
Weekly

• Test I : Thursday 3- 5 pm

• Extra Office hrs posted

• See course webpage for practice
problems



today :

① A specific sentence " I am not provable
"

⇐ g
such that neither g Nor ng are

provable in PA ( assuming PA -

is consistent )

③ Consistency of PA
,

Con CPA ) is Not

provable in PA ( assuming PA -

is consistent )



• Let rp
,

be the set of axioms of PA

• Let Proof Cx
, y) : true it and only

'

if y codes a LK - Ppa

proof of the sentence coded by x

• Recall d Cn) = # A Csn) where # A Cx ) = n

( so n codes the formula A- Cx)
,

and din ) codes A Csn) )
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• Recall d Cn) = # A Csn) where # A Cx ) = n

( so n codes the formula A- Cx)
,

and din ) codes A Csn) )

• Let six ) be the ne .

relation : 3- y
Proof ( dad

,
y )

• By RA representation Theorem
,
let Atx ) be a 3- do

formula that represents sad in RA Ca hence in PA )

• Let es # NAG )
,

so dce ) = # 1 A Cse )

• Let gel - A Cse)
← Says that " I am not provable

"

since a A&e ) says the formula encoded

by dce) - - which is g - - is not provable in PA



• Let six ) be the ne .

relation : 3- y
Proof ( dad

,
y )

• By RA representation Theorem
,
let Acx ) be a 3- do

formula that represents sad in RA Ca hence in PA )

• Let es # NAG )
,

so d (e) = # 7 A Cse )

• Let g =D - A Cse)

theorem PA consistent ⇒ PAK g

PI suppose PA ft g
Then sentence number dce ) -

is provable ,
so 3- y

Proof ( dce )
, y )

{ Thus PA 1- A Cse ) by leftmost direction of * ,
holds

ThusPA_tyg and
'

PA t g so PA not consistent



• Let six ) be the ne .

relation : 3- y
Proof ( dad

,
y )

• By RA representation Theorem
,
let Acx ) be a 3- do

formula that represents six ) in RA Ca hence in PA )

• Let es # NAG )
,

so dce ) = # 1 A Cse )

• Let gel - A Cse)

theorem PA consistent ⇒ PAK ng
PI suppose PA 1- 7g .

ie PA proves Acse )

then ay Proof ( dce ) , y) by rt - toteft direction 4 * )
a-

So PA proves 7 A Cse )
Sr PA t g and PA Ng ,

so PA Not consistent



Formulatingconsistency.nl#

Let Bex
, y) be a 3- do formula that represents

Proof Cx
, y) in RA ( and thus also in PA )

Then for every
sentence C

PAI - c ⇐ PA t ay BC # C , y )
-

stands for BCS
# c , y)

Then PA t A Csn ) - Fy BCSaas , Y )

[ recall Acx ) represents Ty B ( dad
, y ) ]



Formulatingconsistency.nl#

Let Bex
, y) be a 3- do formula that represents

Proof Cx
, y) in RA ( and thus also in PA )

Then for every
sentence C

PAI - c ⇐ PA t ay BC # C , y )
-

stands for BCS
# c , y)

Then PA t A Csn ) - Fy B( Saas
, Y )

[ recall Acx ) represents Ty B ( dad
, y ) ]

Define con CPA ) & n 3-
y
BC # 0*0

, y)



theorem If PA is consistent
,
then PA Ks con Cps )

⇒nq÷::÷÷¥÷÷÷÷.÷¥x

If PA t con Cps ) by main Lemma PA 1- g
But by previous theorem

PA consistent ⇒ PAK g

ie
.
PA consistent ⇒ PA It con CPA )



It '

is left to prove :

nae::::÷÷÷÷÷÷÷:÷±

9
Need to formalize Proof of godel 's Incompleteness Thm

in PA .
Main Stp

-

is to formalize in PA

that every true 3- do sentence -

is provable in RA
.



RevuwforTes

I
. Completeness of LK

,

derivational completeness

2
.
Computability : diagonalized sin D

recursiie Ire
,

recluse
,

re not see
,
NA re

- - -

K
,
D
,

Half
←
xD



3
.
Incompleteness .

• Defy s :
tamest

stent
,
sound

,
axiom at it able

• a relation Rex ) -

is represented by a G-do)

formula Atx )

ta c- IN
" Rta )

'

Iff TA F AL se )
( III

• A relation RCE ) -

is represented in E by ACT)

Voisin " RED iff E 1- Acsa )



* easy I re .
relation is represented 3- a

by a 3- do formula } Theorem
eery 3- do formula -

is r
. e

.

Corollaries
-

Cor z : TA is not axiomatiioabte

( Tarski 's thin : TA -

is not arithmetical
so Not me

. )
Cory every sound axiom they is iniogdefe



PA
,
RA

RA represent .
Thin

-

easy me .
relation is represented in RA

by 9- do formula
.

Strong Rep Thm
-

every recursive mln - is strongly represented
in RA by ad

,
formula

strongly : Rca ) ⇒ RA t - A Csa )
- RCE ) ⇒ RA t 1A Cse )



consistent
corollary very sad extension 4 RA

- is undecidable

=

Today Ii. PAK g ,
PAH -

gq
so PA is incomplete ( assuming PA is

consistent )

⇒ 2 .
PA th cons CRA )



5 questions ( - 65 pts )
22

→
20 - 25 computability

→ rests one q on PA prog Isometry

test ( other half )( mioydesenerlddm '
→

q.qnd.CN
PA axons

, equal axioms


