
Applications

• ""^^""

.

• Property Testing
• game theory

• TIME/ SPACE Turing Machine LBS

• Circuit complexity
• Proof complexity
• Extension complexity
• clique coclique, graphTheory, Learning Partial ☒unctions

Partition vs cc



Partition Number rs Deterministic cc

Let F : so
,
i ]
"

✗ 10,15 → 90,13
.

Deth ( Partition Number of F) .
The Partition number

of F
,
✗ (F) =D X

,
(F) 1- Xo (F)

where ✗i (F)
= min number of i -monochromatic rectangles needed
to partition f-

"

(i)

Mp : fail Bbs iyiuts

• CCCF ) ± log CXCF)
'

)

m-i.y-fi.EEad inputs
to slice



Partition Number rs Deterministic cc

OpenQuest~ (Partition vs Det cc) P
"
CF ) ? ⑤ ( log (XCE ))

knowin ✓ F P
"

(F) soClog
-

✗ ( F ))

n-a.is#-iDTheoer-n1CgPW'KKisJJ-fst
. P
"

(E) =Ñ( log
-

Xff)) ( Q1 false)

Éy: zest .

P'' (F) =Ñ( log
'
rankle)) since X

,
(F) > rank

If C theorem b)

Prove query separation t deterministic lifting
( last class)



Cliquevsindependentset & Applications

Clsg :

clique d. c- [n] Independent set peen]

C 15g (2, f)
= 1 iff 4nA * to

* Note 12 nfl is o or 1
,
so UP
"
(CISg) =Oclogn)

→
Nondet protocol where very 1 input has
exactly me accepting path

* P
"

(Cbg) = 0 Clog' n)



clique-Edentetpphcatims.CI
Sg : Allie given clique

✗ ing
Bob given Indy . set B in g
Output 1 iff Lnp =\

0penQuem ( clique us once . set ) PFC 15
,)

?= Ollogn)
CONP
"

Cclsg) ¥ 0 lloyh)

Theorem2 fgpw) 3g p
"

( asg) =R( login) ←
determinist

, ,

theorem-3-lg.is
,
BDDJK) Ig comp

"

(asg) =r( login) ← www.detkftj

corollaries of thm 3 : ASS conjecture , learning partial functions



Proofs via Lifting

theorem 1 Cgpw] If st . P
"

(E) =ñ( log
-

✗ ( F))-

[Kothari]

Theorem 2. fgpw) Fg P
"
(cisg) = Rctogn)

theorem-3-lg.is
,
BDDJK) 3g comp" (CISg) = Alloy'm)

p'
'

(f) =p Pdt (t ) = decision tree complexity
Np
" (F) ⇒ pndt (f) = min width DNF for f

min width of an v210Gt , (F) ⇒ UP
" (f) = unambiguous ☐Nf fort (at most me term

\ satisfied by 2)log Xolt) # eoupdtct ) = updt (ne)

-



ALON SAKS SEYMOUR CONJ

Theorem [graham -Pollak
'

7-2)

-

f g is an edge
- disjoint union of K complete bipartite graphs

then Max
- clique size is Ktl

Q : what is Max chromatic number of a graph with bipartition
number K ?

[⇒ : maximum ⇐ 1<04914

Counterexample:(Huang, sudakov] 7 graph w/ chromatic # KHS

Ass_Conjecture : Max chron # is poly (K)



CIS CC EQUIVALENT TO ALON -SAKS -SEMOUR

Theorem

7- It a union of n disjoint -

£ZgooNP←CClSg)=IClognI 8--8
bipartite cliques , and

7nF log /XCHI] - nhclognj

Ajtufae



ALON

SAKSSEYMOURCIJECTUREC.la#T-gcoNPKCcisg)=rllog2n) ←Theorem 3

←→ Hk ]- H st
. It has b.partition number K, and
chromatic number 1<109"

-

Poot Let g=CV,E) , lv1=n witness
Theorem 3

.

So cont
"

Cclsg)=N(login) .

.

Constructing It :

VCH) = { Cap) / in a clique in g
pants ing ,

✗ nP=0 }

ECH) = { ¢4B) ,k:B 't) / either an B
'

-4 ✗

or drip # of a
'

40)
atleast
one 1-



ALON SAKSSEYMOUR.ITECTURE

Claim 3g CONP
"

(CISg) =rllog2n)
←Theorem 3

←→ Hk 3- H st
. It has b.partition number K, and
chromatic number 1<1091'

-

VCH) = { Cap) / in a clique in g
pants ing ,

✗ np = of }

ECH) = { ¢4B) ,k:B
' )) / either an B

'

=p
or Inf =p

①

Let Ai = { a. B) c- v lied} } A.
✗ B. is a complete

B. = { cars) c-v 1 iet } bipartite subgraph in H

② every edge in It is covered by 1 or 2 edges of µ @i.Bi )
( an edge can't appear in both CAR) YA, B;) )



✗

Ai :{ Cd , B) lies] § |B. ={ His tiers }

B lied and ie B
'

EE: "i
.

É g , oFist
.
✗ no'=i←

orders -
- i



ALON SAKSSEYMOUR.INTECTURE

Claim 3g CONP
"

(asg) =r( login)
←Theorem 3

←→ Hk 3- H st
. It has b.partition number K, and
chromatic number 1<1091'

-

VCH) = { Cap) / in a clique in g
B an Js ing ,

✗ np = of }

ECH) = { ¢4B) ,k:B
' )) / either an B

'

=p
or Inf =p

①

Let Ai = { a. B) c- v lies }
B. = { cars) er 1 ie , } } A- ✗ Be is a complete

bipartite subgraph

② every edge in It is covered by 1 or 2 edges of µ @i.Bi )
i. It has bpz number n

4 Hovering by n complete bipartite subgraphs, each edge
appears twice ,



ALON SAKSSEYMOUR.ITECTURE

Claim 3g CONP
"

(asg) =r( login)
←Theorem 3

←→ Hk 3- H st
. It has b.partition number K, and
chromatic number 1<1091'

-

VCH) = { cap) / in a clique in g
pants ing ,

✗ np = of }

ECH) = { ¢4B) ,k:B
' )) / either an B

'

=P
or Inf =p

For
want to show : any proper coloring of H

,
the colors

correspond a separator family of for g.

r



Lemnos H has chromatic number r(n'09h)
-

Defn_ Let 2 = { V' it
,

. . . ,Vt }
,

Vie vcg ) Yi

7 is a separator for g if V12,
A) sit . 2nA =D , Ii such

that

Vi separates 2 from &

Hannakakis showed :
CONP
"

(CISg) = log ( min size
of separator forg)

•

-

. any separator for g
has size

.

r(n'09h)
.

Claim A proper coloring of H with
C colors implies a Sgs arafor 2

for g of
size ⑥ .

\

Lee ee be a coloring of H ↳

µ•_§qgµFor each color e
,
Let ✗

a

= all 2's s
-

t
. If

st eC4D=c
Be similar

there can be

* No edges between dark in

.

A so

csgpara-tes.thesedsp-on.fi



claim let 2<=921 78 sit end) colored c }

Be = { f / Fast cars)
"

c }

Then it pairs Ca
,
A) such that de de

,

D. c- Ba
,

X & B are disjoint

Let Cd
,
B)
,
@

,
B

' ) both be colored by c.

Then there is NO edge in H between Ca
,
B)

and Cd
,
B) .

•

°

.
(by defn of

when an edge is in H )

this means 2nA
= 0

,
and

' -4,2^1=0,2^81--01

&aµ;µi. ☒v2' is disjoint from f up
'

i. V2 separates Lc from fc
✗c-he



A sgsarator tf for g of size M implies a coup
"

pntocolforclsgqcostlq.mg

Let 2 be a separator for g D= v1
,
V2
,

. . .
Vt

Clavin ① if Clss (✗ ,
D) so then Fi that separates 2 from A

② If cisg ( 2 , f) =\ then Yi Vi does not separate
✗ from B.

grew a ☒Npa protocol for Esg on input 4,p) :

guess some i c- [t ] (assumetc-V-pke.irBb check if v
"

separates 2 from B
'

(constant # of bits )

If Vi separates 2, B output 1
else 0



PAC LEARNING & VC DIMENSION [Alone
,
Hunnell

,
Holtman

,
Moran]

Concept class H
= set of functions -5 :X → R

typical : ✗ = {0,15
,

R = R or R = { 0,1}

at is Cgs) - PAC learn
able with sample complexity m

'

if :

there is a learning alg A s.tv@ over X
,

✓HEH

A gets as urgent a set S of random Labelled pairs , 1st=m

(×
,
hcx))
,
✗ ~ D and outputs some function f :X → R St . wp 31 -g

Error (D
,
f) = Pr [ fcx) then] a- E.

x-D

9T has poly sample complexity if m= poly In,:-c , 's )

9T is polytime (E, S)
- PAC learnable if further

,

A runs

in time pohgcn, 'E , 's)



PAC LEARNING & VC DIMENSION .

Concept class H
= set of functions -5 :X → R

typical : ✗ = {0,15
,

R = R or R = { 0,1}
f
,
fz7

✗i.
-

%:: : ]dvc-DI.CI ) : Max d s .t
. Hi

,

-
- Xi
,

St
89ft

. .
. ,

Hi, -the { 0,13cL F fifth St fi /
✗
ii.✗i.

=L
'

i.

Thm_ A Ctotal) concept class H is PAC - learnable

lff NC- dim (C) is finite

further , any A
that outputs concept f that is

consistent with samples suffices .



f
,

f
,
f
,
f
,
fg - . -

✗
, I * o o ☒ I 0 1

Partial concept classes
✗
- o o l l l * * I
✗
3 o o * * * 0 0 I
✗

f. : ✗ → {0,1 ,# 4 A 0 ☒ o o * 1 I

don't
care

theorem 7- a partial concept class H of VCD.in 1

but such that any
total class extending H has infinite

VC dimension



PAC LEARNING & VC DIMENSION .

Concept class 9T = set of functions -5 :X → R

typical : ✗ = {0,15
,

R = R or R = { 0,1}

← all concepts in Hf
,
fz .

-
-

✗
, 1 O O l l

Xz
O O l l

l l l 0all →
Xz O l l l

inputs
✗c- ✗ '

I
u -

u



theorem 7- a partial concept class H of VCD.in 1 but any total

concept class extending H has infinite Vc dimension

1¥ Let It = CY E) be disj union of K complete bipartite

graphs H
, , . . -

, Hk
,
chromtt (H) =r(kiosk)

IVAN

N rows /fxws for all ✓EH

K columns

Mtv,i) = 1 if ✓ on LHS of Hi
0 if ✓ on RHS " "

* ow

⇐
É É It

,
Ha H

,

¥§
' 0 * *

M : 2 I 0 *

3 *
I 0

4 0 * I



theorem 7 a partial concept class H of VCD.in 1
,
but any total

concept class extending H has infinite Vc dimension

1¥ Let g-
- CY E) be disj union of K complete bipartite

E¥ 04
MW

,
i) =

µ* ifwv
on LHS of Hi , o * *

0 if ✓ on RHS " " ¥§ A : a 1 0 *

3 *
I 0

y
0 * I

• VC Dim If A is 1- (for every 2 bipartite graphs we have
at most 1 vertex in common )

• For any
extension of A to total matrix v1 :

view distinct row vectors as colors
.
It will give a proper coloring8g

(any edge lair) in H is covered by some bipartite clique , Hj
So entries (Uj)

,
N
,
j) either 011 or 110 So different colors

•: 1<109" distinct rows
,
in d

'

•
•

o by Sauers Lemma Ve Dim = log Go find %¥^*⇒ vadim >d)


