on the
complement. The former can be clearly accomplished in time O(m), whereas in the latter,

we have m > n?/2 +n/2, and hence, O(n?) = O(n +m). This gives the following theorem.
Theorem 1.23. There exists an O(n+m) time algorithm for recognizing co-bipartite graphs.

Again, this algorithm can be seen to also allow precolouring. Finally, we remark that
bipartite graphs and also co-bipartite graphs form induced hereditary classes, where the

former is characterized by all odd chordless cycles, and the latter by their complements.

Split partition

The split partition problem is a problem of partitioning a graph into a clique and an in-
dependent set. The first linear time algorithm is due to Hammer and Simeone [38]. Their

algorithm is based on degree sequences of graphs.

Theorem 1.24. [38] Let G be a graph with vertices vy, ..., v, such that deg(v1) > deg(vy) >
... > deg(vy), and let M = max{i | deg(v;) > i—1}. Then G is a split graph, if and only if,

M n
Zdeg(vi) =M(M-1)+ Z deg(v;).
i=1

1=M+1

Furthermore, if this is the case, then w(G) = M.

This theorem implies that deciding whether G is split can be done by computing the de-
grees of the vertices of GG, then sorting the vertices according to their degrees, computing the
value M, and verifying the above condition. Each of these steps can be easily accomplished
in time O(n 4+ m) (note that we can sort the degrees in time and space O(n)). Hence, this

proves the following theorem.
Theorem 1.25. There exists an O(n + m) time algorithm for recognizing split graphs.

On the other hand, it is not clear how to extend this algorithm to allow precoloured
vertices. This was resolved much later by Hell et al. in [43]. In fact, they solve a more general
problem of recognizing chordal (k, £)-graphs, that is, chordal graphs which are partitionable
into k independent sets and £ cliques. As a special case they obtain a simple greedy algorithm

for recognizing split graphs which also allows precolouring.
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We now briefly explain their algorithm. The algorithm first tests whether the input
graph G is chordal, since any split graph is necessarily also chordal [3§]. If yes, it constructs
a perfect elimination ordering # = wv1,...,v, of G, and finds a largest index j such that
Glvi,...,vj_1] is an independent set. Then it assigns vi,...,vj_1 to the independent set
and v; to the clique, and processes the remaining vertices v; of G in the order of 7 as follows.
If v; is adjacent to v;, then it assigns v; to the clique, otherwise, if v; is not adjacent to
any of the vertices assigned so far to the independent set, it assigns v; to the independent
set. If even that is not possible, the algorithm declares G not split. After all vertices are
processed, the algorithm returns the clique and the independent set that it constructed.

We now discuss the correctness of this algorithm. First, it can be seen that if the
algorithm does not declare GG not split, it returns a valid split partition. This follows, since
each time a vertex v; is assigned to the independent set, it is not adjacent to all other
vertices of this set, and each time v; is assigned to the clique, it is adjacent to v;, which
is the first vertex of the clique in 7, and hence, v; is also adjacent to all other vertices of
the clique. (Any two vertices adjacent to v; which appear in 7 after v; must be necessarily
neighbours, because 7 is a perfect elimination ordering.)

Now, if the algorithm declares G not split, then we have a vertex v; which is not adjacent
to v;, but it is adjacent to some vertex vy, of the independent set. Also, since the independent
set v1,...,vj_1 is maximal possible, the vertex v; must also be adjacent to a vertex vy
with ¢ < j. Now, observe that v; is not adjacent to vy. Otherwise, if vzv; is an edge of
G and k < j, then we have edges viv; and vpv; with k < j < ¢, and hence, there must be
an edge v;v;, since 7 is a perfect elimination ordering. Also, if viv; is an edge and j < £,
then we have that the algorithm, when processing vi, would put v, into the clique instead.
Similarly, there is no edge between vy and v; and no edge between vy and vy, since otherwise
we would have v;v; and v;v, in the edges set, respectively. This gives us that the vertices
i, Vj, Vg, v¢ induce a copy of 2K (two independent edges), which is known to be not split,
and hence, GG is not split.

Altogether, if G is not split, then either G is not chordal and we have a chordless
cycle Cy with k > 4 in G, or G contains 2K5. This proves the well known result that the
minimal forbidden induced subgraphs of split graphs are Cy, C5 and 2K5. (Observe that

any chordless cycle with six or more vertices already contains an induced 2K5.)

Theorem 1.26. A graph G is split, if and only if, G does not contain an induced Cy, Cs,
and 2K5.
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Now, it is not difficult to see how the above algorithm can be modified to also allow
precoloured vertices. Let Sy and Cjy denote the precoloured vertices of GG, that is, vertices
preassigned to the independent set and the clique, respectively. The modified algorithm
works almost exactly as the original algorithm, but instead of finding largest j such that
Glvi,...,vj_1] is an independent set, it finds largest j such that Glvy,...,v;—1] U Sp is an
independent set. Also, when processing a vertex v;, it assigns v; to the clique, if v; is adjacent
to vj, and v; € Sp, and otherwise, it assigns v; to the independent set, if v; € Cp, and v; is
not adjacent to all vertices assigned (so far) to the independent set and also not adjacent
to all vertices in Sy. Again, if neither of these steps is possible, the algorithm declares G
not split partitionable with respect to the precolouring. The correctness of this (modified)

algorithm follows similarly as for the original algorithm.

Theorem 1.27. There exists an O(n + m) time algorithm to decide, for a graph G with

precoloured vertices, whether there exists a split partition of G that extends the precolouring.

In addition, the analysis of this algorithm gives us all precoloured minimal forbidden
induced subgraphs for split graphs. (A more formal treatment of this notion is given in
Chapter 1) These are the graphs depicted in Figure [T} the vertices marked with {b}
are the vertices preassigned to the clique, the vertices marked with {r} are the vertices

preassigned to the independent set, and the dotted lines represent non-edges.

Theorem 1.28. A graph G with precoloured vertices admits a split partition that extends
the precolouring, if and only if, G does not contain any of the configurations in Figure [l

as an induced subgraph.

{b} {b} {r} {r}
@ o

{r}
o
{b}

Figure 1.1: All minimal precoloured forbidden induced subgraphs of split graphs.

Finally, since the complement of a split graph is also split, we use the same algorithm

for the complementary problem.
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Unipolar partition

In this final section, we describe a polynomial time algorithm for the unipolar partition
problem in general graphs. Recall, that a partition of the vertex set of G into sets V; and
Vo is unipolar, if V; induces a clique, and V5 induces a Ps-free subgraph in G. (Note that
a graph is Ps-free, if and only if, it is a disjoint union of cliques.) The first polynomial
algorithm for this problem is reportedly due to [67], however, we were unable to obtain the
aforementioned paper, and hence, we describe here our solution to this problem.

First, we need to mention a useful property of elimination orderings and their fill-in (see
page ). A minimal ordering m of a graph G with fill-in F} is an elimination ordering of G
such that there is no other elimination ordering o of G with F, ; F.. It is known that a
minimal ordering of a graph can be found in time O(nm) [B1].

The following lemma is taken from [66].

Lemma 1.29. [66] Let m be a minimal ordering of a graph G, and let C be a clique separator

of G. Then no edge in Fy joins vertices in different connected components of G — C.
In fact, it is easy to observe that this lemma is true even if C' is not a separator.

Proposition 1.30. Let m be a minimal ordering of G. Then G is unipolar, if and only if,
there exists a mazimal clique M of G and a connected component K of G—M (or K =)

such that

(i) G — M is a disjoint union of cliques, and
(ii) there exists co-bipartite partition X UY of G[M U K] such that X contains all vertices
of M U K which have neighbours in G — M — K.

Proof. First, let G be unipolar, and let B U D be a unipolar partition of G, where B
induces a clique, and D induces a P3-free subgraph in GG. Since G is a subgraph of G, there
must exist a maximal clique M of G, which completely contains B. Since B is a clique of
G, by Lemma (and the remark below the lemma), there are no edges in G that join
two connected components of G — B. Hence, since M is a clique in G; which contains B,
there exists at most one connected component C' of G — B having vertices in M. (In case
no such component exists, we let C' = (.) Now, we let K = C \ B and T = C N M. Hence,
M = BUT and T C C. We observe that K is a connected component of G— M (or K = (),
and that G — M is a disjoint union of cliques, since V(G — M) C D.
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Now, let S C M be the vertices of M UK which have neighbours in G—M — K. Since C'is
a connected component of G— B, no vertex of C is has a neighbour in G-B-C =G-M-K,
and we must have S NT = (), and hence, S C B. It follows that there exists a co-bipartitie
partition X UY of G[M U K| with X C S, since we can take X = B and Y = C.

Conversely, let X UY be a co-bipartite partition of G[M U K] with § C X. Clearly,
both X and Y induce cliques in GG, and the vertices of Y are not adjacent to the vertices of
G — M — K, because SNY = (. Also, by (i), G — M is a disjoint union of cliques. Hence,
it follows that B U D, where B = X and D = V(G) \ X, is a unipolar partition of G. O

Now, the algorithm for recognizing unipolar graphs follows. Given a graph G, we first
compute the connected components of G. Clearly, G is unipolar, if and only if, some con-
nected component of GG is unipolar, and all other connected components are cliques. Hence,
if G contains two connected components which are not cliques, we reject G. Otherwise,
we let H be a connected component of G such that G — H is a disjoint union of cliques.
Next, we obtain a minimal ordering 7 of H, construct the graph H,, and enumerate all
maximal cliques of H;. For each maximal clique M of H,, we first test that H — M is a
disjoint union of cliques, and then for each connected component K of H — M (and also for
K = (), we determine the set S of all vertices of M having neighbours in H — M — K. After
that, we precolour the vertices of S with 0 and run the co-bipartite recognition algorithm
on G[M U K]. If successful, we obtain cliques X and Y which partition G[M U K| such that
S C X, and we return the partition X U V(G) \ X. If any of these tests fails, we choose
another M or K. If the tests fail for all M and K, we declare G not unipolar.

The correctness of the above algorithm follows directly from Proposition We now
discuss its complexity. It is known that for any connected graph H, a minimal ordering
7w of H and the graph H, can be both obtained in time O(nm) [B1. Also, computing
connected components and testing whether a graph is a disjoint union of cliques can be
each accomplished in time O(n + m). Observe that H, is a graph on the vertices of H.
Therefore, enumerating the maximal cliques M of H, takes O(n?) time. Now, for each clique
M, computing the connected components of H — M and testing whether H — M is a disjoint
union of cliques, both takes O(n + m) time. Also, computing the set S for some choice of
K, and the co-bipartite test (by Theorem [[Z3), each take O(n + m) time. Since there can
be at most n connected components of H — M, and there are at most n cliques M in G,

the total running time is clearly O(n?m). We summarize this in the following theorem.
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Theorem 1.31. There exists an O(n?m) time algorithm for recognizing unipolar graphs.

Now, it is not difficult to adapt the above algorithm for precolouring. Let By and Dy be
the vertices of G which are preassigned to the clique part, respectively, to the Ps-free part
of the unipolar partition. Any time we choose a maximal clique M, if G — M contains a
vertex from By, we reject such choice of M. Also, in the co-bipartite test, we in addition
precolour by 0 the vertices from By and precolour by 1 the vertices from Dy. It follows
that for any partition B U D returned by this (modified) algorithm, no vertex of Dy belongs
to B, since the vertices of Dy are precoloured by 1 in the co-bipartite test, and hence, for
the co-bipartite partition X UY we obtain, the vertices of Dy in M are assigned to Y, and
B = X. The same argument also gives that no vertex of By in M belongs to D. Finally, no
vertex of By in G— M belongs to D, since B C M, and G — M cannot contain a vertex from
By, because we would reject such M. On the other hand, if BU D is a unipolar partition of
G such that By C B and Dy C D, it can be seen that for a maximal clique M of G, which
contains B, we have that G — M contains no vertex from By. Also, by Proposition [L30,
there must exist a connected component K of G — M (or K = ()) with M UK = BUC,
where C' is a connected component of G — B (or C' = {)). Hence, since By C B, and no
vertex of Dy is in B, because B U D is a partition of the vertex set of G, we obtain that
B U C respects the precolouring in the co-bipartite test, which proves that the co-bipartite

test will succeed for this choice of K. Hence, the (modified) algorithm is correct.

Theorem 1.32. There exists an O(n?m) algorithm to decide, for a graph G with precoloured

vertices, whether there exists a unipolar partition of G that extends the precolouring.

We close by mentioning that, at the time of writing, a complete minimal forbidden
induced subgraph characterization of unipolar graphs is not known. However, by a result of
[34], chordal unipolar graphs are precisely those chordal graphs which do not contain 2P;

(two copies of P3 with no edges between the copies) as an induced subgraph.
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Tools

2.1 Matrix Partitions

In this section, we introduce and discuss matrix partition problems, which form a class of
interesting graph problems related to the problem of GCOL. In particular, the techniques
and algorithms presented here will become useful in later chapters.

Let M be a k x k symmetric matrix with entries from {0, 1,*}. An M-matriz partition
(or just M -partition) of a graph G is a partition of the vertices V(G) into sets Vi,..., Vi
such that for any 4,j € {1...k} and vertices v € V; and y € Vj, if M, ; = 1 and = # y, then
we have zy € E(G), and if M; ; = 0, then we have zy ¢ E(G). For a fixed k x k matrix M,
the M -partition problem is a problem of deciding, given a graph G, whether G admits an
M-partition. Similarly, the list M -partition problem is a problem of deciding, given a graph
G with lists £(v) C {1...k} for all v € V(G), whether G admits an M-partition Vi,...,V}
such that for all v € V(G) and i € {1...k}, if v € V}, then i € {(v).

Matrix partition problems are a natural generalization of colouring problems. They
are simpler than GCOL problems, because each part of the partition can only be either a
clique, an independent set, or a graph with no restriction. However, using the off-diagonal
entries, we may in addition specify connections between the parts of the partition, that is,
all edges, no edges, or unrestricted, which makes this problem different from GCOL. On
the other hand, a number of special cases of the GCOL problem are expressible as matrix
partition problems, which will allow us to use results about matrix partitions to solve these
problems efficiently. (This connection is further discussed in Chapter [1.)

We now briefly discuss the complexity of matrix partition problems. It is known, by a

22
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result of [9], that if the size of the matrix M is at most four, and it is not one of the first two
matrices in Figure 21 then the list M-partition problem is polynomial time solvable or N P-
complete. Namely, it is polynomial time solvable, unless M or its complement is the third
or the fourth matrix in Figure Bl, or contains a submatrix corresponding to the 3-colouring

problem, or the stable cutset problem, in which cases the problem is N P-complete.

0 « 0 =x 1 x 1 =% ¥ x 0 = * % 0 0
* 0 * * x 1 % * * x % 0 * 0 % 0
0 * *x =x 1 *x *x % 0 * *x x 0 = 0 =x
x o+ % 1 x +x % 0 x* 0 * 0 0 * =

Figure 2.1: The stubborn problem, its complement, and two N P-complete cases.

For larger matrices M, the complexity of the (list) M-partition problem is largely un-
known. A notable exception are the problems solvable by the following sparse-dense partition
algorithm introduced in [27].

Let S and D be two induced hereditary classes of graphs, and let ¢ be a constant such
that any graph in SND has at most ¢ vertices. We can think of S as a sparse class and of D
as a dense class. A sparse-dense partition of a graph G is a partition of V(&) into two sets
Vs, Vp such that G[Vs| € S and G[Vp] € D. The following theorem from [27] characterizes

all sparse-dense partitions of graphs.

Theorem 2.1. [27] Any graph G on n vertices has at most n*¢ sparse-dense partitions.
Moreover, all sparse-dense partitions of G can be enumerated in time O(n***2T(n)), where

T (n) is the time needed to recognize an n-vertex graph in S or an n-vertex graph in D.

(Note that we have already mentioned a simpler version of this theorem as Theorem [[3)
On the other hand, in chordal graphs, large classes of matrices are solvable in polynomial

time. The following theorem is proved in [2§].

Theorem 2.2. 28] Let M be a k x k matriz with entries {0,1,x}. If all diagonal entries of
M are zero, or all diagonal entries of M are one, then the chordal list M -partition problem

can be solved in time O(nk3(4k)F), or O(n***1), respectively.

In addition, this theorem, when combined with the sparse-dense algorithm, gives a more

general result [28], which is described in the theorem below. We say that a square matrix M

A|CT
of size k+{ is an (A, B, C)-block matrix, if M is of the form M = <7’?>, where A is a
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symmetric k X k matrix with all zeroes on the main diagonal, B is a symmetric ¢ x £ matrix
with all ones on the diagonal, and C' is a k x £ matrix. It is easy to see that any symmetric
matrix M with no % on the main diagonal can be transformed into an (A, B, C')-block matrix
M’ by simultaneously permuting rows and columns. Moreover, the M’-partition and the
M-partition problems are clearly equivalent. A matrix is said to be crossed, if each non-x

entry in the matrix belongs to a row or a column of non-* entries.

Theorem 2.3. [28] Suppose that M is an (A, B, C)-block matriz. If C is crossed, then the

chordal list M -partition problem can be solved in polynomial time.

2.2 Dynamic programming

In this section, we introduce a general model for solving combinatorial problems in graphs
using dynamic programming on a tree-like structure associated with the graph.

Recall that a tree decomposition of a (connected) graph G is a pair (T, X) where T is a
tree and X is a collection of sets X (u) C V(G), for all w € V(T') with the properties, (i) for
each edge xy € E(G), there exists u € V(T') with z,y € X(u), and (i7) for each x € V(G),
the vertices v € V(T) with z € X (u) induce a connected subgraph of T. We remark that
we include in our consideration all tree decompositions (not just those of minimum width).

We shall consider any tree decomposition (7', X) rooted as some vertex r € V(T'). For
a vertex v € V(T'), we denote by T, the subtree of T rooted at v. For a subset W of the
vertices of V(T'), we denote by C(W) the set |, ey X (w). In particular, G, = G[C(T)].

Tree decompositions play an important role in efficient algorithmic solutions for graph
problems. In particular, for the graphs that admit a tree decomposition of a constant width,
many difficult graph problems are solvable in polynomial time. (We discuss this case in detail
in Section ZZ3) On the other hand, there are classes of graphs with unbounded treewidth,
which nevertheless admit special tree decompositions also allowing efficient solutions to
difficult graph problems. An example of such class is the class of chordal graphs; each
chordal graph has a clique-tree, which is a tree decomposition whose each bag induces a
clique. In what follows, we shall investigate some properties of tree decompositions, which
make particular graph problems efficiently solvable.

As a first problem, we mention the well-known algorithm for the proper k-colouring

problem. Let G be a graph, and let (T, X) be a (rooted) tree decomposition of G. The



CHAPTER 2. TOOLS 25

algorithm processes the vertices of T" in a bottom-up order, and for each vertex v, it computes
the set C(v) of all possible proper k-colourings of G[X (v)], which can be extended to a proper
k-colouring of G,,. For any leaf v, the set C'(v) is just the set of all proper k-colourings of
G[X (v)]. For any other node v, the set C(v) is the set of proper k-colouring ¢ of G[X (v)]
such that, for each child w of v, there exists a k-colouring ¢, in C(w) such that ¢ and ¢,
match on the vertices of X (v) N X (w). After all vertices are processed, G has a proper
k-colouring, if and only if, the set C(r), for the root r of T, is non-empty. The correctness
of this algorithm is easy to see. Now, we discuss its complexity. Let ¢ be the size of a
maximum bag X (u) for u € V(T), and let N = |V(T)|. Clearly, there are at most k'
possible colourings of any bag X (u) with k colours, and hence, at most k! possible proper
k-colourings. For each such colouring, we search for matching colourings in the sets C'(w) for
each child w, which takes O(t) time (after some preprocessing of C(w)). Thus, processing
a single vertex of T takes O(t - k' - deg(v)). Altogether, for all vertices of T', we have
> vev(r) Ot - k' - deg(v)) = O(|E(T)|-t- k') = O(N -t - k'). Hence, if t is a constant, then
the complexity is linear in N. (Note that for k > ¢, the graph G is always k-colourable.)
Now, it follows that for graphs GG, whose treewidth is bounded above by a constant, the
k-colouring problem has a linear time solution for any k. This is in contrast to the fact that
in general the k-colouring problem in N P-complete.

Now, we modify the above algorithm so it actually computes the chromatic number of G.
We do it as follows. Instead of considering only proper k-colourings of each bag X (v), we
consider all proper n-colourings, but, in addition, for each such colouring ¢, we store the
minimum number of colours m(c) we need to extend this colouring to G,. Each time we
consider a k-colouring ¢ of G[X (v)] and matching colourings ¢,, of G[X (w)] for all children
w of v, we compute the maximum m of m(c,) among the children w of v, and the minimum
number of colours m(c) for ¢ is just the maximum of k and m. This follows from the fact
that, since the colourings are matching, we do not need more colours than what we already
use. The chromatic number of G is then m(c) for a colouring ¢ from C(r), where r is the
root of T', such that m(c) is smallest possible. The correctness is straightforward. We now
discuss the complexity of this algorithm. Again, let ¢ be the size of a maximum bag X (u)
forw e V(T'), and N = |V(T)|. Observe that for each bag X (u), we never need to use more
than | X (u)| < t colours when colouring G[X (u)]. Hence, using the analysis from the above
algorithm, we obtain that the complexity of this algorithm is O(N - ¢ - t*), which is again

linear in NV, if ¢t is a constant.
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Now, suppose that ¢ is not a constant, in which case, both the above algorithms are
inefficient. However, this may not be so if we know something more about the tree decom-
position we use. For instance, if the graph G[X (u)], for each u € V(T), has only a small
number of possible different proper colourings, say at most «, then the running time is
clearly O(N -t - «). Even better, if we know that each G[X (u)] has at most « possible non-
isomorphic colourings, that is, colourings such that no one can be obtained from another by
renaming the colours. Again, the running time is O(N -t - «). Things also become simpler,
if for each vertex v, and each child w of v, the set X (v) N X (w) induces a clique. Then any
proper colouring ¢, of G[X (w)] will match any proper colouring ¢ of G[X (v)] (up to renam-
ing the colours). Then all we have to do is to test, for each v € V(T'), whether there exists a
proper k-colouring of G[X (v)] for the former algorithm, or determine the chromatic number
of G[X (v)] for the latter algorithm. Finally, if G is chordal and (7', X) is a clique-tree of G,
then we have all of the above, since each bag X (u) of T is a clique, and the running time is

O(N -t) for both algorithms, since each clique has only one non-isomorphic proper colouring,.

From the above examples, the reader should be able to get sufficiently acquainted with
the general idea of dynamic programming on tree decomposition. Therefore, we can now
proceed to defining this idea formally. Before going further, we would like to caution the
reader that the following definitions are not meant to give a substantially different perspec-
tive on known dynamic programming methods, but rather, are an attempt to capture the
common properties of these methods on tree decompositions of graphs, to the extent they

are used in our algorithms in the later chapters.

Dynamic programming on graphs (Formal definition)

Let U denote the set of all graphs. An (induced hereditary) graph problem II is a tuple
(%, p,m, 0, 1u,n) such that

(i) ¥ is a (finite) alphabet,
(ii

i) p:U — 2 maps graphs G € U to all (feasible and infeasible) solutions to II for G,

(iii) p:X* — R is a valuation function which assigns real numbers to the solutions to II,

(iv) 7 : U — 2*" maps graphs G € U to the feasible solutions to II for G (7(G) C p(@G)),
)

(v) 0:Ux ¥* — ¥* is a subgraph mapping which for each G € U, each induced subgraph
H of G, and each s € p(G), satisfies



CHAPTER 2. TOOLS 27

(a) o(H,s) € p(H), and

(b) if s € m(G), then also o(H,s) € n(H), and pu(o(H,s)) < u(s);
(vi) n: ¥*x¥* — ¥* is an exchange mapping which for each G € U, each induced subgraph

H of G, each sg € p(G), and each sy € p(H), satisfies
(a) n(sq,su) € p(G), and
(b) o(H,n(sc,sm)) = su
The decision problem for II is the problem of deciding, given a graph G, whether

7(G) # (. The search problem for II is the problem of finding s € 7(G) for a given graph G,
if s exists. An optimization problem for II is the problem of finding s, € 7(G) (if it exists),

for a given graph G, such that p(sep:) = mingeq(q) p(s)-
A dynamic programming scheme S for II is a tuple (I, A, ¢, ~) such that

(i) T'is a (finite) alphabet,

)
(ii) = is an equivalence relation on I'*,
(iii) ¢ : U x X* — T is a fingerprint mapping,
)

(iv) for each G € U, each rooted tree decomposition (T, X) of G, each v € V(T') with a
parent u, and each sg € 7(G), s, € 7(G,) the following exchange condition is satisfied;
if <,0<G [X(u) N X (v)],0(Go, SG)) ~ <,0<G [X(v) N X (v)], sv>, then
(a) n(sq,sv) € 7(G), and
(b) if pu(sy) < p(0(Gy,56)), then u(n(sa,sv)) < p(se),
(v) if, for each vertex v with a parent u, we denote by F'(v) the pairs (f,s,) such that
sy € m(Gy), and f = o(G[X(u) N X (v)],s,), then A is an algorithm which, given
(a) a vertex v of a (rooted) tree decomposition (T, X) of G,
(b) the sets F(z) for all z € V(T) \ {v}, and
(¢) feTI*ifwisnot the root of T,
returns s, € 7(Gy) such that
(a) p(sy) =min{u(s) | s € 7(Gy)}, if v is the root of T, or
(b) p(sy) = min{u(s) | (f,s) € F(v)}, if v is not the root of T,

or announces that such s, does not exists.

We remark that the above exchange condition justifies the behaviour of the algorithm

A, meaning that, for each fingerprint f, we only need to keep one solution s, which has
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the fingerprint f on G[X (u) N X (v)], since all other solutions with the same fingerprint are
equivalent by the exchange condition. Also, we explain why the (partial) solution s, € 7(G,)
for f can be taken with the smallest value. If there exists an solution s’ € 7(G) whose
fingerprint f' = ¢(G[X (u) N X (v)],s,), where s, = 0(G,, s), is equal to f, that is, f ~ f’,
then, by the exchange condition, s = (s, s,) € 7(G), and by the properties of the subgraph
function, s, € 7(G,). Also, the fingerprint for s on G[X (u) N X (v)] is necessarily f, since,
by the properties of the exchange function, o(G,,s) = o(Gy,n(s',s,)) = sy, and hence,
o(G[X(uw) N X (v)],0(Gy,5)) = ¢(G[X(u) N X (v)],sy) = f. Therefore, if s, has smallest
possible value for f, then u(s,) < u(s)), and hence, by the exchange condition, u(s) < u(s’).
This shows that s is at least as good solution as s’, and also proves that any optimal solution
for G gives rise to optimal solutions on all subgraphs G,,, which justifies the choice of s,,.
Finally, we remark that the above definitions are tailored to capture the problems which
we investigate here, and may be too specific to capture other graph algorithms which use

dynamic programming on a tree decomposition of a graph.

Now, we explain how to solve the optimization problem for II, using a dynamic pro-
gramming scheme & for II; this will also imply algorithms for both the decision and the
search problem. First, for a given graph G, we construct a (not necessarily optimal) tree
decomposition (T, X') of G. Then, for each leaf v of T', we construct the set F'(v) as follows.
We enumerate all possible fingerprints f, and then add (f,s,) into F(v), if the algorithm
A on v and f returns s,. After that, for each vertex v in T, for which the sets F'(z) of all
descendants z of v have been computed, we compute the set F'(v) by, again, enumerating
all fingerprints f and running A on v, f, and the sets F(z). Finally, for the root of T', we
simply run A on the sets F(z), and the answer we obtain will be the answer for G.

It can be seen from the above description that the complexity of this algorithm is
O(N x M x h(W,M)), where N is the number of vertices in T', M is the number of possible
fingerprints, W is the size of a largest set X (v), and h(W, M) is the running time of A.

Next, we illustrate the above definitions on the example from the beginning of this sec-
tion. Namely, for the graph colouring problem II, the tuple (X, p, m, 0, 1, n) is as follows.
(i) the alphabet ¥ is {0, 1},
(ii) p(Q) are all possible (not necessarily proper) |V (G)|-colourings of G,

(iii) p(c) is the number of colours used in the colouring ¢ € p(G),
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(iv) m(QG) are all proper |V (G)|-colourings of G,
(v) o(H,c) is the restriction of ¢ onto H, where ¢ € p(G), and

(vi) n(ca,cm) is the colouring of G' obtained from cg by recolouring the vertices of H by
¢y, where cg € p(G), cy € p(H), and H is an induced subgraph of G,
The dynamic programming scheme S for the graph colouring problem II is as follows.
(i) the alphabet T" is again {0, 1},
(i1) (G, c) is the colouring f of G obtained by restricting ¢ onto the vertices of G,
(iii) we have f =~ f’, if and only if, both f and f’ are the same colourings (up to renaming
colours), and
(iv) the algorithm A, given v, (possibly) f, and fingerprints F'(z) for z € V(Ty) \ {v},
considers all possible proper colourings ¢ of G[X(v)] (up to renaming colours) which
are extensions of f (if f is provided as input), and for each such colouring ¢, if, for
each child w or v, there is a pair (fy, ¢y) in F(w) such that f,, is a restriction of ¢ onto
X(w)NX(v) (again, up to renaming colours), and pu(c,) is smallest possible, then the
algorithm combines ¢ and the colourings ¢, into a colouring ¢, of Gy, and returns ¢,,

otherwise announces that ¢, does not exist.

It is not difficult to verify that the above satisfies the definition of II and S, and, in
particular, it can be seen that the exchange condition is satisfied, since for any vertex v
with a parent u, the set X (u) N X (v) is a separator of G, and hence, if proper colourings
¢ and ¢, of G and G,, respectively, are the same on X (u) N X (v), we can colour G with
¢ and then recolour the vertices of G, by ¢,, and we must obtain a proper colouring ¢/,
because there are no edges between different connected components of G — (X (u)NX (v))
and G, — (X (u) N X (v)) is one (or more) of those components. Also, the number of colours
used in ¢ is never more than the maximum of the number of colours used in ¢ and the
number of colours used in ¢,, which shows the second part of the exchange condition.

Now, using the scheme S, we already know that we can solve the optimization problem
for IT using dynamic programming on a tree decomposition. Let us look at the complexity
of this algorithm. Again, let (T, X) be a tree decomposition of a graph G of width ¢ — 1, let
N = |V(T)|, and let o denote the maximum number of non-isomorphic proper colourings
of G[X(u)] for uw € V(T). Recall that the fingerprints in the scheme S are the proper
colourings of G[X(u) N X(v)] where uv € E(T). Hence, there are at most a possible

different fingerprints, and it can be seen that the running time of the algorithm A on any
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node v € V(T) altogether for all fingerprints is O (a-¢-deg(v)). This gives us that the running
time of the algorithm for the graph colouring problem is O ( Yoot deg(v)) = O(N -t- a).
We remark that the running times from the beginning of the section are just special cases

of this formula. For later use, we now summarize this algorithm in the following theorem.

Theorem 2.4. Let G be a graph, and (T, X) be a tree decomposition of G of width t — 1.
Then one can compute x(G) in time O(N -t-«), where N is the number of nodes in T', and

« s the mazimum number of non-isomorphic colourings ofG[X(v)] forv e V(T).

Finally, the last example of an algorithm which uses dynamic programming on a tree
decomposition that we discuss here is the algorithm from Theorem for the M-partition
problem in chordal graphs for matrices M with all diagonal entries 0.

First, we observe that an M-partition of a graph G for a matrix M, which has all 0 on
the main diagonal, is a partition of the vertices of G into k independent sets with possibly
(depending on M) all, or no edges between some of the sets. It can be seen that any graph
G admitting such M-partition must necessarily be properly k-colourable. This implies, in
particular, that the clique number w(G) of G is at most k. Moreover, if G is chordal, this
gives us that the treewidth of G must be at most k& — 1. The algorithm from [28], which we
are going to describe, works, in fact, for any (not necessarily chordal) graph G of bounded
treewidth, and any matrix M (not only for 0-diagonal matrices), and also solves the list
version of the problem.

We say that a node v of a rooted tree decomposition (7', X') of G is an introduce node, if
v has at exactly one child u, and X (u) = X (v)\ {z} for some z € V(G); v is a forget node, if
v has exactly one child u, and X (v) = X (u) \ {z} for some x € V(G); v is a start node, if v
has no children and | X (v)| = 1, and v is a join node, if v has exactly two children u and w,
and X (v) = X(u) = X(w). We say that a rooted tree decomposition (T, X) is a nice, if
each node of T is either an introduce node, a forget node, a start node, or a join node. It
can be easily seen that any tree decomposition (7', X) of width ¢ can be transformed into an
equivalent nice tree decomposition (7", X’) of the same width, where |V (T7)| < ¢ - |V (T)|.

Now, let (T, X) be a nice tree decomposition of G. Recall the definitions of T, and
G, from before. The algorithm for the list M-partition problem is based on dynamic pro-
gramming on a nice tree decomposition (7', X) of G. It works as follows. For each vertex
v € V(T), it computes the set F(v) of pairs (2,5), where S C {1...k}, and =Z is an M-
partition of X (v) which can be extended to an M-partition ¥ = V; U ... UV} of G, such
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that S is the set of those i for which V; \ X (v) is non-empty. The sets F(v) are computed
first for the leaves of 7" and then for other vertices of T in a bottom-up order. Clearly, if
the set F(r) for the root r of T" is non-empty, then G’ admits an M-partition, otherwise not.

We now explain how the algorithm computes the sets F(v). If v is a start node then
X (v) = {x} for some = € V(G), and the set F'(v) consists of all pairs (£, S) where Z is a
partition V3 U ... UV, with V; = {z} and V; = 0 for all j # ¢, and S = 0.

If v is a forget node, then v has a unique child u with X (v) = X(u) \ {z} for some
x € V(G), and the set F(v) consists of pairs (Z,5) such that (Z/,5") € F(u), Z is a
restriction of &' = V/ U ... UV onto X (v), and S = 5" U {i} where z € V.

If v is an introduce node, then v has a unique child v with X (u) = X (v) \ {z} for
some x € V(G), and the set F(v) consists of pairs (Z,5) such that ==V, U... UV} is an
M-partition of X (v) with the property that x € V; implies ¢ & S for each ¢ with M; ; = 1,
and also (Z/,5) € F(u) where Z’ is a restriction of = onto X (u).

Finally, if v is a join node, then v has exactly two children u,w with X (u) = X(v) =
X (w), and the set F(v) consists of pairs (2, S) such that (£,5’) € F(u) and (E,5") € F(w)
where S = 5"U S”, and there is no i € S, and j € S” such that M, ; = 1.

Now, the problem II and the scheme S corresponding to the above algorithm can be
defined as follows. The sets p(G) and 7(G) consists of all colourings of G using k colours, and
all M-partitions of G, respectively. The valuation function u(c) is 0 for any ¢, and I', ¥, 0,1
are exactly like for the graph colouring problem. The fingerprint mapping o(H,c) for
¢ € p(Q), gives a pair (2, S), where Z is the restriction of c onto H, and S is the list of colours
that appear in G—V (H). Fingerprints f and f’ are the equivalent, f &~ f', if and only if, they
are equal, f = f’. Finally, the algorithm A is what is described in the above paragraphs.

The complexity is analyzed similarly as before. Let t —1 be the treewidth of G. First, we
observe that the number of possible fingerprints (Z, S) is at most 2¥k* (at most ¢ vertices in
each bag, and exactly k colours). Next, it can be seen that for each node of the tree
decomposition and any =, processing fingerprints (=,S) for all S can be done in time
O(k?4F); observe that this comes from the complexity of testing the condition for the join
nodes. Hence, the complexity of A for all fingerprints is O(k24Fk?). Finally, it is known
that for any graph G, there exists an optimal tree decomposition of G whose tree has at
most n nodes. This tree decomposition can be transformed into a nice tree decomposition
of G which has the the same width and has at most n - ¢ nodes. Therefore, it follows that
for the whole algorithm the complexity is O(n - t - k24%k?).
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We close by remarking that, as in the earlier examples, the problems we investigate
in Chapters B, Bl and our solutions to them can be seen to be (formally) expressible as
(induced hereditary) graph problems II with dynamic programming schemes S which use

tree decompositions of particular properties (e.g., the so-called block-cutpoint tree).

2.3 Greedy algorithms

In this section, we describe some examples of problems for which an optimal solution is
obtained using greedy choices, rather than using an exhaustive (dynamic) enumeration of all
possibilities as in the previous section. In chordal graphs, such algorithms are usually based
on perfect elimination orderings. Using the properties of these orderings, the algorithms are

allowed to make greedy choices, which always lead to correct solutions.

First, we remark that we have already discussed examples of this type of algorithms in
Chapter [M namely, the algorithm LexBFS, and the algorithm for split graph recognition
(see Theorem [CZH). Here, in addition, we mention three other such algorithms. The sim-
plest one is the well-known algorithm for the graph colouring problem in chordal graphs
BY]. The algorithm processes vertices of a given graph G in the reverse of a perfect elimina-
tion ordering of G, and colours vertices with numbers {1...n}. Every time the algorithm
processes a vertex, it assigns this vertex the smallest possible colour (number) which is not
present in the already coloured neighbours of that vertex. This always leads to an optimal
proper colouring, since the set of forward neighbours in a perfect elimination ordering forms
a clique. Hence, if a vertex v is given a colour i, there must exist a clique of size ¢ — 1 in the

neighbourhood of v, which clearly cannot be coloured with less then 7 — 1 colours.

Theorem 2.5. There exists an O(n + m) algorithm to find the chromatic number and an

optimal proper colouring of a chordal graph.

Next, we discuss the algorithm for computing the maximum size independent set in
chordal graphs [38] due to Gavril. This algorithm also processes the vertices of G, but
this time, in the order given by a perfect elimination ordering m of G. When a vertex v is
processed, the algorithm assigns v to the set S, and removes from G the forward (in 7) neigh-
bours F,, of v. After all vertices are processed, S is a maximum independent set of G. This
can be seen as follows. First, S is clearly independent, since whenever we process a vertex,

we remove all its neighbours from further consideration; hence, |S| < a(G). On the other
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hand, the sets F,, v € S, are all cliques, since 7 is a perfect elimination ordering. Also, they
are pairwise disjoint and, clearly, cover each vertex of G. Hence, they form a proper colour-
ing of G; thus, |S| > x(G). But G is perfect, and hence, by Theorem [[TH, also G is perfect;

thus, x(G) = w(G) = a(G). Hence, S is indeed a maximum size independent set of G.

Theorem 2.6. There exits an O(n+m) time algorithm to find a mazimum size independent

set and an optimal clique cover of a chordal graph.

Finally, we explain a more complex algorithm, which also uses perfect elimination
orderings and makes greedy choices. It is the algorithm from Theorem for the M-
partition problem in chordal graphs for matrices M with all diagonal entries 1. Note that
an M-partition of a graph G for M with all diagonal entries 1 is a partition of the vertices
of GG into k cliques with possibly all, or no edges between some of the cliques.

The algorithm starts by computing a perfect elimination ordering 7 of G, and by assign-
ing to each vertex v € V(G) a list £(v) = {1...k}. Then, for each clique i, it either decides
that the clique is empty and removes ¢ from all lists, or it chooses vertices z;,y; € V(G),
and sets ¢(x;) = {i} and £(y;) = {i}. Then it removes i from each vertex that appears
in 7 before z; or after y;, and, for each j € {1...k}, it removes j from the list of each
vertex z € V(G) such that zx; or zy; is an edge and M;; = 0, or zx; or zy; is not an
edge and M;; = 1. If the list of some vertex v becomes empty, the algorithm declares G
not M-partitionable. Otherwise, for each v € V(G), it chooses i € ¢(v), and assigns v into
the clique i¢. The correctness of this algorithm can be easily argued using the properties
of perfect elimination orderings (cf. Theorem [[H). The running time of this algorithm is
O(n?#+1k2), since there are at most 1+ n + (Z) < n? choices for each clique, and processing
the lists, for each choice, takes O(k?n) time. In addition, the algorithm can be immediately
adapted for solving the list case by replacing the initial lists £ with the input lists £y. Finally,
we remark that the algorithm actually computes all possible M-partitions of GG; each such
partition can be obtained from some lists computed by the algorithm by a greedy choice.

We conclude this section by mentioning other examples of greedy algorithms we discuss
in later chapters. Namely, in Chapter [, we have an algorithm for the Py-free Py-transversal
problem in chordal comparability graphs, which is based on a modification of LexBFS, and

also the algorithm in Theorem [H which is based on the above M-partition algorithm.
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2.4 Graph Grammars

Graph grammars originated as a natural generalization of formal language theory to graphs
and since found their applications in numerous areas of computer science such as VLSI layout
schemes, database design, modeling of concurrent systems, pattern recognition, compiler
construction and others. Several different flavours of grammars for graphs have been studied;
some are based on replacing vertices, and some based on replacing (hyper)-edges, while
others replace whole subgraphs; here, additionally, mechanisms for “gluing” graphs can
vary. In all of these models, nodes or edges of graphs are usually labeled, and it is the labels
that control the way graphs are transformed by the grammar.

In this section, we discuss one particular model of graph grammars, namely, the so-called
hyperedge replacement grammars (HRG). These grammars are especially interesting, since
they are based on a context-free graph transformation mechanism, which allows, in most
cases, efficient algorithms for recognition and other problems.

Let C be an arbitrary (fixed) set of labels and let type : C — N be a typing function. A
hypergraph H over C is a tuple (Vi, Eg, atty, laby, exty) where Vi is a finite set of nodes,
Ep is afinite set of hyperedges, att : Ey — V}; is a mapping assigning a sequence of pairwise
distinct attachment nodes attg(e) to each e € Ey, laby : Ey — C is a mapping that labels
each hyperedge such that type(labg (e)) = |atty(e)|, and exty € V}j is a sequence of pairwise
distinct external nodes. Note that, in this model, hyperedges are ordered subsets of vertices
and are labeled according to their cardinality. Also note that the external nodes exty,
usually, are not needed to be specified. We denote by H¢ the set of hypergraphs over C.

Now, we define the hyperedge replacement mechanism. Let H € He and let eq, ..., ex be
hyperedges of H to be replaced by hypergraphs Hy, ..., Hy, € He where type(e;) = |extw,|
for 1 <i < k. The hypergraph Hlei;/H;,...,ex/Hy] is constructed from the disjoint union
of H and Hy,..., Hy by identifying the vertices of attp(e;) with the vertices of exty, in
their respective orders, for each 1 < ¢ < k, and then removing hyperedges eq,...,e. It
can be seen that this mechanism is “context-free”, because the result of a replacement
depends only on the hyperedges that are being replaced, and not on their relationship
with the rest of the hypergraph. Also, it does not matter whether the hyperedges are
replaced simultaneously or one by one, or in what order they are replaced. That is, we have
Hlei/Hu, ... ex/Hy] = Hler/H|. .. |ex/Hy] and Hle1/Hi][e2/Ha] = Hlez/Hole1/Ha], and
Hlei/H,]lea/Hs| = Hle1/H;lea/Hs]] for edges e; in appropriate hypergraphs.
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A hyperedge replacement grammar HRG is a tuple (N, T, P,S) where N C C is a set of
nonterminals, T C C with TN N = () is a set of terminals, P C N x Hc¢ is a finite set of
productions with type(A) = |extr| whenever (A, R) € P, and S € N is the start symbol.

A derivation step in HRG is the binary relation :P> on He with H ?H " whenever
H' = H[e/R] where labg(e) = A and (A, R) € P. We denote by ?* the transitive closure
of :P>. For A € C, we denote by A® the hypergraph with a single hyperedge A attached
to type(A) vertices. (A® is usually called a handle.) The hypergraph language L(HRG)
generated by the grammar HRG is Ls(H RG), where for A € N, the set L(HRG) consists
of all hypergraphs in Hp derivable from A® by applying productions of P. That is,

LA(HRG) = {H € Hr ‘ A :P>*H}

The context-free nature of hyperedge replacement allows one to define derivation trees
for hyperedge replacement grammars similar to the ones defined for context-free languages.
(For simplicity we deviate, in what follows, from the standard definition given in [5§].)

A derivation tree T in HRG = (N, T, P, S) is a tree whose each node is labeled either by
a terminal symbol A € T', a nonterminal symbol A € N, or by a production rule (A, R) € P
such that

(i) a node v labeled by A € T has no children, and we define res(v) = A®,

(ii) a node v labeled by A € N either has no children and res(v) = A®, or has exactly one
child w labeled by a production rule (A, R) € P and res(v) = res(w), and

(iii) a node v labeled by a production rule (A, R) € P has a child v; labeled by labg(e;),
for each hyperedge e; € E(R), where 1 < i < k = |E(R)|, and we define res(v) =
Rle1/Hq, ..., e, /Hy|, where H; = res(v;).

The graph defined by 7 is res(r), where r is the root of 7. Also, it can be seen that,
for any hypergraph H € Ls(HRG), there exists a derivation tree 7 such that res(r) = H,
where 7 is the root of 7, and is labeled by A.

A hyperedge replacement grammar HRG = (N,T,P,S) is said to be of order k, if
type(A) < k for all A € N. An example of a grammar of order three generating all partial
3-trees (graph of treewidth at most three) can be seen in Figure This grammar uses
two nonterminal labels A and S, where S is the starting nonterminal, and one terminal
label T'. The vertices marked as o and e represent nodes, where the latter are the external

nodes exty (the labels indicate their ordering in exty). The vertices in boxes represent
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hyperedges, and the edges in the diagram connect each hyperedge e with its attachment

nodes attg(e), where the labels on the edges indicate their ordering in atty(e).

1

A A
1 1

2 3

S = 2—T—2 S / \.\
3 2 3
A
2 3 2 3

— e
[\)

Figure 2.2: An example of a hyperedge replacement grammar generating all partial 3-trees.

We now briefly explain how this grammar generates all partial 3-trees. In the first step
of the derivation, if we apply the second rule for S, we obtain a triangle whose edges are
labeled with A; subsequent applications of the rules for A either remove some of these edges,
or replace them with a terminal edge. On the other hand, if we apply the first rule for S,
we obtain a hypergraph with four vertices such that any three of them form a hyperedge
labeled with S. Each subsequent application of this rule to a hyperedge e labeled with
S, replaces e with four new vertices, where three of them (marked 1, 2, 3) are identified
with the vertices incident to e, and such that, again, any three of these four vertices form
a hyperedge labeled with S. This precisely mimics the generation of 3-trees, and the role
of the hyperedges labeled with S is to maintain all possible triples of vertices forming a
triangle in the generated 3-tree. Eventually, each hyperedge labeled with S is replaced with
a triangle (using the second rule for S), some of whose edges are removed later and other
are turned into terminal edges. Note that in the graph generated this way we can have
many parallel edges between any two vertices. The final simple graph representing a partial

3-tree is obtained by removing all but one parallel edge between any two vertices.

Next, we briefly mention some properties of hyperedge replacement grammars. In terms

of their generative power, they can generate all context-free string languages as well as some
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context-sensitive languages (for appropriately defined string graphs). Also, as a consequence
of the hyperedge replacement rule, graphs generated by a hyperedge replacement grammar
of order k are always at most k-connected. Hence, since the description of HRG is finite,
no HRG can generate graphs of arbitrary large connectivity. Also, for any k, there exists a
HRG of order k generating all partial k-trees (see Figure for an example), whereas no
HRG of order k — 1 can generate them [58]. It follows that graphs generated by HRG’s of

different orders form a proper infinite hierarchy.

Now, we discuss the complexity of the membership problem for HRG. It is not difficult to
see that the problem is in NV P. One has to guess the derivation and test whether it generates
the input graph; the derivation can be described by a polynomial (in fact even linear [58])
number of bits, since it is not possible to erase vertices. In general, the membership problem

turns out to be N P-hard, and in particular, the following is true.

Theorem 2.7. [B0] There exists a hyperedge replacement grammar of order two that gen-
erates an N P-complete graph language of mazimum degree two. There exists an hyperedge
replacement grammar of order two that generates an N P-complete graph language of con-

nected graphs.

Note that, in this theorem, the first grammar generates disconnected graphs with un-
bounded number of connected components, whereas the second grammar generates graphs
of unbounded degree. This is in particular important, since if the grammar only gener-
ates hypergraphs of bounded degree and of bounded number of connected components (or
more precisely, hypergraphs whose k-separability is O(logn)), the membership problem is
polynomial time solvable. Note that the k-separability of a hypergraph H is the maximum

number of connected components of H — X where X C Vi and | X| = k.

Theorem 2.8. [62, BR] Let HRG be a hyperedge replacement grammar of order k. If for
each n-vertex hypergraph H € L(HRG), k-separability of H is O(logn), then the member-
ship problem for HRG is polynomial time solvable. In case k-separability is O(1) for all
H € L(HRQG), the membership problem is in LOGCFL.

We conclude by mentioning the following results. A k-uniform hypergraph or simply a
k-hypergraph is a hypergraph whose all hyperedges are of cardinality k. In [21], it was shown
that, if an H RG of order k generates only k-hypergraphs, there exists a cubic time algorithm
(for any k) recognizing graphs in L(H RG), whereas, if the grammar of order k is allowed

to use hyperedges of all cardinalities, it can generate an N P-complete graph language [20)].
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Theorem 2.9. [21] Let HRG be a hyperedge replacement grammar of order k. Then there
exists a cubic time algorithm to decide, given a k-hypergraph H, whether H € L(HRG).

Theorem 2.10. [20] For k > 3, there exists a hyperedge replacement grammar of order k
that generates an N P-complete set of k-connected hypergraphs.

2.5 Treewidth and Monadic Second Order Logic

In this final section of this chapter, we discuss a connection between graphs of bounded
treewidth and monadic second order logic of graphs.

Let V be a countable alphabet of variables (denoted by z,y,z...). Let R be a (finite)
vocabulary of relational symbols R and their arities p(R). Let X be a countable alphabet
of relational variables (denoted by X,Y,Z...) and their arities p(X).

A second order formula (SO) is a (finite) formula that can be constructed from atomic
formulas using binary operations A, V, -, =, < and quantification symbols Vz,dz,VX,3X,
where atomic formulas are z =y, R(z1,...,2), and X(z1,...,2) for z,y,z1,..., 25 €V,
ReR, and X € X with p(R) = p(X) = k.

A second order formula ¢ is called a monadic second order formula (MS), if ¢ contains
only relational variables X € X of arity one (the so-called set variables); the arities of
relational symbols R € R in ¢ are unrestricted.

The (relational) structures of second order logic and satisfiability of a formula in a struc-

ture are defined in the usual way. (We omit the formal details.)

The main theorem of this section is the following theorem, which deals with hypergraph

replacement grammars and their relation to properties of hypergraphs definable by MS.

Theorem 2.11. [I4, [15, [16] Let L be a MS-definable set of (labeled) hypergraphs (that is,
the set of (labeled) hypergraphs satisfying some M S formula ¢). Let HRG be any hyperedge

replacement grammar.

i) One can construct a hyperedge replacement grammar HRG' generating L N L(HRG).

ii) For every derivation tree T of HRG, one can decide in time O(size(T)) whether the
graph G in L(HRG) defined by T is in L.

We remark that the set of all partial k-trees (graphs of treewidth at most k) is definable
by a hypergraph replacement grammar [B8] (see Figure Z2 for the case k = 3) . Additionally,
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it can be observed that for each graph H generated by this grammar, there exists a derivation

tree 7 whose size is O(|V(H)|). This gives us the following fundamental theorem.

Theorem 2.12. [14, 15, [16] Any property of graphs of treewidth at most k that is expressible

in Monadic Second Order Logic is decidable in linear time.

We close this section by remarking that many graph problems (including the ones we
study in later chapters) are expressible as M S formulas; hence, by this theorem, they are

efficiently solvable on graphs of bounded treewidth.



Chapter 3

Polar colourings of Chordal Graphs

3.1 Monopolar Chordal Graphs

Recall, that a partition of the vertex set V(G) of a graph G into sets V; U Vs is monopolar,
if V1 induces an independent set, and V5 induces a Ps-free graph. We say that a graph G is
monopolar, if G admits a monopolar partition. It can be seen that a graph is Ps-free, if and
only if, it is a disjoint union of cliques. In the following, for simplicity, we shall always refer
to the independent set of a monopolar partition as A, and to the disjoint union of cliques in
the partition as D. Hence, we say that a graph is monopolar, if it can be partitioned into
an independent set A, and a disjoint union of cliques D.

The problem of monopolar partitions of graphs was previously studied in the literature
for some restricted classes of graphs. In particular, in [24], the authors show a polynomial
time algorithm for finding a monopolar partition of a cograph, which follows from a finite
forbidden induced subgraph characterization of monopolar cographs which they describe.
They also show a similar result for unipolar cographs and polar cographs. We remark that
their definition of monopolarity slightly differs from ours, namely, our monopolar graphs
corresponds to the so-called stable monopolar graphs of [24].

In this section, we describe a linear time algorithm for recognizing monopolar chordal
graphs. In fact, our algorithm solves the more general case of the list monopolar partition
problem in the class of chordal graphs. We observe that the disjoint union of two monopolar
graphs is again monopolar. Hence, in what follows, we shall focus on connected graphs.

First, we prove the following interesting property of chordal graphs which will allow

us to construct the algorithm for testing monopolarity. Recall that w(H) is the size of a

40
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maximum clique in H, and x(H) is the vertex connectivity of H.
Proposition 3.1. For any separator S of a chordal graph G, we have w(G[S]) > k(G).

Proof. Let S be a separator of GG, that is, G — S is a disconnected graph. Since G
is chordal, by Proposition [LTIl, there must exist a clique C' C S, such that G — C is
disconnected. Clearly, |C| < w(G[S]). Now, let a and b be vertices from two different
connected components of G — C. By Menger’s Theorem [I8], there must exist at least x(G)
internally vertex disjoint paths connecting a to b in G, that is, paths no two of which share
vertices other than a and b. Since C' separates a from b, all these paths must go through C.
Moreover, since the paths are internally vertex disjoint, and a,b & C', there cannot be more
than |C| such paths. This implies x(G) < |C| < w(G[S]) as required. O

For 2-connected graphs, we have the following simple corollaries.

Proposition 3.2. In any monopolar partition AU D of a 2-connected chordal graph G, the

set D induces a clique.

Proof. Suppose that D induces a disconnected graph. Then, since G is 2-connected, we
have k(G) > 2, and A is a separator in G (separating the connected components of G[D)).
Hence, by Proposition Bl we have w(G[A]) > k(G) > 2, but A is an independent set, and
hence w(G[A]) = 1. It follows that G[D] is connected, hence it must be a clique. O

Proposition 3.3. A 2-connected graph G is both chordal and monopolar if and only if it is
a split graph.

Proof. Clearly, any split graph is both chordal and monopolar. Conversely, let G be a
2-connected monopolar chordal graph, and let A U D be a monopolar partition of G. By
Proposition B2, the set D induces a clique, hence AU D is clearly a split partition of G. O

It follows now that, if we have a 2-connected graph, checking its monopolarity amounts
to checking whether the graph admits a split partition. This can be accomplished in time
O(n+m) (cf. Theorem [CZH) even in the list case, that is, if some vertices are precoloured
(preassigned either to the independent set or the clique).

If the graph is not 2-connected, we consider the structure of its blocks. A block of a

graph G is a maximal induced subgraph of G which cannot be disconnected by the removal
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of a single vertex. Hence, a block is either a 2-connected maximal induced subgraph of G,
or an induced subgraph isomorphic to Ks. We call the former a non-trivial block, and the
latter a trivial block. Recall that a cutpoint of a graph is a vertex whose removal disconnects
the graph. We shall need the following definition.

Let X be a set, and B be a collection of sets. The incidence graph of X and B is the
bipartite graph whose vertices are the elements of X and the sets of B, such that x € X is
adjacent to B € B, if and only if, x € B.

The block-cutpoint tree of a graph G is the incidence graph of the cutpoints and blocks of
G. Tt is an easy observation, that it is in fact a tree [68]. Similarly, we define a modified ver-
sion of the block-cutpoint tree which we shall need for our algorithm. The block-vertex tree
T(G) of a graph G is the incidence graph of the vertices, and the blocks of G. Again, it can
be seen that it must be a tree. In the subsequent text, we shall refer to the vertices of T'(G)
as nodes to distinguish them from the vertices of GG, in cases where ambiguity may arise.

We shall always consider the tree T'(G) rooted at some arbitrarily chosen node root which
is a vertex of G, that is, not a block of G. We shall say that a trivial block respectively a
non-trivial block of G, which is a child of a node v in T(G), is a trivial child respectively
non-trivial child of v. Also, we shall call the children of the children of v, the grandchildren
of v, and in particular, the children of the trivial children of v will be referred to as the
trivial grandchildren of v.

Now, we are ready to describe our algorithm for monopolarity. The algorithm takes as
the input a chordal graph G with lists ¢o(v) C {r,b}, for each v € V(G), and outputs a
monopolar partition AU D of G which respects the lists ¢y (that is, a partition AU D such
that r € £y(v), for each v € A, and b € ¢y(v), for each v € D) or announces that none exists.
The algorithm performs the following steps. First, it constructs the block-vertex tree of G.
Then, it performs a bottom-up search on the block-vertex tree while modifying the lists
¢o(v) of processed vertices by removing from ¢y(v) those colours which are never used to
colour v in any desired monopolar partition of G. After this procedure, the modified lists £*
are used to greedily construct a monopolar partition of G by again processing the vertices
of the block-vertex tree of G, but now in a top-down order, and greedily choosing colours
for the vertices while propagating the colours to the rest of the graph to ensure a monopolar
partition is obtained. We show that, unless we have ¢*(v) = (), for some v € V(G), this
greedy procedure will always succeed in finding a desired monopolar partition of G.

The algorithm is summarized below as Algorithm Bl
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Algorithm 3.1: Monopolar graph recognition.

Input: A connected chordal graph G with lists ¢y(v) C {r,b}, for v € V(G).
Output: A monopolar partition of G respecting ¢y (if it exists).

1 Obtain the block-vertex tree T' of G, root T at arbitrary root € V(G).
2 Construct the reduced lists £* using Algorithm

3 if ¢*(v) = () for some v in G then

4 return “G has no monopolar partition respecting £y”

5 else

6 Extract a monopolar partition A U D from ¢* using Algorithm B4
7 return AU D

Now, we explain how to obtain the reduced lists £*. Starting with the initial lists £ « £,
we explore the block-vertex tree of G in a bottom-up fashion eliminating colours from ¢(v)
for the explored vertices v. The elimination is performed by applying a set of rules (explained
later). Once root is reached, the lists £* < ¢ are returned. The algorithm is summarized
below as Algorithm

Algorithm 3.2: Constructing reduced lists.

Input: A chordal graph G with lists ¢y(v) C {r,b}, for v € V(G), and the
block-vertex tree T of G.
Output: The reduced lists £*.

1 Initialize £ — £y and S < ) (the set of processed vertices)

2 while S # V(G) do

3 pick a vertex v € V(G) \ S which has all grandchildren in S

4 add v to S, and process its list £(v) by performing the following two steps.
5 Apply the Rules 1 - 8.

6 Apply the Block Rule for each non-trivial child of v.

7 {* — / (the final lists)

8 return /*

Note, that for any vertex v of G chosen by the algorithm in line 4, the role of the rules is
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to (possibly) reduce the list £(v) by eliminating the colours that we know can no longer be
used. The rules are depicted in Figure Bl in left to right order. We use X to denote trivial

blocks, [J for non-trivial blocks, and o for cutpoints. The description of the rules follows.

Y (b) ”\;b) D"’/\;m ”E(b)
b b Mo%

Ve (—b) Ve(-b)

.
!

o (-n) (=b)

r b

o—K—o—K—e

Figure 3.1: Rules 1 - 8.

Algorithm 3.3: The Rules 1 - 8 and the Block Rule.

Rule 1 If some trivial grandchild w of v has ¢(w) = {r}, then remove r from ¢(v).
Rule 2 If some trivial grandchild w of v, and some trivial grandchild w’ of w, have
(w) = £(w") = {b}, then remove b from £(v).

Rule 3 If some trivial grandchildren w,w’ of v have {(w) = ¢(w') = {b}, then
remove b from £(v).

Rule 4 If some trivial grandchild w of v has ¢(w) = {b}, and v has a child that is a
non-trivial block, then remove b from £(v).

Rule 5 If v has two children that are non-trivial blocks, then remove b from ¢(v).
Rule 6 If both the parent of v and some child of v are non-trivial blocks, then
remove b from £(v).

Rule 7 If some trivial grandchild w of v has ¢(w) = {b}, and w has a child that is a
non-trivial block, then remove b from £(v).

Rule 8 If some trivial grandchild w of v has ¢(w) = {b}, and the parent of v is a
non-trivial block, then remove b from £(v).

The Block Rule If v has a non-trivial child H, remove from ¢(v) the colour r
respectively b, if there exists no split partition X UY of H respecting ¢ (that is, a
partition where X is an independent set, Y is a clique, and r € ¢(x) and b € £(y) for
each x € X, y € Y') such that v € X respectively v € Y.
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We remark that the rules can be justified by simple observation about monopolar par-
titions. For example, in the first rule, the colour r is removed from the list of the vertex v,
if v has a trivial grandchild w whose list contains only r. In other words, we have that v
is adjacent to w, and for any monopolar partition A U D, the vertex w must belong to the
independent set A. Hence, since A is an independent set, v will never belong to A, so we
can safely remove r from the list of v. The other rules are justified quite similarly.

Now, note that the rules are easy to implement directly. The Block Rule requires us to
test whether a graph with some vertices precoloured r or b admits a split partition; there is
a simple linear time algorithm for this (cf. [43] or Theorem [[2H).

We have illustrated an example application of the rules in Figure On the left is a
chordal graph. It has one vertex with list {r}, all other vertices have lists {r,b}. In the
middle is its block-vertex tree. The unlabeled vertices of the tree all have lists {r,b}, and
the vertex with list {r} can be seen at the bottom of the tree as a child of a non-trivial
block. When the Block Rule is applied to this block, it forces the list of the parent of this
block to be {b}. Further applications of Rules 7, 1, 5, 1, and 2, in that order, result in what

O/® N c/b&\bz/\{
§ AR ?/M
A A

Figure 3.2: An illustration of the monopolarity recognition algorithm.
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It remains to explain how to find a monopolar partition respecting ¢*, provided that
*(v) # 0, for all v € V(G). We use a top-down procedure which reduces the lists £*(v)
to single element lists, starting from root, and proceeding down in the tree. After all the
vertices are processed, a monopolar partition AU D of G respecting £* is constructed. The

algorithm is summarized below as Algorithm B21
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Algorithm 3.4: Extracting a monopolar partition.

Input: A chordal graph G with reduced lists £*(v) # 0, for v € V(G).
Output: A monopolar partition AU D respecting £*.

1 Initialize £ — ¢* and S «— () (processed vertices)

2 if {(root) = {r,b} then

3 set £(root) to either {r} or {b}

4 while S # V(G) do

5 pick v € V(G) \ S that has all ancestor vertices in S, and add v to S
6 if ¢(v) = {r} then set {(w) < {b} for all trivial grandchildren w of v
7 if ¢/(v) = {b} then

8 set {(w) « {r} for all trivial grandchildren w of v which have r € ¢(w)
9 if there is a trivial grandchild wy with r € ¢(wg) then
10 set L(wp) <« {b} and set £(w') «— {r} for all trivial grandchildren w’ of wy
11 add wg to S
12 for each non-trivial child (block) H of v do
13 Obtain a split partition X UY of H respecting ¢
14 set £(z) = {r}, for x € X, and ¢(y) = {b}, fory € Y

15 A < the vertices v with ¢(v) = {r}
16 D « the vertices v with £(v) = {b}
17 return AU D

Now, we prove the correctness of all the above algorithms. We start with an easy

observation which we will use frequently.
Proposition 3.4. Fvery vertex of a 2-connected chordal graph lies in a triangle.

Proof. Suppose otherwise. Let v be a vertex in a 2-connected chordal graph G whose
neighbourhood N (v) is an independent set. Since G is 2-connected, we have x(G) > 2, and
|N(v)| > 2. Also, there must exist a vertex w which is not adjacent to v, since otherwise
v is a cutpoint of G. It follows that N(v) is a cutset of G separating v from w, and by
Proposition B, we have w(G[N(v)]) > k(G) > 2. But N(v) is an independent set, and
hence w(G[N (v)]) = 1, a contradiction. O
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Proposition 3.5. In any monopolar partition AU D of a non-trivial block of a chordal

graph, each vertex has a neighbour in D.

Proof. Let v be a vertex of a non-trivial block H of G. Since H is 2-connected, by Propo-
sition B4l the vertex v must have two neighbours 4 and w in H joined by an edge. Hence, if
AU D is a monopolar partition of GG, then both u and w cannot belong to the independent

set A since they are adjacent, and hence, at least one of them must belong to D. O

Next, we show that any monopolar partition of G respecting the input lists £y also

respects the reduced lists £*.
Proposition 3.6. A monopolar partition AUD of G respects {y, if and only if, it respects £*.

Proof. Let AU D be a monopolar partition of G respecting £*. It follows directly from
Algorithm B2 that we have ¢*(v) C ¢y(v), for any v € V(G). Hence, AU D also respects £y.

Conversely, let AU D be a monopolar partition of G respecting ¢y, and let () denote
the lists ¢ during the execution of Algorithm on (G after applying ¢ rules. We prove the

following statement by induction on the number of applications of the rules.
For all t, the partition AU D respects ().

For ¢t = 0, clearly, ¢(!) = ¢; so the claim is true. Hence, suppose that ¢ > 1, and assume
that AU D respects ¢(=1)_ The lists /() are obtained from £~ by applying a single rule,
either one of Rules 1 - 8, or the Block Rule.

(i) If Rule 1 is applied, we must have a vertex v with a trivial grandchild w such that
(=D (w) = {r}, (O (v) = L&D () \ {r}, and €D (u) = ¢ (u), for all u # v. Since
AU D respects {® we must have w € A. Now, since v and w are adjacent in G, we
must have v ¢ A, which shows that AU D also respects ().

(ii) If Rule 2 is applied, we have vertices v, w,w’ where w is a trivial grandchild of v,
and w' is a trivial grandchild of w, such that £~ (w) = ¢t~V (w') = {b}, (M (v) =
(=1 () \ {b}, and £®)(u) = £~V (v), for all u # v. Since AU D respects £~V we
have w,w’ € D, hence v ¢ D since otherwise v, w,w’ is an induced Ps in G[D]. It
follows that AU D respects ¢().

(iii) If Rule 3 is applied, the proof follows similarly.

(iv) If Rule 4 is applied, we have a vertex v with a trivial grandchild w, and a non-trivial
child H, such that ¢t—1 ( ) = {b}, ot ( ) = A ( )\ {b}, and K(t)( ) = E(t_l)(u),
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for all u # v. By Proposition BH the vertex v must have a neighbour w’ in H such
that w’ € D. Also, since AU D respects (=1 we have w € D. Again, it follows that
v & D, and hence, AU D respects ().

(v) If Rule 5 is applied, we have a vertex v with non-trivial children H, H’, such that
(O (v) = 1D (v) \ {b}, and £® (u) = £~ (u), for all u # v. By Proposition B, the
vertex v must have neighbours w in H, and w' in H’ such that w,w’ € D. Again,
v & D, and hence AU D respects ¢®).

(vi) If Rule 6 is applied, the proof follows similarly.

(vii) If Rule 7 or 8 is applied, the proof is similar to (iv).

(viii) Finally, if the Block Rule is applied, we have a vertex v with a non-trivial child H,
and £®) (u) = =D (u), for all u # v. Let X = ANV (H), and Y = DNV (H). Clearly,
X UY is a monopolar partition of H. In fact, since H is 2-connected, by Proposition
B2 X UY is a split partition of H. Now, recall that v € V(H). Hence, if v € X, then
clearly v € A, and since AU D respects £~ we must have r € £~ (v). Tt follows
that r € ¢() (v), since X UY is a split partition of H respecting (=1 ag required by
the Block Rule. Similarly, if v € Y, then v € D, which implies b € K(t_l)(v), and hence
b e ¢®) (v) by the same argument. In both cases, we obtain that A U D respects (@,

Now, since £* = £®) for some ¢, the claim follows. O

Next, we prove the following statement about the reduced lists £*, which will be used to

prove the correctness of the extraction procedure in Algorithm B4l

Proposition 3.7. Suppose that £*(v) # 0, for allv € V(G). Then, for any v € V(G),

(i) r € £*(w) for any trivial grandchild w of v, except possibly for one

trivial grandchild wq, and if wgy exists, then

(a) £*(wo) = {b},

(b) r e t*(w') for any trivial grandchild w'" of wy,

ifb € *(v), then (¢) both v and wy have only trivial blocks as children, and
(d) if v # root, then the parent of v is a trivial block,

(ii) there exists a split partition X UY of H respecting £* with v € Y,

for any non-trivial child H of v,

(iii) v belongs to at most one non-trivial block,
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(i) b € £*(w) for any trivial grandchild w of v,
and if r € £*(v), then (i1) there exists a split partition X UY of H respecting ¢* with
v € X, for any non-trivial child H of v.
Proof. First, we note that during the execution of Algorithm B once a vertex v is
processed, its list £(v) remains the same in all subsequent steps of the algorithm, and hence,
it is equal to £*(v). In the remainder of the proof, we shall use this fact frequently.

Suppose that r € £*(v) but b & £*(w) for some trivial grandchild w of v. Then ¢*(w) = {r}
since otherwise £*(w) = (). Now, since v is processed after w, it follows, by Rule 1, that we
must have r ¢ £*(v), a contradiction.

Similarly, suppose that b € £*(v) but r € £*(wp), for some trivial grandchild wy of v.
Then ¢*(wg) = {b}, and, by Rules 4, 7 and 8, both v and wy do not have any non-trivial
children or parents, since otherwise b ¢ ¢*(v). Moreover, by Rules 2 and 3, both v and wy
have no other trivial grandchildren w with lists £*(w) = {b}. Hence, r € £*(w), for all trivial
grandchildren w # wyp of v, and also r € £*(w’), for all trivial grandchildren w’ of wy.

Now, suppose that v belongs to two non-trivial blocks. Then either both blocks are
children of v, or one is a parent of v and one a child of v. In the former case, by Rule 5, we
have b € £*(v), and in the latter case, by Rule 6, also b & £*(v).

Finally, let H be a non-trivial child of v. If r € £*(v), then we clearly must have a split
partition X UY of H respecting ¢* with v € X, as otherwise r would be removed from the
list of v by the Block Rule. Similarly, if b € ¢£*(v), it follows that there must exist a split
partition X UY of H respecting ¢* with v € Y. Note that here we use the fact that v is

processed after all the other vertices of H are processed. O

Finally, we show the correctness of Algorithms B4 and Bl in that order.

Proposition 3.8. If ¢*(v) # 0, for all v € V(G), then Algorithm correctly outputs a

momnopolar partition of G respecting £*.

Proof. Let S® and ¢®) denote the set S and the lists ¢ during the execution of the
algorithm after ¢ iterations of the while-loop. Let G = @ [{root}], and for t > 1, let G
denote a subgraph of GG induced on the vertices of the blocks of G which contain at least
one vertex of S®. Observe that the graph G® is precisely the graph on all vertices of G
whose list was altered by the algorithm in the first ¢ iterations of the while-loop. Hence, for

all v & V(G(t)), we have /() (v) = £*(v). In what follows, we shall use this fact frequently.
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Let Q® denote the vertices of G having all ancestor vertices in S®. Observe that
QW CV(GW). Let A® denote the vertices v of G*) with £®)(v) = {r}, and let D® denote
the vertices v of G with ¢®(v) = {b}.

We now prove that the following claims are true for all ¢.

(i) For all v € QW | if v # root, then either the parent of v is a non-trivial block, or v is
a trivial grandchild of w, and (M (v) N LD (w) = (.
(ii) A® U DW is a monopolar partition of G respecting £*.

We prove the claims by induction on ¢. If ¢ = 0, then V(G(t)) = {root}, S® = {,
QW = {root}, and £®)(root) C ¢*(root) is either {r} or {b}. In both cases, both claims
are satisfied. Hence, suppose that ¢ > 1, and assume the claims hold for ¢ — 1. Let v be
the vertex picked in the t-th iteration of the while-loop. Observe that v € Q=1 Also,
observe that, since the lists of the vertices of G~ are not altered in the ¢-th iteration of
the while-loop, we have that A~V C A® and D¢~V C DO,

Now, let x1,...,x, and Hy,..., H, be the trivial grandchildren and the non-trivial chil-
dren of v, respectively. Let X;UY7,..., X,UY), be the split partitions of H, ..., H, respect-
ing ¢(=1 which are used by the algorithm. Note that since A=Y U D=1 is a monopolar
partition of G¢~Y respecting ¢*, and v € G we have K(t_l)(fu) C ¢*(v). Also, for any
i € {1...p}, all vertices w of H; except v are not in G~V and hence £~V (w) = £*(w).
Hence, it follows from Proposition B, that the split partitions X; U Y3,..., X, UY, of
Hy,...,Hp must exist, and they all respect £*.

First, suppose that ¢ (v) = {r}. Hence, A® = A=V U X, U...U X, and DO =
DYy {z:}U...U{z,}UY 1 U...UY],. Observe that Q® contains the vertices z1, ..., T,
as well as all children of Hy, ..., H,. It follows immediately that the claim () is satisfied.
We now show that (i7) is also true. Since r € £®)(v) = ¢(=1)(v) C ¢*(v), by Proposition B2,
we have b € £*(z;), and hence £®) (z;) C ¢*(x;), for all i € {1...r}. Moreover, since the split
partitions of Hy,..., H, respect £*, and A=Yy DU regpects £*, it follows that A®UD®
also respects ¢*. It remains to show, that A® U D® is a monopolar partition. Observe
that v is clearly separating the vertices of A®~1 and the vertices X; U ... U Xp. Also, v is
separating the sets X;, X, for i # j. Since, in addition, both A1 and the sets X1, ... , Xp
are independent, we obtain that A® must be an independent set. Similarly, we obtain
that the set D® induces a disjoint union of cliques, since v separates any two of the sets

DY Ly o )Y, , Yy, and each of these sets induces a disjoint union of cliques.
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Next, suppose that £()(v) = {b} and the vertex wy does not exist. Hence, A®*) =
AD U {z U U{z,}UX1U...UX,, and DU = DD Uy, U...UY,. Again, the
claim (i) follows immediately, and since b € ¢ (v) = ¢~V (v) C ¢*(v), by Proposition
BT we have that r € £*(z;), for all ¢ € {1...7}. Since, in addition, the split partitions of
Hy,...,H)p respect £*, and A=Yy DED) respects £*, we obtain that A® U D® respects
¢*. Now, since v separates any two of the sets A1 {z1}, ... {z,}, X1,... , Xp, and each is
an independent set, we have that A® must be an independent set. Now, we show that D)
induces a disjoint union of cliques. Since b € £*(v), by Proposition B, we must have that v
either has no non-trivial children, that is, p = 0, or it has exactly one non-trivial child, p = 1,
and has a trivial parent. If v has no non-trivial children, then D® = D=1 and the claim
follows. On the other hand, if v has a exactly one non-trivial child, and a trivial parent,
then v is a grandchild of w, and since v € Q=Y we have that £~ (v) N ¢V (w) = 0. Tt
follows that w € A®~Y and we observe that v € Y;. Hence, D) = (D¢~D\ {v})UY7, and
the vertex w clearly separates the set D¢~D\ {v} from Y;. Since each of these sets induces
a disjoint union of cliques, the claim again follows.

Finally, suppose that /() (v) = {b} and the vertex w exists. Without loss of generality,
we may assume that x, = wg. Let y1,...,ys be the trivial grandchildren of wy. Hence, we
have A® = ACD Uz} U.. {z,—1}U{y}U...U{ys}, and DO = DD U {wg}. Since
b e (®(v) = £t () C ¢*(v), by Proposition B, we have r € £*(x;), for alli € {1...r—1},
and r € £*(y;), for all j € {1...s}. Now, it follows that A® U D® respects £*, since also
A=y DY regpects £*. We observe that the vertices v and wy clearly separate any two of
thesets A=V {z1},... . {z,—1}, {s1}, ..., {ys}, and since any of these sets is an independent
set, we obtain that A®) must be an independent set. Now, again by Proposition B since
b € ¢*(v), we have that both v and wy have no non-trivial children, and v has a trivial
parent. It follows that A® U D® = V(G(t)), and that QY = {z1,..., 21, y1,...,Ys};
hence, the claim (i) follows. Also, we have that v must be a grandchild of a vertex w, and
since v € QU= we have £V (v) N L1 (w) = (), and hence w € A=Y, We again observe
that w separates the set D¢~ \ {v} from {v,w}, and since each induces a disjoint union
of cliques, we obtain that also D® induced a disjoint union of cliques, and that completes
the proof of (i) and (i7).

Now, since the partition AU D returned by the algorithm is A® U D® for some ¢, the
claim (77) implies the correctness of Algorithm B4 O
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Theorem 3.9. Algorithm [l is correct.

Proof. The correctness of Algorithm Bl now follows easily. First, suppose that G admits
a monopolar partition A U D respecting £y. By Proposition Bl we have that A U D also
respects ¢*, and hence, £*(v) # () for all v € V(G), and the algorithm will answer correctly.

On the other hand, suppose that G does not admit any monopolar partition respecting
£y, and let £* be the reduced lists computed by the algorithm. If £*(v) # ), for all v € V(G),
it follows from Proposition B, that Algorithm B4l will produce a monopolar partition AUD
of G respecting ¢*. By Proposition B8, the partition AU D must also respect ¢y. That leads
to a contradiction. Hence ¢*(v) = () for some vertex v € V(G), and the algorithm will again

answer correctly. O

We now briefly discuss the complexity of Algorithm Bl It is known that all blocks of
a connected graph can be obtained in time O(n + m) [65]. Hence, constructing the block-
vertex tree clearly also takes O(n +m) time. Now, we look at Algorithm As mentioned
already, there exists an O(n + m) time algorithm for list split partition problem. This is
used as a subroutine in Algorithm B2, but only once on each block of GG, and hence, it can
be easily argued that this takes in total O(n-+m) time. Next, it can be seen that Rules 1 - 8
can be implemented in time O(deg(v)) for any vertex v, if we, in addition, store in each
vertex after its processing whether it has a non-trivial child, and whether it has a trivial
grandchild w with ¢(w) = {b}. This implies that Algorithm B2 can be easily implemented
in time O(n 4+ m). Similarly, it can be argued that also Algorithm B4 can be implemented
in time O(n + m). Hence, it follows that the time complexity of Algorithm BIlis O(n+m).

Note that here we assume that the graph G is connected. However, it can be seen that,
if G is disconnected, we can run the algorithm on each of its connected components, and
then combine the results. Clearly, the time complexity is still O(n + m).

So, we can summarize the results of this section in the following theorem.

Theorem 3.10. (Monopolar chordal graphs) There is an O(n 4+ m) time algorithm to
decide, for a chordal graph G with lists £, whether G admits a monopolar partition which
respects £, and to find such partition if exists. In particular, the algorithm can be used to

decide, whether a chordal graph is monopolar.
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3.2 Polar Chordal Graphs

Recall, that a partition of the vertex set V(G) of a graph G into sets V4 U Vs is polar, if V3
induces a Ps-free graph, and V5 induces a Ps-free graph. It can be seen that a Ps-free graph
is a disjoint union of cliques, and a Ps-free graph is a complete multipartite graph. We say
that a graph G is polar, if G admits a polar partition.

We remark that, a complete multipartite chordal graph G, that is, the join of independent
sets Wy, ..., Wy, cannot have more than one vertex in more than one set W;. (Otherwise,
the vertices ui,uz € Wi, and vi,vo € Wy, j # 4, yield an induced four-cycle wuy, v1, uz, v2
in G.) Hence, a chordal graph G is Ps-free, if and only if, G is the join of a clique and an
independent set. (The clique represents all parts W; having just one vertex.)

We adopt the following convenient notation. We shall refer to the vertices of V; and V5
as red and blue vertices, respectively. We shall refer to the red independent set as A, the
red clique as B, and the blue cliques of the disjoint union as C1, ..., C%. Hence, we say that
a graph is polar, if it can be partitioned into a red independent set A, a red clique B, and
blue cliques C,...,C), where A and B are completely adjacent, and there are no edges
between any two different cliques C;, Cj. Using this notation, it can be seen that a polar
partition is also a monopolar partition (see Section B), if and only if, it has the red clique
B empty, B = (). Similarly, a polar partition is also a unipolar partition (see Section [[4),
if and only if, it has the red independent set A empty, A = (). These correspondences will
play an important role later in the algorithm.

In what follows, we describe a polynomial time algorithm for recognizing polar chordal
graphs. In fact, our algorithm solves the more general case of the list polar partition problem
in the class of chordal graphs. Hence, we say that a graph G with lists ¢(v), for all v € V(G),
is list polar, if G admits a polar partition A, B, C4,...,C) which respects the lists ¢, that is,
for each v € AU B, we have r € {(v), and for each v € C; U...U C}, we have b € £(v).

Let G be a chordal graph with lists ¢(v), for all v € V(G), and let M be a clique of
G. We say that M is good, if there exists a polar partition A, B,C1,...,C, of G which
respects £, and B = M. Note that, if M is a good clique, then G — M is monopolar. We say
that M is nice, if there exists polar partition A, B, C4,...,C) of G which respects ¢, and

(M1) M = BUT where T'C (', and

(M2) for each connected component K of G — M, if K contains a vertex a € A, then we
have N(a) "M 2 N(b) N M for each vertex b of K — a.
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Note that in both cases AN M = (). We say that a clique M is almost good, if it is good
or if M\ {a} is good for some a € M, and that a clique M is almost nice, if it is nice or if
M \ {a} is nice for some a € M.

We have the following structural characterization of polar chordal graphs.

Proposition 3.11. (Polarity of chordal graphs) Let G be a chordal graph with lists
L(v) C {r,b}, for all v € V(G). Then G is list polar, if and only if, at least one of the

following conditions holds.

(i) G admits a monopolar partition which respects lists £.
(i) G admits a unipolar partition which respects lists .
(iii) G has two non-adjacent vertices u,v such that N(u) N N(v) is an almost good clique.

(iv) G contains a mazimal clique that is almost nice.

Proof. First, we observe that, by the definitions, any of the conditions (i) — (iv) implies
that G with lists £ is list polar. To show the converse, we assume that G is list polar, and
the conditions (i) — (i7i) are not fulfilled. We show that this implies that (iv) must be true.

Hence, consider a polar partition of G which respects ¢ and has parts A, B,C1,...,Ck.
As usual, we assume that the vertices of A, B are coloured red, and the vertices of C1, ..., Cy
are blue. Let T be the set of all vertices of C,...,C; which are adjacent to each vertex of
B. Since we assume that the condition (#7) is not fulfilled, the set A has to have at least two
vertices, and any two vertices u,v of A must have a common blue neighbour z, otherwise
N(u) N N(v) = B is a good clique, contradicting (iii). We now observe that z must be
adjacent to every vertex w in B, else we would have the induced four-cycle u, z, v, w without
chords. In other words, z € T', and hence the set T' must be non-empty.

Now, we show that any two vertices u,v of T must be adjacent. Suppose otherwise,
and let N = N(u) N N(v). By the definition of 7', we have N O B. We observe that N
cannot contain any blue vertex w, since otherwise u,w, v is a blue P3. Now, it follows that
either N or N \ {a}, for some a € A, is equal to B, since A is an independent set. Hence,
N = N(u) N N(v) is an almost good clique, which contradicts (7ii).

It follows that T induces a clique in G, and since it consist only of blue vertices, it must
be contained in some blue clique of the polar partition, without loss of generality, the clique
(. Hence, we have that M =T U B is a clique with T' C C;.

Now, we show that each connected component of G— M contains at most one red vertex.

Suppose otherwise, and let K be a connected component of G— M that contains two distinct
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red vertices; let u and v be two closest such vertices. Note that, since u,v must be in A,
they are not adjacent. Now, since K is connected, there exists in K a shortest path P from
u to v (of length at least two); it follows from the choice of u,v that P — {u,v} contains
only blue vertices. Since B is not empty, consider the cycle wPw for any w € B. (Since
u,v are in A, they must be adjacent to w). By chordality of G, and the fact that P is a
shortest (and hence induced) path, w must be adjacent to all vertices of P. It now follows
that each vertex z of P — {u,v} must be adjacent to all vertices w of B, and hence x belongs
to T'C M, contradicting the fact that = is in G — M. (Recall that T' consists of those blue
vertices which are completely adjacent to B.) Thus, every component K of G — M has at
most one red vertex.

Now, let K be a connected component of G that contains a red vertex a € A. Since
a belongs to A, it must be adjacent to each vertex of B, and hence N(a) " M 2 B. By
the previous paragraph, K cannot contain more than one red vertex, and hence K — a is
a disjoint union of cliques which consist of blue vertices only. Now, let b be any vertex of
K — a. Since b is blue, it must belong to some clique C;.

Suppose first that ¢ # 1. Since T' C (4, the vertex b € C; is not adjacent to any
vertex in 7. It follows that N(b) " M C B. Now, if N(b) " M = B, then, for any z € T,
N = N(z) N N(b) is an almost good clique; this is because N(z) O B, and b and z are
non-adjacent blue vertices, which implies that either N = B or N = B U {a}. (Note that
the only red vertex that b can be adjacent to is a.) This contradicts (i7i), and therefore, we
must have N(b) N M & B, which implies N(a) N M 2 N(b) N M.

Now, suppose that i = 1. Let ¢ be the first vertex after a on a shortest path from a to b
in K (possibly ¢ = b). Clearly, we must have ¢ € C; \ T. Now, since C is a clique, we have
that N(c)NM D T. Since ¢ ¢ T, there must exist a vertex w € B, which is not adjacent to
c. Now, it follows that a must be adjacent to each vertex z in T, since otherwise a,w, z, ¢
is an induced four-cycle. Hence, N(a) " M = M. Now, since also b ¢ T, we must have
N(b) "B # B, and hence N(b) N M # M, which implies N(a) "M 2 N(b) N M.

It remains to observe that M is either a maximal clique of GG, or becomes a maximal
clique of G by the addition of a single vertex a of A, in which case M U {a} is almost nice.
This follows from the fact that A is an independent set, and that no blue vertex can be

completely adjacent to M, since, by the definition of 7', it would already be in T'C M. O

Next, we describe how to test whether a clique B is good.
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Proposition 3.12 (Good Clique). Let B be a clique in a chordal graph G with lists
l(v) C{r,b}, for allv € V(G). Remove r from the list £(v) of each vertex v in G — B which
18 not completely adjacent to B, and denote these modified lists £*. Then B is good, if and
only if, G — B admits a monopolar partition which respects the (modified) lists ¢*.

Proof. If there exists a monopolar partition A U D of G — B which respects £*, then
A,B,Ch,...,Cy, where C1,...,Cy are the connected components of G[D], is clearly a polar
partition of G, since for each vertex v € A, we have r € £*(v), and hence, v is completely ad-
jacent to B. Conversely, if B is good, then there must exist a polar partition A, B,C1,...,Cy
of G which respects ¢. This implies that r € ¢(v) for each v € A. Hence, AU D, where
D = C1U...UC}, is a monopolar partition of G — B, and it respects £*, because the vertices

of A are completely adjacent to B, and hence, r € £*(v) for each v € A. O

Now, it clearly follows from Theorem B0 that testing for a good clique can be imple-
mented in O(n 4+ m) time.

In the remainder of this section, we describe how to test whether a maximal clique M is
almost nice, assuming we have a chordal graph G with lists £(v) C {r,b}, for all v € V(G),
such that G does not admit a monopolar, or a unipolar partition which respects ¢, and has
no non-adjacent vertices u,v for which N(u) N N(v) is an almost good clique.

We proceed as follows. First, for each connected component K of G, we search for a
vertex v € V(K) such that N(vg) N M 2 N(z) N M, for all z € V(K), x # vg. Clearly,
there cannot be two such vertices, so, if there is none, we set v = nil. If this happens, and
K is not a clique, then we must reject M. Also, we reject M, if K — vk is not a disjoint
union of cliques. Otherwise, we precolour by blue the vertices of K — vg, and if K is not a
clique, we also precolour by red the vertex vg. Note that at this point, all but possibly a
single vertex of each connected component of G — M is precoloured by blue, and the blue
precoloured vertices form a disjoint union of cliques. Now, we colour by blue each vertex
v € V(GQ) with r € ¢(v), and colour by red each vertex v € V(G) with b & ¢(v). If some
vertex receives both colours by the above steps, we reject M.

Otherwise, we proceed to finding the clique C;. In particular, we want the set C = C1\T
which belongs to G — M. For this, we try all possible choices, that is, either C' = (), or
C = V(K), where K is a clique connected component of G — M, or C is a connected
component of K — vk for some connected component K of G — M. For any such choice,

we precolour by blue all vertices of C, and precolour by red each vertex of M which is not
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adjacent to at least one vertex of C. Then, we propagate the colours of the vertices using

the following rules as long as possible.

e Propagation Rule 1. If v in G — M is red, then all its non-neighbours in M are blue.
e Propagation Rule 2. If v in M is blue, then all its neighbours in G— (M UC) are red.

If a vertex receives both red and blue colours by the above, then we declare M not
nice. Otherwise, we colour red all uncoloured vertices in M, and colour blue all uncoloured
vertices in G — M. Then, we set A to consist of all red vertices in G — M, set B to consist
of all red vertices in M, set Cq,...,C}y to be the connected components of G — A — B, and
we declare M nice. The details of this algorithm are summarized as Algorithm Now

we prove its correctness.
Proposition 3.13 (Nice Clique). Algorithm [T is correct.

Proof. Let A, B,C4,...,Cy be the sets computed by Algorithm when it declares M
nice. Observe that the partition A, B,CY,...,C} clearly satisfies the conditions (M1), and
(M2) in the definition of nice clique. It also clearly respects the lists £. Hence, it remains
to show that A, B,C1,...,Cy forms a polar partition of G.

First, we show that A must be an independent set. This follows easily, because A is
formed by the red vertices in G — M, and hence, from each connected component K of
G — M, it can only contain at most one red vertex vy (all other vertices of K must be blue
by our precolouring). Similarly, it follows that B is a clique, since B C M, and M is a
clique. Also, it can be seen that A is completely adjacent to B. This follows immediately,
since by Propagation Rule 1, for any red vertex v in G — M, any non-neighbour of v in
M will be coloured blue, and B consists of the red vertices in M. Finally, suppose that
there exist blue vertices u,v,w in G forming a Ps, that is, uv,vw € E(G) but uw ¢ E(G).
Clearly, the three vertices cannot be all in G — M, nor they can be all in M, which follows
from the precolouring rules, and the fact that M is a clique. Hence, suppose that u, v belong
to a connected component K of G — M, and w € M. If u € C, then clearly w must be red,
since by the precolouring rules, any vertex of M that is non-adjacent to at least one vertex
of C is coloured red, and w is not adjacent to u, a contradiction. Similarly, if u & C, then
also v ¢ C, since they are both blue and both in the same connected component of G — M.
Hence, by Propagation Rule 2, v must be red, since w € M and v is a neighbour of w in

G — (M UC(C), again a contradiction. Hence, suppose that « is in K, and v,w € M. By the
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same argument, if u € C, then w must be red, and if u ¢ C, then by Propagation Rule 2, u
must be red. Hence, it follows that u and w must be in G — M, and v € M. Since u and w
are not adjacent, they both cannot be in C; without loss of generality, suppose that u & C.
Now, by Propagation Rule 2, u must be red, since v € M, yielding again a contradiction.
Therefore, the blue vertices must form a Ps-free graph, which proves that A, B,C1,...,Cy
is a polar partition of G.

On the other hand, let M be a nice clique, and let A, B,C1,...,C}) be a fixed polar
partition which respects ¢ and satisfies (M1), and (M2) for M. We show that M will be
declared nice by Algorithm We also show that the following invariant is maintained
during the execution of the algorithm, for the choice of C' = C; \ M.

{the red coloured vertices of G} C AU B and
{the blue coloured vertices of G} C C1 U...UCy

()

Note that at the beginning of the algorithm, no vertex is coloured, and hence (*) holds.
The algorithm starts by searching for vertices v € V(K), for each connected component
K of G— M. Observe that it follows from (A/2) that any vertex of K, which also belongs to
A, satisfies the conditions for vg, and there can be at most one such vertex in K. So, if K
contains a vertex a from A, then, for such K, the algorithm must successfully find vg = a.
Also V(K —vg) € C1 U...UCy, and hence, K — v must be a disjoint union of cliques.
On the other hand, if K does not contain any vertex from A, then V(K) C C1 U...UCy,
and K must be a clique. This shows that the algorithm will not reject M and will proceed
to precolouring the components of G — M at which point the condition () will be satisfied.

Next, the algorithm colours by red the vertices of the set X = {v € V(G) | b € ¢(v)}, and
by blue the vertices of the set Y = {v € V(G) | r € £(v)}. The fact that A, B,C1,...,Cy
respects ¢ immediately gives that X € AUB, and Y C C; U...UC). This shows the
algorithm will not reject M, and also that (x) will be satisfied.

Now, let C = C1\ M, and let T'= C; N M. Since C clearly induces a clique in G — M,
C must completely belong to a connected component K of G— M. Note that any neighbour
of C' in G — M must belong to A. Hence, either C = (), or C = K, or C is a connected
component of K — vy, since only v (if exists) can belong to A. It now follows that the
algorithm will correctly find C' as one of the possible choices it investigates. After that, the
algorithm colours by blue the vertices of C', and colours by red the vertices of M which are

not completely adjacent to C'. Since C7 = C' UT is a clique, we have that each vertex of
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T is completely adjacent to C, so any vertex of M non-adjacent to at least one vertex in
C' must belong to B. (Recall that, by (M1), we have M = BUT.) This shows that after
colouring C' and its non-neighbourhood, the condition (x) is again satisfied.

Now, the algorithm applies the propagation rules. We show, by induction on the number
of applications of the rules, that (%) will be maintained during this process. Clearly, before
applying the rules, (x) is true. Now, assume that (x) is true, and a propagation rule is
applied. First, suppose that Propagation Rule 1 is applied, that is, we have a red vertex
in G — M, and a non-adjacent vertex u in M which is given blue colour by the rule. Since
v is red, by (%), we must have v € A. Suppose that u is red before the application of the
rule. By (x), we have that u € B. However, since the vertices of A and B are completely
adjacent, we obtain a contradiction, since u and v are not adjacent. Hence, u € T, and
therefore u € C7 U ... U C). This shows that (%) is true after the rule is applied. Now,
suppose that Propagation Rule 2 is applied, that is, we have a blue vertex v € M, and a
neighbouring vertex v in G — (M U C) which is coloured red by the rule. Since v is blue,
by (%), we have v € Cy. Suppose that u is red before the rule is applied. By (x), we must
have u € C1 U ...UCg. However, u € M and u ¢ C, and hence, u & C7. Therefore, u € C;
for some ¢ # 1. However, since the vertices of C; and C are non-adjacent, and v and u are
adjacent, we obtain a contradiction. Hence, u € A which shows that (x) is true after the
rule is applied.

Now, it follows from (x) that no vertex will receive both colours by the propagation

rules, and hence, M will be declared nice by the algorithm, which concludes the proof. [

Proposition 3.14. Algorithm [ZA has time complexity O(n(n + m)).

Proof. First, we find the connected components of G — M and identify, which of them
are cliques, easily in time O(n + m). Then, for each connected component K of G — M,
we find a vertex xx € V(K), who has the most neighbours in M among the vertices of K.
We then test whether N(z) N M 2 N(b) N M is true for each b € V(K), b # xzk. If the
test succeeds, we set vg = x, otherwise, we set vx = nil. For any vertex b, finding the
number of neighbours of b in M clearly takes O(deg(b)). Testing N(xx)NM 2 N(b)NM
for b € V(K) also takes O(deg(b)). It clearly follows that finding the vertices vg for all
components K of G — M takes O(n + m) time.

Next, it can be seen that there are at most n different choices for C'. For each choice

of C', we colour the vertices of C' by blue, and colour by red any vertex of M which has a
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non-neighbour in C'. This can be done, by computing X = (ﬂuec N(u)) N M, and colouring
by red all vertices of M \ X; both steps in time O(n + m).

We now apply the propagation rules. In what follows, we show how to implement this
step in time O(n + m), which will imply the claim. We say that a vertex v is weak, if v is
either a red vertex of G — M, and all its non-neighbours in M are blue, or v is a blue vertex
of M, and all its neighbours in G — M — C are red. Clearly, if a vertex is weak, there is no
need to apply any propagation rules to it any more.

We start by computing the set S of all red vertices of G — M in time O(n). We then
colour by blue each u € M such that S\ N(u) # 0. Clearly, if, for v € M, we have
v € S\ N(u), then by Propagation Rule 1, u must be blue. Hence, after this, all vertices
of S become weak. For each u € M, testing S\ N(u) # (), can be easily done in O(deg(u))
time by computing S N N(u), and hence, O(n + m) altogether for all u € M.

Note that, at this point, each red vertex of G — M is weak. We now choose a blue vertex
v of M, and perform a series of operations after which v will become weak, and all red
vertices in G — M will again be weak. (Note that, in the process, some vertices of G — M
may become red, and some vertices of M may become blue.)

Hence, let v be any blue unprocessed vertex of M. We first compute, in time O(deg(v)),
the set S, = N(v) \ (M UC), and then remove from S, all red coloured vertices, again,
in time O(deg(v)). If S, # (), we colour the vertices of S, by red, compute the set
Xy = (Nyes, N(u)) N M, and colour by blue each vertex w € M \ X,. Clearly, the set
X, can be computed in time O(ZuESU deg(u)), and colouring M \ X, takes O(deg(v))
time. After these steps, v becomes weak, because all neighbours of v in G — (M U C) either
belong to S, or were already red. Also, each vertex u in S, becomes weak, since each non-
neighbour of u, which is in M, must belong to M \ X,,. Moreover, each w € M \ X,, must be
non-adjacent to at least one u € S,, and hence, by Propagation rule 1, w must necessarily
be blue. Finally, we observe that, again, all red vertices in G — M are weak.

We repeat the above process until there are no more blue unprocessed vertices in M. We
now look at the complexity of this procedure. Let vy, ..., v; be all blue vertices we processed
using the above procedure, in the order in which they were processed. Observe, that for each
i < j, we must have S, N Svj = (), since any w € S,, N Svj would have been given red colour
when v; was processed, and hence, it would have been removed from S, when processing v;.

As we discussed earlier, each v; is processed in time O (deg(vi) + > ues,. deg(u)). Hence,
altogether O <Z:f:1 <deg(vi) + Zuesui deg(u))> <0 (Zvev(G) deg(v)) =0(mn+m). O
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Algorithm 3.5: Testing whether a clique is nice.

Input: A clique M in a chordal graph G with list £(v) C {r,b}, for all v € V(G).
Output: Answer whether M is nice.

1 Find the connected components of G — M

2 for each connected component K of G — M do

3 Find a vertex vg € V(K) with N(vg) N M 2 N(b) N M for all b € V(K — vk)
4 if v does not exist then

5 if K is not a clique then

return “M is not nice”

6 VK nil
7 else Colour red the vertex vg
8 Colour blue the vertices of K — v

9 Colour red each v € V(G) with b & ¢(v)
10 Colour blue each v € V(G) with r & £(v)

11 for each choice of C' — either C' = (),
or C' = V(K) for a clique component K of G — M,
or C' is a connected component of K — v for a
connected component of K of G — M do
12 Colour blue the vertices of C
13 Colour red the vertices of M which are not completely adjacent to C

14 Apply Propagation Rules 1 and 2 as long as possible

15 if no vertex receives both colours then

16 Colour red all uncoloured vertices of M

17 Colour blue all uncoloured vertices of G — M
18 return “M is nice”

19 return “M is not nice”
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The final algorithm for polarity of chordal graphs is summarized below.

Algorithm 3.6: Polar graph recognition.

Input: A chordal graph G with lists ¢(v) C {r, b}, for all v € V(G).
Output: Answer whether G is list polar.

1 Test if G admits a monopolar partition which respects ¢
2 Test if G admits a unipolar partition which respects ¢
3 for each pair of non-adjacent vertices u and v of G do
4 Test whether N(u) N N(v) is an almost good clique
5 for each maximal clique M of G do
6 Test whether M is an almost nice clique
7 if any of the tests succeeds then

return “G is list polar”

8 else return “G is not list polar”

The correctness of this algorithm follows from Proposition B.IIl We now analyze its
complexity. For unipolarity in general graphs, we have a O(n?m) time algorithm explained
in Theorem [C3Tl Similarly, for monopolarity in chordal graphs, we have an O(n + m) time
algorithm as shown by Theorem BI0l Next, we test n? times a set for being an almost good
clique. Each such test consists of O(n) tests for being a good clique, which according to
Proposition amounts to testing for monopolarity. In all, we need O(n? x n x (n +m))
time. Finally, we test at most n sets for being an almost nice clique. Again, each such test
consists of O(n) tests for being a nice clique, which according to Proposition BT requires
time O(n(n +m)), and hence, O(n? x n(n + m)) time for this step.

It follows that the total time complexity of this algorithm is O(n?(n +m)).

Theorem 3.15. There is a O(n3(n+m)) time algorithm to test polarity of chordal graphs. O



Chapter 4

Forbidden Subgraphs for
Monopolarity

For cographs, it has been shown in [24] that monopolarity (and polarity) can be characterized
by the absence of a finite set of forbidden induced subgraphs. By contrast, for chordal graphs,
as we shall see, there are infinitely many minimal non-monopolar graphs. Additionally, since
it can be seen that any polar graph of diameter more than six is necessarily monopolar, it
will follow that there are also infinitely many minimal non-polar chordal graphs.
Interestingly, it turns out that all chordal minimal non-monopolar graphs can be gen-
erated by a simple recursive procedure (which unwinds the operation of the monopolarity
recognition algorithm in case it rejects the graph). This turns out to be a particular example
of the so-called hyperedge replacement grammars (see Section 4, and [58]). The grammar
I' constructs a tree-like structure (with at most three branches at any node) consisting of
very simple blocks (with at most six vertices each). In fact, we shall prove a more general
statement about minimal forbidden monopolar graphs by additionally considering lists.
Let G be a graph with two sets of lists £(v) and ¢ (v), for all v € V(G). We say that
¢ is a list extension of £, if £(v) C ¢'(v), for all v € V(G). In particular, ¢' is a proper list
extension of £, if £’ is a list extension of £, and for some v € V(G), we have £(v) G ¢'(v). For
a graph G with lists £ and a graph G’ with lists ¢/, we say that G’ is an induced list extension
of G, if G’ is an induced subgraph of G, and ¢ is a list extension of £ on G’. Similarly, G’
is a proper induced list extension of G, if G is an induced list extension of GG, and either G’

is a proper induced subgraph of G, or ¢ is a proper list extension of £ on G’.

63
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We can immediately observe that the relation “being an induced list extension” is a
partial order < on the graphs with lists. This partial order clearly generalizes the “induced
subgraph” partial order on graphs (without lists). Note that there is no infinite descending
chain in the (induced) subgraph order, but there exists an infinite descending chain in <.
However, this is no longer the case, if we only deal with graphs whose lists have bounded size.
Therefore, we call the order < on graphs with lists of size at most k a k-bounded <. Now,
it follows from Proposition 2.1.1 in [26], that any set C of graphs (with lists) closed under
k-bounded < for some k, is characterized by avoiding the set F<(C) of minimal forbidden
<-predecessors, that is, graphs with lists which are not in C, but such that any proper
induced list extension of any of them belongs to C. We shall call such graphs minimal list
non-extendable forbidden induced subgraphs for C.

Now, let G be a graph with lists £(v) C {r,b}, for all v € V(G). We say that G with
lists £ is list monopolar, if there exists a monopolar partition of G respecting £.

Let M denote the class of all list monopolar chordal graphs. It can be observed that M
is closed under 2-bounded induced list extension, since if a monopolar partition of a graph
respects lists ¢, it must clearly also respect any list extension ¢ of £ on any induced subgraph.
Hence, since the size of lists in M is at most two, it follows that M is characterized by the
set Fg(M) of minimal list non-extendable forbidden induced subgraphs. Note that these
include all minimal forbidden induced subgraphs for M (in the usual sense); the graphs
in F4(M) having lists {r,b} for each vertex, are precisely the minimal forbidden induced
subgraphs for M.

In the remainder of this chapter, we shall completely describe the set F<(M) of minimal

list non-extendable forbidden induced subgraphs for monopolarity of chordal graphs.

4.1 The two-connected case

First, we focus on 2-connected chordal graphs. Surprisingly, for 2-connected chordal graphs,
there is only finitely many minimal list non-extendable forbidden induced subgraphs for

monopolarity. The following observation is easy to see.

Observation 4.1. All configuration in Figure[f.1] are minimal list non-extendable forbidden

induced subgraphs for monopolarity. [

For the proof of the next statement, we shall need the following lemma from [53].
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MIANAA AL 1
JERARS <t

Figure 4.1: All minimal list non-extendable forbidden induced subgraphs for monopolarity
of 2-connected chordal graphs.

Lemma 4.2. [53] Let G be a chordal graph, and let uy,us, ..., ux be a cycle in G. If ujus
is not an edge of G, then ugu; is an edge of G for some 4 < j < k.

Theorem 4.3. Let H be a 2-connected chordal graph with lists £(v), v € V(H), which is

not list monopolar. Then H contains one of the configurations in Figure [{.]}

Proof. First, suppose that H is not monopolar (without considering the lists). Then by
Proposition B3 H is not split. Recall that a graph that is not split either contains an
induced cycle Cy or C5, or two independent edges 2K5. Hence, since H is chordal and not
split, it must contain two independent edges.

Let 2’ and yy’ be two independent edges of H. We show that they must belong to a
cycle of H. Using Menger’s theorem (cf. [I8]) on the vertices z, 2’ and y,y’, we obtain that
there must exist two induced vertex-disjoint paths P, P’ between the sets {z, 2’} and {y,y'}.
Clearly, both z and z’ cannot belong to P nor both to P’. The same holds for y,1y’. Hence,
without loss of generality, we may assume that x,y belong to P, and 2/, belong to P’. It
follows that xPyy’'(P")~1a2’ is a cycle in H.

Now, assume that the edges zz' and yy’ were picked such that the cycle C' containing
these edges is smallest possible. We show that it must have exactly six vertices. Suppose
otherwise, and assume, without loss of generality, that P contains at least four vertices. Let
u be the first vertex on P after z, and v be the last vertex on P before y. Since P contains
at least four vertices, we must have u # v. Hence, since P is an induced path, v is not
adjacent to x, and wu is not adjacent to y.

Now suppose that 2’ is not adjacent to v, and that v is adjacent to y'. Let P, be
the subpath of P from x to v. It follows that xP,vy’(P’)~'2’ is a cycle in H with two
independent edges 2’ and vy’ whose length is less than the length of C', which contradicts

the fact that C' was chosen smallest possible. Hence, v is not adjacent to y’. But then, since
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H is chordal and y is not adjacent to any vertex on P except v, it follows from Lemma
that y must be adjacent to a vertex v’ of P’ other than y’. Let P!, be the subpath of P’
from 2’ to v/. Again, we obtain that 2 Pyv’(P/,)~12’ is a cycle in H with two independent
edges xx’ and yv whose length is less than the length of C, which is a contradiction.

Therefore, ' must be adjacent to v. By symmetry, we have that 3’ must be adjacent to
u. But then zuy'yvr’ is a cycle in H with independent edges xz’ and yy’ whose length is
exactly six, which is, by our assumption, less than the length of C. This shows that C' has
length at most six, and clearly, since the edges xz’ and yy’ are independent, C' cannot have
length less than six. Finally, by chordality of H, it is easy to show that C' is one of the first
four configurations in Figure BTl

Now, suppose that H is monopolar (without lists) but not list monopolar with lists /.
First, if H contains a vertex v with £(v) = 0, then v itself forms the last configuration in
Figure EE1l Hence, assume that £(v) # (), for all v € V(H), and denote by R the vertices v
of H with ¢(v) = {r}. If R contains adjacent vertices v and v/, then H contains the second
from the right configuration in Figure EE1l on the vertices v,v’. Hence, we may assume that
R is an independent set of H. Now, suppose that R contains a vertex v adjacent to distinct
vertices v and u/ such that uu’ is not an edge. Then, since H is 2-connected, there must
exist an induced path P from u to ' in H — v (of length at least 2). By chordality, v must
be adjacent to each vertex of P. Let w,w’,w” be some three consecutive vertices of P.
Clearly, v is adjacent to all three of these vertices. Hence, H contains the third from the
right configuration in Figure BTl induced on the vertices v, w,w’, w”.

So, we may assume that the neighbourhood of each vertex of R induces a clique. Now,
let B be the set of vertices v of H with ¢(v) = {b}. We construct a graph H' from H as
follows. Starting with G = H, we add, one by one, for each vertex v € B, a new vertex
v, and make it adjacent to v and all neighbours of v in (the current) G. The final graph
G is the graph H’. Observe that, for any v € B, the vertices v and v are twins in H'.
Hence, it follows from Proposition [LT2, that H’ is chordal, since H is chordal. Clearly,
H'’ is also 2-connected. Now, we define lists ¢ for the vertices of H’ as follows. For each
v e V(H), if £(v) = {r}, then we set ¢'(v) = {r}, otherwise we set ¢'(v) = {r,b}, and also
set /(v') = {r,b} if v’ exists. (Recall that we assume that £(v) # ().)

We show that H’ with lists ¢ is list monopolar, if and only if, H with lists ¢ is list
monopolar. For the forward direction, let AU D be a monopolar partition of H’ respecting

¢'. Clearly, for each vertex v € B, both v and v’ cannot belong to A, since A is an
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independent set. Hence, without loss of generality, we may assume that v € D, for each
v € B. But then AU(DNV(H)) is clearly a monopolar partition of H respecting ¢. On the
other hand, if AU D is a monopolar partition of H respecting ¢, we must have B C D, and
hence AU (D U B'), where B’ are the vertices v for v € B, is a monopolar partition of H’,
which follows from the fact that adding a twin to a vertex of a clique also creates a clique.

Suppose now that H' is not monopolar (without lists). By the first five paragraph of
this proof, we have that H’ must contain an induced subgraph F’ which is one of the first
four configurations in Figure EE1l Now, let F' be the graph obtained from F’ by contracting
the edges vv’, for all v € B. Clearly, F is an induced subgraph of H, and it can be observed
that £ must be one of the first eight configurations in Figure E11

Hence, we may assume that H’ is monopolar. By Proposition B2, H' is also a split
graph. We now show that this implies that H’ with lists ¢ is list monopolar, which by
the above equivalence will lead to a contradiction. Since H’ is split, there exists a split
partition AU D of H'. If R C A, then, clearly, AU D respects ¢/, and we are done. Hence,
we must have a vertex v € R which belongs to D. Since R is an independent set, no other
vertex of R can belong to D. Now, if v is not adjacent to any vertex of A, then we obtain
that (AU {v}) U (D \ {v}) is a monopolar partition of H' respecting ¢'. Hence, v must be
adjacent to u € A. Since R is independent, u ¢ R, and hence, ¢'(u) = {r,b}. Now, since
the neighbours of v in H induce a clique, it can be seen that also the neighbours of v in H’
must induce a clique. Hence, since v € D, we obtain that u must be adjacent to each vertex
of D. Now, this implies that A’ U D’ is a monopolar partition of H' respecting ¢/, where
A=A\ {u} U{v}, and D' = D\ {v} U{u}. That concludes the proof. O

We now explain how to find in time O(n 4+ m) a minimal list non-extendable forbidden
induced subgraph in a chordal 2-connected graph G with lists ¢, if G is not list monopolar.

We first run in time O(n + m) the algorithm for testing whether G (without lists) is a
split graph. If GG is not split, then the algorithm produces a minimal forbidden subgraph
F. Since G is chordal, F' must consists of two independent edges zz’ and yy’. Now, by
considering the maximal cliques that contain these edges, and exploring the (unique) path
between these cliques in the clique-tree of (G, one can find the vertex disjoint paths P and
P’ connecting zz’ to yy', and hence the cycle C = zPyy’(P’)~'2’. Then using the argument
of the proof, one can reduce the cycle C' to one of the first four forbidden configurations in

Figure Bl Since this step amounts to at most O(n) tests for adjacent vertices, it follows
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that this whole procedure can be easily implemented in time O(n + m).

On the other hand, if GG is a split graph, the algorithm provides a split partition A U D
of G. We construct the sets R and B as in the proof, and then we check whether R is
an independent set. If not, the two neighbours in R give us a forbidden configuration.
Otherwise, we test whether the neighbourhood of each vertex of R is a clique. We observe
that it suffices to check those v € R which belong to D, since for v € RN A, this is trivially
true. Also, since D induced a clique, there will be at most one vertex to check, hence
this can be easily implemented in time O(n + m). If we find that a vertex v € R has
two non-adjacent neighbours, we find the shortest path between these neighbours in G — v,
and then pick some three consecutive vertices of this path together with v which gives us
a forbidden configuration. Note that finding a shortest path between two vertices can be
implemented in time O(n + m) by breadth-first search. If no such vertex v € R is found,
then we double every vertex in B as described in the proof to obtain G’, and test whether
G’ is split. Clearly, G’ has at most 2n vertices and 2m edges, and it can be constructed
in time O(n +m). Now, if G’ is not split, then we find the forbidden graph the same way
we did for G, and by (possibly) contracting some of its edges, we again obtain a forbidden
configuration. On the other hand, if G’ is split, we obtain a split partition A’ U D’ of G’,
which will contain a split partition AU D of H, and using the argument from the proof, we
can find a monopolar partition of G by (possibly) exchanging up to two vertices between A
and D. Again, this can be accomplished in time O(n + m), which concludes the analysis.

We summarize this in the following theorem.

Theorem 4.4. There exists an O(n + m) time algorithm to test, for a given 2-connected
chordal graph G with lists £(v) C {r,b}, whether G is list monopolar, that is, whether G
admits a monopolar partition respecting £. If G is not list monopolar, the algorithm produces

a minimal list non-extendable forbidden induced subgraph contained in G. [

4.2 The general case

Now, we turn our attention back to all (not necessarily 2-connected) chordal graphs. In this
section, we shall describe a procedure generating all chordal minimal list non-extendable for-
bidden induced subgraphs using a graph grammar (see Section Z4]), and, as in the previous
section, we also describe an O(n +m) time algorithm to find a minimal list non-extendable

forbidden induced subgraph in a chordal graph which is not list monopolar.
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We use two hyperedge replacement grammars. The grammar I' generates all minimal
non-monopolar chordal graphs, and the grammar I'” all minimal list non-extendable non-
monopolar chordal graphs. The rules of both grammars are shown below. They are followed
by a formal description. Before reading any further, we recommend that the reader revisits

Section 24 in Chapter @ to get better acquainted with the terminology of graph grammars.

O o O O
l%l R/ R/ L
S — o) o) o) o) — — —
B 7]

‘
‘
‘

R i | ] \> l\ X B ILE e
AP om D] <I>

Figure 4.2: The rules of the grammar I'.

R’ = 1e{n B = 1e{p]

Figure 4.3: Additional rules of the grammar I".

The hyperedge replacement grammar I' is a tuple (N, T, P,S), where N = {S,R, R/,
R”,B,B’,B"} are the nonterminal symbols, 7' = {X} are the terminal symbols, S is the
starting symbol, the types (arities) of the symbols are type(S) = 0, type(R) = type(R/) =
type(R”) = type(B) = type(B') = type(B”) = 1, and type(X) = 2, and the production
rules P are the rules in Figure Similarly, the grammar I" is a tuple (N,T”, P’,S) where
N, and S are as before, T = T'U {r, b} where type(r) = type(b) = 1, and P’ are the rules P
and the additional rules shown in Figure
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8] = R}o{B] = o{B] = ofB] =

L <I§

e e Tow

Figure 4.4: Example of a derivation of the grammar.

Recall that each production rule is a pair (Q, H) where @ € N, and H is a hypergraph
whose type is equal to type(Q), that is, H has exactly type(Q) distinct external nodes exty
marked 1,...,type(Q). The hypergraph H of any rule (Q,H) in Figures and is
depicted as the (bipartite) incidence graph of its vertices and hyperedges. Recall, that this
is a graph whose vertices are the vertices and hyperedges of the hypergraph, and whose edges
are between vertices and hyperedges incident in the hypergraph. Note that for simplicity,
all hyperedges of type (arity) 2 are depicted as regular edges; all these edges are labeled
with the symbol X, however, for simplicity, this is also not shown. Finally, observe that the
hypergraphs in Figures and for the nonterminal S have no vertices marked, since the
type of S is 0, and the rules for all other nonterminals have exactly one vertex marked 1,

since their type is 1.

We say that a hypergraph H generated by a grammar is terminal, if H contains only
hyperedges labeled with the terminal symbols of the grammar.

Now, let H be a terminal hypergraph that is generated by the grammar I", that is,
H € Lg(I'"). We define lists £ (v) for each vertex v € V(H) as follows. Initially, we set
Cr(v) = {r,b}. Then, if v is incident to a hyperedge labeled r, we remove b from £ (v).
If v is incident to a hyperedge labeled b, we remove r from fy(v). Hence, the final list
for £z (v) can be either {r,b}, or {r}, or {b}, or empty. After we construct the lists, we
remove all terminal hyperedges of type 1. Since the only remaining terminal hyperedges
are of type 2, that is, they are ordinary edges, the resulting hypergraph will be a graph.
In the subsequent text, whenever dealing with a terminal hypergraph H generated by the
grammar I, we shall always assume that we have the lists £z as described above, and that
H is a graph as explained.

Recall, that exty is the external vertex (or vertices) of a hypergraph H, and Ng(v) is

the set of neighbours of v in H. We have the following property of I".
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Lemma 4.5. Let Q # S, and H be a terminal hypergraph in Lo(I") with lists £5. Then,

(x) there exists a monopolar partition AU D of H respecting Ly, and if Q = R/, then
Np(exty) U{exty} C D.
Moreover, for any monopolar partition AU D of H respecting {p,
(i) if Q@ € {R,R"}, then exty € A,
(i1) if Q =R/, then Ny (exty) N D # 0,
(i17) if Q@ = B, then exty € D and Ny (exty) C A,
(i) if Q € {B',B"}, then exty € D and Ny (exty) N D # (.
Additionally, for any y € V(H) \ {exty} (respectively any proper list extension ? of i),
there exists a monopolar partition AUD ofﬁ = H —y respecting Ly (respectively ofﬁ =H
respecting () such, that
(i') if Q =R, then exty € D,
(ii') if @ =R/, then Ny(exty) C A,
(iii') if Q = R”, then exty € D and Ny (exty) C A,
(iv') if Q € {B,B'}, then exty € A.
(') if Q = B”, then either exty € A or Ny (exty) C A.

Proof. Let Q®* = Hy = Hy = ... = H; = H be a derivation of H in I'. We prove the
claim by induction on the length of the derivation of H.

If t = 1, then H is either the hypergraph of the 3" or the 4% rule for Q = R, or the
hypergraph of the 2" rule for Q = R/, or the hypergraph of the 2"? or the 34 rule for
@ = B’ respectively Q@ = B”, or the hypergraph of the additional rule for @ € {R”,B}.
If @ =R or Q@ € {B',B"}, then the claim follows from Observation EEIl If Q = R/,
then H is a triangle; hence, (x) and (i7) follow. Also, removing any vertex from Ny (extr)
leaves a single vertex in Ny (exty); hence, (ii') follows. (Note that in this case no proper
list extension of ¢y exists.) Finally, if @ € {R” B}, then H is a single vertex x with
Cr(z) = {r} respectively g (x) = {b}; hence, (x), (i), and (ii7) follow, and for (the only)
proper list extension ¢'(x) = {r,b}, the partitions A=0,D= {z} respectively A= {z},
D = 0 satisfy (iii') respectively (iv').

Now, let ¢t > 2, and assume that the claim holds for ¢ — 1. First, suppose that Q = R.
Then H; is either the hypergraph of the 15, the 2°9, or the 3'4 rule for R. Suppose that H;
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is the hypergraph of the 15 rule. Then H = Hle/H’ ¢’ /H"], where H', H" € Lg/(I'"), and
e, e’ are the two hyperedges labeled R’ incident to exty. Let AU D be a monopolar parti-
tion of H respecting 5. Then A U D induces monopolar partitions of H' and H” respect-
ing £z and £, respectively. Using the inductive hypothesis, it follows that there exists
u € Ng/(exty) N D and v € Ny (exty) N D. Hence, exty € A, since otherwise u, ext, v is
a P3 in H[D]. This proves (). On the other hand, by the inductive hypothesis, there exists a
monopolar partition A’U D’ of H' respecting £y with exty € D' and Ny (exty) C D', and
a monopolar partition A”U D" of H" respecting g~ with exty € D" and Ny« (exty) C D”.
Hence, AUD, where A = A/UA" U{exty} and D = (D'UD")\{exty}, is a monopolar par-
tition of H respecting ¢z, which shows (x). Now, let y € V(H)\{exty}. Ify € V(H'), then,
by the inductive hypothesis, there exists a monopolar partition A} U D} of H' —y = H'
respecting £z with Ny, (exty) € Aj. Hence, AU D, where A = A\ {exty} U A” and
D = D, U D", is a monopolar partition of H — y respecting £y with exty € D. The case
when y € V(H") is clearly symmetric. Now, let / be a proper list extension of £g. Clearly,
there must exist a vertex y € V(H) such that (g (y) & {(y). Again, either y € V(H') or
y € V(H"), and the proof is identical to the above. This shows (i').

Now, suppose that Hj is the hypergraph of the 2" rule for R. Hence, H = H;[e/H'],
where H' € L (I"), and e is the only hyperedge of H; labeled B”. Let v denote the vertex
incident to e, and let A U D be a monopolar partition of H respecting £g. Again, by the
inductive hypothesis, v € D, and there exists u € Ny/(v) N D. Hence, exty € A, since
otherwise u, v, exty is a Py in H[D]. On the other hand, by the inductive hypothesis, there
exists a monopolar partition A’ U D’ of H' respecting £y with v € D’. Hence, AU D,
where A = A’U{exty} and D = D', is a monopolar partition of H respecting £7. Now, let
y e V(H)\ {exty}. If y = v, then AU D, where A= A’ and D = D'\ {v} U {exty}, is a
monopolar partition of H — y respecting £y with exty € D. Otherwise, y € V(H') \ {v};
hence, by the inductive hypothesis, there exists a monopolar partition AjUD] of H'—y = H'
respecting £z with either v € A} or Ny, (v) C Af. It follows that AU D, where A = A} and
D= D} U{exty}, is a monopolar partition of H — y respecting {g with exty € D. Now,
if ¢ is a proper list extension of £z, then there exists y € V/(H') with £z (y) G {(y), and the
proof again follows identically.

Now, suppose that Hj is the hypergraph of the 3'% rule for R. Hence, H = H;[e/H'],
where H' € Lg(I), and e is the hyperedge of H; labeled B. Let v be the vertex incident

to e, and let v and w be the two remaining vertices of H;. Now, suppose that AU D is a
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monopolar partition of H respecting £5. Again, by the inductive hypothesis, we have v € D
and N/ (v) C A. Hence, exty € A, since otherwise either exty,u,v or exty,w,v is a P3
in H[D]. On the other hand, there exists a monopolar partition A’UD’ of H' respecting ¢ g
with v € D’ and Ny (v) C A’. Hence, AUD, where A = A'U{exty} and D = D'U{u,w}, is
a monopolar partition of H respecting {z7. Now, let y € V(H)\{exty}. If y = v, then AuD,
where A = A’ and D = D/ \ {v}U{exty,u, w}, is a monopolar partition of H — y respecting
(y with exty € D. If y = w, then AU D, where A = A’ U {u} and D = D’ U {exty},
is a monopolar partition of H respecting ¢y with exty € D. Similarly if y = u. Finally,
if y € V(H')\ {v}, we have, by the inductive hypothesis, that there exists a monopolar
partition A} U D of H' — y respecting {5 with v € A}. Hence, AU D, where A = A’ and
D = D} U {exty,u,w}, is a monopolar partition of H — y respecting g with exty € D.
Again, the proof is identical for any proper list extension 7 of Og.

Now, suppose that Q = B. Then H; is either the hypergraph of the 1 or the 274 rule
for B. If H; is the hypergraph of the 15 rule, then H = Hi[e/H'], where H' € Lgr(I"),
and e is the hyperedge of H; labeled R. Let v be the vertex incident to e, and let AU D
be a monopolar partition of H respecting £g. Then, by the inductive hypothesis, v € A,
and hence, exty € D and Ny(exty) C A. Also, by the inductive hypothesis, there exists
a monopolar partition A’ U D" of H' respecting £ with v € A’, and hence, A U D, where
A= A"and D = D' U {exty}, is a monopolar partition of H respecting 5. Now, let
y € V(H)\ {exty}. If y = v, then AU D, where A = A’ \ {v} U {exty} and D = D', is a
monopolar partition of H — y respecting ¢ with exty € A. If y € V(H")\ {v}, then, by the
inductive hypothesis, there exists a monopolar partition A} U D} of H' — y respecting £
with v € D). Hence, AU D, where A = A} U{exty} and D = D}, is a monopolar partition
of H respecting ¢y with exty € A. Similarly for any proper list extension of £y;. Now, if

2nd ryle for B, the proof is identical to the above.

H, is the hypergraph of the

Now, suppose that Q = R/. Then H; is the hypergraph of the 15 rule for R/, and
H = Hyle/H'], where H' € Lg(I"), and e is the hyperedge of H; labeled B. Let v be the
vertex incident to e, and suppose that A U D is a monopolar partition of H respecting .
By the inductive hypothesis, v € D, and hence, Ny (exty) N D # (). Also, by the inductive
hypothesis, there exists a monopolar partition AU D’ of H' respecting ¢ with v € D’ and
Ny (v) C A'. Hence, AU D, where A= A" and D = D' U {exty}, is a monopolar partition
of H respecting ¢ with Ny (exty) U {exty} C D. Now, let y € V(H) \ {exty}. If y =,
then AUD, where A = A’ and D = D'\ {v}U{exty }, is a monopolar partition of H—y = H
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respecting £g with Ny (exty) C A. If y € V(H') \ {v}, by the inductive hypothesis, there
exists a monopolar partition A} U D/ of H' — y respecting £z with v € A). Hence, AU D,
where A = A" and D = D} U {exty}, is a monopolar partition of H —y = H respecting £
with Ny (exty) C A. Again, it follows similarly for any proper list extension of £f.

Now, suppose that Q = R”. Hence, H; is the hypergraph of the 1% rule for R”, and
H = Hile/H'], where H' € Lg/(I"), and e is the hyperedge of H; labeled B'. Let v be
the vertex incident to e, and suppose that A U D is a monopolar partition of H respecting
Cgr. Then, by the inductive hypothesis, v € D and there exists u € Ngs(v) N D. Hence,
erty € A, since otherwise exty,v,u is a Py in H[D]. On the other hand, by the inductive
hypothesis, there exists a monopolar partition A’ U D’ of H' respecting ¢z with v € D’.
Hence, AUD, where A = A’U{exty} and D = D', is a monopolar partition of H respecting
(. Lety € V(H)\{exty}. If y = v, then AUD, where A = A’ and D = D'\ {v} U{exty},
is a monopolar partition of H —y = H respecting £ with exty € D and Ny (exty) C A If
y € V(H')\{v}, then, by the inductive hypothesis, there exists a monopolar partition A}UD]
of H' — y respecting £z with v € A". Hence, AU D, where A = A} and D = D/, U {exty},
is a monopolar partition of H —y = H respecting £y with exty € D and Ny (exty) C A.
Similarly for any proper list extension of /.

Now, suppose that Q = B’. Hence, H; is the hypergraph of the 15 rule for B’, and
H = Hile/H'], where H' € Lr/(I"), and e is the hyperedge of H; labeled R’. Let v be
the vertex incident to e, and u be the remaining vertex of H;. Let AU D be a monopolar
partition of H respecting 7. Then, by the inductive hypothesis, there exists w € Ny (v)ND.
It follows that v € A, since otherwise either exty,v,w or u,v,w is a P3 in H[D]. Hence,
exty € D and Ny(exty) N D # (. On the other hand, there exists a monopolar partition
A"U D’ of H' respecting ¢g with Ngs(v) U {v} C D’. Hence, AU D, where A = A" U {v}
and D = D'\ {v} U {exty,u}, is a monopolar partition of H respecting 5. Now, let
ye V(H)\ {exty}. If y = v, then AUD, where A = A’ U{exty} and D = D'\ {v} U {u},
is a monopolar partition of H — y respecting £z with exty € A1t Yy = u, then Au D,
where A = A' U {exty} and D = D', is a monopolar partition of H — y respecting £z with
exty € A. Finally, if y € V(H') \ {v}, then, by the inductive hypothesis, there exists a
monopolar partition A} U D} of H' —y = H’' respecting £z with N, (v) C A}. Hence,
AUD, where A = A} \ {v}U{exty} and D = D} U{u,v}, is a monopolar partition of H —y
respecting ¢ with exty € A. Similarly for proper list extensions of £f.

Finally, suppose that Q = B”. Then H; is either the hypergraph of the 1, or the 274
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rule for B”. Suppose that Hj is the hypergraph of the 15 rule. Hence, H = Hile/H’ ¢’ /H"],
where H' € Lg(I"), H" € Lr/(I"), and e, e’ are the hyperedges of H; labeled B and R/
respectively. Let AUD be a monopolar partition of H respecting £r. Then, by the inductive
hypothesis, exty € D, Ny/(exty) C A, and Ng»(exty)N D # (. Hence, Ny (exty)ND # ()
and exty € D. On the other hand, by the inductive hypothesis, there exists a monopolar
partition A’ U D" of H' respecting ¢z with exty € D' and Ny (exty) C A’, and also a
monopolar partition A”U D" of H” respecting £y» with Ny (exty)U{exty} C D”. Hence,
AUD, where A= A"UA"” and D = D' U D", is a monopolar partition of H respecting /.
Now, let y € V(H) \ {exty}. If y € V(H’), then, by the inductive hypothesis, there exists a
monopolar partition A} U D/ of H' —y respecting £ with exty € A). Hence, AU D, where
A= ATUA" and D= DiUD"\{exty}, is a monopolar partition of H —y respecting {5 with
exty € A. If y € V(H"), then there exists a monopolar partition A? U DY of H” —y = H"
respecting (g with N, (exty) C AY. Hence, AU D, where A = A’ U A} \ {exty} and
D=DuU DY, is a monopolar partition of H —y = H respecting ¢ with Ny(exty) C A.
Again, similarly for proper list extensions of £f.

Now, suppose that H; is the hypergraph of the 2" rule for B”. Then H = H,[e/H'],
where H' € Lgr»(I"), and e is the hyperedge of H; labeled R”. Let v be the vertex incident
to e, and let u be the remaining vertex of Hi. Suppose that AU D is a monopolar partition
of H respecting £ry. Then, by the inductive hypothesis, v € A; hence, exty € D and
Npy(exty) N D # (. Also, by the inductive hypothesis, there exists a monopolar partition
A'UD’ of H' respecting g with v € A’. Hence, AUD, where A = A" and D = D'U{exty,u},
is a monopolar partition of H respecting ¢5r. Now, let y € V(H) \ {exty}. If y = v, then
AU D, where A= A"\ {v} U{exty} and D = D’ U {u}, is a monopolar partition of H — y
respecting (g with exty € A. If y = u, then AU D, where A = A’ and D = D' U {exty}, is
a monopolar partition of H —y = H respecting {5 with Ny (exty) C A Ify e V(H)\ {v},
then, by the inductive hypothesis, there exists a monopolar partition AjUD] of H' —y = H'
respecting £z with v € Df and Ny, (v) C A}. Hence, AU D, where A = A} U {exty} and
D= D} U {u}, is a monopolar partition of H — y respecting ¢y with exty € A. Again, it
follows similarly for proper list extensions of £p.

The proof is now complete. O

Using this lemma, we can now prove that the grammar I” (and hence also T') generates

only minimal chordal list non-extendable forbidden induced subgraphs for monopolarity.
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Theorem 4.6. All terminal graphs generated by I are minimal list non-extendable forbid-

den induced subgraphs for monopolarity of chordal graphs.

Proof. Let H with lists /5 be a terminal graph generated by I". It can be easily observed
from the rules of IV that H must be chordal. Now, let S®* = Hy = H; = ... = H; = H be
a derivation of H in I'. It follows that Hj is the hypergraph of one of the rules of I for S.

First, suppose that Hj is the hypergraph of the 15 rule for S. Then H = Hile/H’ ¢’ /H"],
where H' € Lgr(I"), H” € Lg(I"), and e,e¢’ are the two hyperedges of H; labeled R
and B, respectively. Suppose that A U D is a monopolar partition of H respecting fg.
Using Lemma for H', we have that exty € A. However, applying Lemma to H”
yields extyr € D, a contradiction. Hence, H is not list monopolar. Now, by Lemma EH,
we also obtain that there exists a monopolar partition A’ U D’ of H' respecting £ with
exty € A’, and a monopolar partition A” U D" of H" respecting £y with exty € D" and
Nyn(exty) C A”. Let y € V(H). If y = exty, then AUD, where A = A'\ {exty }UA” and
D=DuD" \ {exty}, is a monopolar partition of H — y respecting . If y € V(H'), then,
by Lemma E3, there exists a monopolar partition A} U D} of H' — y respecting £ with
exty € Dy. Hence, AUD, where A = A UA"” and D = DjUD”, is a monopolar partition of
H — y respecting £p. If y € V(H"), then, by LemmaEEH, there exists a monopolar partition
AU DY of H" — y respecting £gn with exty € AY. Hence, AU D, where A = A7 U A’ and
D= D! U D', is a monopolar partition of H — y respecting {7. Now, let ? be a proper list
extension of £z. It follows that there must exist y € V(H) with £z (y) S £(y). Again, either
ye V(H") ory € V(H"), and the proof is identical to the above.

22d pyle for S, then the proof follows exactly as

Now, if H; is the hypergraph of the
for the 1% rule. Hence, suppose that H; is the hypergraph of the 3" rule for S. Then
H = Hyle/H',¢'/H"], where H' € Lg/(I"), H" € Lg/(I"), and e, ¢’ are the two hyperedges
of Hy labeled R’ and B’, respectively. Suppose that A U D is a monopolar partition of
H respecting £. Then, by Lemma L8, exty € D, and there exists u € Ny/(exty) N D
and v € Ny (exty) N D. Hence, u,exty,v is a P3 in H[D], a contradiction. On the other
hand, by Lemma EEH, there exists a monopolar partition A’ U D’ of H' respecting £z with
Npyi(exty) U {exty} C D', and a monopolar partition A” U D" of H” respecting ¢y~ with
exty € D" and Nyw(exty) N D" # 0. Now, let y € V(H). If y = exty, then AU D, where
A=A UA" and D = (D' UD")\ {exty}, is a monopolar partition of H — y respecting
ly. Ity € V(H'), then, by Lemma E there exists a monopolar partition A} U D} of
H' —y = H' with Ny, (exty) C A}. Hence, AU D, where A = A{ UA” and D = D} U D",
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is a monopolar partition of H — y respecting fg. If y € V(H"), then, by Lemma EEH there
exists a monopolar partition AY U DY of H” — y respecting {y» with exty € AY. Hence,
AUD, where A = A’ U Al and D=0D \ {exty} U DY, is a monopolar partition of H — y
respecting £z7. Now, if /is a proper list extension of ¢y, we again have y € V(H) with
lr(v) G {(v), and the proof is identical to the above.

Finally, if H; is the hypergraph of the 4" or the 5 rule for S, then the proof follows
exactly as for the 15 and the 3™ rule, respectively, whereas if H; is the hypergraph of the
6th, 7th 8th or 9th ryule for S, then the proof follows from Observation Bl O

In the rest of this section, we prove that, conversely, any chordal graph with lists, which
is not list monopolar, must necessarily contain some hypergraph generated by I".

Let G be a graph with lists ¢(v), for all v € V(G), and H be a terminal hypergraph
generated by IV. We say that G contains H, if the graph associated with H is an induced
subgraph of G, and ¢y (x) 2 ¢(z) for each x € V(H). Also, we say that G with lists ¢ and H
are corresponding, if G is the graph associated with H, and ¢y (z) D ¢(x) for each z € V(QG).

We shall need the following lemma. For a graph G, vertex v of GG, and a block-vertex
tree T of G, let T}, denote the subtree of T rooted at v, and G, denote the subgraph of G
formed by the blocks which are nodes of T;,.

Lemma 4.7. Let G be a chordal graph with lists £y, let v be a vertex of G, and let T be
a block-vertex tree of G. Let £* be the lists computed by Algorithm [Z3Q on G, {y, and T.
Suppose that £*(x) # O for all x € V(G).
If t*(v) = {b}, then
(i) if Lo(v) = {b} or v has a trivial grandchild u with ¢*(u) = {r}, then
(a) G, contains a hypergraph F € Lg(I") with extr = v, and
(b) if, in addition, v either has a non-trivial child or has a trivial grandchild v’ with
*(u") = {b}, then G, contains a hypergraph F' € Lg.(I") with extp = v,
(i1) otherwise, G, contains a hypergraph F € Lg(I") U Lg/(I") with extp = v, and also
contains a hypergraph F' € Lg/(I") U Lgn(T") with extp = v,
and if £*(v) = {r}, then
(i) G, contains a hypergraph F € Lg/(I") U Lr»(I'") with exty = v, and
(i1) if v has a trivial (or no) parent, then G, also contains F' € Lg(I") U Lgr~(T") with

extp = .
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Proof. Let G be a fixed chordal graph with lists £y, let v be a vertex of G, and let T be a
fixed block-vertex tree of G. We prove the claim by induction on the size of G,.

Hence, we assume that the claim holds for any w having G,, smaller than v, and we
prove the claim for v.

First, suppose that ¢*(v) = {b}. Recall that ¢*(z) C ¢y(x) for all € V(G). Hence,
if £y(v) = {b}, then the vertex v with list y(v) corresponds to the hypergraph F' of the
additional rule for B, which, clearly, belongs to Lg(I'’), and extp = v. Hence, G, contains
the hypergraph F from Lg(I") with extp = v. On the other hand, if ¢y(v) = {r,b}, then
either Rule 1 or the Block Rule of Algorithm must have removed r from the list of v.
Suppose that Rule 1 removed r from the list of v. Then v has a a trivial grandchild » with
0*(u) = {r}. Hence, u has a trivial parent, and we have, by the inductive hypothesis, that
G, contains a hypergraph Fy, such that F, € Lr(I") or F, € Lgr~(I"), and extp; = u. Let
F be a hypergraph such that F = Hl[e/F!], where H is the hypergraph of the 1%t or the 27
rule for B, and e is the hyperedge of H labeled with R or R”, respectively. Observe that F'
corresponds to the subgraph of G, induced on v and the vertices of F!|. Hence, extp = v,
and it follows that G, contains F, and F € Lg(I").

Now, suppose that v has, in addition, a non-trivial child B. Then, since B is a 2-
connected block, there must exist vertices w,w’ in B such that v, w,w’ forms a triangle in
B. Let F’ be the hypergraph F' = H'[¢//F,e"/H"], where F is the hypergraph from one
of the above cases, H' is the hypergraph of the 15 rule for B”, e,e” are the hyperedges
of H' labeled with B and R/, respectively, and H” is the hypergraph of the 2°d rule for
R’. Clearly, F’ corresponds to the subgraph of G induced on w,w’ and the vertices of F.
Hence, extpr = v, and G, clearly contains F’ € Lgr(I'). Finally, suppose that v has a
trivial grandchild «" with ¢*(u’) = {b}. We observe that ' has cannot have any non-trivial
children, because otherwise b would have been removed from the list of v by Algorithm
using Rule 7. Also, v/ has no trivial grandchildren " with ¢*(u”) = {b}, since, similarly, b
would have been removed from the list of v by Algorithm using Rule 2. Hence, either
u’ has no children at all, in which case we must clearly have ¢y(u’) = {b}, or v’ has a trivial
grandchild «” with ¢*(u”) = {r}. Therefore, by the inductive hypothesis, we have that G,
contains a hypergraph F, € Lg(I') with extp, = u’. Now, let F” be the hypergraph
F" = H'|e'/F,e"/H"[e" |F,], where H', ¢, €’, and F are from the previous case, H"”
is the hypergraph of the 15 rule for R/, and e is the hyperedge of H"' labeled with B.
Clearly, F” is corresponding to the subgraph of G induced on the vertices of F' and the
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vertices of F,;. Therefore, extpr = v, and we have that G contains F” € Lg«(T").

Now, suppose that the Block Rule removed r from the list of v when processing a non-
trivial child (block) B of v. Let ¢ be lists constructed from ¢* by changing the list of v
to {r}, that is, ¢'(v) = {r}, and ¢'(z) = ¢*(x) for all x # v. Since r was removed from the
list of v by the Block Rule, it follows that B with lists ¢ is not list monopolar. Hence,
by Theorem E3, B with lists ¢/ contains a minimal list non-extendable forbidden induced
subgraph Fj, which is one of the configurations in Figure LIl Suppose that v does not
belong to Fy. Then all vertices of Fjy are in B — v, and hence, B — v with lists ¢ is not list-
monopolar. But, since for all vertices z of B —v, we have ¢/(x) = £*(x), also B —v with lists
£* is not list-monopolar. However, by Theorem B9, G with lists £* is list monopolar, because
0*(z) # 0 for all x € V(G), and hence, also B and B — v with lists ¢* are list-monopolar,
a contradiction. Thus, it follows that v must belong to Fy. Now, since ¢'(v) = {r} and
B with lists ¢* is list monopolar, we have that Fy is either the 9*" or 10" configuration
in Figure LIl In the former case, the hypergraph F’ corresponding to Fy with lists £* is
precisely the hypergraph of the 2°d rule for B’ and the 34 rule for B”, and extp = v.
Hence, F’ € Lg/(I'")U L (I"), and F’ is contained in G,. On the other hand, in the latter
case, Fpy is formed by v and a child u of B with ¢*(u) = {r}. Hence, by the inductive
hypothesis, G, contains F,, € Lg/(I'") U Lr~(T") with extp, = u. Now, since both v and v
belong to B, which is a 2-connected block, there must exist w in B such that u, v, w forms
a triangle. Also, from the properties of block-vertex trees, we have that u separates all
vertices of G, — u from the vertices of B — u. Hence, w does not belong to G, and hence,
w does not belong to F,. Now, let F’ be the hypergraph F’' = Hl[e/F,], where H is the
hypergraph of the 15 rule for B’ or the 2" rule for B”, and e is the hyperedge of H labeled
with R’ or R”, respectively. Clearly, F’ € Lg/(I') U Lg~(I"), and, again, F’ corresponds
to the subgraph of G, induced on v,w and the vertices of G,. Hence, extp = v, and F’
is contained in G,. If, in fact, F’ € Lg/(I"), then we also have F = F' € Lg(I") U Lp/(I")
with extp = v. Otherwise, we must have F,, € Lg/(I"), and we let F' = H'[¢//F,], where
H' is the hypergraph of the 2" rule for B, and €’ is the hyperedge of H' labeled with R”.
Clearly, F € Lg(I") U Lg/ ("), and F corresponds to the subgraph of G, induced on v and

the vertices of F,. Hence, extp = v, and F is contained in G,,.
Next, suppose that ¢*(v) = {r}. Again, recall that ¢*(v) C ¢o(v). Hence, if {y(v) = {r},
then the vertex v with list ¢y(v) corresponds to the hypergraph F' of the additional rule

for R”, which, clearly, belongs to Lgr~(I"), and extp = v. Hence, G, contains F, and
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F e Lg/(I")U Lr(I'"), and also F' = F € Lg(I"") U Lg~(T").

On the other hand, if ¢y(v) = {r,b}, then either Rules 2 - 8 or the Block Rule of
Algorithm must have removed b from the list of v. Let us assume that the algorithm
first applies Rules 6, 5, 8, 7, 4, 3, 2, in that order, and then applies the Block Rule.

Hence, suppose first that b was removed from the list of v by Rule 6. Then v has a non-
trivial parent B and a non-trivial child B’. Since v belongs to B’, and B’ is a 2-connected
block, there must exist vertices u,w in B such that u, v, w forms a triangle. Now, let F' be
the hypergraph of the 2" rule for R’. Clearly, F' corresponds to the subgraph of G,, induced
on u,v,w, and hence, exty = v. Therefore, G, contains F', and F € Lg,(I") U Lg~(I").

Now, suppose that b was removed from the list of v by Rule 5. Then v has two non-
trivial children B and B’. Observe that v must have a trivial or no parent, since otherwise
Rule 6 would remove b from v before Rule 5. Again, we have vertices u,w in B and v/, w’ in

ond ryle for

B’ such that u,v,w and u,v’,w’ are triangles. Let F' be the hypergraph of the
R/, and let F' = H[e/F,¢'/F)], where H is the 15 rule for R, and e, ¢’ are the hyperedges of
H labeled with R/. Again, clearly, F' and F’ correspond to the subgraphs of G,, induced on
the vertices u, v, w and u, v, w,u,w’, respectively. Hence, extr = v, extp = v, and we have
that G, contains both F and F’, and F' € Lg/(I") U Lg~(I"), and F' € Lg(I") U Lg~ ().
Next, suppose that b was removed from the list of v by Rule 8. Then v has a trivial
grandchild u, a non-trivial parent B, and ¢*(u) = {b}. Hence, by the inductive hypothesis,
G, contains a hypergraph F, such that either F,, € Lg(I”) or F, € Lg(I") U Lg/(I"). If
F, € Lg(I"), we let F = H[e/F,], where H is the hypergraph of the 15* rule for R/, and e is
the hyperedge of H labeled with B. Similarly, if F}, € Lp/(I"), then we let F = H'[¢//F,],
where H' is the hypergraph of the 15 rule for R”, and €’ is the hyperedge of H' labeled
with B’. In both cases, F' corresponds to the subgraph of G induced on v and the vertices
of F,. Hence, extp = v, and we have that G, contains F', and F' € Lgr/(I") U Lgr~(I").
Now, suppose that b was removed from the list of v by Rule 7. Then v has a trivial
grandchild u, which has a non-trivial child B, and ¢*(u) = {b}. It can be seen that G,
contains the hypergraph F from the case for Rule 8 (above), F' € Lg/(I') U Lr~(I"), and
extr = v. Hence, we only need to find the hypergraph F’. Observe that v must have a
trivial parent, since otherwise Rule 8 would have removed b from the list of v before Rule 7.
Now, by the inductive hypothesis, we have that G, contains a hypergraph F,, such that
F, € Lg/(I") or F! € Lg/(I")U L (I'). If F| € Lgn(I"), then we let F' = H[e/F], where
H is the hypergraph of the 2°¢ rule for R, and e is the hyperedge of H labeled with B”.
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Similarly, if F, € Lg/(I"), then we let F’ = H'[¢//F)], where H' is the hypergraph of the 1°¢
rule for R”, and ¢’ is the hyperedge of H’ labeled with B’. In both cases, F’ corresponds
to the subgraph of G induced on v and the vertices of F,. Hence, extp: = v, and we have
that G, contains F’, and F' € Lg(I'") U Lg~(IV).

Next, suppose that b was removed from the list of v by Rule 4. Then v has a trivial
grandchild u, a non-trivial child B, and ¢*(u) = {b}. Again, G, contains the hypergraph
F € Lg/(I") U Lg/(I'") with extp = v from the case for Rule 8. If, in fact, F' € Lg~(I"),
we let F/ = F, and we obtain that G, contains F' € Lr(I”) U Lg/(I") with extp = v.
Otherwise, we must have F' € Lg/(I"). Now, since B is a 2-connected block, there must
exist vertices w,w’ such that v,w,w’ forms a triangle. Hence, we let F' = Hle/F,e'/H'],
where H is the hypergraph of the 15 rule for R, H’ is the hypergraph of the 2" rule for R/,
and e, e’ are the hyperedges of H labeled with R/. Clearly, F’ corresponds to the subgraph
of G induced on w,w’ and the vertices of F. Hence, extrr = v, and we have that G,
contains F’, and F' € Lg(I") U Ly (V).

Now, suppose that b was removed from the list of v by Rule 3. Then v has trivial
grandchildren u, w with £*(u) = ¢*(w) = {b}. Again, applying the argument from the case
for Rule 8 for both the branch for w and the branch for w, we obtain that G, contains
F,F" € Lg/(I") U Lr»(I") with extrp = extpr = v, where F contains u and F" contains w.
Hence, if either F' € L~ (") or F”" € Lr» (), then we let F' = F or F' = F" respectively,
and obtain that G, contains F' € Lg(I") U Lr~(I") with extpr = v. Otherwise, we have
F,F" € Lp/(I"), and we let F' = H[e/F,e'/F"], where H is the hypergraph of the 15 rule
for R, and e, e’ are the hyperedges of H labeled with R’. Clearly, F’ corresponds to the
subgraph of G induced on the vertices of F' and the vertices of F”. Hence, extr = v, and
we have that G, contains F’, and F’ € Lg(I") U Lg~ (V).

Now, suppose that b was removed from the list of v by Rule 2. Then v has a trivial
grandchild w, which has a trivial grandchild w, and ¢*(u) = ¢*(w) = {b}. We observe
that both v and w cannot have any non-trivial children, since otherwise b would have been
removed from the list of u by Algorithm using Rules 4 and 7, respectively. Also, either
lo(u) = {b} or w has a trivial grandchild " with ¢*(u’) = {r}. This follows from the
fact that u has no non-trivial children, and only Rule 1 and the Block Rule can remove r
from the lists. Hence, by the inductive hypothesis, we have that G, contains a hypergraph
F, € L(I") with extr, = u, and a hypergraph F € Lg~(I") with extp; = u. Now, we
let F' = H[e/F,], where H is the hypergraph of the 15 rule for R, and e is the hyperedge
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of H labeled with B. Similarly, we let F’ = H'[¢//F}], where H' is the hypergraph of the
274 pyle for R, and € is the hyperedge of H’ labeled with B”. Clearly, F' (respectively F)
corresponds to the subgraph of G induced on v and the vertices of F,, (respectively F)).
Hence, extp = extpr = v, and we have that G, contains F € Lg/(I") U Lr~(I"), and
F' € Lg(T") U Lg~(I").

Finally, suppose that b was removed from the list of v by the Block Rule when processing
a non-trivial child B of v. Let ¢ be lists constructed from ¢* be changing the list of v to {b},
that is, ¢'(v) = {b}, and ¢'(x) = ¢*(z) for all  # v. Since b was removed from the list of v
by the Block Rule, we have that B with lists ' is not list monopolar. Hence, by Theorem
B3, B with lists #' contains a minimal list non-extendable forbidden induced subgraph Fp,
which is one of the configurations in Figure EETl Again, we have that v must be in Fy, and B
with lists £* is list monopolar, both of which follow from the fact that G with lists £* is list
monopolar. Hence, since ¢/(v) = {b}, Fy must be either the 5, or the 6, or the 7", or the
8™ configuration in FigureBZIl First, if Fy is either the 5 or the 6 configuration in Figure
BT, then the hypergraph F) corresponding to Fp is the hypergraph of either the 40 or the
5% rule, respectively, for R, and extp; = v. Then, clearly, Fj € Lr(I") U Lg~(I"), and F}
is contained in G,. On the other hand, if F} is the 7*" configuration in Figure EZT] then the
hypergraph F{ corresponding to Fp is the hypergraph of the 3'd rule for R, and ext R, =0
Now, let u be the vertex of Fy with ¢'(u) = ¢*(u) = {b} (that is, the vertex opposite v in Fp).
Observe that u cannot have any non-trivial children, since otherwise Algorithm would
have removed b from the list of u using Rule 6. Also, u cannot have any trivial grandchildren
o’ with £*(u') = {b}, since otherwise Algorithm would have removed b from the list of
u using Rule 8. Hence, either ¢o(u) = {b} or u has a trivial grandchild w with ¢*(w) = {r}.
Now, by the inductive hypothesis, we have that G, contains a hypergraph F, € Lg(I")
with extp, = u. Hence, we let F' = Fjjle/F,], where e is the hyperedge of F{ labeled with
B. (This is the hyperedge incident to u.) Clearly, F’ corresponds to the subgraph of G
induced on the vertices of Fjy and the vertices of F,,, and extpr = v. Therefore, G, contains
F', and F' € Lr(I") U Lg(I"). Finally, suppose that Fy is the 8" configuration in Figure
ET Then Fy consists of three vertices u,w, z (one of which is v) with edges uvw and wz.
Observe that, since B is 2-connected, there must exist a shortest path P from u to z which
avoids w. Then, since G (and hence also B) is chordal, and P is an induced (chordless) path
in B, each vertex of P must be adjacent to w. Now, if the length of P is two, then either

v is one of the vertices u, z and we obtain precisely the previous case (the 7t configuration
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in Figure LTl), or v = w and then B with lists ¢* contains Fp, and hence, B with lists ¢*
is not list monopolar, which is a contradiction. Similarly, if the length of P is three, then
either u # v or z # v, and in both cases, B with lists ¢* contains Fy (the 5™ configuration
in Figure E.Tl), and hence, it is not list monopolar, a contradiction. Finally, if the length of
P is at least four, then B (even without lists) is not monopolar, since Fj then contains the
3'd configuration in Figure EZTl, and hence, again, a contradiction.

The proof is now complete. O

We need to make one more observation. The following is easy to check.

Observation 4.8. Each hypergraph in Figures I3, -0, and[I.7] is generated by I". O
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Figure 4.5: Hypergraphs (part 1) for the proof of Theorem 3.
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We are now finally ready to prove the main theorem of this section.

Theorem 4.9. The grammar I generates (terminal hypergraphs corresponding to) all min-

tmal list non-extendable forbidden induced subgraphs for monopolarity of chordal graphs.

Proof. By Theorem EE6, we have that each hypergraph generated by I corresponds to a
chordal graph with lists, which is minimal list non-extendable forbidden induced subgraph
for monopolarity. Hence, it remains to prove that each chordal minimal list non-extendable
forbidden induced subgraph for monopolarity corresponds to a hypergraph, which is gener-
ated by IV. In what follows, we prove a more general statement, namely that each chordal
graph G with lists £y, which is not list monopolar, contains a hypergraph generated by I".

Hence, let G be a chordal graph with lists ¢y(v) C {r,b}, for all v € V(G), which is
not list monopolar. If G is 2-connected, then, by Theorem B3l G must contain a minimal
list non-extendable forbidden induced subgraph Fj, which is one of the configurations in
Figure Let F be the hypergraph corresponding to Fy. It can be immediately seen that
F is one of the hypergraphs in Figure EE3. Hence, by Observation EE8, I is generated by I,
and therefore, G' contains a hypergraph generated by I".
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O O

Now, let T be a fixed block-vertex tree of GG, and let £* be the lists computed by

o o[B] o{R7
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Figure 4.6: Hypergraphs (part 2) for the proof of Theorem 9.

Algorithm on G, {y, and T. Since G with lists £y is not list monopolar, we have, by
Theorem BT, that there must exist a vertex v of G such that ¢*(v) = 0, and £*(x) # () for all
xz € V(T,) \ {v}. If also £y(v) = 0, then the vertex v with its list ¢y(v) corresponds precisely
the right-most hypergraph F' in Figure L0 Hence, by Observation LY, F' is generated by
I/, and therefore, G' contains a hypergraph generated by I".

Thus, we assume that £o(v) # (). Suppose first that lo(v) = {r,b}. Since £*(v) = 0,
there are two rules among Rules 1 - 8 and the Block Rule, one of which removed r from the
list of v and the other removed b from the list of v.

First, suppose that both r and b were removed from the list of v by the Block Rule when
processing a non-trivial child B of v. It follows that B with lists ¢* is not list monopo-
lar. Hence, by Theorem EE3, B contains a minimal list non-extendable forbidden induced
subgraph Fy, which is one of the configurations in Figure EEIl If Fy is one of the first four
configuration in Figure LTl then, by Observation EE§ the hypergraph corresponding to Fy
is generated by I, and hence, G contains a hypergraph generated by I".

If Fy is either the 5™ or the 6" configuration in Figure Bl then Fy contains a vertex
u with list £*(u) = {b}. Clearly, u is a child of B. Hence, we observe that u cannot have
any non-trivial children, since otherwise b would have been removed from the list of u by
Algorithm B2 using Rule 6. Also, u has no trivial grandchildren v’ with ¢*(u’) = {b}, since
otherwise b would have been removed from the list of u by Algorithm using Rule 8.
Hence, either fg(u) = {b}, or u has a trivial grandchild «" with ¢*(uv’) = {r}. Thus, by
LemmalLT we have that G, contains a hypergraph F,, € Lg(I') with extp, = u. Therefore,
we let F = Hle/F,], where H is the 1% or the 2"? hypergraph in Figure EE6, and e is the
hyperedge of H labeled with B. Clearly, F' corresponds to the subgraph of G induced on
the vertices of F, and Fy, and F' € Lg(I"), since, by Observation E8, H is generated by I".
Hence, G contains a hypergraph generated by I".
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Similarly, if Fp is the 7" configuration in Figure BZIl then Fp has vertices u,w with
0*(u) = ¢*(w) = {b}, which are both children of B. Again, both u and w have no non-
trivial children and no trivial grandchildren « with ¢*(u') = {b}. Hence, by Lemma T,
G, contains F,, € Lg(I'") with extp, = u, and G,, contains F,, € Lg(I"”) with extp, = w.
Thus, we let F = Hle/F,,¢'/F,], where H is the 3" hypergraph in Figure B, and e, e’
are the hyperedges of H labeled with B. Clearly, F' corresponds to the subgraph of G
induced on the vertices of F,, F, and Fy, and we have F' € Lg(I"). Hence, G contains
a hypergraph generated by I". Finally, if Fy is the 8™ configuration in Figure EZIl then
Fy has vertices u,w,z with £*(u) = ¢*(w) = £*(z) = {b}. Again, it follows that u,w, z
are children of B, and G,, G, and G,, contain F,, F,,, F, € Lg(I"), respectively. Hence,
F = Hle/F,,¢'|Fy,e"/F,], where H is the 4™ hypergraph in Figure 6, and e,¢’,e” are
the hyperedges of H labeled with B, is generated by I and contained in G.

Now, if Fy is the 9™ configuration in Figure EZIl then F, contains a vertex u with
¢*(u) = {r}, which is a child of B. Hence, By Lemma E we have that G, contains
F, € Lr/(I") U Lr»(I") with exty, = u. Thus, we let F = H[e/F,], where H is either the
5% or the 6" hypergraph in Figure B8, and e is the hyperedge of H labeled with R’ or R”,
respectively. Clearly, F' corresponds to the subgraph of G induced on the vertices of F}, and
Fy, and F € Lg(T'"). Hence, G contains a hypergraph generated by I'".

Finally, if Fp is the 10" configuration in Figure EZI], then F, contains vertices u,w with
0*(u) = £*(w) = {r}, which are both children of B, and hence, by Lemma[L7, we obtain that
G, and G, contain F,, F,, € Lr/(I") U Lg ("), respectively. If, in fact, F,, F,, € Lg~(I"),
then we let F = Hle/F,,¢'/F,], where H is the 7" hypergraph in Figure Ef, and e, e’
are the hyperedges of H labeled with R”. Clearly, F' corresponds to the subgraph of G
induced on the vertices of F, and Fy,, and F € Lg(I"), and hence, G contains a hypergraph
generated by I". Otherwise, F,, € Lg/(I") or F,, € Lr/(I"). Now, since B is a 2-connected
block, there must exist a vertex z in B such that u,w, z forms a triangle. Hence, we let
F = H'le/F,,¢ |F,], where H' is the 8" or the 9*" hypergraph in Figure EEf, and e, ¢’ are
hyperedges of H' labeled with R’ or R” (depending on where F,, and F,, belong). Again, F'
clearly corresponds to the subgraph of GG induces on z and the vertices of F;, and F,,, and
we have F' € Lg(I"). Hence, G contains a hypergraph generated by I".

From now on, we can assume that no non-trivial child of v caused the removal of both r
and b from the list of v. Hence, suppose next that r (but not b) was removed from v by the

Block Rule when processing a child B of v. Let Gp be the subgraph of G, induced on v, the
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Figure 4.7: Hypergraphs (part 3) for the proof of Theorem 9.

vertices of B, and all blocks in the subtree rooted at B. (Observe that v € V(Gp).) Also,
let ¢’ be lists constructed from £* by changing the list of v to {b}. Since the Block Rule did
not remove b from the list of v when processing B, it now follows that B with lists ¢ is list
monopolar, and hence, also G g with lists £ is list monopolar. Thus, we can apply Lemma 1
on Gp with lists ¢/, and we obtain that Gp contains a hypergraph Fp € Lg(I") U Lg/(I")
with extr, = v, and a hypergraph Fj; € Lg/(I'") U Lg»(I') with extp, = v.

First, suppose that v has a non-trivial parent B’, or a non-trivial child other B’ than B.
Hence, b was removed from the list of v by Algorithm using Rules 6 or 5, respectively.
Since B’ is a 2-connected block, there must exist vertices w, z in B’ such that v, w, z forms
a triangle in B’. Thus, we let F' = He/Fl,¢//H'], where H is the hypergraph of the 3" or
the 5% rule for S, H' is the hypergraph of the 2" rule for R/, and e, ¢’ are the hyperedges
of H labeled with B’ or B” and R/, respectively. Clearly, I’ corresponds to the subgraph of
G induced on v, w, z and the vertices of FJ;, and we have F' € Lg(I"”). Hence, G contains a
hypergraph generated by I".

Now, suppose that v has no non-trivial children other than B, and has trivial (or no)
parent. Since b was removed from the list of v, it follows that v must have a trivial grandchild
u with £*(u) = {b}. Hence, by Lemma I G, contains a hypergraph F,, such that
F, € Lg(I") or F, € Lg(I")U Lg/(I"), and extr, = u. If F, € L(I"”), then we let
F = Hle/F,,¢'/|F}], where H is the 15 or the 2nd hypergraph in Figure BZ and e, e’ are
the hyperedges of H' labeled with B and B’ or B”| respectively. If F, € Lg/(T"), then
we let F = H'[e/F,,¢'/Fg], where H' is the 1% or the 3¢ hypergraph in Figure EE7, and
e, e’ are the hyperedges of H labeled with B’ and B or B/, respectively. In both cases, F
corresponds to the subgraph of G induced on the vertices of F, and Fp, respectively, FJ,
and we have F' € Lg(I'"). Hence, G contains a hypergraph generated by I'".

From now on, we can assume that no non-trivial child of v caused the removal of r from
the list of v. Hence, r must have been removed from the list of v by Rule 1, and it follows

that v has a trivial grandchild u with ¢*(u) = {r}. Thus, by Lemma B, G, contains a



CHAPTER 4. FORBIDDEN SUBGRAPHS FOR MONOPOLARITY 87

hypergraph F), € Lg(I') U Lr~(I'). Now, let X denote the set of all trivial grandchildren
o' of v with £*(u') = {r}, and let G} be the graph constructed from G, by removing the
subgraphs G, for each u € X. Also, let ¢ be lists constructed from ¢* be changing the list
of v to {r}. We observe that v no longer has any trivial grandchildren v’ with ¢*(v') = {r}
in G, and hence, G! with lists ¢ must be list monopolar. First, suppose that v has a
non-trivial parent B. Then, since B is a 2-connected block, there exist vertices w,z in
B such that v,w,z forms a triangle. Now, we can apply Lemma BT to G} with lists ¢,
and we obtain that G’ contains a hypergraph F, € Lg/(I") U Lg~(I") with extp, = v. If
F, € Lr/(I"), then we let F = H[e/F!,¢'/F,], where H is the 4™ or 5" hypergraph in
Figure B, and e, e’ are the hyperedges of H labeled with R or R” and R/, respectively.
Clearly, F' corresponds to the subgraph of G induced on w, z and the vertices of F, and F,,
and we have F' € Lg(I"”). Hence, G contains a hypergraph generated by I''. On the other
hand, if F, € Lrr(T"), then we let F = H'le/F!, ¢'/F,], where H' is either the 7' or the
8™ hypergraph in Figure B0, and e, €’ are the hyperedges of H' labeled with R or R” and
R”, respectively. Clearly, F' corresponds to the subgraph of G induced on the vertices of
F) and F,, and we have F' € Lg(I"). Finally, if v has a trivial (or no) parent, then, by
Lemma BT, G', additionally contains F;, € Lr(I'") U Lgr~(I") with extp = v. Thus, we let
F = H"[e/F!,e'/F'] where H" is either the 6%, the 7, or the 8" hypergraph in Figure
BT, and e, e’ are the hyperedges of H” labeled with R or R” (depending on where F, and
F] belong). Clearly, F' corresponds to the subgraph of G induced on the vertices of F,, and
F], and we have F' € Lg(I"”). Hence, G contains a hypergraph generated by I".

Now, we can assume that either ¢o(v) = {r} or ¢y(v) = {b}. Let £ be lists constructed
from £ by changing the list of v to {r, b}. If G,, with lists £ is not list monopolar, then we can
consider G,, with lists £, instead of ¢y, and repeat the above analysis. Hence, we can assume
that G, with lists £ is list monopolar. First, suppose that £y(v) = {r}, and let ¢’ be lists
constructed from ¢* by changing the list of v to {b}. Since G, with lists £, is list monopolar,
it follows that G, with lists ¢ is also list monopolar. Thus, by Lemma BT, G, contains a
hypergraph F), such that F, € Lg(I"), or F, € Lg(I'") U Lg/(I") with extp, = v. Hence,
we let F' = Hle/F,,¢//H'], where H is either the hypergraph of either the 2"d or the 4"
rule for S, H' is the hypergraph of the additional rule for R”, and e, e’ are the hyperedges
of H labeled with B or B’ and R”, respectively. Clearly, F' corresponds the subgraph of G
induced on the vertices of F,, and we have F € Lg(I'"). Hence, G contains a hypergraph
generated by I".
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Now, suppose that ¢y(v) = {b}, and let ¢’ be lists constructed from ¢* by changing the list
of v to {r}. Again, since G, with lists £, is list monopolar, it follows that G, with lists ¢’ is
also list monopolar. Hence, by LemmaET G, contains a hypergraph F,, € Lg/(I")ULg~ (I")
with extr, = v. Suppose that v has a non-trivial parent B. Then, since B is 2-connected
block, there exist vertices w, z in B such that v, w, z forms a triangle. Hence, if F,, € Lg/(I"),
we let F = Hle/F,], where H is the 9*" hypergraph in Figure B0, and e is the hyperedge
of H labeled with R’. Clearly, F' corresponds to the subgraph of G' induced on w,z and
the vertices of F,, and F € Lg(I"). On the other hand, if F,, € Lg(I'), then we let
F = Hle/F,,¢/H"], where H is the hypergraph of the 2" rule for S, H” is the hypergraph
of the additional rule for B, and e,e’ are the hyperedges of H labeled with R” and B,
respectively. Clearly, F' corresponds to the subgraph of GG induced on the vertices of F,,
and we have F' € Lg(I"”). Finally, suppose that v has a trivial (or no) parent, and hence, by
Lemma B G, additionally contains a hypergraph F, € Lgr(I') U Lr»(I") with extp = v.
Hence, we let F' = H[e/F! ¢//H"], where H is the hypergraph of the 1°* or the 2"¢ rule
for S, H” is as before, and e, e’ are the hyperedges of H labeled with R or R” and B,
respectively. Clearly, F' corresponds to the subgraph of G induced on the vertices of F),
and we have F' € Lg(I"”). Hence, G contains a subgraph generated by I".

The proof is now complete. O

As a corollary, we immediately obtain the following theorem.
Theorem 4.10. The grammar I' generates all minimal non-monopolar chordal graphs. [J

In closing, we remark that the proofs of Lemma 1 and Theorem EEd immediately imply
an O(n + m) time algorithm for finding a minimal list non-extendable forbidden induced
subgraph for monopolarity in a chordal graph with lists, which is not list monopolar.

Hence, we have the following strengthening of Theorem BT

Theorem 4.11. (Monopolarity of chordal graphs - Certifying version)

There is an O(n 4+ m) time algorithm to decide, for a chordal graph G with lists ¢, whether
G admits a monopolar partition which respects ¢, and to find such a partition if one exists.
If such a partition does not exist, the algorithm produces in time O(n + m) an induced
subgraph G’ of G with lists £'(v) 2 £(v), for each v € V(G'), such that G' has O(n) edges, and

G’ with lists ' is a minimal list non-extendable forbidden induced subgraph for monopolarity.



Chapter 5
Subcolourings of Chordal Graphs

Recall, that a k-subcolouring of a graph G is a partition of the vertices of G into k sets
ViU Vo U...UVg, such that each V; induces a disjoint union of cliques (complete graphs)
in G, that is, each V; induces a Ps-free graph. A graph G is called k-subcolourable, if there
exists a k-subcolouring of G. The smallest integer k such that G is k-subcolourable is called
the subchromatic number of G, and is denoted by xs(G).

Subcolourings and the subchromatic number were first introduced in [2]. Initially, the
main focus was the properties of the subchromatic number xs(G). More recently, the
complexity of recognizing k-subcolourable graphs has become a focus of attention. As
we remark in Chapter [l in general graphs this problem is N P-complete for all & > 2.
Interestingly, the problem remains N P-complete for all £ > 2, even if the graph is triangle-
free and of maximum degree four [31] (and also [37]), or if the graph is a comparability graph
[7]. On the other hand, there are several natural classes of graphs for which the problem
has a polynomial time solution for any fixed k, e.g., graphs of bounded treewidth [31], or
interval graphs [7], for which an O(n?**1) time algorithm is known (even for the list case).

In [7], the authors formulated the following open problem. Determine the complexity
of the k-subcolouring problem for the class of chordal graphs. In the following sections,
we completely answer this question by giving a polynomial time algorithm for £ = 2, and

showing N P-completeness for all k£ > 3.

89



CHAPTER 5. SUBCOLOURINGS OF CHORDAL GRAPHS 90

5.1 2-subcolourings

In this section, we describe an O(n?) time algorithm for testing list 2-subcolourability of
chordal graphs. In comparison, the best known algorithm for this problem to date for
interval graphs is the algorithm of [7] which runs in time O(n®). Therefore, our algorithm
also improves the complexity of this problem for the smaller class of interval graphs.
Instead of considering a k-subcolouring of G as a partition V(G) = VU Vo U ... U Vg,
one can view it as a mapping c: V(G) — {1,2,...,k}, where for every i € {1,2,...,k}, the
vertices of V; are mapped to ¢. Therefore, we shall employ the terminology of colourings and
refer to ¢ as a colouring of G, and refer to the elements of {1,2,...,k} as colours. (Note that
¢ is not necessarily a proper colouring.) In particular, for a 2-subcolouring V(G) = V4 U V5,
the associated colouring ¢ is a mapping ¢ : V(G) — {r,b}. We shall refer to the elements of

V1 and V5 as red and blue vertices and use letters r and b for the two colours.

5.1.1 Subcolouring digraph

Observe first that a graph G is k-subcolourable, if and only if, each connected component
of G is k-subcolourable. Hence, let G be a connected chordal graph, and let T" be a fixed
clique-tree of G. (Clique-trees are defined in Section [[2) Let C,, for u € V(T') denote the
maximal clique of G associated with u, and let C(X) denote the union of cliques associated
with the vertices of a set X C V/(T'), that is, C(X) = |J,cx Cu- In this section, we shall not
consider T' to be rooted. We shall use parentheses (, ) to denote the edges of T', to distinguish
them from the edges of G. The removal of an edge (u, v) splits T into two subtrees; we shall
denote by T, , the subtree containing the vertex v, and by 7;, , the subtree containing the
vertex u. We denote G, , = C(Ty,,) and Gy = C(Ty ).

Observe that in any k-subcolouring ¢ of GG, a vertex a in a clique C' of G can have
neighbours of the same colour as a in at most one connected component of G\ C. Based on
this, we construct a multidigraph D.(G) with coloured edges to capture the properties of
the colouring ¢. We shall refer to D.(G) as a subcolouring digraph for c. To avoid ambiguity,
the edges of D.(G) shall be referred to as arcs and denoted using angle brackets (,) to
distinguish them from the edges of T" and the edges of G. In particular, (u,v), shall denote
an arc from u to v coloured i, and we shall write (u,v) for an arc from u to v (of some
colour). The digraph D.(G) is constructed as follows. The vertices of D.(G) are the vertices

of T', and for vertices u,v that are adjacent in T', there is an arc (u,v), in D.(G), if there
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exist vertices a € C, and b € Gy, \ C, such that ab € E(G) and both a and b have the
same colour ¢ in c. Note that we have arcs in D.(G) only between vertices that are adjacent

in T. The construction is illustrated in Figure Bl

Figure 5.1: Illustrating the case when there is an arc (u,v) in D.(G).

Formally, we define D.(G) as follows.
(i) V(De(G)) = V(T)

S0 (u,v) € E(T)
(i) E(D:(Q)) = < (u,v), e G“ v ab € B(G)
CEATE T a) = e(b) =i

We have the following observations about D.(G).

Proposition 5.1. Let u,v,w be vertices of D.(G) and let i be a colour from {1,2,... k}.
If ¢ is a k-subcolouring then D.(Q)

(1) cannot contain both the arc (u,v), and the arc (v,u),,

(i1) cannot contain both the arc (u,v), and the arc (u,w),,

(iit) cannot contain all of the arcs (u,v),, (u,v)y,..., (U, v).

Proof. Suppose that (i) is false. Let a,b and a’,b’ be the vertices of G that caused
the arcs (u,v), and (v,u), respectively to appear in D.(G). It is not difficult to see that
a,a’ € C,NC, and b ¢ E(G). Hence, the graph induced on a,b,a’,’ must contain an
induced P3 coloured 4, a contradiction. One can easily repeat this same argument for pairs

a,b and o,V that falsify (ii).
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Finally, let aq,b1, ag,bo, ..., ak, b be the pairs of vertices that falsify (¢i7). Since C,
and C, are two different maximal cliques of G, there exists a vertex d € Cy, \ C,. Again, it
is not difficult to see that a; € C,, N C, for all ¢, and d is not a neighbour of any b;. Now,
any colour j assigned to d creates an induced P3 coloured j on the vertices d,a;, b;, which

yields a contradiction. O

Now, we turn to 2-subcolourings. In what follows, we shall assume that G is a connected
2-subcolourable chordal graph, T a fixed clique-tree of G, and c is a 2-subcolouring of G.
Recall that we have red and blue vertices in G, and r and b denote the two colours.

We shall call an edge (u,v) in T" a strong edge of T, if D.(G) contains both (u,v), and
(v,u)p, or both (u,v), and (v,u),. We shall call an edge (u,v) in T a weak edge of T,
if there is at most one arc between u and v in D.(G). It follows from Proposition Bl that
every edge in T must be either strong or weak.

Let u,v be adjacent vertices in T'. Let I,, = C, N C,, and let N, , be the set of all
vertices of Gy, \ Cy, which are neighbours of C,,NC,,. Furthermore, let L, , = Gy, \ C, and
Ryy = Guy\ LypUNyy). (Note that C, C I, yUN,,.) We have the following observation.

Proposition 5.2. Let u,v be adjacent vertices in T'.

(1) If (u,v), € E(D.(G)), or (u,v), € E(D.(G)), then the vertices of C,, \ Cy are all blue,
or all red, respectively.
(i1) If (u,v) € E(D.(G)) then the vertices of I,,, and N, are all red and all blue respec-

tively, or all blue and all red respectively.

(111) G has no induced P3 having both a vertex of Ly, and a vertex of Ry,.

Proof. For (i), suppose that (u,v), € E(D.(G)) (the other case is clearly symmetric), and
let a,b be the red vertices that caused this arc. It is easy to see, that a € C,, N C,, and b
is not adjacent to any vertex in C, \ C,. Hence, no vertex d of C, \ C, can be red, since
otherwise d, a, b is an induced red Ps.

For (ii), let a € I, and b € Ny, be adjacent. Then a and b must have different colours,
since otherwise we would have an arc (u,v) € E(D.(G)). Since C, and C, are different
maximal cliques, there exists d € C, \ Cy. Now, the claim follows, because d is adjacent to
all vertices of I, ,, and hence any a’' € I,,,, must have different colour from d.

Finally, for (iii), let b, a,d be an induced P5 in G (with edges ba and ad), which contains
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both a vertex of L, , and a vertex of R, ,. Now, since L, , and R, , are completely non-
adjacent, it follows that a € L, , U R, . Hence, we can assume that b € L, ,, and d € Ry ,.
Now, if a € I,,, then we must have d € N, ,, but Ny, N Ry, = (. Hence, a € N,,, and
be Iy, but Ly, NI, , = 0. Therefore, no such vertices b, a,d exist in G. O

Note that this observation allows us to consider independently the subgraphs of 7', which

no longer contain any weak edges. For strong edges in T we have the following observations.

Observation 5.3. Every vertex of T has at most two incident strong edges, that is, the

connected components formed by the strong edges of T are paths.

Proof. It is not difficult to see that if a vertex u in T" has three adjacent strong edges, then
for at least two of them, say (u,v) and (u,w), we have arcs (u,v) and (u,w) of the same

colour in D.(G). By Proposition BEIN4¢) this is not possible. O

Proposition 5.4. Let u be a vertex in T with distinct neighbours v, w, z.
(i) If (v,u) is a strong edge and (w,u) & E(D.(Q)), then (z,u) is not a strong edge.
(11) If (v,u) is a strong edge, (w,u) & E(D:(G)), and (z,u) & E(D.(G)), then L, = Iy ».

)
)
(iii) If (v,u) &€ E(Dc(G)), (w,u) & E(D.(Q)), and (z,u) & E(D.(G)), then I, = Ly or
Lyw=1

u,z OT Iu,z = Iyu-

Proof. For (i) suppose that the edges (v,u) and (z,u) are strong and that (w,u) ¢
E(D.(G)). Since G is connected, there exists a € I,,,,. Without loss of generality, we may
assume that (u,z), € E(D.(G)). Hence, by Proposition lE2(¢), we obtain that C, \ C, is all
red, C, \ C. is all blue, and C,, C C, U C,. Also, since Cy, C, and C, are different maximal
cliques, we have d € C, \ C, and b € C, \ C,. Now, clearly, a € C, U C,. Hence, if a is
red, then a € C;, and hence (w,u), € E(D.(G)), and if a is blue, then a € C,, and hence
(w,u), € E(D.(G)), a contradiction.

For (ii) suppose that (v,u) is strong, (w,u) € E(D.G)), and (z,u) ¢ E(D.(G))
but I,., # I,.. Without loss of generality, we may assume that I,,,, € I, . and that
(u,v),,(v,u), € E(D:(G)). Hence, there must exist a vertex a € I, ,, \ I, -, a vertex b € I, ,
(since G is connected), and a vertex d € C,, \ C,, (since the cliques are maximal). Clearly,
c(a) # c(b), otherwise we have (z,u) € E(D.(G)). Now, since (v,u), € E(D.(Q)), it follows
that the vertex d is red. Similarly, since (u,v), € E(D.(G)), we have that C, \ C, is all
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blue. Hence, if a is red, then a € I, ,, and hence (w,u), € E(D.(G)), and if b is red, then
b€ I, and hence (z,u), € E(D:(G)), a contradiction.

Finally, for (iii) suppose that none of (v,u),(w,u), and (z,u) is in E(D.(G)), but the
three sets Iy, ., Iy and I, . are pairwise different. Without loss of generality, we may
assume that I, , € Iy € Iy, and either I, , € I, », or Iy 2 Iy .. If I,y € I, -, suppose
first that J # 0, where J = I, \ (Zuw U I). It follows that we must have a vertex
a € J,avertex b € I, \ I, and a vertex ¢ € I, .. Now, at least two of the vertices
a,b,c must have the same colour. That gives us one of the arcs (v,u), (w,u), (z,u) in
E(D.(G)), and hence, a contradiction. If J = (), we similarly obtain a contradiction for
vertices a € (IywNIyp) \Tuz b€ (Lu:N1yy) \ Luw, and ¢ € Cy, \ Cyy. Now, if I, , 2 I, ., it
follows that we have a vertex a € Iy, \ Ly, a vertex b € Iy, \ Iy, 2, and ¢ € I, . \ I, and

again a contradiction follows. O

Let P, , denote the (unique) path from u to v in 7. We shall call the path P, , strong, if
it is formed only by strong edges of T'. Note that we also allow paths of zero length (paths
P, with u = v); all such paths are trivially strong. A strong path is mazimal, if it is not
properly contained in another strong path. A vertex z in T adjacent to a vertex u is a

special neighbour of u, if (z,u) ¢ E(D.(G)). For strong paths, we have the following claim.

Proposition 5.5. For any strong path P, ,, in T (possibly with u = v), there exist sets Ay,
and A’u’v (both possibly empty) such that for any special neighbour s of some t € P, ,, we

_ _ /
have Isy = Ayy or Isp = Ay, -

Proof. If u # v, then, by Proposition BEZi), only v and v can have special neighbours.
Hence, if u has a special neighbour z, we let A, , = I,,, and A, , = 0 otherwise. If v has
a special neighbour w, we let A, , = I, and A, , = () otherwise. Now, the claim follows
from Proposition B4)(i7).

If w = v and u has two special neighbours z and w with I, ,, # I, 4, we define A, , = I, 4,
and Aiw = Iyu. Otherwise, we let A, , = I,, and Aiw = (), if v has a special neighbour
z, but does not satisfy the previous condition. Finally, we let A, , = Agw = (), if u has no

special neighbours. Now, the claim follows from Proposition B4(iii). O

Finally, we give a complete characterization of the structure of the colouring ¢ on the
vertices of C(P,,,) of the strong paths P, ,. Let By, and By, , denote the sets of neighbours
of Ay, and A, in C(P,,), respectively.
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Theorem 5.6. For any strong path P, , in T (possibly with u=v), we have
(i) C(Pyw) = Cy UCy, and the vertices of Cy, \ Cy, and C, \ C,, are all red and all blue

respectively, or all blue and all red respectively,
(i1) for every weak edge (s,t) incident to P, ,, the vertices of Is; are all red or all blue,

(iii) the vertices of Ay, U Bl , and Aiw U By, are all red and all blue respectively, or all

U,V
blue and all red respectively, and
(iv) if in addition P, , is mazimal, then any colouring ¢ of C(P, ) satisfying (i) — (iii) is

a 2-subcolouring of C(P, ) and can be extended to a 2-subcolouring of G.

Proof. We prove (i) by induction on the length of the path P, ,. If u = v, then there is
nothing to prove. Hence, let w be the neighbour of v on P, ,, and assume that C(P, ) =
Cy Uy, and that the vertices of Cy, \ Cy, and C,, \ C,, are all red and all blue, respectively.
Since (w,v) is a strong edge, by Proposition B2(i), we have that C, \ C,, is all blue, and
Cy \ Cy is all red. From this we deduce Cy, \ (C,, U C,) = 0, which implies C\,, € C,, U Cy,
and the claim follows.

Now, claims (i7) and (i77) follow directly from Proposition (2(i¢) and Lemma B3, since
for any special neighbour s of t € P, ,, we have I,y = A, , and Nyt NC(Py,y) = By, Or
Iy = A, and Ny NC(Pyy) = By,

Finally, let ¢ be any colouring of C(P, ) satisfying (i) — (ii). Let ¢ be a colouring of G
constructed from the colouring c as follows. First, we exchange the colours red and blue on
the vertices of Gy s for each neighbour s ¢ P, , of t € P, ,, so that the colours of I,; match
the colouring ¢’. (Note that since P, , is maximal, the edge (s,t) is weak.) Then we replace
the colours of C(P,,) by ¢. Clearly, ¢’ extends ¢/. We show that ¢ is a 2-subcolouring
of GG. Suppose otherwise, and let b,a,d be an induced P3 in G with edges ba and ad such
that ¢’(b) = ’(a) = ’(d). If b,a,d € C(P,,), then, by (i), it follows that the vertices
b,a,d are all in C,, or all in C), but that is not possible, since bd ¢ E(G). On the other
hand, if a ¢ C(P,,), then it follows from the construction of ¢ that ¢(b) = c(a) = ¢(d),
which is not possible, since c is a 2-subcolouring. Hence, for some neighbour s ¢ P, , of
t € P, ,, we have that a € I; s and b € Ny s and d € N, ;NC(P, ). Now, if (¢t,s) € E(D.(G)),
then, by Proposition B2(i7), we have that c(a) # ¢(b), and hence ¢’(a) # ¢’ (b), because
a,b € Gis. On the other hand, if (t,s) € E(D.(G)), then s must be a special neighbour
of ¢, but then, by (i), we have that a € Ay, and d € By, or a € A, and d € B, ,, and

u,v?

hence, ¢”’(a) # ¢’(d), a contradiction. O
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5.1.2 Algorithm

Now, we are ready to describe the algorithm for deciding (list) 2-subcolourability for chordal
graphs. We assume that we are given a chordal graph G and a fixed clique-tree T of G, and
we want to decide whether or not G is 2-subcolourable. Later, we describe how to obtain a
list version of the algorithm.

This time, we consider T rooted at an arbitrary fixed vertex r. Therefore, we write p[v]
to denote the parent of a vertex v in T'. For a vertex v in T, we denote by T, the subtree of
T rooted at v. We shall say that T, is (—) colourable, if there exists a 2-subcolouring ¢, of
C(T,) such that the vertices of I, , are all red or all blue. Similarly, T, is (+) colourable,
if there exists a 2-subcolouring ¢, of C(T},) such that the vertices of I, and Ny, are
all red and all blue, respectively, or all blue and all red, respectively. In the special case of
the root r, when p[v] does not exist, we shall say that 7). is (—) colourable, if there exists a
2-subcolouring ¢, of C(T,) = G.

Note that, by Lemma BH for every strong path, we only need to consider up to two
special neighbours z and w. If the path has only one such neighbour (or none), we use nil
as the value of z or w. Therefore, we always view a path P, , having two special neighbours
z and w of u and v, respectively, but allow one (or both) of z and w to be nil. We shall say
that the path P, , is (2, w)-colourable, if there exists a 2-subcolouring ¢, , of C(P,,) such
that for every edge (s,t) incident to P, , in T', the vertices of I, are all red or all blue, and
such that if z is not nil (w is not nil), then the vertices of N, , (Ny ., respectively) in C(P, )
are all red or all blue.

The algorithm works as follows. It processes the vertices of T" in a bottom-up order and
identifies which edges of T' could be weak for some 2-subcolouring of G. This is done by
testing and recording for every vertex v in T', whether or not the subtree T, is (4) colourable,
and whether or not the subtree T, is (—) colourable. (Note that 7; must be either (+)
colourable or (—) colourable if (v, p[v]) is a weak edge in T for some 2-subcolouring of G.)

For a vertex x of T, the test for colourability of T, is done as follows. First, if we are
testing (—) colourability, we precolour the vertices of I, , by red or blue, otherwise we
precolour the vertices of I, , and Ny[;] . by red and blue, respectively, or by blue and red,
respectively. Then we choose a strong path P, , in T}, that passes through z, and we choose
special neighbours z and w of u and v, respectively. (See the above remark about special

neighbours.) Then we test for the colourability of P,, with respect to the chosen special
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neighbours by applying Theorem .6 Finally, we recursively test, for every special neighbour
y of P, ,, whether or not the corresponding tree T}, is (—) colourable or (+) colourable, and
for all other neighbours of P, ,,, whether or not their corresponding trees are (+) colourable.
We declare T, (—) colourable (or (+) colourable, depending on the particular case), if and
only if, the above tests succeed for some choice of u, v, and some choice of special neighbours
of u and v. Note that, since we process the vertices in a bottom-up order, each recursive
call amounts to a constant time table look-up.

If the algorithm succeeds to declare T, (—) colourable, then the graph G is 2-subcolourable,
otherwise G is not 2-subcolourable. The correctness of this algorithm follows directly from
Proposition and Theorem b8l A more precise description of the algorithm can be found
below (see Algorithms BEJHEA]). Now, we shall discuss some implementation details.

Note that, in the procedure for testing colourability of a strong path P, ,, (Algorithm B2,
we need to precolour for each edge (s,t) incident to P, ,, the vertices of the set I, either
all red or all blue (as follows directly from Theorem B6). However, we cannot do this
independently for each edge (s,t), since if two such sets I,; and Iy p intersect, and we
want that in each set all vertices must have the same colour, then also all vertices in their
union Ig; U Iy » must have the same colour. Similarly, by transitivity, if there are sets
It = Ig s Lo tns oo 1 = Iy such that Iy, ;, NI, ., # 0 for each 1 < i < k, then

Skstk i+1,
must have the same colour; we say that the sets I,

also all vertices of I, ¢, U... U I, ¢,
and Iy are conflicting.

Hence, instead, our algorithm constructs a special collection £ of sets with the property
that no two sets of L intersect, each set L € L is a union of pairwise conflicting sets I ;,
and for any edge (s,t) incident to P,,, there is a set L € £ which contains all vertices of
I ;. Once L is constructed, we can independently choose the red or blue colour for each set
L € L, and colour all vertices of L using that colour. Since different sets from £ are not
intersecting, this procedure never colours a vertex both red and blue. Also, since each set
I is a subset of some L € L, this way we colour the vertices of I,; all blue or all red for
each edge (s,t) incident to P, ,.

We obtain the sets £ using a variant of the Union-find algorithm as follows. Initially, we
let £ be empty. Then we process the edges incident to P, , one by one, and for each such
edge (s,t), we first find all sets L € £ that intersect I;. Then we remove all these sets and

take their union augmented with the vertices of I;, and add this newly created set into L.

Then we process next edge. It is not difficult to see that this procedure creates the sets £
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as described above. We implement this procedure as follows. We assign to each vertex of
G a label indicating to which set of £ that vertex belongs (or no label if it does not belong
to any set of £). When processing an edge (s,t), we find the sets of £ that intersect I+
by computing the set S of different labels on the vertices of I5;. This can be done using a
table of size O(n) in time O(n). After that, we create the new set L O I, by labeling with
a new label i all vertices whose label belongs to S and also all vertices of I, ;. This can be
again accomplished in time O(n). After all edges (s,t) are processed, we construct the sets
L € L by scanning the labels of all vertices again in time O(n).

Additionally, it is not difficult to see that this algorithm can be easily extended to solve
the list 2-subcolouring problem in chordal graphs. Recall that this is the problem where
each vertex v has a (non-empty) list £(v) of admissible colours, in our case colours red and
blue, and the task is to decide whether G has a 2-subcolouring that respects these lists.
To obtain a modified algorithm solving the list version of this problem, we only need to
modify the procedure for testing strong paths (Algorithm BE2). In the procedure, we add
an initial step in which we precolour by red all vertices v whose list contains only the red
colour, and precolour by blue all vertices v whose list contains only the blue colour. Then
in steps 3, 4, and 5, we choose the colours of the sets precoloured in these steps so that no
vertex is precoloured both red and blue. If we cannot make such a choice, we declare P, ,
not (z,w)-colourable. The correctness of this (modified) algorithm is straightforward.

Finally, we briefly explain how to construct a 2-subcolouring of G, if the algorithm
declares GG 2-subcolourable. To do that we modify the algorithm so that anytime it declares
T, (+)-colourable or (—)-colourable, we store the vertices u,v,z,w for which the test in
Algorithms B3, B4l was successful. Using this additional information, we can construct a
2-subcolouring of G by backtracking from the root and colouring the vertices of strong paths
P, ., that we used when declaring the subtrees of T' (4)- respectively (—)-colourable, using
the colourings constructed for P, , by Algorithm Since in the tests we always make sure
that the colourings of different strong paths are compatible in the sense of Proposition B2,
it can be seen that this procedure indeed gives a 2-subcolouring of G.

We summarize the main result of this section in the following theorem.

Theorem 5.7. There exists an O(n3) time algorithm deciding, for a given chordal graph
G (with lists £(v), for all v € V(Q)), whether G is (list) 2-subcolourable; the algorithm also

constructs a 2-subcolouring of G if one exists.
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Proof. As noted before, one can determine the maximal cliques of G and construct a
clique-tree T of G in time O(n 4+ m). Also, it follows from the above remark that for any
pair of vertices u,v and a choice of special neighbours z and w of u and v, respectively,
one can determine (z,w)-colourability of the path P, in time O(n?). In the first part of
the algorithm, this test is performed for every pair of vertices (including the choice of their
special neighbours). This step can be implemented more efficiently by reusing the results for
the subpaths, that is, starting from some vertex v and computing all paths from v, altogether
in time O(n?). Therefore, the total running time for the first part of the algorithm is O(n?).
In the second part, note that during the course of the algorithm (in the procedures for
testing the colourability of a subtree T, Algorithms and BA)), we consider every path
(including the choice of special neighbours) in T" only once. Each path is processed in time
O(n), so in total, we have O(n?) time. Finally, constructing a 2-subcolouring of G (if exists)
as describe above the theorem, can be easily done by reusing the colourings of strong paths

we computed earlier, which only takes O(n) time. O

Algorithm 5.1: The test for 2-subcolourability of G.

Input: A chordal graph G and a clique tree T' of G rooted at r
Output: Decide whether G is 2-subcolourable

1 for every two vertices u,v in T do
2 for every neighbour z and w (including nil) of u and v respectively do

3 test and record whether P, , is (z,w)-colourable

4 initialize S < 0 (S is the set of processed vertices)

5 while S # V(1) do

6 pick a vertex v € S whose all children are in S

7 test and record whether T, is (—) colourable

8 test and record whether T, is (+) colourable (if v # r)
9 S — SuU{v}

10 if T, is (—) colourable then
return “G is 2-subcolourable”

11 else return “G is not 2-subcolourable”
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Algorithm 5.2: The test whether P, , is (2, w)-colourable.

10

11

Input: Vertices u,v of T, vertices z, w neighbours of u, v respectively or nil

Output: Decide whether P, , is (2, w)-colourable

compute C(P, )
if C(P,,) # C, UC, then return “P,, is not (z,w)-colourable”

precolour the vertices of Cy, \ C, and C,, \ C, by red and blue respectively
(or blue and red respectively)
if z # nil then precolour the vertices of N, , red (or blue)

if w # nil then precolour the vertices of Ny, , blue (or red)

initialize the set £ « ()
for each edge (s,t) incident to P, , do

compute the set £, consisting of those sets from £ which intersect I,

£<—L'\/JSU{Is,tU (ULeLSL)}

if some L € L contains both a precoloured red and a precoloured blue vertex

114

then return “P,, is not (z,w)-colourable”

114

else return “P,, is (z,w)-colourable”

Algorithm 5.3: The test whether T, is (—) colourable.

Input: A vertex z in T
Output: Decide whether T}, is (—) colourable

for each u,v € T, such that v € P, , do
for every child z and w (including nil) of u and v respectively do
if P, is (z, w)-colourable
and for each child s # w, z of P,, the tree T is (4) colourable
and either z = nil (resp. w = nil) or T, (resp. Ty,) is (4) or (—)
colourable then return “7), is (—) colourable”

return “7T), is not (—) colourable”
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Algorithm 5.4: The test whether T} is (4) colourable.

Input: A vertex z in T

Output: Decide whether T} is (+) colourable

1 for each u € T, do
2 for every child z (including nil) of u do
3 if P, is (z,p[z])-colourable
and for each child s # z of P, , the tree Ty is (+) colourable
and either z = nil or T}, is (+) or (—) colourable
then return “7T, is (+) colourable”

4 return “T, is not (+) colourable”

5.2 3-subcolourings

In this section, we continue our study of complexity of the k-subcolouring problem in chordal
graphs by showing, in contrast to the previous section, that it is N P-complete to decide,
for a chordal graph, whether it has a 3-subcolouring.

To show this, we construct a reduction from the following auxiliary problem.

Problem: AUX

Input: Given (S, 29,21,7) where S is a set, zp, 21 are elements of S, and 7 is a set

of ordered triples of distinct elements of S.

Query: Decide whether there exists a partition of S into two sets Sy and S; with
20 € Sp and z; € S; such that for any triple (z1,z9,23) € 7 and j € {0,1},
if x1, 29 € Sj, then x5 € S;. (We say that the triples T are satisfied.)

Proposition 5.8. The problem AUX is N P-complete.

Proof. It is easy to observe that AUX is in the class NP since, given a partition of S,
one can easily in polynomial time verify that this partition forms a solution to the problem.
Now, we show that the problem AU X is also N P-hard. We reduce the problem NAE-3-SAT
(not all equal 3-SAT) to the problem AUX. Consider an instance to NAE-3-SAT, namely

a formula ¢ in conjunctive normal form with exactly three distinct literals per clause. Let
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C1,Cy, ..., Cy, be the clauses of ¢, and v1,ve, .. ., v, be the variables of p. Let wy,ws, ..., wy,
be a set of new variables. For any k, define n(vx) = v and n(—wvg) = wg.

An instance Z, = (S, 20, 21,7 ) to the problem AUX is constructed as follows. The set
S ={vi,...,0p,w1,..., Wy, TF, X7}, 20 = TF, 21 = z7, and the set of triples 7 consists
of triples (n(1}),n(l5),n(~l%)) for each clause C; = I} VI Vv I, and triples (v;,w;, z7) and
(vi, wi, xp) for each variable v;.

We show that there exists a satisfying truth assignment 7 to ¢ such that in no clause
all three literals evaluate to true by 7, if and only if, there exists a solution to the problem
AUX for Z,. Suppose that there exists a truth assignment 7 to ¢ as described above. The
partition of S = Sy U S7 is constructed as follows. Put xp into Sy, 7 into Sp, and for each
variable v;, if 7(v;) = true, then put v; into S; and w; into Sy, otherwise put v; into Sy and
w; into S1. Now, we consider the triples of 7. Triples (v;, w;, z7) and (v;, w;, zF) are clearly
satisfied, since v; is never in the same set as w;. Also, for a triple (n(13),n(1%),n(=1%)) of 7,
since T satisfies ¢ (in the sense described above), we have that at least one but at most two
of I}, 15,14 are evaluated to true by 7. Now, if n(l}),n(l) € S1, then I} and I are both true,
and hence, I must be false, and —lj is true. Hence, by the above, it follows that n(—l%)
belongs to S1. Similarly, if n(li),n(l5) € Sy, we obtain that n(=l4) belongs to So. That
proves that So U S is a solution for 7.

Now, consider a solution S = SoU Sy for Z,. Since (v;, w;,xr) € T and (v;, w;, x7) € 7T,
we have that v; and w; never belong to the same set S;, j € {0,1}, since otherwise both xp
and z7 would have to belong to S; which is not possible.

We construct the truth assignment 7 as follows. We let 7(v;) = true, if v; € S1, otherwise
we let 7(v;) = false. Consider a clause C; = 11 V15V 14 of . Since (n(1}),n(1%),n(=14)) € 7,
we have that, if n(l1),n(l5) € Sj, then n(=l}) € S;; hence, n(ly) € S1—;. Thus, either I3, 15 are
both true and I§ is false, or I¢,14 are both false and 13 is true, or I%,1% have different truth
values. In any of these cases, at least one and at most two literals of C; are true. It follows

that 7 is the required satisfying truth assignment for ¢, and that concludes the proof. [

In fact, it can be seen that the above problem AUX can be easily reformulated in the
language of boolean constraint satisfaction. By a result of Shaefer [60)], it is known that
all problems of boolean constraint satisfaction are either polynomial time solvable or N P-
complete, and there is a concrete description which problems fall into which category. This

provides us with an alternative proof of N P-completeness for AUX.
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Figure 5.2: The graph H and sample 3-subcolourings of H.

Figure 5.3: The graph G(X) with a sample 3-subcolouring.

We remark that, just like in the previous section, we shall use the terminology of colour-
ings, refer to the three sets of a subcolouring partition as red, blue, and green vertices, and

denote the three colours by r, b, and g, respectively.

Lemma 5.9. Let H be the graph in Figure 4. Then, for any choice of colours ¢y, ca,cs,
¢y, c5 € {r,b}, there exists a 3-subcolouring ¢ of H with c(u1) = c1, c(ug) = c2, c(uz) = c3,

c(ug) = ¢y, c(us) = cs, if and only if, cy = c3 or ca = c3 or cqy = 5.

Proof. Consider some choice of colours for c¢i, ¢, c3, ¢4, and c5. If ¢ = c3 = r, we
let c(ug) = b, and c(u7) = c(ug) = g, and if ¢; = ¢3 = b, then we let c(ug) = r, and
c(ur) = c(ug) = g. We proceed similarly if ¢ = c3. If ¢; # ¢35 # ca, then clearly ¢; = c9, and
we consider the following cases. If ¢; = ¢o = ¢4 = ¢35, then we let ¢(ug) = c3, and c(u7) =

c(ug) = g, and if ¢; = ¢ # ¢4 = c5, then we let c(ur) = ¢; = ¢, and c(ug) = c(ug) = g.
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It can observed that in any of the above cases, we obtain a 3-subcolouring of H. Finally, if
¢4 # c5, then either ¢; = ¢o = ¢4 and ¢3 = ¢5, or ¢; = ¢3 = ¢5 and ¢3 = ¢4. In both cases, we
have that the vertices ug, u7 and ug must be coloured by g, since otherwise we have a Pj in
H in colour r or b. However, then the vertices ug, u7,ug form a Ps in colour g. Hence, in

these cases, a 3-subcolouring does not exist, and that concludes the proof. O

Now, for a set of vertices X, let G(X) be the graph in Figure B3} note that any two
vertices in the same circle are adjacent, in other words, the circles represent cliques, and

the set X are the vertices shown as o.

Lemma 5.10. The graph G(X) is chordal, and in any 3-subcolouring ¢ of G(X), we have
c(v1) = c(vs) # c(v2) = c(vq) = c(vs) and c(x) # c(f) for each v € X U {v1,v2,v3,v4,v5}.

Proof. It is not difficult to observe that the graph G(X) is indeed chordal. Hence, suppose
that ¢ is a 3-subcolouring of G(X), and let N be the set of neighbours of the vertex f
which appear above f in Figure The vertices of N form a 3-subcolourable graph which
is not 2-subcolourable (by Proposition BJ4l). Therefore, in any 3-subcolouring of G(X),
the vertices of N must use all three colours. Hence, there must be a vertex [ € N with
c(f) = c(l). Tt follows that no neighbour of f below f can use the colour of f, in other
words, we obtain c¢(f) # c(z) for € X U {v1,v9,v3,v4,v5}. By the same argument, we
obtain that no neighbour of the vertex h below h uses the same colour as h, and, in particular,
this is true for the vertices g, 1, j, k. Note that the vertices 4, j, k form a P;. Hence, at least
one of them, say k, must use the colour of g, that is, ¢(g) = c(k). Now, it follows that
c(vg) = c(vg) = ¢(vs), since the vertices v, vy4,v5 must be coloured differently from both g
and h, and there are only three colours available. Finally, since vy, vo, v5 is a P3 and v3, vo, vs

is a P3, we obtain ¢(v1) = ¢(v3) # ¢(vz). That concludes the proof. O

Now, we are ready to prove the main result of this section. It is easy to observe that the
problem of 3-subcolouring is in the class N P, since, given a colouring of the input graph G,
one can easily check whether each colour class induces a disjoint union of cliques. To prove
that it is also N P-hard, we show a reduction from the problem AU X. Consider an instance
to the problem AU X, namely a 4-tuple (S, 2o, 21,7 ), where S is a set, 29,21 € S, and 7T is
a set of ordered triples of distinct elements of S. We construct a graph Gz as follows. We
start with the graph G = G(Xg), where Xg = {zs | s € S\ {20,21}}, in which we relabel

the vertices v1, va to x,, T, respectively. Then, for each triple (¢1,%2,t3) € 7, we add
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into G a copy Hy, t,.+, of the graph H, and identify the vertices w1, u2, u3, ua, us of Hy, 1,1,
with the vertices x¢,,xt,, Tt,,v3,v4 of G in that order. The final graph G we obtain after
considering all triples of 7 is the graph G7.

The following observation is easy to check.
Proposition 5.11. The graph Gt is chordal. O

Proposition 5.12. The graph Gz is 3-subcolourable, if and only, if there exists a solution
to the problem AUX for 1.

Proof. Let .S = SyUS7 be a solution for Z. We construct a 3-subcolouring ¢ of G7 as follows.
First, we colour the vertices of the subgraph G(Xg) of Gz as shown in Figure Then, we
colour the vertices of Xg = {zs | s € Sp} by r, and the vertices of X; = {5 | s € S;} by b.
It is easy to see that this way we obtain a 3-subcolouring of G(Xg). Now, we colour the
vertices of Hy, 4, +,, for each triple (t1,t2,t3) € 7, as follows. Recall that, for each j € {0,1},
if t1,t2 € S, then also t3 € Sj, and hence, if c(zy,) = c(x4,), then c(xy,) = c(xr,) = c(@y,).
It follows (and also by Lemma ET0) that we can colour the vertices of Hy, 1, ¢, using one of
the colourings shown in Figure without introducing a monochromatic P3 in G7. After
considering all triples of 7, we clearly obtain a 3-subcolouring of G7.

Conversely, let ¢ be a 3-subcolouring of Gz. Then, by Lemma BTl we have that c(x,,) #
c(xy ). We define Sp = {s € S| c(zs) = c(x4,)}, and S1 = {s € S| ¢(xs) = c(z,,)}. Observe
that Sp and S; form a partition of S, and that zy € Sy and z; € Si. Now, consider a triple
(t1,t2,t3) € 7, and suppose that t1,t2 € S; for j € {0,1}. Hence, c(xy,) = c(x1,) = c(;).
Also, by Lemma B0 we have c¢(vs) # ¢(vg), and therefore, using Lemma (B3, we obtain
c(zy,) = c(xt,) = c(xy,). Hence, t3 € S;, and therefore, it follows that Sy U S; is a solution

for Z, which concludes the proof. O

We have proved the following theorem.

Theorem 5.13. It is N P-complete to decide, for a given chordal graph G, whether or not

G admits a 3-subcolouring. [

5.3 k-subcolourings

In this final section of this chapter, we complete the answer to the question of [7] by showing

N P-completeness of the k-subcolouring problem in chordal graphs for all k£ > 3.



CHAPTER 5. SUBCOLOURINGS OF CHORDAL GRAPHS 106

o O 3 Q
A O-0-O 5 0 \

. A

Figure 5.4: The graphs F} for small k, and the construction from Theorem ETH

Let Fy be the graph with a single vertex. For k > 1, let F} be the graph constructed from
the disjoint union of two copies of Fj,_; by adding a new vertex a and making it adjacent
to all other vertices. The graphs Fy, Fy, Fy and F3 are depicted in Figure B4l We have the

following observation.
Proposition 5.14. For any k > 0, the graph F}, is chordal and minimal non k-subcolourable.

Proof. It is easy to observe that Fj is indeed a chordal graph. We show that it is not
k-subcolourable, but any proper induced subgraph of Fj, is k-subcolourable. We proceed
by induction on k. For k& < 1, the claim is trivial. Hence, let k > 2, let F’ and F” be
the two copies of Fj,_q in F}, and let a be the vertex dominating both F’ and F”. By the
inductive hypothesis, we have that both F’ and F” are not (k — 1)-subcolourable, but for
any ' € V(F') and 2” € V(F"), the graphs F’ — 2/ and F" — 2" are (k — 1)-subcolourable.
In particular, both F’ and F” are k-subcolourable, and in any k-subcolouring of F’ or F”,
all k colours must be used. Hence, for any choice of the colour for a, there is a vertex in
F’" and a vertex in F” of that colour, which creates a monochromatic P3, and therefore,
F}. is not k-subcolourable. Now, let = be any vertex in Fj. If x = a, then Fj — a is just
the disjoint union of F’ and F”, and hence, it is k-subcolourable. On the other hand, if
x € V(F'), then, since F’ is minimal non (k — 1)-subcolourable, it follows that F’ — z is
(k — 1)-subcolourable. Therefore, we can colour F' —x and F” — 2" with k — 1 colours, and
colour a and z” with a new colour. Clearly, we get a k-subcolouring of Fy, —z. By symmetry,
we have that Fy, — x for x € V(F") is also k-subcolourable. Therefore, this proves that Fj,

is a minimal non k-subcolourable graph as claimed. O
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Finally, we are ready to proof the main theorem of this section.

Theorem 5.15. For any k > 3, it is N P-complete to decide, for a given chordal graph G,

whether or not G admits a k-subcolouring.

Proof. For any k > 3, the problem of k-subcolouring of chordal graphs is clearly in NP. We
show that it is also N P-hard. We proceed by induction on k. For k = 3, we obtain the claim
by Theorem Hence, let k£ > 4, and assume that the problem of (k£ — 1)-subcolouring
of chordal graphs is N P-hard. We reduce this problem to the problem of k-subcolouring of
chordal graphs, which will imply the claim. Consider an instance to the former problem,
namely a chordal graph G. Let G’ be the graph constructed from the disjoint union of G and
Fy_1 by adding a new vertex a and making it adjacent to all other vertices (see Figure B.4).
We now show that G is (k — 1)-subcolourable, if and only if, G’ is k-subcolourable. Let ¢ be
a (k — 1)-subcolouring of G. Also, by Proposition B4, let ¢ be a (k — 1)-subcolouring
of Fy_1 — x for some x € V(Fj_1). The colouring ¢ of G’ is obtained by combining the
colourings ¢ and ¢”, and then colouring a and x with a new colour. It is easy to see that ¢’ is
a k-subcolouring of G’. Now, let ¢’ be a k-subcolouring of G’. Again, by Proposition B4, it
follows that the vertices of Fj,_; must use all k colours. Hence, let b be a vertex of Fj_; in G’
which uses the same colour as a. If some vertex d € V(G) also uses the colour of a, then b, a, d
forms a monochromatic P3. Hence, the vertices of G use at most k—1 colours, which implies
that the colouring ¢ restricted to the vertices of G must be a (k — 1)-subcolouring of G.

That concludes the proof. O



Chapter 6
P-transversals of Chordal Graphs

Recall that an H-transversal of a graph G is a subset S of the vertices of G that inter-
sects each induced copy of H in G, that is, G — S is H-free. In this section, we study
the complexity of several types of Pjp-transversal problems in chordal graphs, namely the
Pj-free and the K-free P;-transversal problems. For both types of these problems, we show
that it is N P-complete to decide, for a chordal graph, whether it has such Pg-transversal.

This is summarized by the following theorem.

Theorem 6.1. Let 2 < j < k and 4 < k. Then it is NP-complete to decide, for a given
chordal graph G, whether G has a Pj-free Py-transversal. It is also N P-complete to decide,
for a given chordal graph G, whether G' has a Kj-free Py-transversal.

6.1 Stable P;-transversals

First, we prove Theorem for the case j = 2, k = 4. This problem is also known as the
stable Pj-transversal problem. (Note that any P»- or Ko-free graph contains no edges, and
hence, it must be a stable set, whence the name). We remark that this problem is known
to be N P-complete for comparability graphs (and hence also for perfect graphs) [45].

We describe a polynomial time reduction from the problem 3SAT. Consider an instance
to the problem 3SAT; namely, a formula ¢ in a conjunctive normal form with n variables
v1,...,0, and m clauses C1,...,C,, such that each clause C; has exactly three distinct
literals. (Recall that literal is either a variable v; or its negation —w;.) Let JZ-Jr denote the

indices j of the clauses C; which contain the literal v;, and let J; denote the indices j of

108
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the clauses C; which contain the literal —v;.

We now describe a chordal graph G, which will have a stable P-transversal, if and
only if, the formula ¢ is satisfiable. For any j € {1...m}, let Y; be the graph shown in
Figure with the three distinguished vertices l{, I , and lg. Let Gy = Y1 U...UY,, be the
disjoint union of the graphs Y7,...,Y,,, and for each i > 1, let GG; be the graph constructed
as follows (see Figure B]). Starting from G;_1, we add two adjacent vertices v; and v,
and make them completely adjacent to all vertices of G;_1. Then, for every j € J;', if v; is
the k-th literal of the clause C;, we add a vertex vzj , and make it adjacent to v; and to the
vertex li of Y;. Also, for every j € J;, if —w; is the k-th literal of the clause Cj, we add a
vertex Eg , and make it adjacent to v; and to the vertex li in Y;. (Note that we assume that

a literal occurs in a clause only once.) Finally, we let G, be the graph G,,.

l{\v/”g
| x

J

Iy
Figure 6.1: The graphs G; and Y.

We can also describe the graph G in the following (non-inductive) way.

(i) The vertex set of G, consists of the vertices v;,7; for each 1 < i < n, the vertices v]
(respectively Eg ) for each occurrence of the literal v; (respectively —wv;) in the clause Cj,
and the vertices of the graphs Y; for each 1 < 57 < m, which include the distinguished
vertices l{, lg, and l?,;.

(ii) The vertex w; (respectively 7;) is adjacent to all vertices of Y; for each j € {1...m},

to the vertices v;, 7y for all i, to all vertices fulj- (respectively Ef) that may exist, and
to all vertices Ug,,ﬁg, that may exist for all 1 <14’ < 1.

(iii) The vertex vg (respectively 6{ ) is adjacent to the vertex wv; (respectively v;), to the
vertex li, if v; (respectively —w;) is the k-th literal of the clause Cj, and to the vertices
v, Ty for all i < i’ < n.

(iv) The vertex li is adjacent to its only neighbour in Y}, to the vertex vg (respectively ﬁg ),

where v; (respectively —w;) is the k-th literal of the clause Cj, and to the vertices
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v, Ty for all 1 <4’ < n.
(v) The remaining vertices of Y; are only adjacent to their respective neighbours in Y; and

to the vertices v;,v; for all 1 <7 < n.
First, we prove that the graph G, corresponding to the formula ¢ is chordal.
Proposition 6.2. For each 0 < i < n, the graph G; is chordal. Hence, G, = G, is chordal.

Proof. We prove the claim by induction. For ¢ = 0, we observe that the graph Y; is
chordal, and hence Gy is chordal. Therefore, let ¢ > 1, and suppose that G;_1 is chordal;
let 7 be a perfect elimination ordering of its vertices. It is straightforward to verify that v},

2 71

R T

B ..., T, Ui, U; is a perfect elimination ordering of G;, and the claim follows. [J

72
v vy,

We have the following observations about the graphs G, and Y;.

Observation 6.3. Every stable Py-transversal of the graph Y; contains at least one of the

vertices l{,lg or lé. Every maximal stable set of Y; is a Py-transversal. [

Proposition 6.4. Let S be a stable Py-transversal of G;, where 1 < i < n. Then the vertices
v; and U; are not in S, and if fug ¢ S for some j, then 6{ € S for all (possible) j'.

Proof. First, observe that the vertex v; is adjacent to all vertices of the graph Y; for all j.
Hence, if v; belongs to the stable set S, then all vertices of Y; must be in G; — S, and
hence G; — S contains an induced Py, contrary to S being a Pj-transversal. The same holds
for 7;. Now, suppose that vg ¢ S and also ﬁg, ¢ S for some j,j'. Then by the previous
argument also v; € S and T; € S, and hence S cannot be a Py-transversal, since the vertices

. ,
J — :
vy, v;,0;,U; induce a Py in G; — S. O

Proposition 6.5. The formula ¢ is satisfiable, if and only if, G, has a stable Py-transversal.

Proof. First suppose that 7 is a satisfying truth assignment for . We use 7 to construct
a stable Pj-transversal of G, = G,.

Let Sg be any maximal stable set in Y; with the following property. For all k, the
vertex li e sl , if and only if, v; is the k-th literal of the clause C; and 7(v;) = true, or —w;
is the k-th literal of the clause C; and 7(v;) = false. Clearly, since 7 satisfies ¢ and hence

satisfies the clause C;, we have that at least one of the vertices v , 7 , lg must belong to Sg.
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Figure 6.2: The cotree for the graph G; — 5;.

Also, by Observation 63 Sg is a Pj-transversal of Y;. Now, let Sy = S§U...USE. Since
the graphs Y; in Gg are vertex disjoint, it follows that Sy is a stable P-transversal of Gy.

Now, let S = Sy U S] U...US;, where S;” = {ﬁf | 7 € J;}, if 7(v;) = true, and
St = {Uf | j € JI}, if 7(v;) = false. We show that S is a stable Py-transversal of G.,.
First, let S; = Sp U Sfr U...u Si'". By definition, S; = S;_1 U SZ~+ and S;_1 € S;. We now
show by induction that S; is a stable Py-transversal of G;.

For i = 0, the claim follows from the above. Hence, suppose that ¢ > 1, and assume that
S;_1 is a stable Py-transversal of the graph G;_1. Without loss of generality, we may assume
that 7(v;) = true. Hence, by definition, S; = S;—1 U {Eg | j € J7 }. Now, we observe that
each vertex E{ is only adjacent to the vertex v; and the vertex li, if —w; is the k-th literal
of the clause Cj. Hence, if —v; is the k-th literal of the clause C;, then l;‘? & Sg C Sy CS;,
because 7(v;) = true. Also, T; € S;, by definition. This proves that S; is a stable set.

It remains to show that 5; is a Py-transversal of G;, that is, G; — 5; is a Py-free graph.
By the inductive hypothesis, the graph G;_1 — S;_1 is already P,-free. Therefore, there
exists a cotree T;_1 of this graph. (Cotrees are defined in Section [[3}) To show the claim,
we construct a cotree for G; — S;. Recall that, since 7(v;) = true, we have li € Sg C S, if v
is the k-th literal of the clause C}. Hence, since li is the only neighbour of fug in G;_1, the
vertex vf has no neighbours in G;_1 — S;_1. Therefore, it follows that the tree in Figure
is a tree representation (a cotree) of G; — S;, which shows that G; — S; is Py-free; hence,
S = S, is a stable Py-transversal of G, = G,.

Now, suppose that G, has a stable Pj-transversal S. We construct a truth assignment
7 for the formula ¢ in the following way. For every variable v;, we set 7(v;) = true, if for

some j, the vertex vf ¢ S; otherwise, we set 7(v;) = false. We show that 7 satisfies .
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Consider the clause C; of ¢. Since S is a stable Pj-transversal of G, the set SNYj is a
stable Pj-transversal of Y;. It follows from Observation that there exists k € {1,2,3}
such that l% € SNY; € S. Now, if v; is the k-th literal of the clause Cj, then vg is adjacent
to li, which implies v] ¢ S. Therefore, 7(v;) = true, and hence 7 satisfies C;. Similarly, if
—w; is the k-th literal of the clause C}, then we deduce Eg ¢ S. Now, by Proposition B4, we
must have vg "€ S for all (possible) j'. Hence, by definition, 7(v;) = false, and we again
conclude that 7 satisfies C;. Finally, since 7 satisfies all clauses C; of ¢, it also satisfies the

formula ¢ itself, and that concludes the proof. O

Now, the proof of Theorem Bl for j = 2, kK = 4 is complete, once we observe that the

graph G, can be constructed in time polynomial in the size of ¢. We summarize this below.

Theorem 6.6. [t is N P-complete to decide, for a given chordal graph G, whether G has a
stable Py-transversal. O
6.2 Forcing graphs

For the proof of the general case of Theorem 1], we shall need the following special “forcing”

graphs. We first describe their structure, and then their properties.

k
—— FF | FF
u3 Uk —2
u2 Uk —1 U1 U
ul Uk
k
Ft o, F F;
v v v

=1 =2 2<i<k/241 i>k/2+1

Figure 6.3: Forcing graphs for the Pg-transversal problem.

For every 1 < i < k, the graph Fik with a distinguished vertex v is defined inductively
as follows. For ¢ = 1, the graph Flk is a single vertex v with no edges. For 2 < i < k,
let ¢ = max{2,k — 2i + 4}; then the graph sz is formed by t disjoint copies of Flk_ 1 whose
vertices v are joined into a chordless path uq,...,u; dominated by a new vertex v. This

construction is illustrated above in Figure B3
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Proposition 6.7. Fvery induced path of Flk ending in v has length at most i — 1.

Proof. By induction on ¢. If i = 1, the claim is trivially true. For ¢ > 1, suppose that sz
contains an induced path P of length at least ¢ that ends in v, and let u; be the last vertex
on P before v. If for some j' # j, we have uj in P, then the vertices u; and uj must be
adjacent, and hence v,u;,u; induces a triangle in P, contradicting that P is an induced
path. Hence, it follows that P — v forms an induced path in the copy of Ff_ 1 in Ff attached
to uj. Since P — v ends in u;, using the induction hypothesis, we obtain that P — v has

length at most ¢ — 2, and hence, P has length at most 7 — 1, a contradiction. O

For a graph G, let Pf(G) denote the set of Pj-free Pj-transversals of G.

Proposition 6.8. Suppose that 1 <1 < j<korl <i<j<k. Then for each S € PJI?(FZ-’“),
either Ff [S] or Ff — S contains an induced path of length i — 1 ending in v. Furthermore,
there exists S € ij(Flk) with v € S, and if i < j, there exists S € PJk(FZk) with v € S.

Proof. By induction on i. If i =1 and 1 < j < k, then ij(Flk) = {0,{v}}. Clearly, for
S = () respectively S = {v}, we have that v is an induced path in Flk -0 = Flk respectively
FF[{v}] = Ff of length 0 ending in v. Also, we have ) = S € Pf(Ff) with v ¢ S, and since
i=1<j, we have {v} =5 € Pf(Ff) with v € S.

Ifi =1and 1 =j <k, then PF(FF) = {0}, and again, for S = (), we have that v is an
induced path in Ff' — @ = Ff of length 0 ending in v, and for § = S € PF(Ff), we have
v ¢ S. (Note that 1 £ j.)

This proves the claim for ¢ = 1. Therefore, let ¢ > 1, and let S € Pf(FZk) Let
t = max{2,k — 2i + 4}. Note that by definition of ¢, for any ¢ > 1, the graph Ff contains
the vertices uq,...,us. Let Gq,...,G; be the copies of Flk_1 in Fik attached to uq,...,us,
respectively. Using the inductive hypothesis, for each 1 < r <t, let @, be an induced path
of length ¢ — 2 ending in w, that either belongs to G,[S] or G, — S. We show that there
must exist 1 < £ # ¢ <t with uy € S and up ¢ S. Otherwise either {uy,...,u;} NS =0
or {ui,...,us} € S. In the former case, P = Qqusy...u;_1(Q:)~" forms an induced path
of length t —1+2(i —2) > k-2 +4—1+2 —4 =Fk—1in EF — S, contradicting
S € ij(ﬂk) In the latter case, P = Qius...u;_1(Q;)~! forms an induced path of length
at least k — 1> j — 1 in FF[S], again contradicting S € ij(FZk) Hence, if v € S, then Qv
is an induced path in Fik [S] of length ¢ — 1, and if v € S, then Qpwv is an induced path in
Fik — S of length ¢ — 1. This proves the first part of the claim.
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Now, we show the second part of the claim. Using the inductive hypothesis and that
i — 1 < j, we have that, for 1 < r <, there exists S, € Pf(Gr) with u, € S, if r =1, and
U € S, if 2<r <t Let S=5U...US,.. We show that S € ij(FZk) First, observe
that EFF[S] is the disjoint union of G1[S1],...,G¢[S]. Since for each 1 < r < t, we have
S, € PJI?(GT), it follows that F¥[S] is Pj-free. Now, suppose that F¥ — S contains a path P
of length at least k — 1.

First, assume that v € P. Hence, there exist induced paths P’, P” (both possibly empty)
such that P = P'vP”. By Proposition 6.1, both P'v and vP” are of length at most ¢ — 1. If
either P’ or P” is empty, then P has length at most i —1 < k—1, a contradiction. Hence, let
ug be the last vertex of P, and let uy be the first vertex of P”. If i < k/2, we obtain that P
has length at most 2(i—1) < k—2 < k—1, a contradiction. Otherwise, if k/2 <i < k/2+1,
then ¢ < 3, because k —2i +4 < k —2(k/2) + 4 = 4, and since u; € S, it follows that u,
and uy must be adjacent, contradicting that P is an induced path. Finally, if i > k/2 4+ 1,
we have t = 2 since k —2i +4 < k —2(k/2 4+ 1) + 4 = 2, and again since u; € S, it implies
that either P’ or P” is empty, a contradiction.

Therefore, v ¢ P. If PN{uy,...,us} =0, then P C G, — S, for some 1 < r < ¢, which
contradicts S, € Pf(Gr). Hence, let uy respectively uy be the first respectively the last
vertex of {ui,...,u;} that appears on P. If £ = ¢, then P C Gy — Sy, contradicting that
Sp € 73]1-€ (Gy). Hence, without loss of generality, we may assume that ¢ < ¢. Let P, Q,P"
be (possibly empty) induced paths in F¥ such that P = P'uyQuy P". Clearly, we must have
P’ C Gy, and P" C Gy. Now, since @ is an induced path, v € P, and each u,, 1 <r <t,is
a cut-vertex in Fik, we must have Q = upiqupio...up_1. Using Proposition B, we obtain
that both P'uy and P"uy have length at most i — 2. Now, since u; € S, we have that £ > 2,
and hence uyQuy has length at most k — 2¢ + 2. Altogether, we obtain that P has length
at most k —2i+2+42(i —2) =k —2 < k — 1, a contradiction.

This proves that S € Pf (FF). Now, assuming i < j, we also show that SU{v} € P]k(Ff )
which will conclude the proof. Clearly, since S € P]k(Fik), we have that Fik — S is Py-free,
so is FF — (S U {v}). It remains to show that F¥[SU {v}] is Pj-free. Let P be an induced
path in FF[S U {v}] of length at least j — 1. If v & P, then, since u, ¢ S for 2 <r < ¢, we
must have P C G,[S,] for some 1 < r < ¢, contradicting that S, € P;?(Gr). Hence, v € P,
but then v must be the end-vertex of P, since only one neighbour of v, namely w1, is in S.

It follows, by Proposition B4, that P has length at most ¢ — 1 < j — 1, a contradiction. [



CHAPTER 6. Px-TRANSVERSALS OF CHORDAL GRAPHS 115

k _94 k k
Hj k—2j Hj Hj
Fk jk Fk %J’f Fk %Jk FE
gko/” 23_'”_21@72]41 gko/w gk@
v v v
2<j<k/2 E/2<j<k-1 ji=k

Figure 6.4: Forcing graphs H ]k for the proof of Theorem Bl

For 2 < j < k, let t = max{2,k — 2j + 1}. Then the graph H]k with a distinguished
vertex v is defined as the graph formed by t disjoint copies of the graph F f whose vertices v
are z1,...,2 such that zo,..., 2 is a chordless path, and the vertices 21, 29 are adjacent to
a new vertex v. Moreover, the graph H ,’j is defined as the graph F; ,f_l whose vertex v is 21,

and 27 is adjacent to a new vertex v. This construction is illustrated in Figure 4

Proposition 6.9. Let 2 < j < k. Then for each S € ij(HJk), we have v € S. Furthermore,
there exists S € ij(H]k) with N(v)NS = 0. Additionally, for each S € PF(HE), we have that
either v € S and N(v) NS =0, orv ¢S and N(v) C S. Also, there exists S,S" € PF(HF)
withv € S, andv & S'.

Proof. Let S € ij(HJk), and let t = max{2,k — 25 + 1}. Note that ij contains vertices
z1,...,2¢. Let Gi,...,Gy be the copies of Ff in ij attached to 21, ...,z respectively. Using
Proposition B8, for each 1 < r < t, we have that there exists an induced path @, either
in G,[S] or in G, — S of length j — 1 ending in z,.. If for some 1 < ¢ < ¢, we have zy € S,
then @y is a path of length j —1 in H]k [S], contradicting S € ij(Hf) Hence, we must have
{z1,...,2} NS = 0. Now, it follow that v € S, since otherwise Q1,v, 2o, ..., 21, (Q¢) "
forms an induced path of length ¢t +2(j —1) > k—2j+14+2(j—1)=k—11in ij — S, and
that contradicts S € ij(H]k)

Now, by Proposition B8, for each 1 < r < ¢, we have that there exists S, € 73]1-€ (G,)
with z,. & S,. Let S =51 U...US U{v}. Clearly, N(v) NS = {z1,22} NS = (). We show
that S € ij(ij) Observe that H]k[S] is the disjoint union of G1[S1],...,G¢[S¢], and v.
Hence, it follows that H ]k [S] is Pj-free. It remains to show that H Jk — S'is Py-free. Let P be
an induced path of length at least kK — 1 in H]k —S. ItPN{z,...,2} =0, then PC G, — S
for some 1 < r < t, contradicting that S, € 73]1-€ [G,]. Hence, let z, respectively zp be the first
respectively the last vertex of {z1,...,2:} that appears on P. If £ = ¢, then P C Gy — S,
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contradicting Sy € 73]1-€ [Gy]. Hence, we may assume that ¢ < ¢'. Since v € S, this also implies
¢ >3, and hence t = k — 2j + 1. Let P’,Q, P” be (possibly empty) induced paths in Hf
such that P = P'2,QzpP". Clearly, P’ C Gy and P” C Gy. Since, for each 1 < r < ¢, the
vertex z, is a cut-vertex of H ]k , we must have Q) = zp112¢19 ... 2¢_1. Using Proposition 6.7,
we obtain that paths P’z and zp P” both have length at most j — 1. Altogether, it follows
that P has length at most t —2+2(j — 1) =k —-2j+1—-242j—2=k—-3 < k—1,
a contradiction.

Finally, let S € P,’j(H ,’j) Using Proposition .8, we have that there exists an induced
path P either in H,’j [S] or in Hlf — S of length k — 2 ending in z;. Now, if z1,v € S, then Pv
forms an induced path of length kK — 1 in H ,’; [S], and if z1,v € S, then Pv forms an induced
path of length £ — 1 in H,’j — S, both contradicting S € P,’j(Hlf) Hence, either z; € S and
vegS,orz1 €S and v € S. Now, by Proposition B8, there must exist S’ € P,’j(H,lj — )
with 2 € S'. Tt follows that S’ € PF(HF), and also that S = V(HF)\ S’ € PF(HF). Clearly,

we must have v € S and v € S’, which concludes the proof. O
. HE . HE
B; jﬂ Dj jﬂ
O/zl Fffl v F};Z
v

Figure 6.5: Forcing graphs B]’? and D;? for the proof of Theorem

Finally, for 2 < j < k, the graph B]’? with a distinguished vertex v is the graph formed
by the disjoint union of a copy of the graph H ]k and a copy of the graph Ff_l whose vertices
v are identified and adjacent to a new vertex v. The graph Df with a distinguished vertex
v is the graph formed by the disjoint union of a copy of the graph H ]k and a copy of the
graph Ff_Q whose vertices v are identified and are the distinguished vertex v of Dé‘?. Both

constructions are illustrated in Figure B0

Proposition 6.10. Let 2 < j < k. Then for each S € PJ’?(B;?), we have v € S. Further-
more, there exists S € Pf(Bf) with N(v) C S.

Proof. Let G; and G5 denote the copies of Hf and Ff_l in B;‘?, respectively, and let
S € 73]1-€ (B]k) Then, by Proposition B3, we must have z; € S. Hence, by Proposition [6.8,
BJI-€ [S] contains an induced path P of length j — 2 ending in z;. Now, it follows that v & S,
since otherwise Pv is an induced path of length j—1in B f [S], contradicting S € Pj]?(B f ). On
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the other hand, using Propositions .8 and [£9, we can obtain S; € PJI?(Gl) and So € PJI?(GQ)
such that z; € S1NSs, and all neighbours of z1 in G do not belong to S;. We let S = 51US5,
and it easily follows that S € ij(B]k) with N(v) C S. O

Using a similar proof, we obtain the following.

Proposition 6.11. Let 3 < j < k. Then for each S € Pf(Dé‘?), the graph G[S] contains an
induced path of length j — 3 ending in v. Furthermore, there exists S € PJk(D;“) such that
every induced path of G[S], which ends in v, has length at most j — 3. O

6.3 Stable Ps-transversals

Now, using a similar proof as in Section Bl we prove Theorem for j =2, k =5. Again,
we construct a polynomial time reduction from the problem 3SAT. We shall explain how
to modify the construction from the previous proof. Hence, let us assume that we have
the formula ¢ with variables vy,...,v, and clauses C,...,C,, as before, and let Yj’ be the
graph in Figure B0 Let G, = Y/ U...UY,, be the disjoint union of graphs Y7,...,Y, , and
for ¢ > 1, let G} be the graph constructed as follows. Starting with G_,, we add the vertices
Vi, Vg, fug , and Eg exactly as we did in the construction of G;. Then we additionally add
vertices a, b, c,d, e, x;,T;, 2;, Z; as shown in Figure B8, and attach to the vertices a, b, ¢, d, e

individual copies of the graph B3. Again, we let G, =Gy,

B3 B}
J Y J
lho—% C b
x
lf
5 !
B3 l>l>c Y;
BS [—=ad
e .
J
o) l3
B3

Figure 6.6: The graphs Y, and Gi.
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Observation 6.12. For each 1 < i <n, the graph G’ is chordal; hence Gfp = G/, is chordal.

Proof. We prove the claim by induction. For ¢ = 0, the claim follows from the chordality
of Yj’ . Hence, let i > 1, and assume that G}_; is chordal, and let 7 be a perfect elimination
ordering G_;. Also, let g, mp, ¢, T4, Te be perfect elimination orderings of the copies of B3
attached to the vertices a, b, c, d, e, respectively, such that 7w, ends in a, m, ends in b, 7. ends
in ¢, mg ends in d, and 7, ends in e. Then it is not difficult to verify that 7., 7, ;, Ts, 2,

Ziy Ty Tds e, vil, vf, R @2, ..., T, Vi, U; is a perfect elimination ordering of G,. ]
Proposition 6.13. Every stable Ps-transversal of the graph Yj’ contains at least one of
the wertices l{,lg or lg. For each non-empty subset X C {1,2,3}, there exists a stable

Ps-transversal Sx of Yj’ such that li € Sx, if and only if, k € X.

Proof. Let S be a stable Ps-transversal of Yj’ . Suppose that none of the vertices l{, lg, l?,;
belongs to S. Then, by Proposition [E10, none of the vertices a,b, ¢, d, e belongs to S. It
follows that x € S, since otherwise lj,a,az,b, lg is an induced Ps in Yj’ — 5. Also, T € S,
since otherwise T, ¢, d, e, l?,; is an induced Ps in Yj’ — S. But then S is not an independent
set, since x,T € S and 27 is an edge of Yj’ , a contradiction.

On the other hand, let X C {1,2,3} be a non-empty set. Let B be the disjoint union
of the copies of BS in Yj’ . Using Proposition BT0, we obtain that there exists a stable
Ps-transversal Z of B such that {a,b,¢,d,e} N Z = (), but all neighbours of a,b, ¢,d, e in B
belong to Z. Now, if 1 € X or 2 € X, we let S:{lg |ie X} U{Z}UZ, and if 3 € X, we
let S={I/ | ie X}U{z}UZ. In both cases, S is clearly a stable Ps-transversal of v;. O

Proposition 6.14. Let S be a stable Ps-transversal of G, where 1 < i < n. Then the

vertices v; and U; are not in S, and if fug ¢ S for some j, then Eg, € S for all (possible) j'.

Proof. Since v; is adjacent to all vertices of Yj’ , if v; belongs to S, then all vertices of Yj’
must be in G — S, and hence G, — S contains an induced Ps. Similarly for 7;. Now, suppose
that vg ¢ S and also E{ / ¢ S for some j,j'. Using Proposition [E.I0, we obtain that none of
the vertices a, b, ¢, d, e is in S. Hence, since also v;,7; € S, we must have z; € S and T; € S,
since otherwise fuzj , Vi, Us, Ty, € TEespectively Eg/,m,v,-,mi,a is an induced P in G} — S. But

that implies z;,%Z; ¢ S, and hence, z;,b,¢,d,Z; is an induced Ps in G} — S. O
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Proposition 6.15. The formula ¢ is satisfiable, if and only if, the graph Gfp has a stable

Ps-transversal.

Proof. Again, let 7 be a satisfying truth assignment for ¢, and let X; be the set of indices
k from {1, 2,3} such that k € X, if and only if, v; is the k-th literal of C; and 7(v;) = true,
or —w; is the k-th literal of C; and 7(v;) = false. Let Sg be the Ps-transversal Sx; of Yj’
obtained using Proposition E13 Again, let Sj = SjU...USH", and let S; = S!_,US;" where
S ={vl|jeJ YU{Tiz}UZ, if 7(v;) = true, and S = {v! | j € JFYU{z;, 7} U Z;, if
7(v;) = false, where Z; is the union of stable Ps-transversals of the five copies of Bj in G'.
(Note that, by Proposition 10, there exists a Ps-transversal of Bj.)
We show by induction that S’ = 5], is a stable Ps-transversal of G}. For i = 0, the claim
follows immediately. Hence, let ¢ > 1, and assume that S_; is a stable Ps-transversal of
'_1. Without loss of generality, suppose that 7(v;) = true. Hence, S, = S/_; U{%;,z} U
{ﬁg | j € J; }UZ;. Now, using the same argument as in the proof of Proposition B3, it
follows that S/ is a stable set. We now show that G} — S! is Ps-free. Suppose otherwise, and
let A be an induced Ps in G — S/. Let B denote the disjoint union of the copies of Bj in
G., and let C = B—{a,b,c,d,e}. First, we have that A does not completely belong to G;_,
or to B, since S!_; and Z; are stable Ps-transversals of the respective graphs. Additionally,
no vertex of C can belong to A, since by Proposition B0, the neighbours of a, b, ¢, d, e in C
belong to Z;. Also, e is not in A, since T; € S.. Hence, we have that all vertices of G — S
except a, e, and the vertices of C, are adjacent to v;, which implies that v; is not in A.
Hence, a and x; are not in A, since v; is not in A and z; € S;. Also, fug is not in A, since
v; is not in A and li € S! (the only two neighbours of fuzj ), because v; is the k-th literal of
the clause C; for some k € {1,2,3}, and hence k € X;, which implies li € Sx; €8, C S
It remains to observe that all vertices, which we have not yet been ruled out, are adjacent
to v;, which implies that v; is not in A. That leaves only the vertices b, ¢, d, Z;, which clearly
do not form an induced Ps, and hence, we obtain a contradiction. This proves that S’ is a
stable Ps-transversal of G:D.
Now, let S’ be a stable Ps-transversal of G:p. We need to show that ¢ is satisfiable.
The proof is exactly as in Proposition B3, but we use Propositions and in place
of Observation and Proposition B4 respectively. That concludes the proof. O

Again, we summarize this in a theorem.
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Theorem 6.16. It is N P-complete to decide, for a given chordal graph G, whether G has

a stable Ps-transversal. [

6.4 Pj-free Pj-transversals

Now, we extend the results from the previous sections by showing a reduction from the stable
P;- and Ps-transversal problems in chordal graphs to the Pj-free Pj-transversal problem in

chordal graphs; thus, completely proving the first part of Theorem

k k
(0% (D)
k k
(D;C) B;'C B;'C Fp o Fi

Figure 6.7: The graphs G’ (G”) and G" for the Pj-free Pj-transversal problem.

Hence, let 2 < j < k, and let G be a graph with vertices v1,...,v,. The graph G’
(respectively G”) is the graph constructed from the graph G by adding n disjoint copies
G1,...,G, of the graph Bf (respectively Dé‘?), and for each 1 < ¢ < n, connecting v; to
the vertex v of G;. Similarly, the graph G’ is the graph constructed from G by adding n
disjoint copies Gy, ...,G, of the graph F,f_z, a copy G, of F,f_Q, a copy G, of F,f_l, and
vertices x, ¥, z such that xy,rz,yz are edges, x and z are identified with the vertices v of G,
and G, respectively, and for each 1 < ¢ < n, the vertex v of GG; is connected to v; and y.
The constructions are illustrated in Figure

We have the following properties of the graphs G’, G”, and G".

Observation 6.17. The graphs G', G”, and G"" are chordal provided G is chordal. (]
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Proposition 6.18. For 2 < j <k, the graph G has a Pj-free Pj,_o-transversal, if and only
if, the graph G' has a Pj-free Py-transversal.

Proof. Let vy,...,v, be the vertices of G, and Gjy,...,G, be the copies of B;? in G
adjacent to vy,...,v,, respectively. Let vf,...,v] be the vertices v of Gi,...,G,. (Note
that v;v] is an edge for each 1 <1i <n.)

First, let S be a Pj-free Pj,_s-transversal of G. By Proposition 10, we have that, for
each 1 < i < n, there exists S; € Pj’?(Gi) with v, ¢ S;, and N(v)) N V(G;) C S;. Let
S'=85USU...US,. We show that S’ € P]]?(G’). First, it is easy to see that G'[S'] is
Pj-free, since it is the disjoint union of G[S], G1[S1],...,Gp[Sy]. On the other hand, suppose
that P is an induced path of length & — 1 in G’ — S’. Clearly, since for each 1 < i < n, the
edge v;v] is a bridge of G’, it follows that there can be at most two vertices of {v{,..., v}
in P. Also, for any 1 < i < n, if v} is in P, then it must be an end-vertex of P, since
N(vj) NV (G;) € §'. Hence, if P contains two vertices v, vj with i # j, then P is an
/ /

i vj} is an induced path of length £ — 3 in

G — S, which contradicts S € le?_2(G). Similarly, we get a contradiction with .S € 73]'?_2(0),

induced path from v; to v}, and therefore, P — {v

if P contains only one, respectively, no vertex v}, and P — v}, respectively, P completely
belongs to G — S. Therefore, it follows that P must completely belong to G; — 5; for some
1 < ¢ < n, which also leads to a contradiction since S; € PJ’“(GZ) Hence, it shows that
G' — 8 is Py-free, and therefore, S' € PJ(G').

On the other hand, let S’ be a Pj-free Py-transversal of G, and let S = S'NV(G). We
show that S € 77;? “2(G). Clearly, G[S] is Pj-free, since G'[S'] is Pj-free. Now, suppose that
G — S contains an induced path P of length k£ — 3. Let v; and v; be the first and the last
vertex of P, respectively. By Proposition EI0, we have v; ¢ " and v; ¢ S’. Hence, v;Pv; is
an induced path of length k — 1 in G’ — S’, a contradiction. Therefore, G — S is Py_o-free,
and hence, S € P]'?_z(G), which concludes the proof. O

Proposition 6.19. For 3 < j < k, the graph G has a stable Py-transversal, if and only if,
the graph G has a Pj-free Py-transversal.

Proof. Let vq,...,v, be the vertices of G, and G1,...,G, be the copies of Df in G” adja-
cent to vy, ..., vy, respectively. Let v],... v, be the vertices v of Gy, ..., Gy, respectively.

First, let S be a stable Pi-transversal of G. By Proposition BT, for each 1 < i < n,
there exists S; € Pj’? (D;“) with v] € S; and the property that every induced path of G;[S;],
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which ends in v}, has length at most j — 3. Let S’ = SUS;U...US,. We show that
S" € PF(G"). Tt is easy to observe that G” — S’ is Py-free, since G” — S is the disjoint
union of G — S,G1 — S1,...,G, — Sp. Now, suppose that G”[S’] contains an induced path
P of length j — 1. Then, since S is a stable set, and v;v} is a bridge for each 1 <i < n, we
have that at most one vertex of S can be in P. Hence, if, for some 1 < i < n, the vertex
v; € S is in P, then v; must be an end-vertex of P, and it follows that P — v; is an induced
path of length j — 2 in G;[S;], which ends in v}, a contradiction. Similarly, we obtain a
contradiction, if no vertex of S appears in P, since then P belongs completely to G;[S;] for
some 1 <7 < n. Hence, this shows that G”[S'] is Pj-free, and thus, S’ € PJI?(G”).

Now, let S’ be a Pj-free Py-transversal of G, and let S = S’ N V(G). We show that
S is a stable Pj-transversal of G. Clearly, G — S is Pj-free, since G” — S’ is Pj-free. On
the other hand, by Proposition BI0, we have that, for each 1 < i < n, G;[S’] contains an
induced path P; of length j — 3 ending in v;. Hence, if S contains adjacent vertices v;,vj,
then Pyv;vj(P;)~! is an induced path in G”[S’] of length 2(j — 3) + 3 = 2j — 3 > j (since
j > 3), a contradiction. Hence, S is an independent set, and we have S € 775 (G), which
concludes the proof. O

Proposition 6.20. For 3 < k, the graph G has a stable Py-transversal, if and only if, the
graph G"' has a Pj-free Py-transversal.

Proof. Let vy,...,v, be the vertices of G, and let G, ..., G, be the copies of FfF , in G"
adjacent to vy, ..., v,, respectively. Let v],...,v], be the vertices v of Gy, ...,Gy. Also, let
G be the copy of F,f_z attached to x, and G, be the copy of F,f_l attached to z. (Note
that we have edges v;v] and vy for each 1 <1i <n.)

Let S be a stable Py-transversal of G. By Proposition B8, we have that, for each
1 <4 < n, there exists S; € P,l:(Gi) with v} € S;, and also there exists S, € P,]j(Gx) and
S, € P,?(Gz) with z € S, and z € S, respectively. Let S’ = SUS;U...US,US,US,. We
show that S’ € PF(G"). Suppose that G"'[S'] contains an induced path P of length k — 1.
Since z,y € ', it follows that P belongs to G”'[SUS1U...US,]. Also, S is stable, and hence,
either P or P — v; is completely in G;[S;] for some 1 < ¢ < n. In the former case, we have a
contradiction, since S; € P,?(Gi). In the latter case, v} is an end-vertex of P — v;. Hence, by
Proposition B4, P — v; has length at most k — 3 < k — 2, which is, again, a contradiction.
Now, suppose that G — S’ contains an induced path P’ of length k& — 1. Since z € S" and
v} € S for each 1 < i < n, we have that P must belong to G”'[V (G —S)UV (G — Sz) U{y}].
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Hence, clearly, P must contain z, since both G— S and G, — S, are Py-free, and y is adjacent
to each vertex of G — S. But then either P, or P — v for some v € V(G) U {y}, completely
belongs to G, — S;. In the former case, we get a contradiction since S, € 73,2€ (Gy). In the
latter cases, x is an end-vertex of P — v, and hence, by Proposition E7, we have that P — v
has length at most k — 3 < k — 2, again, a contradiction. This proves that S’ € P¥(G").

Now, let S’ be a Pj-free Pj-transversal of G”’. Without loss of generality, we may assume
that z € S’, since otherwise we can take V(G"') \ S’ for S’ instead. By Proposition B8,
we have that G,[S’] contains an induced path P, of length k& — 2 which ends in z. Hence,
x,y & S’ since otherwise P, z or P, y is an induced path of length k—1 in G"'[S’]. Therefore,
again by Proposition B8 G, — S’ contains an induced path P, of length k — 3 which ends
in z. This implies that, for each 1 < ¢ < n, we have v, € ', since otherwise P, y v} is an
induced path of length k — 1 in G — S’. Hence, by Proposition B8, for each 1 < i < n, we
have an induced path P/ in G;[S’] of length k — 3 which ends in v].

Now, let S = S'NV(G). We show that S is a stable Pj-transversal of G. Clearly, G — S
is Py-free, since G"” — S’ is Py-free. On the other hand, S must be an independent set,
since if S contains adjacent vertices v;, v;, then P/ vivj(Pj{)_l is an induced path in G"”'[5’]
of length 2(k — 3) +3 > k (since k > 3), which contradicts S’ € PF(G"). Hence, S is a

stable Py-transversal of G, which concludes the proof. O

Theorem 6.21. Let 2 < j < k and 4 < k. Then it is N P-complete to decide, for a given
chordal graph G, whether G has a Pj-free Py-transversal.

Proof. The problem is clearly in NP. We prove that it is also N P-hard. First, we prove
the claim for j = 2 and all k¥ > 4 using induction on k. For k = 4 and k = 5, the claim
is proved in Theorems and [B.10, respectively. Hence, let k > 6, and assume that the
claim holds for all 4 < k' < k. We show the claim for k by reduction from the stable Pj,_o-
transversal problem in chordal graphs. Let G be an instance (a chordal graph) to the stable
P,,_o-transversal problem in chordal graphs. Let G’ be the graph constructed from G as
described below Figure By Observation B4, G’ is chordal, and, by Proposition BI8, G
has a stable P,_o-transversal, if and only if, G’ has a stable Pj-transversal. By the inductive
hypothesis, the stable Py_s-transversal problem in chordal graphs is N P-hard. Hence, the
stable Pg-transversal problem in chordal graphs is also N P-hard.

Now, for j > 3 and k£ > 4, we prove the claim by reduction from the stable Pg-transversal

problem, which, by the previous paragraph, is N P-hard. Let G be an instance (a chordal
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graph) to the stable Py-transversal problem in chordal graphs. Let G” and G" be the graphs
constructed from G as described below Figure[E3. By Observation 617 both G” and G” are
chordal. Now, if j < k, then, by Proposition [B.T9, we have that G has a stable Py-transversal,
if and only if, G” has a Pj-free Py-transversal. Similarly, if j = k, we have, by Proposition
20 that G has a stable P-transversal, if and only if, G" has a P-free Pj-transversal. In
both cases, since the stable Pg-transversal problem in chordal graphs is N P-hard, it follows

that also the Pj-free Pj-transversal problem is N P-hard. That concludes the proof. O

6.5 Kj-free P;-transversals

Finally, we finish the proof of Theorem by reducing the problem of stable Pp-transversal
in chordal graphs to the problem of Kj-free Pj-transversal in chordal graphs for each j > 2.

k—1

Figure 6.8: The graph G* for the K-free Pj-transversal problem.

First, note that, since Ko = P», the case j = 2 is already proved in the previous chapter.
Hence, let j > 3, and let G be graph. The graph G* is the graph constructed from G by
adding k — 1 disjoint copies G1,...,Gi—1 of the complete graph K;, and adding a copy G},
of K;_o such that the vertices of G, are completely adjacent to the vertices of G, and for
each 1 < i <k — 1, the vertices of G; are completely adjacent to the vertices of G;41. The

construction is illustrated in Figure B3

Proposition 6.22. For all j > 3, all k > 3, the graph G has a stable Pj-transversal, if and
only if, the graph G* has a Kj-free Py-transversal.

Proof. Let Gy,...,Gk—_1 be the copies of K, and G}, be the copy of K;_5 in G’, where, for
each 1 <i < k—1, the clique G; is completely adjacent to G;+1, and Gy, is completely adja-
cent to G. First, we show that G*[V(G1)U. ..UV (Gk_1)] is Pi-free. Suppose otherwise, and
let P be an induced path on k vertices in G*[V(G1)U. ..UV (Gk—1)]. By the pigeonhole prin-

ciple, there must exist u,v on P such that u,v € V(G;) for some 1 < i < k—1. Hence, u and
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v are twins in G’, and hence, they are also twins in P, since P is induced in G’. However,
P is a chordless path on k > 3 vertices, and hence, contains no twins, a contradiction.

Now, let S be a stable Pg-transversal of G. Let S* = S UV (Gy). We show that S*
is a Kj-free Pj-transversal of G*. First, we observe that G* — S* is the disjoint union of
G — S and G*[V(G1)U...UV(Gg-1)]. Since G — S is Py-free, and also, by the previous
paragraph, G*[V(G1) U ... U V(Gk_1)] is Py-free, we have that G* — S* is Py-free. Now,
suppose that G*[S*] contains a clique K of size j. Since S is an independent set, K contains
at most one vertex of S. Hence, either K or K — v for some v € S, is completely contained
in Gj. But Gi has only j — 2 vertices, a contradiction. This proves that S* is a Kj-free
Pp-transversal of G*.

Now, let S* be a Kj-free Pj-transversal of G*. We observe that for each 1 <i <k —1,
there exists a vertex u; € G; such that u; &€ S*, since otherwise G; is a clique of size j in
G*[S*], which contradicts that S* is Kj-free. Also, we must have v € S* for each v € V(GY},),
since otherwise u1,...,ur_1,v is an induced path of length £ — 1 in G* — S§*, but G* — §*
is Py-free. Now, let S = S*NV(G). Clearly, G — S is Py-free, since G* — S* is Py-free. On
the other hand, G[S] must be an independent set, since if u,v are two adjacent vertices in
GIS], then V(Gk) U {u,v} induces a clique of size j in G*[S*]. Hence, we have that S is a

stable Py-transversal of G, which concludes the proof. O

Theorem 6.23. Let 2 < j < k and 4 < k. Then it is N P-complete to decide, for a given
chordal graph G, whether G has a K;-free Py-transversal.

Proof. The problem is clearly in NP. We prove that it is also NP-hard. If j = 2,
then the Kj-free P;-transversal problem is the stable Pj-transversal problem, and the claim
follows from Theorem For j > 3, we prove the claim by reduction from the stable
Py-transversal problem in chordal graphs. Let G be an instance to this problem (a chordal
graph). Let G* be the graph constructed from G as described below Figure It is easy to
observe that, since G is chordal, also G* is chordal. Also, by Proposition [E22, G has a stable
Py-transversal, if and only if, G* has a Kj-free Pj-transversal. By Theorem [E.Z1], the stable
Py -transversal problem in chordal graphs is N P-hard. Hence, the Kj-free Pj-transversal

problem in chordal graphs is also N P-hard, and that concludes the proof. O



Chapter 7

Other cases

In this chapter, we further investigate the GCOL problem in the class of chordal graphs in
a number of special cases for which we establish their complexity. Then, in the second part,
we extend the results from the previous chapter to strongly chordal graphs, and discuss the
complexity of the Py-free Pj-transversal problem in chordal comparability graphs.

The following is a series of results which establish complexity of a number of cases of

the GCOL problem in the class of chordal graphs.

L . x

0 -+ % % % M * % *

0 x 1 % * % *

oo | Fox B " Mo — 10 -0

e My=1 | 0 * * 3= 01 --- 0
* % *x 1 1 oxoH

* x x[0 0 --- 1

Figure 7.1: Matrices for selected GCOL problems in chordal graphs.

Theorem 7.1. The Ps-free P3-transversal problem is solvable in the class of chordal graphs

in time O(n'0).

Proof. Recall that a chordal graph is Ps-free, if and only if, it is a join of a clique and
an independent set. Let M; be the matrix in Figure [L1l It clearly follows that a chordal
graph G has a Ps-free Ps-transversal, if and only if, G admits an M;-partition. For the
matrix M, it was shown in [9] that the list M;-partition problem admits a polynomial time

solution already in general graph. We now explain how this algorithm works.

126
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Recall that an (k + ¢) x (k 4+ ¢) matrix M is an (A, B, C)-block matrix, if M is of the
AlcT
C

diagonal, B is a symmetric £ x ¢ matrix with all ones on the diagonal, and C' is a k x /¢

form M = < >, where A is a symmetric & X k matrix with all zeroes on the main

matrix. For such matrices A and B, if there is a graph H which is both A-partitionable
and B-partitionable, then H has at most k x £ vertices. This is due to the fact that, if H is
A-partitionable, we have y(H) < k, and if H is B-partitionable, we have a(H) < ¢. Hence,
by Theorem 1], it follows that we can enumerate in time O(n?*+27(n)) all n?** partitions
of an n-vertex graph G into an A-partitionable graph and a B-partitionable graph, where
T'(n) is the complexity of the A-partition respectively B-partition problem. Clearly, G must
admit such a partition, if G is M-partitionable.

Hence, we apply the above to My, and obtain, in time O(n'%(n+m)), all O(n®) partitions
of G into an Aj-partitionable graph G[X] and a Bj-partitionable graph G[Y], where the
matrices A1 and B correspond to bipartite and co-bipartite graphs, respectively. In fact,
we can improve this complexity, if we assume that G is chordal. As follows from the proof
of Theorem 1, it takes only O(n?**T'(n)) time to enumerate all sparse-dense partitions, if
we know at least one such partition. If GG is chordal, a partition of GG into a bipartite and a
co-bipartite graph can be obtained easily by trying all pairs of maximal cliques C,C’ of G
(possibly also C' = C, or C = C’ = (), and testing whether G — (C'U C”) is bipartite. The
complexity of this is clearly O(n?(n +m)), since there are at most n maximal cliques in G,
if G is chordal. Hence, the above partitions of a chordal G can be found in time O(n'?).

For each such partition X UY, we find sets V; UVs, = X and V3 UV, = Y such that
ViUV U V3 UV, is an My-partition of G. To find these sets, we construct an instance of
2S5 AT which will have solution, if and only if, such partition for X UY exists.

We assign a variable x, to each vertex v € X, and a variable ¥, to each vertex v € Y.
For each u,v € X with uv € E(G), we add clauses x, V z, and -z, V —x,. Similarly, for
each u,v € Y with wv ¢ E(G), we add clauses y, V y, and =y, V —y,. Finally, for each
u € X and v € Y with uv € E(G), we add clauses x, V y, and -z, V —y,.

We show that the above clauses are satisfiable, if and only if, there exists an M;-partition
ViuVouVauVy of G with X = V3 UVs and Y = V3 UV, Suppose that such partition
exists; set x, = true, if v € V4, and z, = false, if v € V5, and set y,, = true, if v € V3, and
yy = false, if v € V. Consider clauses x, V x,, and -z, V =, for u,v € X with uv € E(G).
Since both V7 and V5 are independent sets, it follows that v € V3 and v € V,, or u € V5 and
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v € V1. Hence, either z, = true and x, = false, or xz, = false and =, = true. In either
case, the two clauses are satisfied. By symmetry, also the clauses vy, V y, and =y, V =y,
are satisfied for each w,v € Y with uv ¢ E(G). Finally, consider u € X and y € Y with
wv ¢ E(G). Since we have all edges between V; and V3, and also all edges between V5 and
V4, it follows that either u € V5 and y € V3, or u € V4 and y € V4. Hence, either x, = false
and y, = true, or x, = true and y, = false. Again, in either case the clauses z, V ¥y, and
—x, V Ty, are satisfied. This shows that all clauses are satisfied.

Now, suppose that we have a truth assignment which satisfies the above clauses. We
put v € X into Vi, if x, = true, and into V5 if x, = false. Also, we put v € Y into
Vs, if y, = true, and into Vg, if y, = false. Clearly, ViU Vo = X, V3 UV, =Y, and
V1 UVaU V53UV, is a partition of V(G). We show that it is, in fact, an M;-partition. First,
if 11 contains adjacent vertices u,v € X, then we must have z, = z, = true, but then the
clause —x, V —x, is not satisfied. Similarly, if V5 contains adjacent vertices u,v € X, then
the clause z, V x, is not satisfied. This proves that both V; and V5 are independent sets,
and, by symmetry, we also have that V3 and Vj are cliques. Now, consider v € V] and v € V3
such that uv ¢ E(G). Hence, x, = true and y, = true, but then the clause —x, V -y, is
not satisfied. Similarly, if u € V5 and v € V}, the clause x, V ¥, is not satisfied. Therefore,
this proves that V3 U Vo U V3 UV} is indeed an Mj-partition of G.

We now analyze the complexity. It is known that 25 AT for m clauses C with n variables
v1,...,U, can be solved by constructing a digraph D whose vertices are the variables and
their negations, and which has arcs (—z,y) and (—y,z) for each clause z V y in C. (Note
that z € {v;,—v;} and y € {vj,—w;} for some 4,5 € {1...n}.) Now, the clauses C are
satisfiable, if and only if, there is no variable ¢ € {1...n} such that there is a directed path
from v; to —w;, and a directed path from —w; to v; in D. In other words, clauses C are
satisfiable, if and only if, for each i € {1...n}, the vertices v; and —v; belong to different
strong components of D. The complexity now follows from the result of Tarjan [65], who
showed that computing strong components of any graph with n vertices and m edges can
be done in time O(n + m). Hence, also, solving 2SAT for m clauses on n vertices can be
done in time O(n + m). (Observe that D has 2n vertices and 2m edges.)

In our instance of 25 AT, we have a variable for each vertex of G, and at most one clause
for each pair of variables, that is, n variables, and O(n?) clauses.

Now, since we have O(n®) choices for sets X and Y, this gives total running time O(n!?).

(Recall that enumerating sets X,Y also takes O(n'?) since G is chordal.) O
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Theorem 7.2. The Ps-free Kj,-transversal problem is solvable in the class of chordal graphs
in time O (n**(nk3(4k)* +m)).

Proof. Again, recall that a chordal graph G is Ps-free, if and only if, G is a join of a clique
and an independent set. Also, a chordal graph G is Kj-free, if and only if, x(G) < k — 1.
Now, let My be the (k+ 1) x (k + 1) matrix in Figure [[Jl It follows that a chordal graph
G has a Ps-free Kj-transversal, if and only if, G is Ms-partitionable.

As in the above proof, we have that My is (As, B, C)-block matrix, where As corre-
sponds to all k-colourable graphs, and By corresponds to all cliques. Recall that a matrix
M is crossed, if each non-* element of M belongs to a row or a column of non-* elements.
It can be clearly seen that Cs is crossed. Hence, by Theorem 23 there exists a polynomial
time algorithm for the list Ms-partition problem. We now explain details of this algorithm.

Similarly, as in the above proof, we have that using the sparse-dense algorithm of
Theorem ], we can enumerate in time O(n?**2(n +m)) all O(n?*) partitions of G into an
As-partitionable graph G[X] and a Ba-partitionable graph G[Y']. In fact, since G is chordal,
we can find one such partition in time O(n(n + m)) by testing each maximal clique C' of
G whether (G — C) < k. Hence, we only need O(n?*(n +m)) time to enumerate all such
partitions.

For each such partition X UY', we assign to each vertex v of X a list £(v) = {1...k},
and remove k from the list ¢(v) of each vertex v € X which has a non-neighbour in Y.
Then we use the algorithm from Theorem to decide whether G[X] has an As-partition
which respects the lists £. This has complexity O(nk?(4k)*). If such partition V; U... UV}
exists, we have that V3 U... UV, UY is a Ms-partition of G, since all vertices of V}, are
necessarily adjacent to all vertices of Y. (Each vertex v € Vi has k € ¢(v), and hence, by
the above, v must be adjacent to each vertex of Y.) Conversely, if G admits an Ms-partition
ViU...UV,UViaq such that Y = Vi, then all vertices of V), are completely adjacent
to Y, and hence, the above procedure will not remove k from their lists. It follows that
ViU...UV; is an Ay-partition of G[X| which respects the lists ¢, and hence, the algorithm
from Theorem must successfully produce an As-partition of G[X].

Altogether, the total complexity of the above algorithm is O(n?*(nk?(4k)* +m)), and
that concludes the proof. d

In fact, using the above proof, one can show the following more general result.
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Theorem 7.3. Let M be a kxk matriz with entries {0,1,x} and all 0 on the diagonal. Then
the problem of deciding, whether a chordal graph admits a partition into an M -partitionable
graph and a Ps-free graph, is solvable in time O(n?**2(nk®(4k)k +m)). O

Theorem 7.4. The K;-free Kj-transversal problem is solvable in the class of chordal graphs

in time O(n +m).

Proof. First, we show that a chordal graph G has a Kj-free Kj-transversal, if and only
if, x(G) < k + j — 2. First, suppose that G has a Kj-free Kj-transversal S. Since G[S] is
Kj-free and G — S is Kj-free, we have w(G[S]) < j — 1 and w(G — §) < k — 1. Hence, also
X(G[S]) <j—1and x(G—S) <k —1, since G is chordal (and hence perfect). Therefore,
X(G) < k+j—2. On the other hand, if x(G) < k+j—2, let SU...USy1;_2 be a partition
of the vertex set of G into k + j — 2 independent sets (in other words, a proper colouring
of G). Let S =51 U...US;_1. Clearly, x(G[S]) <j—1and x(G—S) < k—1. Hence,
w(G[S]) < j—1and w(G—S) < k—1, which shows that S is a Kj-free Kj-transversal of G.

Now, it follows that testing whether a chordal graph G has a Kj-free Kj-transversal
amounts to computing x(G) and testing whether x(G) < k+ j — 2, which can be easily done
in O(n + m) time. O

Theorem 7.5. Let M be a k x k matriz with entries {0,1,*} and all 1 on the diagonal, and
let P be an induced hereditary class of graphs recognizable in time T'(n, m). Then the problem

of deciding, whether a chordal graph admits a partition into an M -partitionable graph and
a graph from P, is solvable in time O(n**(T(n,m) + nk?)), or in O(T(n,m)-n) if k = 1.

Proof. The algorithm for this problem is a modification of the algorithm from Theorem
for matrix partitions of chordal graphs for 1-diagonal matrices. It works as follow. First,
it finds a perfect elimination ordering 7 of the input graph G, and assigns to each vertex
v € V(Q) alist £(v) = {1...k}. Next, for each 1 < i < k, it either decides that the set U;
is empty, or chooses two vertices z;,y; of G, and sets £(z;) = ¢(y;) = {¢}. Then it removes
i from the list ¢(v) of each vertex v which appears in 7 before x; or after y;, and, for each
z € V(G) and each j € {1...k}, it removes j from £(z), if zz; or zy; is an edge and M; ; = 0,
or if zx; or zy; is not an edge and M; ; = 1.

After that, the algorithm finds the set X of all vertices v € V(G) with £(v) # 0, and
tests whether G — X belongs to P. If this succeeds, the algorithm returns X U V(G — X)
as a partition of G into an M-partitionable graph and a graph from P. If this does not
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succeed for all of the above choices (of vertices x;,y;), the algorithm announces that no such
partition of G exists.

We now argue correctness of this algorithm. Suppose that the algorithm returns a
partition X U V(G — X). Clearly, G — X is in P. Recall that X consists of all vertices v
with £(v) # (. For each v € X, we pick ¢ € £(v), and put v € U;. We show that Uy, ..., Uy is
an M-partition of G[X]. Suppose otherwise, and let u € U; and v € U; be distinct vertices
such that either wv € E(G), and M;; = 0, or uwv ¢ E(G), but M;; = 1. Assume the
former, and without loss of generality, let w(u) < 7(v). Then, clearly, v # y; since j & £(y;),
and y;v € E(G), because otherwise the algorithm would have removed j from ¢(v). Hence,
u # y;, and w(u) < 7(y;). Now, since M;; = 1, we must have y;u € E(G), but then, also
yiv € E(G), since 7(u) < 7(y;), and w(u) < 7(v), a contradiction. (Note that 7 is a perfect
elimination ordering.) Similarly, in the latter case, we obtain m(z;) < 7(u) < 7(v), and
zjv € E(G), zju € E(G), which gives uv € E(G), and hence, a contradiction.

On the other hand, suppose that G admits a partition into an M-partitionable graph
G[X*] and a graph G — X* € P, and let 7 be the perfect elimination ordering of G used
by the algorithm. Let UY,...,U} be an M-partition of G[X*]. For each 1 < i < k with
U # 0, let 2 to be the first and y; to be the last vertex of U} in the ordering m. Now,
consider the step of the algorithm in which it considers U; empty for those i such that
U =0, and considers z; = x and y; = y; for all other i. We show that the algorithm will
successfully return a partition of G. Let ¢ be the lists computed by the algorithm. First,
we observe that for each 1 < i < k, and each v € U, since U{,...,U; is an M-partition
of G[X*], we have that v is adjacent to z;,y; for those j such that M;; = 1, and v is not
adjacent to xz;,y; for those j such that M;; = 0. (Note that z;,y; € U]’-k.) Hence, the
algorithm will not remove ¢ from £(v), which implies that £(v) # 0.

It now follows that X* C X, where X is the set of vertices v with ¢(v) # (), which is
constructed by the algorithm. Hence, G — X is an induced subgraph of G — X*, and, since
P is an induced hereditary class, we have G — X € P. This proves that the algorithm will
successfully return a valid partition of G.

Finally, we argue the complexity. Clearly, for each 1 < i <k, we have 1 +n + (Z) < n?
choices for the vertices x;, y; (including the choice when U; = (). Hence, altogether, there are
n2k choices. For each such choice, we compute the lists £ in time O(k?n) by testing, for each
vertex v, the edges and non-edges between v and vertices x1, 1, ..., %k, Yx. Then we find the

set X in time O(kn) by examining the lists ¢, and test whether G — X € P in time T'(n, m).
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It clearly follows that the running time of the above algorithm is O (n* (T (n, m)+nk?)).
On the other hand, if k¥ = 1, we necessarily have M = (1), and instead, we find all maximal
cliques of G in time O(n + m), and, for each such clique C, we test whether G — C € P.
The correctness of this procedure follows easily, and the complexity is clearly O(T'(n,m)-n),

since there are at most n maximal cliques in G. That concludes the proof. O

As a corollary, we obtain the following theorem.

Theorem 7.6. The Ps-free (the Ps-free) Ky -transversal problem is solvable in the class of
chordal graphs in time O(n?*=2(nk% 4+ m)), or O(n(n +m)) if k = 2.

Proof. Let G be a chordal graph, and let X be the set of all dominating vertices of G. We
show that G is Ps-free, if and only if, G — X is an independent set. Clearly, if G — X is an
independent set, then G is a join of a clique and an independent set, and hence, G is P3-free.
(Observe that the vertices of X induce a clique in G.) On the other hand, suppose that
G is Ps-free, but G — X contains adjacent vertices u,v. Then, since both u and v are not
dominating G, there exist vertices v’ and v" such that uu’ ¢ E(G) and vv' ¢ E(G). If also
wv' € E(G), then u,v,v’ is an induced P3 in G. Similarly, if u'v ¢ E(G), then u,v,u’ is an
induced P3 in G. Hence, we must have uv’ € E(G), and u'v € E(G). Now, if u'v' ¢ E(G),
then v/,v,v" is an induced P3. Hence, v'v' € E(G), which implies that u,v,u’,v’ is an
induced Cjy in G, but G is chordal, a contradiction.

Hence, it clearly follows that the above implies an O(n + m) time algorithm for rec-
ognizing chordal Ps-free graphs. Also, recognizing P3-free graphs G can be done in time
O(n +m) by computing the connected components of G.

The claim now follows immediately from Theorem O

Theorem 7.7. Let M be a k x k matriz with entries {0,1,x} and all 0 on the main di-
agonal. Then the problem of deciding, whether a chordal graph admits a partition into an

M -partitionable graph and a Ps-free graph, is solvable in time O(nF(nk34%)).

Proof. For an input chordal graph G on n vertices, let M3 be the (n+ k) X (n + k) matrix
depicted in Figure [l which is constructed from M and n x n matrix whose all diagonal
entries are 1, and all off-diagonal entries are 0. Recall a graph is Ps-free, if and only if, it is a

disjoint union of cliques. Hence, it follows that G admits a partition into an M-partitionable
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graph and a Ps-free graph, if and only if, G is Ms-partitionable. (Note that for each size
of G, we have a different matrix.)

Now, recall the algorithm from Theorem for the list M-partition problem on graphs
of treewidth at most k— 1, which we describe in detail in Section 222 There, we remark that
this algorithm works, in fact, for any matrix M, not only those M with all diagonal entries 0.
Hence, we can use this algorithm to decide whether or not G admits an M;z-partition. All
we need to argue is the complexity.

Unfortunately, the treewidth of G can be as large as n, and the matrix Mj is of size n+k,
and hence, the analysis from Section gives a running time of O(n*(n + k)™ 47+*). That,
clearly, is not polynomial in n, and it is due to the fact that the analysis assumes that the
number of possible pairs (Z,S) is 2" %(n + k)". However, this is not the case for Ms.

In what follows, we show that the number of pairs (Z, S), which are explored by the algo-
rithm, is polynomial in n. First, since G is chordal, for any Ms-partition ¥ = ViU... .UV, 1k
of G, and any v € V(T), there is at most k vertices in X (v) which belong to V4 U ... U Vj
(the parts corresponding to the matrix M), since V7, ..., Vj are independent sets. This gives
n® possibilities for such vertices. Moreover, X (v) can contain vertices of at most one set Vi,
where j € {k+1...n+k}, since for each i,i" € {k+1...n+k}, we have no edges between V;
and Vjr, and X (v) is a clique. This gives n choices for j, but, in fact, it suffices to investigate
only one such choice, because all other choices are obtained by renaming the sets V.

In addition, when processing a forget node v, every time we are adding a pair (Z,5)
into F(v) (recall that = =V} U... UV, 4 is an Ms-partition of X (v)), we remove from S
any j € {k+1...n+ k} such that V; = (. Clearly, no vertex of G considered later in the
algorithm will be adjacent to any vertex of G, — X (v), and hence, for such j, there will be
nothing to check, so we can safely remove it from S. This gives that any such S will contain
at most one j € {k+1...n+k}, and again, by symmetry, it suffices to investigate only two

2k+1 possibilities for S.

choices (either there is such j in S or there is no such j in S). Hence,
Altogether, we have that there are only 2(2n)* possible pairs (Z, S) for any F(v). There-
fore the total running time of this algorithm is O(n?k?(4n)¥), and, in fact, a more careful

analysis gives O(nk?(4n)*), which concludes the proof. O

As a corollary, we obtain the following theorem.

Theorem 7.8. For each k, the Ps-free Ky -transversal problem is solvable in the class of
chordal graphs in time O(nkk34%). O
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Finally, we prove the following theorem whose special case has been shown in [3]. Recall

that the symbol W denotes the operation of disjoint union of graphs.

Theorem 7.9. Let P be an additive induced hereditary class of (chordal) graphs, and H be
any graph. Then the problem of deciding, whether a (chordal) graph admits a partition into
an H-free graph and a graph from P, can be polynomially reduced to the problem of deciding,
whether a (chordal) graph admits a partition into o (HWKy)-free graph and a graph from P.

Proof. Consider an instance to the former problem, namely, a graph G. Let F' be any
minimal forbidden subgraph for P, and let G’ be the disjoint union of G and F. Observe
that if G is chordal and P is a class of chordal graphs, then also G’ is also chordal. Now, the
claim will follow once we show that G admits a partition into an H-free graph and a graph
from P, if and only if, G’ admits a partition into an (H W K1)-free graph, and a graph from
P. First, let V3 U V4 be a partition of G such that G[V;] is H-free, and G[V5] € P. Let v
be any vertex of F. Clearly, F' — v is in P, since F' is a minimal forbidden subgraph for P.
Hence, also G[V,| W (F' — v) is in P, since P is additive. Moreover, G[Vi] & {v} is clearly
(H @ K, )-free, since G is H-free. Therefore, V/ = V4 U{v} and V4 = Vo UV (F — v) is the
required partition for G’. Now, suppose that G’ admits a partition V3 U V5 such that G'[V4]
is (H W K7)-free, and G'[V;] € P. Clearly, the vertices of the subgraph F of G’ cannot all
belong to V3, since F' is a forbidden subgraph for P. Hence, there must exist a vertex v in
F with v € V;. It follows that, if G[V4 N V(G)] contains H as an induced subgraph, then
G'[V4] is not (H W K )-free, since the copy of H together with the vertex v give a copy of
H W K;. Hence, it follows that V{ = Vi NV(G) and V4 = VoNV(Q) is the required partition
of GG, and that concludes the proof. O

As a corollary, we obtain the following theorem.

Theorem 7.10. For each k > 4, the Ps-free P,-transversal problem is N P-complete in the
class of chordal graphs.

Proof. The proof follows easily from the previous theorem. The problem is clearly in N P.
By Theorem Bl the P»-free Pg-transversal problem is N P-hard in the class of chordal
graphs. Hence, by Theorem [[9 also the P3-free Pj-transversal problem in N P-hard in the

class of chordal graphs, which shows the claim. O
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7.1 Strongly Chordal Graphs

In this section, we extend the results of Chapter [l to the class of strongly chordal graphs.

We say that a perfect elimination ordering < of a graph G is a strong elimination
ordering, if for any vertices u < v < w < z, if uz, uw and vw are edges of G, then also vz is
an edge. A graph G is called strongly chordal, if there exists a strong elimination ordering
of the vertices of GG. It can be seen that the class of strongly chordal graphs is a subclass
of chordal graphs, but also a superclass of the class of interval graphs and of the class of
chordal comparability graphs (the graphs both chordal and comparability).

We remark that for strongly chordal graphs, a forbidden induced subgraph characteriza-
tion is known due to Farber [25]. A k-sun is a graph formed by a cycle vy, vy, ..., vp_1 with
edges v;v;+1 (and possibly other edges), and an independent set wyg, w1y, ... wg_1, where w;

is adjacent only to v; and v;4+1 (all indices are taken modulo k).

Theorem 7.11. [2F]] A graph G is strongly chordal, if and only if, for all k > 3, G does

not contain a k-sun as an induced subgraph.

Recall that a block of a graph G is a (set) maximal induced subgraph that cannot be
disconnected by a removal of a single vertex, a cutvertex of G is a vertex of G whose removal
disconnects (G, a dominating vertex of GG is a vertex of G adjacent to all other vertices of
G, and a twin of a vertex of G is an adjacent vertex having the same set of neighbours. We

have the following simple observations (not only) about strongly chordal graphs.

Proposition 7.12. Let C be a induced hereditary class of graphs.

(i) If all minimal forbidden induced subgraphs of C have no cutvertices, Then for any
graph G, the graph G is in C, if and only if, all blocks of G are in C.

(i) If all minimal forbidden induced subgraphs of C are connected, then for any graph G,
the graph G is in C, if and only if, all connected components of G are in C.

(i5i) If all minimal forbidden induced subgraphs of C have no dominating vertices, then for
any graph G, the graph G is in C, if and only if, a graph constructed from G by adding
a dominating vertex is in C.

(iv) If all minimal forbidden induced subgraphs of C have no twins, then for any graph G,
the graph G is in C, if and only if, a graph constructed from G by adding a twin of a

vertex of G is in C.
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Proof. Suppose that GG is in C. Then, clearly, since C is induced hereditary, all blocks of G
must be in C. On the other hand, if G is not in C, then G must contain a minimal forbidden
induced subgraph F' of C. If F' contains a cutvertex v of G, then v must be a cutvertex of F
as well, since F' is an induced subgraph of G. But, by (i), F' contains no cutvertices. Hence,
F must be contained in a block of G, which proves the claim.

Similarly, if G is in C, then all connected components of G must be in C, since C is
induced hereditary, and if G is not in C, then it contains a minimal forbidden induced
subgraph F', which, by (i7), is connected, and hence it completely belongs to a connected
component of G.

Now, suppose that the graph G’ constructed from G by adding a dominating vertex v is
in C. Since G is an induced subgraph of G’, also G must be in C. On the other hand, if G’
is not in C, then G’ must contain a minimal forbidden induced subgraph F of C. Suppose
that v is in F. Since v is adjacent to all vertices of G, and F' is an induced subgraph of
G', it follows that, in F, the vertex v is adjacent to all other vertices of F. But, by (i),
F' contains no dominating vertex. Therefore, v is not in F', and hence, F' is an induced
subgraph of G which implies that G is not in C.

Finally, suppose that the graph G’ constructed from G by adding a twin v of a vertex u
of G is in C. Then, similarly, since G is an induced subgraph of G’, G must also be in C. On
the other hand, if G’ is not in C, then G’ contains a minimal forbidden induced subgraph F'
of C. Suppose that F' contains both u and v. Again, since F' is an induced subgraph of G/,
u and v must also be twins in F. But, by (iv), F' contains no twins. Hence, either u is not
in F or v is not in F. In both cases, since G’ — u is clearly isomorphic to G’ — v = G, we

obtain that G also contains F' as an induced subgraph, and that proves the claim. O

We observe that all minimal forbidden induced subgraphs of chordal graphs and strongly
chordal graphs, by Theorem [[T1l are connected and contain no cutpoints, dominating
vertices, or twins. Hence, the previous observation applies to both classes.

We now prove that all graphs used in the proofs of Theorem are strongly chordal,

which will prove the following extension of this theorem.

Theorem 7.13. Let 2 < j <k and 4 < k. Then it is NP-complete to decide, for a given
strongly chordal graph G, whether G has a Pj-free Py-transversal. It is also N P-complete
to decide, for a given strongly chordal graph G, whether G has a Kj-free Pj-transversal.
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Proof. To prove this theorem, we show that the graphs in Figures 611, B3, 64 G5 B0,
B and B8, are all strongly chordal.

We start with the graphs G; and Y; in Figure We observe that the graph Y
is clearly strongly chordal, since it does not contain any k-sun. This proves that Gy is
strongly chordal. For all other ¢ > 1, we prove by induction on i that G; is also strongly
chordal. Hence, assume that G;_1 is strongly chordal, and consider the graph G;. Let 7 be

1,2 1

a strong elimination ordering of G;_;. We show that 7’ = v}, v?,...,7;,

_2 — .
Tsyon., T,0;,0; 1S
a strong elimination ordering of G;. First, it is easy to see that 7’ is a perfect elimination
ordering. Now, consider vertices u, v, w, z appearing in 7’ in this order such that uvw, uz, vw

are edges of G;, but vz is not an edge. Since both v; and 7; are adjacent to all vertices of

J

G;_1, it follows that u must be either a vertex v] or a vertex v/ for some j. Hence, w is a

vertex of G;_1, and z is either v; or 7;. Now, by the construction of G;, w is not adjacent

J
7

to any other vertex v "or ﬁf " Hence, v must be in G;_1, so we have an edge between v and
z, a contradiction. This proves that 7’ is a strong elimination ordering of G;, and hence G}
is strongly chordal.

Now, consider the graphs sz in Figure The graph Ff is trivially strongly chordal.
Also, the graph F2k is strongly chordal, which follows, by Proposition [L T2, from the fact that
v is a dominating vertex of sz, and the chordless path wuq,...,u; contains no k-sun. Now,
by induction, suppose that Flk_ 1 is strongly chordal. Observe that all blocks of Flk are either
copies of Ff_1 or the graph FQI“’, where k' = max{2, k — 2i + 4}. Hence, by Proposition [[T2,
also Ff is strongly chordal. Similarly, since the blocks of the graph H ]k in Figure are
either the graphs F Jk or paths, we have that the graph H f is strongly chordal. By the same
argument, the graphs Bf and Dé‘? in Figure are also strongly chordal.

Now, consider the graphs G and Yj’ in Figure 8l Again, we have that the blocks of
Y] are either copies of B3 or paths, which shows that both Y] and Gj, are strongly chordal.
Now, by induction, assume for ¢ > 1 that G)_, is strongly chordal. Let H be the disjoint
union of G}_; and the chordless path z;,b,¢,d,z; of G, and H' be the graph constructed
from H by adding the vertices x;, T; and fuzj ) 6{ for all j. Observe that H is strongly chordal,
and it is an induced subgraph of H’ dominated by v; and w;. Now, the argument from
first paragraph of this proof for G;_1 = H and G; = H', precisely gives that H' is strongly
chordal. Since H' is also a block of G, and all other blocks of G} are either copies of B3 or
paths, it follows that G} is also strongly chordal.

Next, consider the graphs G’, G”, and G” in Figure Assuming that G is strongly
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chordal, we immediately have that both G’ and G” are also strongly chordal, since their
blocks are the blocks of GG, the copies of B;‘? or D;? , and paths, and, clearly, each is strongly
chordal. For G"”, consider the block H of G" containing G. Observe that y is a dominating
vertex of H, and hence, it suffices to show that H — y is strongly chordal. But the only
non-path block of H — y is formed by the graph G dominated by x, and hence, since G is
strongly chordal, we have that H is also strongly chordal. Now, clearly, also G" is strongly
chordal, since all other blocks of G are copies of F , or Ff ;.

Finally, consider the graph G* in Figure Let H be the graph constructed from G
by adding a dominating vertex v, and a chordless path uy,...,u; = v attached to v. Again,
by Proposition [LT2, if G is strongly chordal, H is also strongly chordal. Now, we observe
that G* is precisely the graph that is obtained from H by adding j — 1 twins of each of
Uy, ..., ux_1, and j — 3 twins of v. By Proposition [LT2 this implies that G* is strongly
chordal, and that concludes the proof. O

7.2 Chordal Comparability Graphs

Recall that a graph G is comparability, if there exists an orientation F' of its edges F(QG)
such that F' is transitive. The class of chordal comparability graphs is defined as the class
of all graph which are both chordal and comparability.

In this section, we prove that the problem of Pj-free Ps-transversals is trivial in chordal
comparability graphs, that is, we show that any chordal comparability graph has a Py-free
Py-transversal. This is in contrast to both Theorem and Theorem [LT3, since the class
of chordal comparability graphs is a subclass of both chordal and strongly chordal graphs.
We prove this theorem by proving an interesting property of perfect elimination orderings
of chordal comparability graphs.

A perfect elimination ordering < of a graph G is called a simple elimination ordering,
if for any u < v < w, either the neighbours x > u of w are also neighbours of v, or
the neighbours x > w of v are also neighbours of w. It is known that a graph G has a
simple elimination ordering, if and only if, G is strongly chordal [25]. In fact, any strong
elimination ordering is also a simple elimination ordering, but not conversely, although, it
is known that one can in time O(n 4+ m) transform any simple elimination ordering into a

strong elimination ordering [59]. Since chordal comparability graphs are strongly chordal,
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we also have that there exists a simple elimination ordering for any chordal comparability
graph. It turns out that there exists an O(n +m) time algorithm [6] which, given a chordal
comparability graph G, constructs a simple elimination ordering of G. This ordering can
be then used to solve a number of combinatorial problems, such as the maximum matching
problem, efficiently. In contrast, note that, at the time of writing, no linear time algorithm
for constructing a simple elimination ordering of a strongly chordal graph is known.

The actual algorithm which constructs a simple elimination ordering of a chordal com-
parability graph is known as Cardinality Lexicographic Breadth-First Search (CLexBFS),
which is a modification of the usual LexBFS (see Section [[2). This algorithm works almost
exactly as LexBFS, but instead of choosing any vertex with lexicographically largest label,
it always chooses a vertex of the largest degree among the vertices with lexicographically

largest label. We summarize this algorithm below as Algorithm [Tl

Algorithm 7.1: Cardinality Lexicographic Breadth-First search.

Input: A graph G

Output: An elimination ordering 7

1 set label(v) «  for all v € V(G)
2 for i < n downto 1 do
3 pick an unnumbered vertex v with the largest degree among

the vertices with lexicographically largest label

4 (i) «— v /* the vertex v becomes numbered */
5 for each unnumbered w adjacent to v do
6 append i to label(w)

We shall make use of the following property of CLexBFS.

Proposition 7.14. Let < be an elimination ordering of a graph G computed by CLexBFS.
Then, for any two vertices u,v of G with N(u) G N(v) or N[u] & N[v], we have u < v.

Proof. Let u and v be two vertices of G with N(u) & N(v) or N[u] & N[v]. Observe that
at any step of the CLexBFS algorithm, the label of any vertex is formed by the numbers
assigned to the processed neighbours of that vertex. Since any neighbour of u is also a

neighbour of v, it clearly follows that until one of the two vertices is chosen by the algorithm,
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their labels are identical. Now, suppose that v < u, and consider the step of the algorithm
at which u is chosen to be the next processed vertex. This is a step at which u is a vertex
with the largest degree among the vertices with lexicographically largest label. But since
the degree of u is smaller than the degree of v, and, by the above, the labels of u and v at
that point in the algorithm must be identical, the algorithm must choose v instead as the

next vertex, a contradiction. Hence, u < v as claimed. O

Now, let F' be an orientation of the edges of a graph G, and m = (vy,v9,...,v,) be any
permutation of the vertices of G. Let G be the oriented graph formed by the vertices of G
and the arcs F'. We shall call a vertex v; smooth with respect to F' and m, if v; is neither a
source nor a sink in Gglvy, va,...,v;], that is, v; has both an incoming edge in F' from some
vj, j < 1, and an outgoing edge in F' to some vy, k < i.

Let 0,(F) be the number of vertices in G which are smooth with respect to F' and 7.

We say that F' is a uniform orientation of G with respect to =, if o, (F) = 0.

Figure 7.2: Transforming a transitive orientation into a uniform transitive orientation.

Lemma 7.15. For any chordal comparability graph G, there exists a transitive orientation
F of G which is uniform with respect to some simple elimination ordering © of the vertices

of G. In addition, there ezists an O(n 4+ m) time algorithm for constructing F.

Proof. Let m be an elimination ordering of G computed by CLexBFS, and let F' be a
transitive orientation of G with least possible value of o.(F'). By [6], the ordering 7 is, in
fact, a simple elimination ordering of G. We show that F' must be uniform with respect to

m, that is, o, (F) = 0.
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If not, then let ¢ be the largest index such that v; is smooth with respect to F' and .
Let A be the neighbours v, of v; with v;v, € F and k < i, and A’ be the neighbours vy, of
v; with v;v,, € F and k > 4. Similarly, let B be the neighbours v of v; with vyv; € F and
k < i, and B’ be the neighbours vy, of v; with viyv; € F and k > i (see Figure [L2h). Since v;
is smooth, we must have A # () and B # (). Moreover, since v; has the largest index among
the smooth vertices, we have that no vertex in A’U B’ is smooth. Also, since F' is transitive,
we must have ba € F for every b € BU B’ and a € AU A’. Now, let v; be the vertex
with the smallest index 7 among the neighbours of v;. Without loss of generality, we may
assume that v; € A (otherwise, we use F ~Lin place of F). Clearly, every neighbour vy, of v;
has k > j. Moreover, v; is simplicial in G[vj,vj41,...,vy], since 7 is a perfect elimination
ordering. Hence, B U B’ must be a clique, and since no vertex of B’ is smooth, we must
have b'b € F for all ¥’ € B’ and b € B. Now, consider any vertex b in B. From the above, b
is adjacent to all vertices of A, B, A’, and B’, and hence, we have N[b] 2 N[v;]. However,
b appears in 7 before v;, and hence, by Proposition [[T4, N[b] = N|v;].

Now, let F’ be the orientation of G obtained from F' by reversing the direction of the
arcs between v; and the vertices of B (see Figure [[2b). We show that F” is a transitive
orientation of G. Suppose that z, vy, z is a transitive violation in F’, that is, zy € F’, yz € F’
but xz € F’. Since F is transitive, we must have that either z = v;, y € Band z € AU A/,
or x € B', y =v; and z € B. But in both cases, we have zz € F’, a contradiction. Hence,
this shows that F’ must be transitive. However, v; is no longer smooth with respect to F”
and 7, and, clearly, any vertex which was not smooth with respect to F and « is also not
smooth with respect to F’ and 7. This contradicts the choice of F', and the claim follows.

Now, we explain how we can construct a uniform transitive orientation of G with respect
to some simple elimination ordering 7 of GG. First, we obtain a transitive orientation of G.
This can be accomplished in time O(n + m) using the algorithm of E6]. Then we run
the algorithm CLexBFS on G to obtain a simple elimination ordering w. After that, we
process the vertices of G in the reverse of 7. If we encounter a smooth vertex v;, we scan its
neighbourhood and pick a vertex v; with the smallest index j. Then, again by scanning the
neighbourhood of v;, we orient the edges between v; and its neighbours vy, where k < ¢, so
that they have the same direction as the arc between v; and v; in F. By the above argument,
this cannot create a transitive violation. After that, we process next vertex. Clearly, each

vertex v; is processed in time O(|N(v;)|). Hence, the total running time is O(n +m). O
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Now, as a consequence of the above, we obtain the main theorem of this section.

Theorem 7.16. Fvery chordal comparability graph G has a Py-free Py-transversal. This

transversal can be found in time O(n + m).

Proof. By Lemma [[TH we have that there exists a simple elimination ordering m =
v1,...,0, of G and a transitive orientation F' of G, which is uniform with respect to .
We partition the vertices of GG into two sets X and Y with the property that for any two
adjacent vertices v;,v; with ¢ < j, if v; and v; are both in X, then v;v; € F, and if v; and
v; are both in Y, then vv; € F.

We process the vertices of GG in the order given by 7. A vertex vy is placed into X, if
there is no v; € X with ¢ < k which is adjacent to vy and vgv; € F. Similarly, v is placed
into Y, if there is no v; € Y with j < k which is adjacent to vy and v;vp € F. Since F
is uniform, the vertex v must be either a sink or a source in GJuvy,...,vg], and hence it
follows that one of the above steps is always possible.

Now, we show that both X and Y induce P,-free subgraphs in G, which will give the
result. Suppose that v;, vj, vk, v; with edges v;v;, vjv, and vy is a Py in X. Without loss
of generality, suppose that v;v; € F'. Then, since F' is transitive, we must have viv; € F,
and vy, € F, since otherwise we would either have v;v, € F, or vjv; € F, and vvy, v;v;
are not edges of G. Hence, by the above property of X, we must have i < j, k < j and
kE <. But 7 is a perfect elimination ordering, which gives that v; and v; must be adjacent,
a contradiction. A similar argument for Y shows that also Y induces P,-free subgraph.

Finally, we discuss the complexity of the above procedure. First, using Lemma [LTH we
obtain F and w. Then we process the vertices of G in the order of 7, and for each vertex
vk, we look in the neighbourhood of v for a vertex v; with i < k. If v;ur € F, we put v in
X, otherwise we put v, in Y. Since F' is uniform, we can pick any such vertex v;, and the
outcome will be the same. This processing, clearly, takes only O(|N(v;))| time, and hence,

O(n + m) for the whole procedure. n

We close this section by mentioning the following open problems.

Problem 7.17. Determine the complezity of the stable Py-transversal problem in the class

of chordal comparability graphs.

Problem 7.18. Determine the complexity of the Ps-free Py-transversal problem in the class

of chordal comparability graphs.



Chapter 8
Injective Colourings

In this chapter, we investigate properties of injective colourings in chordal graphs.

An injective colouring of a graph G is a colouring ¢ of the vertices of G that assigns
different colours to any pair of vertices that have a common neighbour. (That is, for any
vertex v, if we restrict ¢ to the (open) neighbourhood of v, this mapping will be injective;
whence the name.) Note that injective colouring is not necessarily a proper colouring, that
is, it is possible for two adjacent vertices to receive the same colour. The injective chromatic
number of G, denoted x;(G), is the smallest integer k such that G can be injectively coloured
with k colours.

Injective colourings are closely related to (but not identical with) the notions of locally
injective colourings [32] and L(h, k)-labellings [5l, 8, 40]. In particular, L(0, 1)-labellings, un-
like injective colourings, assign distinct colours only to non-adjacent vertices with a common
neighbour.

Injective colourings were introduced by Hahn, Kratochvil, Sirdn and Sotteau in [42).
They attribute the origin of the concept to complexity theory on Random Access Machines.
They prove several interesting bounds on y;(G), and also show that, for £ > 3, it is NP-
complete to decide whether the injective chromatic number of a graph is at most k. Here we
look at the complexity of this problem when the input graphs G are restricted to be chordal.

In the following sections, we show that determining x;(G) is still difficult when re-
stricted to chordal graphs. In fact, it is not only N P-hard, but unless NP = ZPP, the
injective chromatic number of a chordal graph cannot be efficiently approximated within a
factor of n'/3=¢, for any € > 0. (Here ZPP is the class of languages decidable by a ran-

domized algorithm that makes no errors and whose expected running time is polynomial.)

143
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For split graphs, this is best possible since we show an /n-approximation algorithm for the
injective chromatic number of a split graph. Utilizing a result of 48], we show that this is
also true for all chordal graphs.

On the positive side, we show that for any fixed k, one can in time O(n - k - k(k/2+1)2)
determine whether a chordal graph can be injectively coloured using no more than k colours.
Moreover, we describe large subclasses of chordal graphs that allow computing the injective
chromatic number efficiently. We show that for a chordal graph G, one can efficiently
compute the injective chromatic number of G from the chromatic number of the square of
G — B(G), that is, the graph G with its bridges B(G) removed. It follows that for strongly
chordal graphs and power chordal graphs (the graphs whose powers are all chordal) the

problem is polynomial time solvable.

8.1 Basic properties

We start with the following simple observation.
Observation 8.1. For any graph G, we have x;(G) > A(G) and x(G?) > A(G) + 1.

Proof. For any two neighbours u,w of v, the vertex v is their common neighbour; hence,
u, w must have different colours in any injective colouring of G. Similarly, since the distance
of u and w is at most two (u,v,w is a path of length two connecting them), they must have
different colours in any proper colouring of G2, and in addition the colours of u,w must be

different from the colour of v, since they are adjacent to v. O

For trees this is also an upper bound.
Proposition 8.2. For any tree T, we have x;(T) = A(T) and x(T?) = A(T) + 1.

Proof. Let u be a leaf in T, and let v the parent of u. Then we clearly have that
X(T?) = max {deg(v) + 1, x((T — uw)?) } and x;(T) = max {deg(v), xi(T — u)}. The claim

now follows by induction on the size of T'. O

Now, we look at the general case. Let G2 be the common neighbour graph of a graph G,
that is, the graph on the vertices of GG, in which two vertices are adjacent, if they have a
common neighbour in G. It is easy to see that the injective chromatic number of G is exactly

the chromatic number of G?). In general, as we shall see later, properties of the graph G2
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can be very different from those of G. For instance, even if G is efficiently colourable, e.g.
if G is perfect, it may be difficult to colour G®). Note that any edge of G must be also
an edge of G? (but not conversely). This yields the following inequality.

Proposition 8.3. For any graph G, we have x;(G) < x(G?). O

In fact, this inequality can be strengthened. Let F(G) be the set of edges of G that
do not lie in any triangle. Note that an edge of G is also an edge of G if and only if it

belongs to a triangle of G. This proves the following proposition.
Proposition 8.4. For any graph G, we have x;(G) = x(G? — F(G)). O

Now we turn to chordal graphs. The following is a direct consequence of Proposition B4l
Observation 8.5. Any edge in a bridgeless chordal graph lies in a triangle. ()

Let B(G) be the set of bridges of G. Since a bridge of a graph can never be in a triangle,

we have the following fact.
Proposition 8.6. For any chordal graph G, we have x;(G) = x(G? — B(GQ)). O
Now, since B(G — B(G)) = 0, we have the following corollary.
Corollary 8.7. For any chordal graph G, we have x;(G — B(G)) = X((G - B(G))2). O

It turns out that there is a close connection between x;(G —B(G)) and both the injective

chromatic number x;(G) of G and the chromatic number x(G?) of the square of G.
Proposition 8.8. For any graph G, we have x(G*) = max {A(G) + 1,x((G — B(G))?) }

Proof. Let k = max {A(G) + 1,x((G — B(G))?)}. It follows from Observation and
Corollary BT that x(G?) > k. We fix a set of k colours (k > x((G — B(G))?)), and consider
a colouring of (G — B(G))? using these k colours. Now, using this colouring, we add the
bridges of G one by one, modifying the colouring accordingly. Let uv be a bridge of G and
let X and Y be the connected components which become connected by the addition of uw.
Suppose that u € X and v € Y. We can permute the colours of X and Y independently
so that u and v obtain the same colour i. Since we have k > A(G) + 1 colours, there must
be a colour j # i not used in the neighbourhood of v in Y. Using the same argument for

u, we may assume that j is not used in the neighbourhood of u in X. Finally, we exchange
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in X the colours 7 and j. It is easy to see that after adding all bridges of G one by one, we

obtain a proper colouring of G2. ([l

A similar argument proves the next proposition.
Proposition 8.9. For any split graph G, we have x;(G) = max{A(G), x:(G — B(G))}
Proof. As in the above proof, we let k = max{A(G), x;(G — B(G))} and assume that we
have an injective colouring of G — B(G) using some fixed k colours. Now, if uv is a bridge of
G with deg(u) > deg(v), then either G is a tree and the claim follows from Proposition B2,
or deg(v) = 1. Hence, if the colour of u is not used in the neighbourhood of u, we can
use this colour to colour v. Otherwise, since we have k > A(G) colours, there must exist a

colour not used in the neighbourhood of u, and we can use it to colour v. This way we add

all bridges of G one by one, and clearly obtain an injective colouring of G. g
Finally, combining Corollary B and Propositions and B3, we obtain the following
tight upper and lower bound on the injective chromatic number of a chordal graph.

Proposition 8.10. For any chordal graph G, we have

X(G?) =1 < max{A(G), xi(G — B(G))} < xi(G) < x(G?)

8.2 Hardness and approximation results

In this section, we focus on hardness results for the injective chromatic number problem.
We begin by observing that it is NV P-hard to compute the injective chromatic number of a
split graph. This also follows from a similar proof in [42]; we include our construction here,

since we shall extend it to prove an accompanying inapproximability result in Theorem RT3

Theorem 8.11. [t is N P-complete for a given split (and hence chordal) graph G and an

integer k, to decide whether the injective chromatic number of G is at most k.

Proof. First, we observe that the problem is clearly in NP. We show it is also N P-hard.
Consider an instance of the graph colouring problem, namely a graph G and an integer [. We
may assume that G is connected and contains no bridges. Let Hg be the graph constructed

from G by first subdividing each edge of G and then connecting all the new vertices. That is,
V(Hg) =V(G) U{xy | w € E(G)}

E(HG) = {uwuvavxuv ‘ uv € E(G)} @] {xstxuv ’ uv,st € E(G)}
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The graph Hg can clearly be constructed in polynomial time. It is not difficult to see that
H¢ is a split graph, hence it is also chordal. Moreover, one can check that the subgraph of
H g‘; induced on the vertices of G is precisely the graph G. Since G is bridgeless, Hg is also

bridgeless, hence using Proposition we have the following.
xi(Ha) = x(HE) = x(G) +m

Therefore, x;(Hg) is at most k = [+m, if and only if, x(G) is at most [. That concludes
the proof. O

By Proposition B0 for any chordal graph G, the injective chromatic number of G is
either x(G?) or x(G?) — 1. Interestingly, merely distinguishing between these two cases is
already NN P-complete.

Theorem 8.12. [t is N P-complete to decide, for a given split (and hence chordal) graph G,
whether xi(G) = x(G?) — 1.

Proof. To show that the problem is in NP, one has to observe that by Propositions
and B, for a split graph G, x;(G) = x(G?) — 1, if and only if, x;(G — B(G)) < A(G). For
chordal graphs, it follows similarly from Theorem We now show that the problem is
also NP-hard. It is known [47] that it is N P-complete to decide whether a planar graph
has a 3-colouring. Consider an instance of this problem, a planar graph G. By the Four
Colour Theorem [I8], we have x(G) < 4. Also, we can assume that x(G) > 3, since whether
G is bipartite can be determined in polynomial time. As in the proof of Theorem RTT],
we assume that G is bridgeless. Now, let H be the graph Hg from the proof of Theorem
augmented with a vertex z adjacent to all x,, and with four vertices a, b, ¢, d adjacent
only to z. Now, since Hg is bridgeless, the edges az,bz,cz,dz are the only bridges of H.
Hence, x;(H — B(H)) = x(G) + m+1 > m+4. It is easy to see that A(H) = m + 4, since
any T, is adjacent to exactly two non-clique vertices. So, by Propositions and B9, we

have the following.
X(G)+m+1=x;(H) < x(H?*) = max{A(G) + 1, x(G) + m+ 1} =m +5

Therefore, x;(H) = x(H?) — 1, if and only if, G is 3-colourable, which is N P-hard to
decide. That concludes the proof. O

We remark that a 4-colouring of a planar graph G can always be efficiently constructed

[55]. Hence, in the proof above, an optimal colouring of H? is always efficiently constructible.
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Therefore, it follows that Theorem holds even if, along with GG, we are provided with

an optimal colouring of G2.

Now, we extend the proof of Theorem to show that under a certain complexity
assumption, it is not tractable to approximate the injective chromatic number of a split

(chordal) graph within a factor of n'/3=¢ for all € > 0.

Theorem 8.13. Unless NP = ZPP, for any € > 0, it is not possible to efficiently approzi-
mate x(G?) and x;(G) within a factor of n*/3=<, for any split (and hence chordal) graph G.

Proof. In [B0], it was shown that for any fixed € > 0, unless NP = ZPP, the problem of
deciding whether x(G) < n or a(G) < n¢ for a given graph G is not solvable in polynomial
time. Consider an instance of this problem, namely a graph G. Again, as in the proof of
Theorem BTTl, we may assume that G is connected and bridgeless. Let Hy ¢ be the split
graph constructed from k copies of Hg (the graph used in the proof Theorem RII) by
identifying, for each uv € E(G), all copies of x,,. That is, if v1,ve,..., v, are the vertices

of GG, we have

V(Hpg) = U {vl,0h, ... 00} U {zw, | wo € B(G)}
E(Hyq) = Ule{uixuv, Vi | uv € B(G)} U{zwrs | uv, st € BE(G)}

Now, since G is bridgeless, Hy, ¢ is also bridgeless. Consider an independent set I of H ,§7G.
It is not difficult to check that either I trivially contains only a single vertex z,,,, or for each
pair of vertices u’,v? € I, the vertices u and v are not adjacent in G. Hence, it follows that
from any colouring of H,iG, one can construct a fractional k-fold colouring of G (that is, a
collection of independent sets covering each vertex of G at least k times) by projecting each
non-trivial colour class of H 27(; to G, that is, mapping each u’ to u. Using this observation,
we obtain the following inequalities.

k-n

(@) +m <k xp(G)+m < x(Hpg) =xi(Hie) < k- x(G)+m

Therefore, if x(G) < nf, then X(H]iG) < k-n°+ m, and if o(G) < n¢ then X(H]iG) >
kE-n'=¢ +m. Now, we fix k¥ = m, and denote by N the number of vertices in Hy, .

For n > 21/ €, we obtain the following.

1
nl=2 > pl=3¢ > (m . n + m)§(1—35) — N3¢
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Hence, if we can efficiently (N %_E)—approximate the colouring of ng,G’ then we can

decide whether x(G) < n€ or a(G) < nf. That concludes the proof. O

Note that a seemingly stronger result appeared in [I]. Namely, the authors claim that the
chromatic number of the square of a split graph is not (nl/ 2=¢)_approximable for all € > 0.
However, this result is not correct. In fact, we show below that there exists a polynomial
time algorithm {/n-approximating the chromatic number of the square of a split graph G,
and also /n-approximating the injective chromatic number of G. Note that this is also a
strengthening of best known y/n-approximation algorithm for the chromatic number of the

square in general graphs (cf. [I]). We need the following lemma.

Lemma 8.14. For chordal graphs, the injective chromatic number is a-approximable if and

only if the chromatic number of the square is a-approximable. [

Proof. First, suppose that we have an a-approximation algorithm A for the chromatic
number of the square of a chordal graph. Observe that, if G is chordal, then also the graph
G —B(G) is chordal. Hence, we can use A to a-approximately colour the square of G — B(G)
using k < a- x((G—B(G))?) colours, which also gives us an injective colouring of G — B(G).
Then, using Corollary and Theorem B3 we can extend this colouring to an injec-
tive colouring of G using no more than max{x;(G),k} colours. This, clearly, is an a-
approximation of x;(G), since k < a - x;(G — B(G)) < a - x;(G). The converse follows simi-
larly, since, by Proposition B8, we can similarly extend any injective colouring of G — B(G)

using k colours into a colouring of G? using no more than max{k, A(G) + 1} colours. [0

Theorem 8.15. There exists a polynomial time algorithm that given o split graph G ap-
prozimates x(G?) and x;(G) within a factor of /n.

Proof. Let G be a connected split graph with a clique X and an independent set Y.
Denote by H the subgraph of G? induced on Y. Let p = |X|, N = |V(H)|, and M =
|E(H)|. Clearly, x(G?) = p+x(H). Consider an optimal colouring of H with colour classes
Vi, Vo, ..., Vi Let Ejj be the edges of H between V; and V;. Clearly, for each edge
uv € I;;, there must exist a vertex ., in X adjacent to both u and v. Moreover, for any
two edges uv, st € Ej;, we have ., # x4, since otherwise we obtain a triangle in H[V; UV},
which is bipartite. Hence, p > |Ej;|, and considering all pairs of colours in H, we conclude
that p > M/ (XU} > 20 /x?(H).
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Now, a simple edge count shows that any graph with ¢ edges can be coloured with
no more than 1/2 + \/m colours. Such a colouring can be found by a simple greedy
algorithm [I8]. We can apply this algorithm to H, and use additional p colours to colour the
vertices of X. This way we obtain a colouring ¢ of G2 using at most p + 1 + v/2M colours.
Using the lower bound from the previous paragraph, we prove the following inequalities
(assuming M > 6).

pH1+V2M _pt+1+ VoM _
2 - -
x(G?) p /M

(2M)1/6 < N3 < p1/3

We concentrate on the second inequality (the other inequalities are obvious). We assume
p >0, M > 0, and substitute 2> = p and a® = 2M. We observe that the denominator in
the fraction on the left is always positive; hence, we can multiply the whole inequality by
the denominator without affecting the direction of the inequality sign. Hence, we have
3

z2+1+a3§a(22+a—)
z

Also, since z > 0, we can multiply both sides with z. By rearranging the terms, we obtain

(a—1)2° = (a® + 1)z +a* >0

Now, we fix sufficiently large a > 1, and consider the function f(z) on the left-hand side.

By taking the derivative of f(z), we can compute the extremes z; = \/é(ag’ +1)/(a —1),

and zg = —\/ % (a3 +1)/(a —1). Using the second derivative, we obtain that f(z) achieves
minimum in z; > 0 and maximum in z5 < 0. Hence, if f(z1) > 0, then f(z) > 0 for all z > 0.
By taking sufficiently large a, we can guarantee that f(z1) > 0, and the above inequality
follows. (In fact, a more careful analysis reveals that a > 1.5, and hence, M > 6 suffices.)
Hence, the colouring c is an /n-approximation of x(G?), and using Lemma B4, we can

also obtain a colouring which is a /n-approximation of x;(G). O

It turns out that the above result can be strengthened and its proof simplified using the

following result from [4§].
Theorem 8.16. (8] Let G be a chordal graph with mazimum degree A > 1. Then:

91k — 118

k
<
X(@) < 384

(A + 1><’f+1>/2J +A+1=0(WEAFD2)
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We remark that, in fact, the proof of the above result implies a simple polynomial time
greedy algorithm for obtaining a proper colouring of G? achieving the bound.

Now, we can prove the strengthening of Theorem

Theorem 8.17. There exists a polynomial time algorithm that given a chordal graph G

approzimates x(G?) and x;(G) within a factor of /n.

Proof. Let G be a chordal graph on n vertices with maximum degree A > 1. First, suppose
that A > n?? — 1. Hence, by Observation Bl x(G?) > A +1 > n?/3. Now, a colouring
that assigns a different colour to each vertex of G uses exactly n colours, and it is clearly

2/3 _ 1/3.

a proper colouring of G2, which achieves approximation ratio n/x(G?) < n/n

On the other hand, if A < n2?/3 — 1, then, by the previous theorem, we can obtain in

polynomial time a proper colouring of G? using at most %(A +1)3/2 4+ A 41 colours. Again,
x(G?) > A + 1, and hence, (assuming n > 8) the colouring achieves approximation ratio

A+132+A+1 _ sA+1)2+A+1 1

x(G?) - A+1 2

The second part of the claim again follows by Lemma O

1
(A+DY?+1< §n1/3 +1<nl/

8.3 Exact algorithmic results

Now, we focus on algorithms for injective colouring of chordal graphs. Although, computing
the injective chromatic number of a chordal graph is hard, the associated decision problem
with a fixed number of colours has a polynomial time solution, that is, the problem is fixed

parameter tractable. We need the following lemma.
Lemma 8.18. For any chordal graph G, the treewidth of G? is at most %A(GV + A(G).

Proof. Let (T, X) be a clique-tree of G and define X’(u) = X(u) U N(X(u)) for each
u € V(T). Tt is not difficult to check that (T, X’) is a tree decomposition of G2. We now
bound the size of X’(u) for all u € V(T), and thus, bound the treewidth of G2.

X! ()] = | X )|+ 3 (deg(x)—\X(u)\H) < \X(u)\(A(G)—\X(u)|+2) < <¥ + 1)2
2€X (u)

The inequalities above follow from the fact that X (u) is a clique, deg(z) < A(G), and that
the third expression attains its maximum when | X (u)| = A(G)/2 + 1. O
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Theorem 8.19. Given a chordal graph G and a fized integer k, one can decide in time
O(n-k- k(k/2+1)2) whether x;(G) < k and also whether x(G?) < k.

Proof. It is easy to see that if x;(G) < k or if x(G?) < k, then A(G) must be at most k.
Thus, if A(G) > k, we can reject G immediately. Using Lemma B8 we can construct in
time O(nk?) a tree decomposition (7', X) of G? whose width is at most k2/4+k. Now, using
standard dynamic programming techniques on the tree T' (cf. [I8, 28] and Theorem 2,
we can decide in time O(n - k - k*/2tD%) whether x(G2) < k and whether x;(G) < k. O

Now, we show that for certain subclasses of chordal graphs, the injective chromatic
number can be computed in polynomial time (in contrast to Theorem BIIl). First, we
summarize the results; the details are presented in subsequent sections.

We call a graph G a power chordal graph, if all powers of GG are chordal. Recall that in
Propositions and B9, we showed how, from the chromatic number of the square of the
graph G — B(G), one can compute x(G?) for any graph G, respectively x;(G) for a split
graph G. The following theorem describes a similar property for the injective chromatic
number in chordal graphs. The proof will follow from Corollary and Theorem B3],
which we prove in Sections and B34l respectively.

Theorem 8.20. There exists an O(n + m) time algorithm that computes x;(G) given a
chordal graph G and x;(G — B(Q)). Using this algorithm one can also construct an optimal

injective colouring of G from an optimal injective colouring of G — B(G) in time O(n+m).

Proof. Let G be a chordal graph, and let k be the injective chromatic number of G —B(G).
By Corollary B x;(G) > k. Now, using Corollary R27 we can obtain an injective clique
decomposition (7', X) of G such that the vertices of T can be partitioned into two sets V},
and V;, where for each vertex v € V}, the graph G[X (v)] is bridgeless, and for each vertex
v € V4, the graph G[X (v)] is perfectly tree-dominated. For v € Vj, the graph G[X (v)]
must clearly be a subgraph of G — B(G), and hence x;(G[X (v)]) < k. For v € V;, we can
compute x;(G[X(v)]) and an optimal injective colouring of G[X (v)] using Theorem
Now, by Proposition B24, we can obtain x;(G) by taking the maximum of k and the values
of x; (G [X (v)]) for v € V;. By the same argument, if we have an optimal injective colouring

of G — B(G), we can obtain an optimal injective colouring of G. O

For induced-hereditary subclasses of chordal graphs, we have the following property.
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Proposition 8.21. Let C be an induced-hereditary subclass of chordal graphs. Then the

following statements are equivalent.

(i) One can efficiently compute x(G?) for any G € C.
(i) One can efficiently compute x;(G — B(G)) for any G € C.
(iii) One can efficiently compute x;(G) for any G € C.

This follows from Theorem B20, Proposition B, and the fact that each connected
component of G — B(G) must be in C. In some cases, e.g., in the class of power chordal
graph, this is true even if C is not induced-hereditary. The following corollary will follow
from Theorem and Corollary B29, which we prove in Section

Corollary 8.22. The injective chromatic number of a power chordal graph can be computed

in polynomial time.

This implies that the injective chromatic number of a strongly chordal graph can also
be computed in polynomial time.

Finally, observe that due to Theorem BT2 one cannot expect the property from Propo-
sition to hold for any subclass of chordal graphs.

8.3.1 Injective structure

In order to prove Theorem B2 we investigate the structural properties of graphs G that
allow efficient computation of x;(G). In this section, G refers to an arbitrary connected
graph (not necessarily chordal).

We say that a vertex separator of G is a clique separator, if it induces a clique in G. A tree
decomposition (T, X) of G is a decomposition by clique separators, if for any uwv € E(T), the
set X (u)N X (v) induces a clique in G. This type of decomposition of graphs was introduced
and studied by Tarjan [65]. The decomposition turns out to be particularly useful for the
graph colouring problem; namely, one can efficiently construct an optimal colouring of G
from optimal colourings of G[X (u)] for all uw € V(T'). We define and study a similar concept
for the injective colouring problem. Recall that G denotes the common neighbour graph
of G defined in Section K11

We say that a subset S of vertices of G is injectively closed, if for any two vertices x,y € S
having a common neighbour in G, there exists a common neighbour of x and y that belongs

to S. A subset S of vertices of G is called an injective clique, if S induces a clique in G@.
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Note that an injective clique is not necessarily injectively closed in G. A subset of vertices
S of G is called an injective separator of G, if S is injectively closed in GG, S is a separator of
G®@, and G® is connected. Note that G? can be disconnected even if G is connected, e.g.,
if G is bipartite. An injective decomposition of G is a tree decomposition (T, X) of G such
that for any wv € E(T), the set X (u) N X (v) is an injective separator of G. An injective
separator S is an injective clique separator, if S is also an injective clique. An injective
clique decomposition is an injective decomposition (7', X) such that for any uwv € E(T), the
set X (u) N X (v) is an injective clique. Note that any injective clique decomposition of G is
a decomposition of G@ and G? by clique separators.

We have the following properties.

Lemma 8.23. Let (T,X) be an injective decomposition of a graph G. Then for each
u € V(T), the set X (u) is injectively closed.

Proof. Let x,y be vertices of X (u) having a common neighbour z in G. Suppose that
z & X (u). Then, since (T, X) is a tree decomposition, the vertices u' for which z € X (')
all belong to a connected component C' of T'— u. Let v be the (only) neighbour of u in C.
Now, since zz,yz are edges, there must exist w,w’ € V(T) such that z,2 € X(w) and
y,z € X(w'). Clearly, w,w" € C. Hence, it follows that z,y € X (v). But, since (T, X) is
an injective decomposition, the set X (u) N X (v) must be injective closed, and hence, there

must exists a common neighbour 2’ € X (u) N X (v) C X (u) of z,y. O

Theorem 8.24. Let (T, X) be an injective clique decomposition of a graph G. Then

Yi(@) = x(G?) = ugl‘?(;;)X(G(?) [X(u)]) = uren‘ﬁmé) Xi (G[X(u)])

Proof. The first equality is by definition. We obtain the second equality from the fact
that (T, X) is a decomposition of G® by clique separators. The last equality follows easily,
since by Lemma BZ3, we have G?[X (u)] = G[X (u)]®, and by definition X(G[X(u)]@)) =
Yi(GIX (w)]). O

8.3.2 Computing y;(G) in chordal graphs

In this section, we focus on injective clique decompositions of chordal graphs. We have the

following simple fact.
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Observation 8.25. Let H be a bridgeless graph having a dominating vertex. Then H is an

injective clique.

Proof. Let u be a vertex that dominates H. Clearly, u is a common neighbour of any two
vertices of H —u. Now, if v is a vertex of H — u, then v must have a neighbour w in H — u,

hence w is a common neighbour of v and v. O

We say that a graph G is injectively decomposable, if G contains an an injective clique sep-
arator S; we say that S injectively decomposes G. A graph G is injectively indecomposable, if
it is not injectively decomposable. A graph G is called perfectly tree-dominated, if G contains
an induced tree T, such that any vertex and any connected component of G — V(T') has
exactly one neighbour in T'. For such T', we say that T' perfectly dominates G, or that G is
perfectly dominated by T'.

The following statement relates injectively indecomposable chordal graphs and perfectly

tree-dominated graphs.

Proposition 8.26. Any perfectly tree-dominated graph is injectively indecomposable. Any

injectively indecomposable chordal graph is either perfectly tree-dominated or bridgeless. [

Proof. Let G be perfectly dominated by a tree T. We can assume that G # T since
otherwise G is disconnected, and hence has no separators. Suppose that G has an injective
clique separator S. It is easy to check that .S contains at most one vertex of T'. Suppose that
S does not contain any vertex of T'. Since S is an injective clique, G[S] must be connected,
and S belongs completely to some connected component of G — V' (T'). Hence, by definition,
there exists some vertex u in 1" that is adjacent to all vertices of S. But then S cannot be
a separator, since any vertex of G — S is reachable from u. Now, suppose that S contains a
vertex u of T'. It follows similarly that v must be adjacent to all vertices of S\ {u}. Consider
any vertex x of G — S that is adjacent to some vertex of S. It easily follows that x must
be adjacent to u. But then S cannot be an injective separator, since u is adjacent to all
components of G — S.

Now, let G be an injectively indecomposable chordal graph that contains a bridge but
is not perfectly tree-dominated. Let F' be the subgraph of G induced on the vertices of the
bridges B(G) of G, and let T' be any connected component of F. Clearly, T is a tree. Since G
is not perfectly tree-dominated, there must exist a vertex = in G that is not adjacent to any

of the vertices of T'. Since G is connected, consider the vertex u of T' that is closest to x in G.
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Let v be any neighbour of u in T, and let S = {u} U Sy, where Sy = N(u) \ V(T'). Since G
is chordal, G[S] must be bridgeless, and it is dominated by u. Hence, by Observation B2H,
S is an injective clique in GG, and S is injectively closed. Now, since S clearly separates x
from v in G@, we have that S is an injective clique separator, therefore S decomposes G,

however, G is injectively indecomposable. O

The property above has an important corollary.

Corollary 8.27. For any chordal graph G, there exists an injective clique decomposition
(T, X) of G, such that for any u € V(T), the set X(u) induces either a bridgeless graph or

a perfectly tree-dominated graph. This decomposition can be constructed in time O(n + m).

Proof. First, we find the bridges B(G) of G. Then, we construct a tree decomposition
(T, X) of G such that for v € V(T), the set X(u) is either a connected component of
G — B(G), or a connected component T of G[B(G)] augmented with the neighbours of
T in G. It follows from the proof of Proposition that (7, X) is a injective clique

decomposition. O

8.3.3 Bridgeless chordal graphs

In this section, we describe some classes of chordal graphs G that allow efficiently computing
the chromatic number x(G?) of the square of G.

We focus on chordal graphs whose square is also a chordal graph. Clearly, for any such
graph GG, one can efficiently colour its square. Chordal graphs whose powers are also chordal
were already studied in the past. In particular, it was shown by Duchet [22] that for any k,
if G* is chordal, then also G**2 is chordal. Therefore, if a chordal graph G has a chordal
square, then any power of G must be chordal, that is, G is power chordal. Interestingly,
many known subclasses of chordal graphs, e.g. trees, interval graphs, and strongly chordal
graphs, were shown to be power chordal [I]. Moreover, Laskar and Shier [51] found the
following subgraph characterization of power chordal graphs. Recall that a k-sun is a graph
formed by a cycle vg,v1,...,vx_1 with edges v;v;41 (and possibly other edges), and an
independent set wq, w1, ...wg_1, where w; is adjacent only to v; and v;11 (all indices are
taken modulo k). A k-sun of a graph G is suspended in G, if there exists a vertex z in G

adjacent to w; and w;, where j # ¢ and j # 7 & 1 modulo k.
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Theorem 8.28. [51] A graph G is power chordal, if and only if, any k-sun of G, k > 4, is

suspended.
Using this characterization, we obtain the following corollary.
Corollary 8.29. If G is power chordal, the graph G — B(G) is also power chordal.

Proof. Letvg,...,v5_1,wq,...,wr_1 be a k-sun S in G suspended by z, that is, there exist
it < j such that z is adjacent to w; and w;. It follows that neither zw; nor zw; is a bridge,

since w;, Vi41,Vit2, ... ,Vj, Wj, z is a cycle in G. Hence, S is also suspended in G — B(G). O

Note that, by Theorem R28, strongly chordal graphs are trivially power chordal, since no
strongly chordal graph can contain an induced k-sun, k > 3 [25]. Also, notice that the class
of power chordal graphs is not induced-hereditary (closed under taking induced subgraphs),
since a graph that contains a k-sun can be power chordal, but the k-sun itself (taken as an

induced subgraph) is not.

8.3.4 Perfectly tree-dominated graphs

In this final section, we show how to efficiently compute the injective chromatic number of
a perfectly tree-dominated graph.
First, we have the following property.

Proposition 8.30. For any perfectly tree-dominated graph G, we have
A(G) < xi(G) < x(G?) = A(G) + 1.

Proof. Let G be perfectly dominated by T'. Observe that any two vertices from G — V(T)
that are adjacent must be both adjacent to the same vertex of T'. Hence, we can construct a
graph H from G by removing all edges between the vertices of G —V (1), and it follows that
x(G?) = x(H?). Now, clearly, H is a tree, and from Observation and Proposition B2,
we obtain A(G) +1 < x(G?) = x(H?) = A(H)+1 < A(G) + 1. O

Now, let G be a perfectly tree-dominated graph. If G is a tree, then by Proposition B2,
we have x;(G) = A(G), and a greedy injective colouring of G will be optimal. Otherwise,
let Tz be a minimal tree perfectly dominating G. We define a tree decomposition (7', X)
of G as follows. We set T' = T, and for u € V(T), we set X(u) = N(u) U {u}. Clearly,



CHAPTER 8. INJECTIVE COLOURINGS 158

X(u) N X (v) = {u,v} is injectively closed, and the set X (u) N X (v) is a separator of G,
Hence, it follows that (T, X) is an injective decomposition of G. Using this decomposition,

we can find x;(G) in time O(n + m) as we show in the following theorem

Theorem 8.31. The injective chromatic number x;(G) and an optimal injective colouring

of a perfectly tree-dominated graph G can be computed in time O(n + m).

Proof. The algorithm follows from Theorem 24l A straightforward application of this
theorem gives time complexity O(A? - n), where A is the maximum degree in 7. Unfortu-
nately, A can be as large as O(n). To make the algorithm run in O(n + m), we need the

following simple observation.

Let p1,pa, ..., p: be integers and for any i let m; = max{p; | j # i}. Then the values m;

for all i can be computed in time O(t).

The proof is as follows. Let p;, and p;, be the largest and the second largest element

among p1, ..., p: respectively. Clearly, if [y # i then m; = l1, otherwise m; = [s.

Recall that, in the colouring algorithm from Theorem 24l we tested, for each colouring ¢
of a bag X (v), whether there are matching colourings ¢,, of X (v) N X (w) for the children w
of v, and then we took the maximum of the number of colours used ¢, and m, which was the
maximum of m(c,) among all children w of v, where m(c,) is the minimum colours needed
to extend ¢, to the graph G,,. Computing these numbers turns out to be costly in our case.
In what follows, we show how to compute these numbers faster, using the above observation.

Let uy, ..., u; be the children of v in T'. Since G® [X (v)NX (u;)] is just a pair of isolated
vertices, there are only two different colourings, that is, either both vertices have the same
colour or they have different colours; let ¢ and cﬁl, respectively, denote these two colourings.
Similarly for v, the bag X (v) induces in G a disjoint union of a clique of size k and an
isolated vertex, and hence, either the isolated vertex has a colour different from the colours
of the clique, or has the same colour as some vertex in the clique. It follows that each such
colouring ¢ of G®[X (u)] matches with at most one colouring ¢ for some 4, and, for all
other j # 4, it matches only with c?. Hence, we use the observation above for the numbers
m(cd),...,m(c?) to obtain, in time O(k), the numbers m; = max{m(c;»l) | 7 # i} for each
i € {1...k}. This also gives us the value d = max{m(c) | i € {1...k}} in the same time.
Now, it can be seen that the number of colours m(c) is the minimum of d and the numbers

max{m;, m(c§)} for all s € {1...k}. This clearly takes another O(k) time to compute.
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Therefore, for all vertices v, the complexity is 3, cy () O(deg(v)) = O(|V(T)]) = O(n).
Finally, we observe that one can obtain the tree decomposition (7', X) by computing the

blocks of G in time O(n + m). Hence, the theorem is proved. O
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Table 9.1: A summary of complexity results in chordal graphs and general graphs.

In Table Bl we summarize our results from previous chapters. The entry in column
X and row Y in the table indicates the complexity (both in general graphs and in chordal
graphs) of the problem of partitioning a vertex set of a graph into two parts, where one part
induces a X-free subgraph and the other induces a Y-free subgraph. Here, P stands for

polynomial time and N stands for N P-complete. The fraction % indicates that the problem

160
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is N P-complete in general but polynomial time solvable in chordal graphs, whereas an
entry with P respectively N indicates a polynomial time solvable respectively N P-complete
problem in both classes.

As one could predict, some problems difficult in general graphs are polynomial time
solvable in chordal graphs, while other ones remain N P-complete. As in the case of general
graphs (Theorems [l and [[Z), one would hope to obtain a complete characterization of
complexity of partitioning problems for chordal graphs. In this thesis, we made an important
step towards solving this by establishing complexities in a number of cases of partitioning
problems in chordal graphs, which were previously not known. Based on these results, we
would like to propose some generalizations (possibly even) leading to dichotomy theorems for
these problems in chordal graphs. Although, it is probably too early to conjecture a complete
dichotomy, it seems likely that a dichotomy for special types of these problems, just like the

ones we study in this thesis, can be proved. In particular, we conjecture the following.

Conjecture 9.1. Let H be a connected graph. Then the stable H-transversal problem in the
class of chordal graphs is N P-complete, if H itself is chordal and contains an induced Py,

and polynomial time solvable otherwise.

We remark that the conjecture has been confirmed in all the special cases we have
addressed in this thesis; however, there is more evidence for the conjecture.

It can be seen, by examining the proof of Theorem [0, that this proof, in many ways,
relies on the fact that Ps-free graphs are closed under the operation of join. (Actually, in
chordal graphs, this is equivalent to being closed under adding a dominating vertex.) In
general, if H does not contain a dominating vertex, then the class of H-free graphs is closed
under adding a dominating vertex (see Proposition [[T2). If, in addition, H contains an
induced Py, it appears that it should be possible to adapt the proof of Theorem to
prove N P-completeness of the stable H-transversal problem in chordal graphs for such H
as predicted by the conjecture.

On the other hand, if a connected chordal graph H is Ps-free, then it can be seen that
H must contain a dominating vertex, and therefore, the class of H-free graphs is not closed
under adding a dominating vertex. This suggest that it is not immediately possible to carry
out the steps of the proof of Theorem for such H. This provides additional evidence for
the conjecture. Finally, the case of H with a Py and a dominating vertex is supported by

the following theorem.
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Theorem 9.2. Let H be a chordal graph having no dominating vertexr. Then the stable
H -transversal problem in chordal graphs is polynomially reducible to the stable H'-transversal

problem in chordal graphs, where H' is obtained from H by adding a dominating vertex.

Proof. Let H be a chordal graph with no dominating vertex, and let H' be the graph
constructed from H by adding a dominating vertex v. Also, let H” be the graph constructed
from H' by adding a twin to each vertex of H' with the exception of v. By Proposition [12,
both H' and H” are chordal. Now, we observe that each stable H’'-transversal of H” must
contain the vertex v, and also H” — v is H'-free, since H has no dominating vertex.
Hence, let G be a graph, and let G’ be the graph constructed from G by (i) adding
a dominating vertex u into G, then (ii) taking a disjoint union with H”, and finally, (iii)
adding an edge between u and v. Clearly, G’ is chordal. In fact, it is easy to see that G has
a stable H-transversal, if and only, if G’ has a stable H'-transversal. Clearly, if S is a stable
H-transversal of G, then S U {v} is a stable H'-transversal of G’, since H” — v is H'-free.
On the other hand, if S’ is a stable H’-transversal of G’, then we must have v € S’, and
hence u ¢ S’. If G — S’ contains a copy of H, then G’ — S’ contains a copy of H', since u
dominates G and u ¢ S’. This shows that S’ N V(G) is a stable H-transversal of G, which

concludes the proof. O

Note that, in the above theorem, H is not necessarily connected. Finally, we close by
mentioning two similar problems we have not discussed in this thesis and whose complexity

is unknown at the time of writing.

Problem 9.3. Determine the complezity of the following problem. Given a chordal graph G,
decide whether the vertex set of G admits a partition into sets V1 UVoUV3 such that G[V4] is

an independent set, and both G[Va] and G[V3] are disjoint unions of cliques.

Problem 9.4. For any fized symmetric 0-diagonal matriz M with entries {0,1,x}, deter-
mine the complezity of the following problem. Given a chordal graph G, decide whether the
vertez set of G admits a partition into sets V3 U Vo U V3 such that G[V1] is M -partitionable,
and both G[Va] and G[V3] are disjoint unions of cliques.
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