
CS 438/2404 Lecture 3

• HWI : DUE THIS FRIDAY !

• OFFICE HOURS TODAY 5 - 6

and Wednesday

• HW 2 : OUT THIS FRIDAY ,
DUE OCT 18

I

submit PDFtoe.noahfleming@cs.toronto.edu by
.

deadline

OR : submit hard -

copy at beginning A tutorial



TODAY
-

• First order Logic

Language 1 Syntax
semantics : Models

• Sound a complete Proof systems for FO Logic
LK ( extension f sequent calculus PK )
Fo Resolution ( extension of Resolution )



FIRSTORDERLOg.ly

Underlying Language L specified by :

① the IN a set of n-ary function

symbols ( ie
,
:-C

, g ,
h
,
t
,

. )

o - any function symbols are called
constants

③ Vn c- IN a set of n-ary predicate
symbols ( i.e . P

,
Q

,
R

,

<
,

⇐ )

Plusejvariabus : x
, y ,

z
, . . . a. b. c

,
. . }BiYtmb%

• n
,
V
,
n

,
7

,
't

• parenthesis C
,
I



Exampled La ( Language of arithmetic )

La -
- { o

, St ,
. ; }

-

function relation

symbols symbols

0 constant co -

ary function symbol )
s unary function symbol

t
,

. binary function symbols
= binary predicate symbol



terms overt

(1) Every variable is a term

c) If f is an n-ary function symbol ,
and t

, , > tn terms
,

then ft
,

. .tn
is a term



terms overt

(1) Every variable is a term

c) If f is an n-ary function symbol ,
and t

, , . > tn terms
,

then ft
,

. .tn
is a term

Examples of terms ( o
,
s it ,

t
, ; )

→ unaigsbnaryo -

ary

f- Oss so
,

t xfyz
,

• tab SSO

P T 9
f- ( osss

,
o ) x t fly , -2) @ tb ) * SSO



FIRSTOR.DE/3FORMVLA#ERL

( s ) Pt
,

. .tn -

is an atomic L - formula
,
where

P is an n-ary predicate in L
,

and

G .
- ten are terms over L

e) If A ,B are L - formulas
,

so are

- A ,
( Arb )

,
( AVB )

,

txt
,
2x A



Examp-ki.FM#LA
① Existence of infinitely many primes

thx Ty ( y > x and y is prime)



Ciampa : FO Formulas over L
- A

① Existence of infinitely many primes
want to say : V. x ay ( y > x and y is prime)
Itsy : Hz

,
z
'

( z
,
I > z ⇒ 2- * Z

'

Ky )



Giampa :tLA
① Existence of infinitely many primes

want to say : V. x ay ( y > x and y is prime)
Itsy : Hz

,
z
'

( z
,
I > z ⇒ 2- . Z

'

Ky )

( * ) µzVz
' ( ( n Cz -

- o) n' ( 2- = so ) rn ( 2-1=0) n - Cz 's so ) )
→ n @ it

'
= y ) )



Giampa :lkrLA
① Existence of infinitely many primes

want to say : Wx ay ( y > x and y is prime)
YPrimm : Hz

,
z
'

( z
,
I > z ⇒ 2- * Z

'

Ky )

hfztfz ' ( ( n ( 2=0 ) rn ( 2- = so ) rn ( 2-1=0) n n Cz ' -
- so ) )

* I → after
'

- yl )

( * * ) ( Lex : → ex -
- y) n aw ( xtwsy )



Giampa :tLA
① Existence of infinitely many primes

want to say : V. x ay ( y > x and y is prime)
Itsy : Tz

,
z
'

( z
,
I > z ⇒ 2- * Z

'

Ky )

hfztfz ' ( ( n ( 2- so ) rn ( 2- = so ) rn ( 2-1=0) n - Cz ' -
- so ) )

* If → a @ ii. yl )

( * * ) ( Lex : → ex -
- y) n aw ( xtwsy )

whole thing : V-x2y # n ( * * )



Ciampa : FO Formulas over L
- A

⑦ Twin Prime conjecture

There exists infinitely many pairs of

numbers
,

Cx
,
x
' ) such that x

'
= X t 2

and both x and x
'

are prime



ExaulasiLs

⑤ Fermat 's Last theorem

ten > 3 V-a.by In > 2 → an tbh tch )



Exauty

③ Fermat 's Last theorem

Ancient

yn > 3 Ha
,
b. c In > 2 → an tbh tch ) greek text

,

3rd century AD



ExampLe:FoFormunLs

④ Fermat 's Last theorem

ten > 3 Ha
,
b. c In > 2 → an tbh tch )

i
conjectured by

Fermat 1637

in margin
of his copy of

Arithmetic a



ExaulasiLs

③ Fermat 's Last theorem

-

n
Finally proven
by Andrew
Wiles



ExaulasiLs

③ Fermat 's Last theorem ( actually Andrew
Wiles theorem )

Hn > 3 ( Va ,
b

,
a ant bn * c

" )

Pyburn : How to
say at ?

( we'll see later how to do this !)



FREEIBOUNDVARIABLESOO
An occurrence of × in A is bound '

it

x is in a sub formula of A of the form

the B
,

or 7×13 ( otherwise x
-

is free in A)
Example 3-

y ( x
-

- yty )
Px n Vx ( rcxtsx = x ) )

• A formal after m
-

is closed if it contains no free variables

• A closed formula -

is called a sentence



SEMANTKSOEF-OLOg.cc

An L - structure M ( or model ) consists of :

① A Nonempty set M called the universe

( variables range over M )

⑦ For very n-ary function symbol f in L
,m

an associated function f : Mn → m

③ For each n-ary relation symbol P in L
,

an associated relation PMs Mn

* Equality predicate = is always true equality
relation on M

.



Example

La = { 00,8
,

• jeg = }

④ IN : standard model of La
M = IN
00 = 0 C- IN

*
,

•
,
③ are usual plus

,
Hines

, successor functions

Evaluation of a formula in IN
Jumping ahead a bit : -

Vx V z ( a z
' ( n Cz

'
- o) n Etz

'
= x ) →

3- I
' ( s z t Z

' '
= x ) )



Example

La :{ 0,5 ,t , . ;= }

① M > IV O = OEIN
"

s :
successor

.

Ie .
scz ) =3

,
- -

.

t : plus . ie
,
tho ,i)=i

,
t( 2,31=5

,
etc

• : times

① M={ Be ,•,&3 0=8

to • * B • *
son . T.E.fr/.TH.
Sl•)=

• • • * F-4*1=8 IF ¥



How to evaluate formulas that contain
free variables ?

Defy An object assignment 6 for a model M
is a mapping from variables to M



Defining Evacuation of terms ( formulas our M
,
6

Let M be an L - structure
,

• an object assignment for M

C-valuatimoftermsovcrM.sc
) XM Ca ] -

is 6 Cx ) for all variables x

(b) ( ft .
. .tn)M co ] = fm ( times

,
. . .

,
tnmcc ] )



C-valuatioinofformulasoverMIC.ee
A be an L - formula

. . Mt Aca )
( M satisfies A under a ) iff

a) ME Pt
.

.
- tree ] iff ( t.MG?....tnMC6 ] ) E pm

Cb ) Mt ( s -
- E) CG ]

'

iff SM [ 6) = EMG ]
← ) Mt 7 A Loo ]

-

Iff Not ME A CG ]

Cd ) Mt ( Av B) CG ] iff.ME ACG ] or Mt Bcs ]

(e) ME CARB) EG ] Iff Mt ACG ] and Mk Bcs )

(f) ME AXA CG] iff time M ME A @ ( Tx ) )
(g) ME 2x A CG ) iff 2- me M MEA @ ( %) ]



Example L = { ; R ,
=3

MA Ni
Egham

, see men

yes ←
satisfiable

Then M E th , ay Rex
, y ) by M

m KI ay Vx RH Y)
← but
3- yttxrcx , y )
-

Is also satisfiable



IMPORTANTDEFINITIONSIO
A is satisfiable

-

Iff there exists a model

M and an object assignment g

such that Mt Acs ]

③ A set of formulas QT is satisfiable iff FM
,
6

such that Medico ] EMEI ' II ]
③ OI E A ( A is a logical consequence of OI )

iff U-M tho if MEOICG ] then MEALS ]

f- A ( A is valid ) iff VM
,
6 Mt ACG ]



④ A B ( A and B are logically equivalent )
'

Iff VMAs Mt ACD iff ME BIG ]



Examptes yes

① ' t

⑦ txCA)nl¥oVxAx v tx Bx

or

L =L ; P
,
Q ,

A
, B)



Example .

Earlier formula A :

tfxtz ( Zz ' ( nlz '
so ) n 2- tz

'
-
- x ) J

ZZ "

( SZ tz
"

= x ) )

says for every xp
- if X 7-2 then

we can write x as Czti ) t Z ' ' for some Z
"

• true when Nl = lad so A -

is satisfiable

• false when ML = ( M -

- { o
,
1,23 So -

- I 01-2=-2
51=2

x -
- 22=0 Is 2 sa

-
- o all

others ,

)



Example

Kitty ffxsfy ) E x - y
NO

Let Ms Eo
,
i ]

Me : f co ) so

¥47 so

then ARE -VxV-y ( fxsfy )
but MK x=y ( since 0*1 )



Substitution

Let s ,t be L - terms
.

tch ) : substitute x everywhere by s

A- ( Kc ) : substitute all free occurrences

of x in A by S

t = t Sso x ← ssot④

t ) : tsso tye )
<

Sso t ( ytz )



Substitution

Let s
,
t be L - terms

.

tch ) : substitute x everywhere by s

A- ( Kc ) : substitute all free occurrences

of x in A by s

Lemony ft ( %) )MCG ] = FMCG ( sm¥f
→ a

substitute x for s
obtain new object assignment

to get t ' 6
' where 6

'
Cx ) s SM

then evaluate then evaluate t under M
,
6 '

t ' under My



Substitutimcontld

Need to be more careful when making substitutions
into formulas

Eixample : A : Ayn ( x -
- yty )

AL ntd ) : Ay - ( x ty = yty )

Defy term t is freely substitutable for x in A
- -

' Iff there
-

is No sub formula in A of the

form the B or ay B where y occurs in t



Substitution

If t '

is freely substitutable for x

-

in A

then IM to

ME Alta ) Cs ] iff MK ACG ( tmc]



Easy way to avoid this problem
( of making a

" bad " substitution ) :

2 types of variables

free variables a
,
b
,
C
,

.

bound rain able ×
, y ,

Z
,

. .

Property : every free variable occurrence

is of type freq n ecery bound variable

occurrence of type bound

Pnperterm .
.

No variables of type bound



FIRSTORDERSEQUENTC.PL#sLK

Lines are again segments
A

. . .
. .

, Ak → B
. . . . , Be JS

where each Ai
,
B
;

is a proper L - formula

As : A. n Azn . - n An 313
,

v
. . v Be



FIRSTORDERSEQUENTC.PL#sLK

Lines are again segments
A

. . .
. .

, Ak → B
. . . . , Be

where each Ai
,
B
;

is a proper L - formula

RULES
-

OLD RULES OF PIS

PLUS NEW RULES FOR tf
,
F

T t
like a Large Large OR

AND



Newlogi.ca/Rulesfor-V#-V-
left Act )

,
r → d U - Right r → d

,
Acb)

- -

Vx Acx )
,
r → a r → d

,
VxACx )

2- left Alb )
,
r → a a. right r -7 d

,
A

-
-

2x ACH
,
r → d r → d

,
3xACx )

* A ,t are proper
* b -

is a free variable Not appearing in

lower sequent of rule



Exampkofanlkproofqa
-7 QaPa -7Pa

-

-

Pa
,
Qa → Qa

Pa
,
Qu -7Pa

-

-

panda → Qa
Panola → Pa # Rt

F- Nt -

Parka → 3xP× ParQa→3xQx
E- left -

- F- left

3xCPxnQx ) → axpx 2xCPxnQx)→7xQx
a- Rt -

7xCPxnQx)→7xPxrFxQx



SOUNDNESSD
etn A first order sequent Ai , . .

,
A-
←
→ B

. . . .

, Be
is valid

-

if and only if its associated formula

( Air - in Ak )
a CB

,
v

.
. r Be) is valid

.

Soundness theorem for LK
- Every sequent

provable in LK -

is valid



Proofotlemma

go through each rule
.

Example : f - right rule P → d
, Alfa ) ← Au

-

P → d. Vx Acx )
- -

let A- B
.

. . - Be cannot :Iur in

a :c
. .

.
- ca towering !I¥oor

A : B. n .
. - rise Sgr . .

. .
- se ,
vAla)in??€

AL : Bin - - rise - Gr - - - cent A Cx)



theorem C LK soundness )

Every sequent provable in LK is valid

PI by induction on the number of

sequent in proof .

Axiom A → A -

is valid

Induction step : use previous soundness

Lemond


