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Log Rank Conjecture (LRC )
Theorem (Mehlhorn - Schmidt

/ 821

Let f- : ✗ ✗ Y→ {v. I } . Then

P
"

(f) 3 logcrankCMH ) .

Conjecture ( Lovas -2 - Saks '88)
Let f- : ✗ ✗ Y → {v. I } .

Then

P
"
(F) a- log

'

crank CMFI ) .

State- of - the - art
r( log

'crankMfl )) =P
"
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Outline

• Log Rank Conjecture for parities
① a weaker version of LRC .

② well - studied .

③ proving it could potentially shed new light
on LRC

.

• proof of the square root upper bound for LRC .



Log Rank Conjecture for parities

Lifting functions with Parities :

Suppose f- :{v. IF> {v. I} is a Boolean function .

Consider the communication function f? {v. I }
"
✗ {0.11

"
→ {0.11

,

where f-%-1,9) : = f- (✗⊕Y ) .

Conjecture :

Let f- :{v. IF> {oil} be a Boolean function . Then The method is

P
"

( f-⊕) ≤ loge ( rank( Nlf⊕ )) .
Fourier analysis .

1- →
Parity decision tree Fourier sparsity of f-
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Pcc ( f- ④) versus PDT (f)

Observation :

pcc(f-④) c- 2- PD-11ft .

Theorem ( Hatami. Hosseini , Lovett
' 16 )

PDT (f) a- (P
"

if
①

1)
b
.

So the corollary is :

Log Rank Conjecture for parities is equivalent to

PDT (f) e log
'
( rank(Mf 1) .



Fourier expansion
• Fourier expansion of a Boolean function f

f nni9"eY-_ I ftp.zy-xrlx) : = C- IT
"

F- In]

• Fourier sparsity
view Fourier spectrum § as a vector with length 2h .

^

sparsity (f) : = 11 "fHo -

• Spectral norm
is defined as 11£11 , .

Observation :

11£11 , c-Fifo by Cauchy - Schwarz inequality .
But for AND function :

11$11
,
a-3 ,

11$16 = 2h
.



rank (Nlf '⊖) versus Fourier sparsity off
Observation :

rank(Nlf⊕ / = sparsity 'É ) . LRC for *⇔ PDT (f) ≤ logic to ) .

Proof :
f- (x⊕y)=ÉyÉs - XsH⊕Y)=É→És - Xslt) - Xsly) .

5-∅ 5-In] g=∅y=0
" 9=1"

31=0
"

ICQ)

Mf⊕ = Xscxl ×

"
'

i.
°

× Xscy)
O
'
\

4=1
" É"""

Sen]

Note that it is also sufficient /but not necessary/ to prove
:

PDT (f) ≤ logic /ÉH , ) because / IÉII , ≤Fifo .



State - of- the-art

suppose the Fla - degree of f is d.

Note that de log 11ft to .

Theorem ( Tsang . Wong , Xie , Zhang 113.04)

PDT(f) c-01111-41 , ) - d

⇒ p
"
( f-

⑦ ) £041181T . log # to ) .

Theorem ( Tsang . Wong , Xie , Zhang 113.04)

PDT (f) a-O(zd% . 10yd" 11$11 , ) . d.



Polynomial Rank

Definition
Suppose f- c- E. [× , , - - . .✗n] and degzcf)=D .

Then rank(f) is defined as the minimum integer r
sit. f- can be expressed as

f-- f ,f , -1 - - . -1 frfr + fr -11
Y' E R

deg, (G) =\ degzlf. /=D- I degzlfr.nl a- d- 1

Then we will have :

PDT(f) a- rank(f) . degzlf ) ( by querying l , - - - fr )
a- rank(f) . log 11£16 .



The notion of rank

This is from a paper by
Ben Green and Terence Tao .



A simple but powerful Lemma

Lemma ( Tsang . Wong , Xie , Zhang 113.04)

For all non- constantf :{o . 1)"→ {oil }, if there is an affine subspace It

sit . degrlfht ) cdeg,(f) , then

rank Ifl e co -dim (H )



Parity Kill Number
Definition ( Parity Kill Number ) [O

'

Donnell , Sun . Tan , Wright and Zhao
'
14]

Cm?n(f) = min /co - dime -41
It is an affine subspace , on which f- is a constant } .

Observation
rank (f) a- cm%f) b.c. flit is degree 0 .

Comment :

We will not lose too many things using rank (f) and parity kill number.

PD-11ft/ log 11£11 , c- ranklfk-CO-i.milf) c- PDT(f) .



Recall that

P
"

( f-
④
, c- 0 ( PDT(f)) s rank(f)

- degzlf )
a- Cot

,
min (f) . log 11£16

It remains for us to upper bound Cot ,mint f) .

In the world that LRC is true :

C④ , min If I a- 10941£11 o .

What is known ( Tsang . Wong , Xie , Zhang 113.04)

Comin (f) a- 11£11
, c-Jl1fÑ

0



Proof sketch of Cosmin (f) a- 11£11 ,

1) sort the / § (8) 1 in the decreasing order r
'
. - - gs

b-- o ⇒

'

§crit § (rz)
4 greedy folding process : 7 b-- I ⇒ Flat - Flat

⑨ Fold D= y ' + ji and selete be {0.11 sit . the sub function
has its largest Fourier coefficients be 1%181111-1%841 .

④ Use ¥pXi
= b as a linear restriction ( query B and get answer b) .

Claim :

1) after at most 11£11 , queries , ☒Crill ? Yu .

2) then for each query , 11£11 , will decrease 2- IF1811171 .

3) when 111-111=1 , it will be a constant function after one more 9ueY .



State - of- the-art

Theorem ( Tsang . Wong . Xie , Zhang 113.04)

P
"
l f-

⊕) ≤ 0111ÉII , ) -d = 0411¥ . log # to ) .

Theorem ( Tsang . Wong . Xie , Zhang 113.04)

p
"

( f- ⊕) ≤O(zᵈ% . 10yd-211%11 , ) . d

Conjecture( Tsang . Wong . Xie , Zhang 113.04)

(⊕.min(f) ≤ 109411£11 ,) ≤ log
'

(Hilo )
.

☐



State - of- the-art

Theorem ( Tsang . Wong . Xie , Zhang 113.04)

P
"
l f

⊕) ≤ 0111 ÉH , ) -d = 041*117 . log # to ) .

Theorem ( Tsang . Wong . Xie , Zhang 113.04)

p
"

( f- ⊕) ≤O(zᵈ% . 10yd-211%11 , ) - d

conjecture( Tsang . Wong . Xie , Zhang 113.04)

(⊕.min(f) ≤ 109411£11 ,) ≤ log
'

(Hilo )
.

☐

This has been disproved - - .

Theorem (Chattopadhyay .
Maude , Sherif / I 9)

There is a Boolean function f- with 01m) spectral norm .

but [⊕ . min (f) = Frm /3) .



Communication is bounded by root of rank



State of the art

Theorem ( Lovett 114)
Let f- : 1×1 ✗HI→ {-1.11 be a Boolean function with
rank(Nlf )= r , then

Pcc (f) ≤ 01ST log r) .

The method is to analize large monochromatic rectangle
using (taking advantage of ) discrepancy .



Theorem from Nisan and Wigderson

Theorem ( Nisan and Wigderson
'

94)

Assume that for any function f- : ✗✗Y→ {-1.11 of
rank (Nlf )--r there exists a monochromatic

rectangle of size 1121 ≥ 2-
"" I ✗ ☒71 .

Then we have
wgr

Pa(f) ≤ 011092r + ¥, Chi)) .

In particular , by master theorem
Clr) ≤ per) ⇒ P"(f) ≤ per) .

Clr) ≤ log✗ r ⇒ p
"
Lf I ≤ log✗

+'
r .

Lovett proved Clr) ≤ Jrlogr .



Closed Monochromatic Rectangle

Lemma (Gavinsky and Lovett / 13)
Let f : 1×1×14 /→ {-1.11 be a Boolean function with
rank(Nlf )-- r and Elf ] ≥ 1- IT . then there

exists a monorectangle R with

1121 ≥ /✗ ✗ YI / 8
.

1131 ≥/YIK

.

-

/At ≥'!
# -1 ≤ HI /zr

- - - indep . { all 1

Vectors
- - - ;÷¥. -# - I ≤ HI /zr



Discrepancy

f- : ✗✗Y → {-1,11 is a total function
µ is a distribution over ✗ ✗ T .

I µ ix.Y ) fix -YI / .discµ (f) i = MAXR / inner
disc (f) : = min Max / I lucky ) fix ,9) 1 .

µ R *9)ER
what we know : disc(f) ≥

'
Fankc# ← sharp when f- is IP

We are going to prove

7- mono 1121 ≥ 2-04%48) /✗ ☒Y /
,

Sis disc (f) .



High - Level idea : purifying matrix

Lemma I

Let f- : ✗ ✗ Y→ {-1 . I } and Elf ] = I-B ≥ 0 and disc (f)=3 8 .
Then there exists R s -t.

I F-Rlf] / ≥ I- Plz

IRI ≥ 2-
"s / ✗ ✗ Y /

.

Repeat this lemma 0110g r) times , we will get a R* sit .

1. / F-Rlf] / ≥ 1- Yzr

2. 1121 ≥ 2-040948) /✗ ☒y /



How to use discrepancy ?

Lemmazletf : ✗ ✗ Y -> {-1.11 with Elf -1=270 and disc (f)=3 S .

Then there exists RS -t .

Eplf] ≥ ✗+ sci-d) .

Proof :
Design a distribution µ .

I MIX 'Y/ fix.gl/≥ 38R, R2
9) c-Ri

puny/ =
1-""91=1

R} Ry

y-¥✗×y, f-ix. 41=-1
7-Rst . -2 lucky/ fix.gl ≥8Then we have -2µm'Y) fix-91=0 . IX.y)ER

By some calculation :

¥y,erfi×'Y) ≥ 21121-1 / XXY / ( 1-A) 8 .



Final step
suppose F-[f) =✗= I- P ≥0 . Lemmz : ER[f] ≥ ✗+ sci- ✗4 .

From Lemma2 to Lemma 1 :

suppose we iteratively apply Lemmzt times and get
Ro = ✗✗ Y , R , , Rz . - - -

,
Rt

.

We have the ≥ to -1 S.kz . I /Ri- Il /Kit .

So B≥ At - to ≥ S . Plz - Iki -il / IR it .

⇒ I /Ri- il / IR it ≤ 2/8 .

⇒ Tt ki-il / /Ri/ ≤ 2218 .

⇒ ≤ 22's . QED


