
APPLICATIONS
@

• streaming

• Property testing ] Last

class
• game theory

• TIME/ SPACE Turing Machine LBS

• Circuit complexity
• Proof complexity
• Extension complexity
• clique cocligue, graphTheory, Learning Partial ☒unctions



Main CC Lower Bounds

UDISJ : disjointness with

promise that either

theorems BPP
"
( Diss] = Icn) 1×41=0 or Hay 1=1

BPP
"
CUDISJ) = Icn)

CONP
"

(UDISJ) = Icn)

theorem
the K- player NOF randomized cc of DISJ

,
UDISJ

is r(E)

We will prove these in a couple of weeks



APPLICATIONS
@

• streaming

• Property Testing
• game theory

• TIME/ SPACE Turing Machine LBS

• Circuit complexity
• Proof complexity
• Extension complexity all USE

• m.n.a.nespanpogramsyu.nears.ae, } up,,wg,⇐µµµ,
sharing schemes

• clique- cockque, graph Theory , Learning
r

- -



COMMUNICATION FOR SEARCH PROBLEMS

10111MW
,

☐O@e
°

O

SE {0,13
"
✗ {0,11

"

* 0

Example 1 (KW search )

Alice : ☒ c-f-
'

(1) Bob : ye f-
'

(o)

output iecn] such that ✗i=y,



COMMUNICATION FOR SEARCH PROBLEMS

10111MW
,

☐O@e
°

O

SE {0,13
"
✗ {0,11^1×0

Example 2 (CNF Search)

Fix an unsatisfiable CNF C over ×
,
. .- Xn Y, - yn

Alice : ✗ c- {0,13h Bob : ye {0,1 ]
"

output clause Ci falsified by Cx
,y)



QUERY TO COMMUNICATION LIFTING

-

f :{ 0,17 → O -0k F : f

a
• * * P

• in

DT for f : g g g . . . g

8D go do 8D

*
i Y, Xz Yz ×

, Y,
✗
n Yn

f-
2- •

• 94,4 ,)

# glxsxs)
A.

9
cost = costrfg • dt -htsft
-

Ollogn)
04)



QUERY TO COMMUNICATION LIFTING

F = f
f :{ 0,15 → o Xosa • • *

on

g g g . . . g

8D go do 8D

*
i Y, Xz Yz ×

, Y, Xn Yn

LIFTING THEOREM

communication complicity = Query complexity of#
of FB



INTUITION : MOST HARD COMMUNICATION PROBLEMS
ARE COMPOSED FUNCTIONS fogn

f : OR
=p - f : OR

← g : AND

g: = →

f. PARITY →

g. AND →



( SOME ) LIFTING THEOREMS

Measure on fogn Measure on f
Raz . McKenzie Deterministic CC

qq
Decision tree

Razborov

no }
Quantum cc approx . degree

sherstov discrepancy , sign rank
, threshold degree' 07 unbded error

900 's - P Randomized ( ( ( critical )
'

14 Block Sensitivity
GLMWZ Nondeterministic K

, approx .

'

' 5 Partition Junta degree
Lee . Ragharandm semi definite Rank SOS degreeSteurer

' 15

RPRFl6Razborv RanK/Algebraicgapdegree
PR ' 17

,
PR 'Hb

'

Algebraic Tiling€ Hsatt
,

.de#
.

KMR ' 16
-

Nonnegative Rank Junta degree
Goostpifwatsm Randomized ( e

Randomized dec
. tree



Lifting Theorems Makes Lower Bounds Easy !

Zsteprpe :

@ Prove problem specific query
Lower bound

!2! Apply Lifting theorem to

obtain
.commutationcomplexityLower bound



Applications

• streaming

• Property Testing
• game theory

• TIME/ SPACE Turing Machine LBS

• Circuit complexity very

} similar use of lifting• Proof complexity plus other
common

ideas
• Extension complexity
• clique cocligue, graphTheory, Learning Partial unctions



INTRO : LIFTING QUERY TO CC LOWER BOUNDS

ALHMS→utN→=
µt

New LIFTING THEOREMSUse communication

complexity to to reduce communication

capture underlying lower bounds to

much simpler Lowerclass of algorithms bounds on query complexity
of search problems



CIRCUIT DEPTH / FORMULA SIZE

f :{0,13
"

→ { 0,1}

Iformula for f :

\µ④
depth%%11 i t☒IÉ, -9¥

size (F) = # vertices

Leming log (size (f )) = -0 ( dgsth (f))
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Monotone CIRCUIT DEPTH ( & FORMULA SIZE) LBS ( a littlehistory )
Thm_ [Karchmer-Wigderson]

any
monotone formula for STCONN requires depth Mclain )

Thm_ [Raz-McKenzie]

For any
d> I 3monotone foe : 10,15 → 10,13 st.

Fe m depth Cloyd"n) , f ☒ mdepthllogdn)

Thm_ [Raz -Wigderson]

any monotone
circuit for matching ( n' inputs)

requires depth Icn)

thm [Razboror]
Monotone circuits for CLIQUE on Gn require site 2Ñ for some E>o



MONOTONE CIRCUIT DEPTH LBS VIA LIFTING

jhon [ go s - Atassi]

1- explicit monotone Fe NP requiring monotone circuit depth R(%gn)
3- explicit monotone ft P requiring monotone cktdgsth r(rn)

PNof_
Lifting theorem from critical BLOCK sensitivity to Randomized co

&
a reduction to UDISJ

gadget has constant site
even works for Not CC

Alternative [Raz -McKenzie , gpw
'
15]

Deterministic Lifting Theorem (Decision tree to cc)

harder proof
gadget Larger

but Lifting theorem stronger



MONOTONE CIRCUIT SIDE LBS VIA LIFTING

[ggks] give alternative LB on monotone circuit

size via dug - like decree → day - cc lifting

Lifting in same spirit used to prove

1. Extension complexity 43s

z .
Monotone span Program (secret sharing scheme CBs



t.MONOTONEFORMUL.la#TDEPTHLBS-

ALHMs¥•cñNÉo=
Monotone Deterministic Resolution
Circuit Depth cc of KW

(÷::÷:)
OR BLOCK sensitivity
problem



① CIRCUIT DEPTH & CC EQUIVALENCE

Detn Let f :{0,1]^→{0,13
.

Search
,
a- { 0,15 ✗ {0,15 ✗ Ln]

Alice receives ✗ c- f-' (1)

Bob receives ye f-
'
(o)

Output iecn] such that
✗it Yi

msearch
,
: f monotone

output iecn] such
that Xi =L , 4=0

thm-c.ccsearch
,
) = ckt-depth ( f )

cc (msearch
,) = mono . 0kt -depth (f)



t-hermb.cc (search , ) = F-depth ( f )
cc (msearch

,) = monotone F-depth (f)

Pf_ (⇒ Let F be a formula for f. then cc ( search,) £ depth (F)

bet f- be a monotone formula them cc (msearch
,) a- mdepth (F)

for f- (monotone
'

*✗ c- f-
'

(1)
①⑨ a •④ 0

ye f-
'

lo) / \ / \
0 ④ •④ •

④o 0

" " " "
I h l l l l l l

✗ = I • 0 D B

y
= 1 O O H O



them cc (search
,
) = F-depth ( f )

cc (msearch
,) = monotone F-depth (f)

Pf_ (⇒) Let F be a formula for f. Then cc ( search,) £ depth (F)

let F be a monotone formula
for f (monotone

.

Then cc (msearhf) a- mdepth ( p)

*✗ c- f-
'

(1)
0⑨r •④ 0

ye f-
'

lo) / \ / \
0 ④ • o④°µ④o 0

at ② gate :

Allie sends bit / I / \ /\ µ
I h l l l l l l

at ⑨ gate : ✗ = I • O B B

Bob sends bit

y
= , o o M 0



t.MONOTONEFORMUL.tl/C1#TDEPTHLBS-

ALHMS①→cñN%h=
Monotone Deterministic Resolution
"""" ""P
" |
" " "N

"""" ""

OR BLOCK sensitivity( of search )problem

DONE!
KW

equivalence



② CONSTRUCTING A HARD MONOTONE FUNCTION *this is a
main theme!

① Start with a hard UNSAT CNF C =9^Cz^ - - rcm over -2, . . -Zn

Search (e) ; given ✗ c- 90,15 , output some clause C;
falsified by 2

Decision tree complexity = Resolution Depth
of C of refuting e

② Lift e to get a 2-player search problem hard for Cc

searchcc) ¥¥g search Ceog
")

e : faire CE,v -3) e.05 :( gcx.ly,)vg(xzY~))(ÑY,) v9Hits))

③ show that Alice's input ✗ to search(cogon) ¥2 1-input ofsome
monotone Fe

Bob's input Y
" "

→ o- input of F'
e



A DT for search (e) c- C. ^ . . . ncm

C- ☒v¥)C☒i☒)(¥f¥j )
.

• z
,

our & . - Zn

T z M 4

•
R 4,4 , . . ,cm }(Etters) 3*3

'
z (E) Rate c☒v

9¥f :*, i '

← DD

Cy § g.
Res Refsfc. . - cm
is a demanding(E) µ¥ 1 eph clause starting
with G- - Cm

É¥% His



Index gadget with parameter m

g :* ✗ y → so
,
, }

✗ = { q , }Bm
¥-É÷

Y = { 0,13m
a

gcxiy D=
Y* tgm→

-

C CNF her n
variables

usually pick me = Ñ Igm = Oclgn)

so eccmdexgadgetnm) = O☒logm : Ollgn)



LIFTEDSEARCHPROBLEMThisissayfngthat~searchf.to
g
" ) : ①can always transform

Allie gets ✗ Gifted
search problem

to an equivalent]Bob gets y
Find a falsified clause

W gamey
°

O
o

Theorem 2 [go s- P]
-

For any
unsatisfiable boolean formula

'

e

there is a Boolean function Fe such that

monotone KW game for Fe equals
Search Ceogn )

g-
index gadget with m -nz #✓



proofsk.lt#uwgpyk-cnp over Z
,
. - - Zn

@ = C
,
^ - - ^Ct

search Ceogn ) :
Alice gets n pointers ×

,
. . - Xn Xiecm]

Bob gets n m-bit vectors y , .
. Yn Yi c-{0,13m

Monotone Function Fe (☒) :
Égthm indicator vector for a K-SAT

instance over mn variables with constraints from
'

e

Fe (d) =/ Iff ✗ is UNSAT

men -

variables unduly CNF instance ✗ are Y ,- - Ym - - - vnµ - -- Unm



proofsketc.be
= C

,
^ . - act UNSAT K-CNF over Z, . . - Zn

picks n

search ( Eog
"

) : variables

×
'
' ' - Xn ×,

←[my
←

out of nm

and apply e
Alice gets n pointers to these

Bob gets n m-bit vectors Y , .
. Yn Yi c-{0,13m variables

n blocks

i.¥;É¥¥
×:
¥7 it ☐

✗
i



proofsketc.be
= C

,
^ . - act UNSAT K-CNF over Z, . . - Zn

search Ceogn ) :
Alice gets n pointers ×

,
. . - Xn Xielm]

Bob gets n m-bit vectors Y , .
. Yn Yi c-{0,13m

Monotone Function Fe (☒) :
Égthm indicator vector for a K-SAT

instance over mn variables Vij with constraints from
'

e

Fe (d) =/ iff L is UNSAT picks n

variables

Alice:X → e- over the renamed vars y,× , ,
.
..gg/:Yd?fpTeJtto these

variables

Bob : y →
all constraints satisfied by the

q-inuude.lyassignment y
constraints over,mVu . - Vzm .

- Vni . -Unm
satisfied by ¥



C
,

c- e : 2-
,

✓ Zz

Gog : ✓ gCXzYz ③
C⇒ true iff

the ×
,

th bit of Y , is
true

:###..
Y×iv



Monotone circuit Depth 43s : Putting it all together

Thm1_ [ KW equivalence]

mckt Depth (F)
= cc ( mkwf )

thm2_ [ Lifted CNE search = KWF ]

search Ccogn) = KWF for an
associated monotone E

e

Thm3_ [Deterministic Lifting]
For any

search problem ( ie search (e) )
Dec- Tree ( search (e)) = cc ( search Ceogn ) )

ThM4_ ( LBS for search CED
there exist uwsat KCNF E over Z

,
-- Zn St .

Dectree (search (c)) = sun)



Monotone circuit Depth 43s : Putting it all together

Thm1_ [ KW equivalence]

mckt Depth (F)
= ca ( mkw, )

] DONE✓

thm2_ [ Lifted CNE search = KWF ]

search Ccogn) = KW
,

for an
associated monotone E] DONE✓

e

thm3_ [Deterministic Lifting]
.

For any
search problem ( ie search (e) )
Dec- Tree ( search (e)) = cc ( search Ceogn ) )

.

] ☐ °

Thm4_ ( LBS for search CED ] TO DO

There exist uwsat KCNF E over Z
,
--Zn St .

Dectree (search (G) = sun)
-

Proofs → communication → Algorithms

Dtcsearchce))=Iln) ccfsearchceogiD-rlnccckwfef.hn) mcktdepthcte)=rlD
Than 4 Thm 3 Thin z Them I


