
Monotone circuit Depth 43s : Putting it all together

Thm1_ [ KW equivalence]

mckt Depth (F)
= cc ( mkwf )

thm2_ [ Lifted CNF search = KWF ] .

Search Ccogn) I KW
,

for an
associated monotone E

e

Thm3_ [Deterministic Lifting]
.

For any
search problem ( ie search (e) )
Dec- Tree ( search (e)) = Cc (Search Ceogn ) )

thm4_ ( LBS for search CED
there exist uwsat KCNF E over Z

,
--Zn St .

Dectree (search (c)) = Rcn)

Proofs → communication → Algorithms

☐tcsearchcep-slnccf-searchceog.nl)=RCn) ccckwfet.hn) mcktdepthcfe)=Iln)

( than 4)
( Thm 3) Fhm 2) ( Them 1)



Monotone circuit Depth 43s : Putting it all together

Thm1_ [ KW equivalence]

mckt Depth (F)
= ca ( mkw, )

] DONE ✓

thm2_ [ Lifted CNF search = KWF ]

Search Ccogn) = KW
,

for an
associated monotone E) DONE ✓

e

Thm3_ [Deterministic Lifting]
.

For any
search problem ( ie search (e) )
Dec- Tree ( search (e)) = cc ( search ceogn ) )

] " ☐ °

thm4_ ( LBS for search CED
there exist uwsat KCNF E over Z

,
--Zn St .

Dectree (search (c)) = sun)] TO DO

Proofs → communication → Algorithms

☐tcsearchce))=lln) ccfsearchceog
"))=RCn) ccckwfet.hn) mcktdepthcfe)=Iln)

( than 4)
( Thm 3) Fhm 2) ( Them 1)
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THE0REM4_ LOWER BOUNDS FOR Decision tree

depth for search (e)

The hard formulas : Random (expanding) Kents : •

•

=

•

g.
R

Fix a bipartite (Mn) expander, left degree
K

µ . •

Io
Ro

g is an 6,4
- expander if Y L

'

a- L 141<-5
•

§
NH)

INCL' ) I = c- IL't • •

• •

g-is an G. d)
- boundary expander if Yi tiles • •

•
•

I Bdrych
' ) / =D IL't

• &

•

Claire A random left K- regular bipartite graph 14=m=cn IRAN
is a 1¥

,
%) - boundary expander whp

'

,
n

-
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THE0REM4_ LOWER BOUNDS FOR Decision tree

depth for search (e)

The hard formulas : Random (expanding) Kents : •

•

•

µ
R

IT:"" ° """" "
" """d" ""

d""
"

% "•
•

g is an 15,4 - expander if it [ a- L IL' / ES
•

INCL' ) I = c- IL't • :|: Bdrylly
• • ✗

g-is an G. d)
- boundary expander if Yi tiles • •

•
•

I Bdrych
' ) / =D IL't

• &

•

Claire A random left K- regular bipartite graph 14=m=cn lRl=n]is a 1¥
,
%) - boundary expander whp
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THE0REM4_ LOWER BOUNDS FOR Decision tree

depth for search (e)

Bc
:p R

The hard formulas : Random (expanding) Kents :
'

Kot Y

µ
'g|•ÉqXzLet g-- (GR)

be bipartite sigh, 14 'm 'Rt? degree ,, g ,i

' 80×3

g is an 15,4 - expander if Y L
'

a- L IL' / ES • • Xy

foisINCL' ) / = c- / L
'

/
↳

•×
,

i

too •
X
>

g-is an G. d)
- boundary expander if Yi tiles •

I Bdrycti ) / =D IL't § I
@ •

✗
nn

From g create CNE e : Cme

vars (C ;) correspond to Neighbors of
i ing

m:#clauses
×
;
c- vars CC ;)

,
randomly pick Xj Or % n= #vous

k-CNF
1

.
n

-



Claims whp ( for me -- ocn) sufficiently Large)
e is awsat .

and every subset of E. clauses is satisfiable .

them Any Resolution proof f-decision tree for search (c) )

requires depth Rcn)

Pf§mmaThm .

Let it be a tree-like
Res refutation of C ( = dec . tree)

For each Node v in IT
,

Let Sal = set of clauses in
'

C.

Labelling leaves of
subtree rooted at u

By Clavin 1, for root vertex r of IT, I scr) /BE←
Find a Node V c- IT s.t.ge/scD1--ny- .

By boundary expansion of C , the clause associated with u
must contain sun) variables (since the boundary vans cant be

resolved away)



theo-R.MY Any Resolution proof f-decision tree for search (c) ) requires dgpth Rcn)

Root

Let T be a dec . tree for
search (e) .

Equivalently T is a RES
refutation of e.

For VET,

Let scv) = { Ci c-8
such that Ci labels some

Leaf of subtree Tv rooted
at v}

✗ *

A e-

By Clavin 1-, for v= root , I sent >I Cxirxz)ÉXz) ( Iihs) xj )a- a- IT
Find a Node V c- IT s

-
t
. Is Ischl £ F- .

By boundary expansion of e , the clause associated with u
must contain sin) variables (since the boundary vans cant be

resolved away)



theorem 3 ( Deterministic Lifting)

f : N- bit boolean function / search problem

g : index gadget INDCX
,4) = Y× 141 = N'

°

1×1=10 loyal

Theorem (Deterministic Lifting) [RM, GPW]
-

DT (f) • ⑦ ( log N) = CC ( fogN )



TOD-t.ME?PR0OF USING SUNFLOWERS

(with Ian Mertz
,

Lovett
,
Melka

, Zhang )

f : N- bit boolean function / search problem

g : index gadget INDCX
,4) =Y× 141 = N'

°

1×1=10 loyal

theorem (Deterministic Lifting) [RM, GPW]
DT (f) • ⑦ ( log N) = CC ( fogN )



SUNFLOWER LEMMA

☒B⑧••g→→ Let ✗ be a K- uniform
set system .

⑥•←¥B§D☒☒B If 1×1> p
"
then ✗ contains a sunflower

with p petals .

1<=4
, p

= 11



SUNFLOWER LEMMA

SAHABA
@←←'Bµ€a→ Let ✗ be a K- uniform

set system over ok

€←⑧D☒☒☒B If 1×1> r
"
then ✗ contains a sunflower

with p petals .

1<=4
, p

= 11

Old : True for r
~ pk

Conjecture : True
for r - p

NEWEY : True for r ~ ploglpk) [ALWZ '

19]



IdeabehindNewProof_Show1XlirK-Da@qgoo0c.X

✗ is r-spread-ifv-zo.tn] , at most
rk"" sets contain 2-

Mainlining ✗ r- spread ⇒ ✗ contains p=% disjoint sets

proof (assuming
Main Lemma) :

1<=1

K> 2 either ✗ is r - spread
ow 7 z such that > r

"""
sets contain z

reverse on ✗
'
= { se ✗ I 2- c- s }



1×1 > rk ⇒%q%•• c- ✗

✗ is r-spread-if-VZ-o.tn], at most rk
""
sets contain 2-

and I ✗ 13 rk

Lemma ✗ r-spread ⇒ ✗ contains p= % disjoint sets

Pfrr_pk :

-

9

Let B-- { s, , . .. >% } be
maximal collection of ⑤⑧Osz

disjoint sets in ✗ , t- P ②⑧4

then some element contained
in 3 ☒ sets

/Blk
Ss
s*

Cpk)
"

'-1B¥ = pk_±(pk)
"

,
so ✗ not a-spread



BLOCK - RESPECTING
SET SYSTEMS

: r- SPREAD = log r - dense

WLOG U
= [MN]

.

N blocks

←m→

/

each ✗ c- ✗ contains at most one element per block

✗ is

r-spread-sxislogr-dense.pt/IecwJV-sscmJT-HI-4N] H•¥) 3 logr.li#1LinkÉ%s1slr' wnereµ•,y=m×¥*,og(§my'
v

r=m
-9
: mmentropy of ¥ = .91J ! logm ( little info known about X

,)



If ✗ = cm]N}
"

"""
"

*

¥µ-É§
423

✗ £291S Cm]N

XI =

original cyclist .
D: ✗ c-✗ then prcx) : ¥1

xxx then Fra):o)



Robustsvnflowers

Let ✗ be

'

a block - respecting set system over Cmn] = ←=,←→-

✗ i. i:* .si#ainsi:
*.

;.÷÷÷÷?.M
Pr [ltxex ✗ f-y ] se

¥: " "

. Then Pyr [ *☐weG) ¥ I] E E

yl

theorem CALWS] Let ✗ be logr -dense , r :c log (%) . ThenPr[X☐m=ly)$l)s
{
true even for Nonmonotone DNF

logr =
. 9Cgm



Robustsvnflowers
-

Let ✗ be

'

a sgt system over Tl
•

. ☒
☐

m.iq?xgVXsXyXgvXzXgXg.#
✗ is Hz

,

e) - satisfying if :
•

y : random vector in {0,131M
,
Prly if =LPr [V-✗ c- X ✗ f-y ] seftp.enpgg#m..g,*,y,gyyYEyzU

Theorem_[ALws]Lel\belogr-dense,r÷clog(%).ThfPry [ ✗☐wi.ly) -11 ] ← E
✓ - - r I

Pnaramnetenrs : ✗ Elm]N
,

m : N'
°

,
F- m

' "

,
e : 2-

N
"

(exponential improvement when E very small )



For us : vars are ☒ÉÉq
Vars I = MN vars

each ☒ m→Ps " a term tx of size N

N

t* = a yci, Xi)
is ,

DNF = IN t×
✗c-✗



FULL RANGE LEMMA (via ¥§§•⑧ )

m = N'°
m - No

Emp ✗

*- ye, ✗ ← ,myµ ge.gwgm.g.me
YE {0,13mn be Large 62mm

-N )
i

then I ex tf c- 90,13N Fifty
←

go, , ]mN→ IND
"
(x*,y* ) =p

yÉINÑC-1
, g) c- {0,1$ f f f f T

>



FULL RANGE LEMMA ( via ¥qoo%••B )
y

'

✗ -9 lugm dense, Y Large (yl> 2mW
-

Nj =p
☒

1- ✗
*

c- ✗ Up c- {0,13N 2- y, c- y :
INDN (x*,Yp)=B

Pnot Assume ✗ 3h, st they 5NDN( *a) $B×
We can assume wlog that B×= IN 7

create DNF f = V Y
☒ c-✗ ✗

✗ c- 90,13mn
[fly 1=1 ] £ g-

v4

By Robust sunflower lemma ,
Pr

since Y is large, FAY sit
.
f /
✗
=/ .
#



BACK TO : DETERMINISTIC LIFTING THEOREM

f : N- bit boolean function / search problem

g : index gadget glx,y)=Y×

ly / =N° ,
1×1=1010gN

= m

theorem (Deterministic Lifting) [Raz,McKenzie,
DT (f) • ⑤ ( log N) = CC ( fogn ) 900s,P,Watson]



Let IT be a cc protocol for FOINDN
É

try
'

, communication
[m]
"

; | matrix M¥__¥
e

IX. y) - entry labelled by
2- =IND(x,Y,),.__JND(XwYn€

c- {0,13N Pass
for

¥n..④



Protocol IT -

is a tree
,
partitions M into subrectangles

Ah!•e☒
each vertex ✓ of IT

labelled with

• ☒# •Bob •☐-- subrectangle Rv -- ✗✓✗ Yr

/

☒
:/¥j¥¥

☒H- • •☒n-_



given IT for
FOINDN→ construct decision free 1- for f

of depth ~ height hog µ
•
☒

A☒
•Bob •⑦

IT has height D= 6
\
. •☒_¥-☒µ T has height Fgm =3

At : i.BA '

^
G

o 0 • •
@

•



given IT for FOINDN→ construct decision free 1- for f

of depth ~ height hog ,v
•
☒

want :☒
•Bob •⑦ Let v be a vertex

inT
,
and let pv

↳
•

be the partial assignment associated☒¥¥☒t with v.

☒=•° ii.☐# Let Rv be the rectangle in associated
vertex of IT^

• then V-pc-EO.IT extending pv ,
• o • •

•
• 7 some CITY) c- Rv S.t. JND^(x,y)=f



given IT for FOINDN→ construct decision free 1- for f

of depth ~ height hog µ
•
☒

strategy ( high level) :☒
•Bob •⑦ TAsTÑaÑuch info -

is revealed

to
•

about any subset
of coordinates

,☒:|):¥- go to Larger
side

☒¥•° '

y•y☐#
• Otherwise find maximal subset of

coordinates where minentropy is
low

,
set these coordinates of ✗

° and query them in 1-

• o • •
•

•
• Need to maintain invariant that

on all unset coordinates,
little info has been revealed



Invariant : ✗xye cm]N ✗ {0,13mW
Simulating : Warmup ✗ is

• 910am -dense

Y large
? ly / = 2mn

- ri

-

• Initially Cat root of IT)
,
✗ = 1mV

,
Y :{0,13mW
→÷:c0• When Bob sends a bit , go to larger side

• When Allie sends a bit , go to larger side
\

If ✗ NO longer . 910gm dense :

- Find maximal subset I
a- IN] and value ✗ elm]I

that
-

is too likely .

- Query variables
2-I

= {Zi , i.I} in D-



Invariant : ✗ ✗Ye cm]N ✗ {0,13mW
Simkin ✗ is

• 910am -dense

Y large
°

ly / = 2mW
- IN2

-

• Initially Cat root of IT)
,
✗ = 1mV

,
Y :{0,13mW→÷÷cT• When Bob sends a bit , go to larger side

• When Allie sends a bit , go to larger side
If X NO longer . 910gm dense :

- Find maximal subset I
a- IN] and value ✗ Ecm]I

that
-

is too likely .

- Query variables
Z
,

= {✗i.ie I} in IT . Say z, =p
- This induces a refinement of ✗ ✗y :

✗
"
= { ✗ c-✗ I ✗* =L} ←

Need to show

Y's :{yc-YIINDH.ie) =D} invariant holds

Vp c- {0,13151



REF1NEMENT_ (of Y wrt X
' )

✗ No longer • 9109m dense

€¥i%
÷ Yoo Yo

, Y:O - y!,

" →
×

X
'

:{ xexlx
,
:&}

y
"

,
:{ yey / IND:(a. 4.) =P }



REFINEMENT (of Y wrt X
')

✗ No longer • 9 login dense
-

€¥i÷
÷

Yoo Yo
, Y:O ' Yu

✗
→
"

X
'

:{ ✗ex / ×
,
:&} X

"

is -9 logm - dense on the unfixed ⑥⑧
Y! :{YEY / INDE

, y,) :p } coordinates IN] -I

FULL RANGE LEMMA tells us that yp
'

is not empty tip
* Need-to-shweyf.is large (otherwise decision tree d- can err)



Simulation ;
Invariant : PE {0,1 , ☒ 3N, J = fixed (p)

R is ✗ ✗y p - structured :
• ✗

, y are fixed on blocks
J

and INDI (X,Yg) =p (J]
• ✗

g-
is . 9 lugm dense.yg,,aye,,zn,,,.µg



\

Invariant : Ris p
- structured

ax
,Y are fixed on J, INDJCX,- %-)=p

Siinulation :
• ×
;
is • 9 logm dense

• Y; is large
-

• Initially (at not of IT)
,
✗ = 1mV

,
Y :{0,13mW
→÷:c0• When Bob sends a bit , go to larger side

• When Allie sends a bit , go to larger side
If X NO longer . 910gm dense :

- Restore density via Re=taan¥¥;rt!ñ_
→ By Main Lemma,TXEj-T.pc.gqylt-ils.t.FIYIP is large, Xi dense

- Query variables Zi ,
if I

'

in IT
. Say z, =p



Rectangle Partition Procedure

Input ✗ × y

phase I
°

. Density restoration of ✗

Repeatedly find Max srbset of coordinates

violating blockMie density .
Set the coordinates

to most likely value
Induces partition of ✗ Anto X

'

,
×? .

.
. ,✗
"
(plus small
terror pad

Phase # : For each Xi
,

Refine Y



PhaseI : Density Restoration (for ✗ a- cmjn)

✗ • x=?=xW • X
"

o . . .

/
→ Ix"

"

/ s 1¥
I.=L, / Iida Ijdz

V b * •

✗
•

✗
2

✗
3

✗
i

II. = Max subset of Ln] that violates • 9 /ogm
- blockhouse

minentropy on Ij , 4- c- Em]% is assignment to

blocks Ij violating minentropy lie .
Pr [✗[I;] =L ] > 2--9151109m$



Phase I : Densitytesforatamofx

Initially X
"

X
,
j =L

While 1×51=1×112 do :

Let I;
= Max subset of Cn] violating
• 9 tlogm density of ✗

=j

Let 2
;
c- Cm]Ii be outcome witnessing thisg this :
Pr ( ✗ [ Ij] =L;) = 2-71%110gm
✗~✗⇒j

Let Xi = { ✗ c-✗
⇒ 1×[1-5]=4 . }

Let ✗
it '
= ✗=j\×j

j=jtl



Phase I : For each ✗
i

,

refine Y

For each (I
; , 2, ) from phas?

I
,
BE {0,13Ii do :

Let y
'
= { yey / YCI; ,2;] =p }

Let qi.ee ¢0,13m /
'Ii / be the string

maximizing / { yey
'

/ YLI ;] --NiP } /

Let yi.rs = { ye y
' / YCI;]

-
- Riis }



Rectangle Partition . Procedure

claim-4.rs
V-j Xi ✗ YIP is fixed on I; and IND (✗¥ , yf)=p



Claim 4.3 Vj ✗¥- is •9 logm dense

Proot (sketch)
we picked maximal block I; that violated

block wise mintnpy a set I
;
to most likely value .

i. ✗¥
;

has blockwise density restored on remaining
blocks

E.÷:÷÷:÷÷÷÷.÷÷n⇒to most likely value restores density on



Deficiency : D- (8) = log IS / - H- (g) a
number of bits of

information learned

c1aim44_ (deficiency of each XJ drops by ICIJ; / log m) )
For all CI; ,d;) , D- HII;) ± D- (X) - to II; / logmt 1

(says if Xi sets blocks Ij then protocol must have sent)\ ~ II;/ logm bits



c1aim44_ (deficiency of each XJ drops by ICIJ; / log m) )
For all CI; ,d;) , Da HII;) ± D- (X) - to II; / logmt 1

(says if Xi sets blocks Ij then protocol must have sent)\ ~ II;/ logm bits

Poot (uses 1×51 = 1×1/2)

D- ( ✗¥ ) = II; / logm - log / ✗it
⇐ (n-II; 1) login - log [ 1×41

. 2-
"
9 HI / logm)

⇐ nlogm - It; / logm - log 1×4
'

/ + •
9 It; / logm - log 1×1+1091×1

= @ logm- log 1×1 ) - to ttjltogmt log (1×1/1×7.1)
g)
IX
>

if > 1¥
a- D- (*) - II; I logmt I



Rectangle Partition Procedure : MAIN LEMMA 4:S

j= ,
I

M£LEMMA)
Let ✗

= Y É be •9109m-old dense, Y large .

Then

Fj -Vpe{0,13¥ y:-. { YEY / INDU; ,Y±;) :B } is large



Claims 4.2
,
4.3 and Main Lemma 4.5

show that our invariant holds .

Clarin 4.4 shows that depth G) ~ d Gogh
1

depth of cc protocol
IT



Main Lemma ( 4.5)

Let ✗ = Uxi be 910gM -OCD dense
,
Y large

j

Then 3-j tf c- {0,13% such that

/YIP 1 = 141/23 II; llogm
I I

;
I

Proofidece :

Recall FULL RANGE LEMMA (via ¥B§q☒ ) :
Let ✗ c- Im]

"
be • 910gm - dense YE {0,15N be Large

then I ex tf c- 90,13N Fifty IND
"
(✗*

, 4*1 =p
• applying Full Range lemma to each block Xi , each one

contains some ✗* with full range



Main Lemma ( 4.5)
j= ,

Let ✗ = Uxi be 910gM -OCD dense
,
Y large *

j
*

Then 3-j tf c- {0,13% such that

fist 1 = 141/23 II; 1109m ¥
I 1

Proofidece :
Recall FULL RANGE LEMMA (via ¥§•F⑧ ) :
Let ✗ c- Im]

"
be • 910gm - dense YE {0,13mn be Large

then 7-✗
* ex tf c- 90,13N I #EY IND

"
(✗*

, 4*1 =p
① applying Full Range lemma to each block Xi , each one

contains some ✗
* with full range

② Assume for contradiction Yj ZB c- {0,13% s.t.ly
"? / too small

y
'
= Y - Bad ones
calculation shows 14

' / = 1¥ so y
'

still Large
Apply Full range Lemma on ✗ , Y

'

which

contradicts ①



IYBAD / IS SMALL :

• Assume for contradiction lfj FB such that

fyi.PL < 14%41 login
1

• Let YB = {YEY /Éj INDY; Ys;) :P; }

" Yas
,>
Is É (E) m

" "
kiogm

11=1

← § MZK 14km4K
1<=1

< 1¥42


