
CS 438/2404 Lecture 4

• HW 2 : out ! Due Oct 18



TODAY
-

First order Logic

Quick Review - syntax ,
semantics

LK completeness

consequences of completeness

Lecture Notes : completeness p .

31 - 38



FIRSTORDERLog.ie ( Review )

underlying Language L specified by :

① the IN a set of n-ary function

symbols ( ie
,
:-C

, g ,
h
,
t
,

. )

o - any function symbols are called
constants

③ Vn c- IN a set of n-ary predicate
symbols ( i.e . P

,
Q

,
R

,

<
,

⇐ )

Plusejvariabus : x
, y ,

z
, . . . a. b. c

,
. . }BiYtmb%

• n
,
V
,
n

,
7

,
't

• parenthesis C
,
I



terms overt

(1) Every variable is a term

c) If f is an n-ary function symbol ,
and t

, , > tn terms
,

then ft
,

. .tn
is a term



terms overt

(1) Every variable is a term

c) If f is an n-ary function symbol ,
and t

, , . > tn terms
,

then ft
,

. .tn
is a term

Examples of terms ( o
,
s it ,

t
, ; )

→ unaigsbnaryo -

ary

f- Oss so
,

t xfyz
,

• tab SSO

P T 9
f- ( osss

,
o ) x t fly , -2) @ tb ) * SSO



FIRSTOR.DE/3FORMVLA#ERL

( s ) Pt
,

. .tn -

is an atomic L - formula
,
where

P is an n-ary predicate in L
,

and

G .
- ten are terms over L

e) If A ,B are L - formulas
,

so are

- A ,
( Arb )

,
( AVB )

,

txt
,
2x A



ExaulasiLs

③ Fermat 's Last theorem ( actually Andrew
Wiles theorem )

Hn > 3 ( Va ,
b

,
a ant bn * c

" )

Pyburn : How to
say at ?

( we'll see later how to do this !)



FREEIBOUNDVARIABLESOO
An occurrence of × in A is bound '

it

x is in a sub formula of A of the form

the B
,

or 7×13 ( otherwise x
-

is free in A)
Example 3-

y ( x
-

- yty )
Px n Vx ( rcxtsx = x ) )

• A formal after m
-

is closed if it contains no free variables

• A closed formula -

is called a sentence



SEMANTKSOEF-OLOg.cc

An L - structure M ( or model ) consists of :

① A Nonempty set M called the universe

( variables range over M )

⑦ For very n-ary function symbol f in L
,m

an associated function f : Mn → m

③ For each n-ary relation symbol P in L
,

an associated relation PMs Mn

* Equality predicate = is always true equality
relation on M

.



Example

La = { 00,8
,

• jeg = }

④ IN : standard model of La
M = IN
00 = 0 C- IN

*
,

•
,
③ are usual plus

,
Hines

, successor functions

Evaluation of a formula in IN
Jumping ahead a bit : -

Vx V z ( a z
' ( n Cz

'
- o) n Etz

'
= x ) →

3- I
' ( s z t Z

' '
= x ) )



Defining Evacuation of terms ( formulas our M
,
6

Let M be an L - structure
,

• an object assignment for M

C-valuatimoftermsovcrM.sc
) XM Ca ] -

is 6 Cx ) for all variables x

(b) ( ft .
. .tn)M co ] = fm ( times

,
. . .

,
tnmcc ] )



C-valuatioinofformulasoverMIC.ee
A be an L - formula

. . Mt Aca )
( M satisfies A under a ) iff

a) ME Pt
.

.
- tree ] iff ( t.MG?....tnMC6 ] ) E pm

Cb ) Mt ( s -
- E) CG ]

'

iff SM [ 6) = EMG ]
← ) Mt 7 A Loo ]

-

Iff Not ME A CG ]

Cd ) Mt ( Av B) CG ] iff.ME ACG ] or Mt Bcs ]

(e) ME CARB) EG ] Iff Mt ACG ] and Mk Bcs )

(f) ME AXA CG] iff time M ME A @ ( Tx ) )
(g) ME 2x A CG ) iff 2- me M MEA @ ( %) ]



Example L = { ; R ,
=3

MA Ni
Egham

, see men

yes ←
satisfiable

Then M E th , ay Rex
, y ) by M

m KI ay Vx RH Y)
← but
3- yttxrcx , y )
-

Is also satisfiable



IMPORTANTDEFINITIONSIO
A is satisfiable

-

Iff there exists a model

M and an object assignment g

such that Mt Acs ]

③ A set of formulas QT is satisfiable iff FM
,
6

such that Medico ] EMEI ' II ]
③ OI E A ( A is a logical consequence of OI )

iff U-M tho if MEOICG ] then MEALS ]

f- A ( A is valid ) iff VM
,
6 Mt ACG ]



FIRSTORDERSEQUENTC.PL#sLK

Lines are again segments
A

. . .
. .

, Ak → B
. . . . , Be JS

where each Ai
,
B
;

is a proper L - formula

As : A. n Azn . - n An 313
,

v
. . v Be



FIRSTORDERSEQUENTC.PL#sLK

Lines are again segments
A

. . .
. .

, Ak → B
. . . . , Be

where each Ai
,
B
;

is a proper L - formula

RULES
-

OLD RULES OF PIS

PLUS NEW RULES FOR tf
,
F

T t
like a Large Large OR

AND



Newlogi.ca/Rulesfor-V#-V-
left Act )

,
r → d U - Right r → d

,
Acb)

- -

Vx Acx )
,
r → a r → d

,
VxACx )

2- left Alb )
,
r → a a. right r -7 d

,
A

-
-

2x ACH
,
r → d r → d

,
3xACx )

* A ,t are proper
* b -

is a free variable Not appearing in

lower sequent of rule



Exampkofanlkproofqa
-7 QaPa -7Pa

-

-

Pa
,
Qa → Qa

Pa
,
Qu -7Pa

-

-

panda → Qa
Panola → Pa # Rt

F- Nt -

Parka → 3xP× ParQa→3xQx
E- left -

- F- left

3xCPxnQx ) → axpx 2xCPxnQx)→7xQx
a- Rt -

7xCPxnQx)→7xPxrFxQx



theorem C LK soundness )

Every sequent provable in LK is valid

PI by induction on the number of

sequent in proof .

Axiom A → A -

is valid

Induction step : use previous soundness

Lemond



: By induction on the number of

segments in proof

Example : 3- Left
Assume : Acb )

,
P → d has an LK proof and is valid

show : Fx Atx )
,
n → a also valid

By deem Albin
,

v
. . vnjvd.ir . .

- de - is rated

Let M be any structure
,
6 any object assignment .

Show : M t - 3- xxx ) v I v.v Feud ,
r

. . - de Cao ] C*)

Casely ME A v . - w Flo - d
,

- - -
- de La ]

.

Then CH holds

Casey
Case 1 does not hold

.



: By induction on the number of

sequent s in proof

Example : 3- Left
Assume : Acb )

,
P → d has an LK proof and is valid

show : Fx Atx )
,
n → a also valid

By deem Albin
,

v
. - ritard ,

v . .
- de - is rated

Let M be any structure
,
6 any object assignment ,

show : M t - 3- xxx ) v I v.v Feud ,
r

. . - de Cao ] C*)

Casely M E Av . - w Flo - d
,

- - - - de La ]
.

Then CH holds

case 2 Case 1 does not hold
.

Since b does Not occur in P or A
,

ME Tv . .
- Thou die . - r da [ 6 ( %) ] for all MEM

since Acb ) ,
r ⇒ a - is rated

,
ME AT [61%7] HMEM

Thus ME n 2x ACD [ a ]
,

+ thus 3- xxx )
,
n -74 Is valid

.



tDAY:giidelscompLETENESSTHE0RE#

Defy An Lk - OI proof is an LK - proof ,
but

leaves are Either axioms ( A -3A ) or of the

form → A for AEOI

good prove that - if r→d -

is a logical consequence

of OI
,

then there is an LK - OI proof of Psd

( called Derivational completeness )

Ite Ala , .
. an ) be a formula with free

variables a
, - - an .

Then VA is Vx
,
tha . . -Vxn AH ,

- - Xn)

( called universal closure of A )



TODAY : LK COMPLETENESS

(
MAINCEMMAJcomplefenesslemma-I.fr

→ d - is a logical consequence
of a set of ( possibly infinite ) formulas to

then there exists a finite subset

EG . . . .cn } of OI such that

HG . - - -

, Ven ,
r → d has a ( cut - free) PK proof

* We will assume = Not in Language for Now



Derwatioinalcompletene-heoremle.CO
be a set of segments or formulas

such that the sequent r → d is a

logical consequence of WOI
.

Then there is an LK - QT proof of

r → d
.

A
Proof follows from completeness lemma

( similar to derivational completeness of PK from
completeness )



PNofoflkcompletenes-emma.lt
igh Level idea ( assume § is empty for now )

• As in PK completeness ,

we want to

construct an LK proof in reverse .

• Start with n → a at root
,

and

apply rules in reverse Cto break up
a formula into one or 2 smaller ones )

• Tricky rules are 3- right a theft .

When applying one of these in reverse
,

Need to "

guess
"

a term



Newlogi.ca/Rulesfor-V#-V-
left Act )

,
r → d U - Right r → d

,
Acb)

- -

Vx Acx )
,
r → a r → d

,
VxACx )

2- left Alb )
,
r → a a. right r -7 d

,
A

-
-

2x ACH
,
r → d r → d

,
3xACx )

* A ,t are proper
* b -

is a free variable Not appearing in

lower sequent of rule



PNofoflkcompleten-essemma.lt
igh Level idea ( assume § is empty for now )

• As in PK completeness ,

we want to

construct an LK proof in reverse .

• Start with n → a at root
,

and

apply rules in reverse Cto break up
a formula into one or 2 smaller ones )

• Tricky rules are 3- right a theft .

When applying one of these in reverse
,

Need to "

guess
"

a term

• key is to systematically try all possible
terms - without going down a

rabbit hole
.



Exampkofanlkproofqa
-7 QaPa -7Pa

-

-

Pa
,
Qa → Qa

Pa
,
Qu -7Pa

-

-

panda → Qa
2
. @

Pat -97 .

Parka → 3xP× Pan Qa → 3xQx
-

-

3xCPxnQx ) → axpx 2xCPxnQx)→7xQx
-

7xCPxnQx)→3xPxrFxQx



Exampkofanlkproofpa
,
Qa → Pb

&
Pan Qa → Pb

=

pan Qa → 3- xQxPan Qa → 2x Px
-

-

3xCPxnQx ) → axpx 2xCPxnQx)→7xQx
-

7xCPxnQx ) → 2x Px r Fx Qx



Instead .

-

&

a ,Qa→Pb,2xPx

§
ParQa→Pb7xPx

mum'm
Parka -33×13 ,

ParQa→3xQx
-

-

3xCPxnQx)→axPx 2xCPxnQx)→7xQx
-

7xCPxnQx)→3xPxrFxQx



Instead

Pa ,Qa→Pb
,
Pfa ,2xPx

Try mmmm

again Pa ,Qa→Pb,FxPx

{
ParQa→PbZxPx

mum'm
Parka → 3×13 , ParQa→3xQx

-

-

3xCPxnQx)→axPx 2xCPxnQx)→7xQx
-

7xCPxnQx)→3xPxrFxQx



A
. Instead
. -

and o

again §
and Pa ,Qa-oPb , Pfa ,

fb ,7xPx
again &

Pa ,Qa→Pb
,
Pfa ,2xPx

Try mmmm

again Pa ,Qa→Pb,FxPx

{
ParQa→Pb7xPx

mum'm
Parka → 3×13 , ParQa→3xQx

-

-

3xCPxnQx)→axPx 2xCPxnQx)→7xQx
-

7xCPxnQx)→3xPxrFxQx



A
. Instead
. -

and . There are infinitelyagain §
aqd.am

Pa ,Qaq→PbiPfa,PfbfxPxFwaa$dy§°%Iamati[

Pa ,Qa→Pb
,
Pfa ,2xPx

Try mmmm

again Pa ,Qa→Pb,FxPx

{
ParQa→Pb7xPx

mum'm
Parka → 3xP× ParQa→3xQx

-

-

3xCPxnQx ) → axpx 2xCPxnQx)→7xQx
-

7xCPxnQx)→3xPxrFxQx



A
. Instead
. -

and . There are infinitelyagain §
qq.ea.npa.aaq-opb.Pfa.efbp.mx

Fw÷Iy!÷n%g÷amg

PaiQa→Pb
,
Pfa ,2×R,

and for all

tangfimpa.o.a-m.is#m-ffntiaerrnenseqqts,y
{

ParQa→PbFxPx
mum'm

Pan Qa → 3xP× Pan Qa → 3- xQx
-

-

- xCPxnQx ) → axpx 2xCPxnQx)→7xQx'
-

7xCPxnQx)→7xPxrFxQx



complefenessiproofsearc-hgonthmfnu.me
ration of formulas r terms e

.

Since the number of underlying symbols of L
- is finite

,
there is an enumeration

-

of pairs LA
, ,t , > ,

L Aa .tl
,
CAs

, § ? . - - .

such that every term and
every

formula

in L occur infinitely often on the

enumeration



More details of enumeration ( L finite )

Enumerate all L - formulas Ai
,
Az , . . .

Enumerate . . L - terms ti , . . .
.

such that every formula Aeron occurs

infinitely often

Enumerate all pairs to trace same property

•¥¥f÷÷t



complefenessi-proofsearchslgon.tn#

• Initially IT is the sequent r → a

• At each stage , modify IT by adding some A
, EOI to

antecedent of all sequences in IT
,
and adding

onto the
" frontier "

or
" action "

sequent s int

• Act 've sequent : a leaf sequent in IT
,
Not a weakening of A -7A

• at stage K : we will use the Kth pair LA at k ) in the

enumeration



complefenessi-proofsearchslgon.tn#

stage : SA ,
t ) ,

c) If A. E OI , replace r
'
→ d in IT by r ! Ak → d

'

⇐ ) If Ak atomic
,
skip this step . Otherwise

for all leaf sequent containing A
← ,

break up
outermost connective of Aia using the appropriate

logical rule
,
and t

k
tf Necessary .



complefenessi-proofsearchslgon.tn#
Stage :

c) If A. EOI , replace r
'
→ d in IT by r ! Ak → d

'

⇐ ) If Ak atomic
,
skip this step . Otherwise

for all leaf sequent containing A
← ,

break up
outermost connective of Aia using the appropriate

Logical rule
,
and t

k
tf Necessary . c is a

E.
'

and!Y÷s×
iranians

n
,

2x B Cx ) → d
,

r-zgaibcx5.BY#keepbqg
n → d

,
2x B Cx )



I
complefenessiproofsearchslgon.tn#

Stage :

c) If A. c- OI , replace r
'
→ d in IT by n ! Ak → d

'

⇐ ) If Ak atomic
,
skip this step . Otherwise

for all leaf sequent containing A
← ,

break up
outermost connective of Aia using the appropriate

Logical rule
,
and Ek tf Necessary .

Examples : r → d
,
Bcc )TriFb

Vx BC x) -

• A
←

= n → d , Vx B CX)

BLtxTkhempbo
r , tx

B Cx) → a

Exl When No more active segments



Pnrfofcorrectness
We want to show :

• If Algorithm halts
,

IT is an LK - § proof of
tk

, ,
. - itch n → a ✓

• If Algorithm Never halts
,

then

HOI * r → a



Pnrfofcorrectness
We want to show : If Algorithm Never halts

,
then to # r → a

suppose Algorithm doesn't halt and let IT be the

( typically infinite ) tree that results

Leaf " sequent s
"

of IT look like r
,

"

C
, ,q , . . . .

→ d
'

-
infinite sequence containing
all of OI each infinitely often

Find a bad path f in the tree :

If IT finite
,

3 some active leaf Node containing
only atomic formulas . Choose f to be

path from root to this leaf



Pnrfofcorrectness
We want to show : If Algorithm Never halts

,
then VOI # Mad

Find a bad path f in the tree :

Itinerate leaf node containing
only atomic formulas . Choose f to be

path from root to this leaf

If IT infinite by Konig 's Lemma
,
3 an infinite

path .
Let f be this path



Pnrfofcorrectness

Properties of B
-

Cs) f is a path starting at root

(2) all sequences in G were once active

(3) for all segments in f , No formula occurs on

both the Left and right side of sequent

(4) all atomic formulas AE § in root sequent of B
on LEFT

,
and thus occur on LEFT of all

sequent in f

By (3) t (4) , we know that NO atomic A c-§ occurs

on the Right of any sequent
in f



proofofcorrec.tn#confd)

We will construct a
"

term
" model ML

,
a object

assignment 6 from f such that ME § LG ]
but ML E r → d ( and thus our algorithm
fails to halt a produce a proof srsly when r → d

is not a logical consequence of §
. )



proofofcorrec.tn#confd)

We will construct a
"

term
" model ML

,
a object

assignment 6 from f such that ME § LG ]
but ME r → a

Universe M : all L - terms t ( containing only free vars )
G E map variable a to itself

7 fmri . . - ra ) =D fr
.

. - ri ,

PM ( r
,

. .

& true if and only
' if Pri .

- ra( - - is on the LEFT of some sequent in f

S-MH.tk ) & friars



proofofcorrectnes.sc#td)

Claim : For every
formula A

,

M
,
6 satisfies A iff A -

is on the LEFT of some

sequent in f ,
and

Mcs falsifies A iff A is on the RIGHT of some

sequent in f



proofofcorrectnes.sc#td)
Claim : For every

formula A
,

M
,
6 satisfies A iff A -

is on the LEFT of some

sequent in f ,
and

Mcs falsifies A iff A is on the RIGHT of some

sequent in f

Proof ( induction on A)

A atomic : A cannot occur

=
on LEET of some sequent in f and on RIGHT
of some sequent in f
( since A persists up B)



proofofcorrectnes.sc#td)
Claim : For every

formula A
,

ML
,
6 satisfies A iff A -

is on the LEFT of some

sequent in f ,
and

Mcs falsifies A iff A is on the RIGHT of some

sequent in f

Proof ( induction on A)

Induction step Example A -

- 2x BG ) on RIGHT
=

high level :
' if A- occurs in some sequent in f ,

then A persists upward until it becomes

the active formula ( at stage K
, Ak

-

- A )

then use inductile hypothesis



I%ofofcorrectness(con -

.

"÷mm÷%÷÷7est%TY is on the user of some

& :

§
sequent in f ,

and

Mcs falsifies A iff A is on the RIGHT of some

sequent in f
. . - → Bltidpxblxb . .

Proof ( induction on A)

Induction step A=3xBCx) on RIGHT
=

By Ind hyp ,
M

,
6 falsify Bctj )

since
.IE?jm:e;::sts.o.YsmhaeueseYuten+

" → " i

Thus M
,
6 falsify Blt ) for all

Germs t
•


