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Resolution LBS
.

Tree Resolution

Regular Resolution - Tseitin

general Resolution - Haken 1 85

Ben . Sasson , Wigdlesont Size vs width

(
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ichvatalStemmed
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Hard Examples for Resolution

÷PHPL
. ,

variables R ; iecn ? jean . D

Clauses ( i ) Pigeon Clauses

n=£
.

( Piru . . . .

- Pin , ) tiecn ]

,
. a) Ade Clauses

fi
, ,izt[n]" ftp.jvTR.j) Hk

. tjecn . D
.

'

# clauses OCP )



�2� Random KCNF formulas ( K =3 )
( m

,ra UCM ,n ) : pick m 3 clauses

over X
,

. . . Xn

e.) .

mszon ⇒ for MCMD unsat whp

Thus whp f~Uf2on
,

n )
f requires exp ( ran )) site Res refutations



Methods

÷estimation Method

a. apply a restriction which sets

some of the variables to 01 )

st .

under restriction
, resulting

proof Is Na¥ narrow

b. wide clause Lemma :

any Res ref of Fn requires
a wide clause

2
.

Ben - Sasson - Wig
a .

If BCNF free n vars has size S

Res ref , then it has one 8 width Togs



CSC 2429 - Proof Complexity
s applications

Intro : See Lecture slides

from proof Complexly
tutorial



Resolution Proof system for

proving UNSAT of CNF formulas

F = C ,n{ ^ ... ^Cm

putResolution ) ( yvc )

C*EvD
)

*.  ←. com ( CVD )
\ :# proof site =#R clauses

Yo ,
lithe proof



RestrictionMethod for PHI ,
LBS

.

Defy a critical truth assignment &

kea
'

map n pigeons tontholes ( It
,

onto )Igleak remaining Pigeon out• '

n.tn .D !

we will write a clause as a mlsmadiy

-

na

n /f¥# Kirkuk
.



Comers in to Monotone :

Let P be a Res of .

for PAPI
, .

In each clause
, replace any

negated literal Pus by
{ Pea llti }

i i

E#t→E#t
Cluny This translation is sofnd wrt

all cta 's



Restore :

Set some pigeons It
,

onto way
to

some holes

R
,

→ ]

Pij →0 tjhtj

Rj→o titti

Defy Let a ( monotone) clause C

be called fats
'

H it contains 3 ;D literals



greedily choose restriction of this

type to set all fat clauses to 1
.

. On average , setting a single R
;

5

will set F . n
' F

TOFT = %
• Pick any Ry that achieus at least the avg

Set R;
 → 1

,
Pi ,→o Pq ,→0

. Apply this restriction to whole refutation
will end up with a monotone Ref
of ^PHPnnIs

,
where # sfmdl

clauses is = 9% € 99,0



• apply argument log,%s
times

then guaranteed to han set all
wide clauses to 1

.

• Left mik a Res ref .

( monotone )

of npltpnns
,

where

n
'

zn - 10g,÷S
for S< £6 n

'
>

. 671 n



this contradicts the following
mdl Clause lemma

monkAny~ResRef of TPHPN?
,

must

have a clause with ± 2¥ literals
.

on a

Un '
) N

- > -

9 10



Proof of Wide Clause Lemma
.

Fix a proof P of PHPI
. ,

For eng clauselmatinx & in 8
,

let crit ( C ) = { il 3 i . cta a

falsifying C }
All oh the Cta 's flow thru a

unique path in P
, from root

clause to a pigeon axiom



→

p1•
axiom .  .

. Pn axiom
.  

Holldoing

orit :{ 13 ¥:•¢
critic )=[ n ]

By soundness
,

if C
, cz dune C

,

then crifk
, ) ucntkz ) 3 critics )

so 7 C* sit . } slcritco)1<-23
* [ n]



Clay'n C
* has ' iswide Islam 5=4+(4

÷

.⇐jEf.cn?niwIedomsux
.

3 ( n . m) t 's in row i

let a bean i - cta
Li .

falsifying C *weHHE.si#
÷¥

so Pie
,

mustif rj→d ;
then mop i→dj oamin C*



Do same ayument for all ie 5

So C* has ± (n. m ) . m t 's

altogether

Since D .< ME }D

:mm)cm) 3 ad
q

.



Ben.sassm-wigdeh.se
Size . width tradeoff Thins for Resolution

¥
Let f be a KCNF

,
n von s

�1� st f has a tree Res proof of size s
,

then f has a Res ref of width looks

@ If f has a C general ) Res proof
of site S

,
then f has a

Res ref of width 0( Flogs
( proof next lecture !)



ou7PERBoUN= for PHP in Resolution

Nicer combinatorial view

MontoneResolution Cjust for PHP )

start

nikpisima×im↳#¥€tDDD0
Single rule :

pick a row i
,

pick 2 Pau .
denied matrices

Take theintersection of + 's in rowisthe union of all other + 's



cloyingdmonpytsmeRes is equiv to

@ simplytimerang;];
Rule by Res rule

at #→

."ij§I
"



�2� Simulating Resolution by Monotone Res

we will ( aunt the whole proof to

monotone ; then show how to use

monotone rule on the monotone clauses

Piggy%jA show
'

¥sn+C
,

Cz =) m ( C
, )

MCI <€¥tC +

3 m ( C
} )

Case 1 If m ( 4) has a + in position R*
,=

then it has t's eleywhme innow K

$0 mcs ) is oust mcc
, ) [ omroehafn, ]



¥2 MKD does not hail a t in

position Pin

then let C !s be the clause

obtained by applying monotone rule

to MK
, ) ,

MCE ) Using row K
.

then in Cs E mcg )
s

0j÷±⇒#¥⇒€#*#



High level :

-

If MLC
, ) says some pigeon in { us goes to K

and mkz )
' '

' '
' ' ' '

{ us goes to K

where { , Sz disjoint
,

then

we must hall some pigeon ins going to K

( otherwise not 1- 1)



UPPER BOUNDS

TPHPM
- n

K rn [ Bass - Pitassi)
@ Res UB ~ 2 usesmenz[ maciel

,

Pitassi
,

Woods ]
�2� let f be any UNSAT formula oh x. . . xn

Form f
'

by adding to fall

clauses y←>€ where t is a

-

conjunction of K literals

Y is anew von

YAXEKN }

Let new f
'

be called ft width . K axioms

We will show npitrinntwidthtogn axioms has .

quasi - poly size Res refutations

* Res proofs of ft width .K axioms I Res ( K) proofs off



Res ( K) : like Resolution but instead of

clauses
,

lines are disjunctions of

fan .in sk conjunctions

( tptw . . vte )
,

each ti : ×|0*:
j

Nearly Matching Lower Bounds .

#tpnnn : requires £41 size Resolution proofs

for any ÷Raz
,

Pitassi )
( Raz ]

[ Razbowv 13 Hatband



UPPER

BOYNDS
: PH Print

'

Example nnttszll

ot#H##
OFTHE

⇐.¥E##K#####tt#k
¥

For is 1,2 ,
3

, . . .Ntl generate€#=f¥#%H
:p matrices withIt

.¥¥¥±
sit:IkI?*ItYIk



What if we hail a lot more pigeons ?

mnEsfEtElFEhH@HGHQHEHMhetOf1.V

.

ftit€#thother¥¥tt#t¥wz
j L

t¥#ftt¥#÷size still€+1 →
but Now m=z

"



Combining
:

@
split m pigeons into disjoint blocks of size at I

For each block run Pitpaat
'

refutation to remok

a

t¥.EE#iuaExmimei*o:
Do for each block to get

. €!@€0.0 ' '



�2� Continue inductively to refute pltpmkt '

n - a

on these metablocktnetapgeons

set a ~Fn
rn

each stage takes ~ 2£ . z

* q stages is FE Fn ± F

So total skis ~ 024 !



zndupptynpbpy.nl

logn . axioms has quasipoly
site Resolution proofs [ Macie - P . woods ]

we 'll show npltpnn ( not much harder to do PPHPY )

HlgHLEVEL1DEA:2phase÷
0 Cut the range inhalfbut

gap
between # pigeons ,£# holes

will lessen

. PHPI
'

→
- PAPE /repeat@

. Amplify sap
back to quadratic iogn

' PHpnq →
' PHPR times

a
z



�1� PHP "I → PHP } ( reduce pigeons )

Zinggfgyqts
,

inasiawncaao

B PHKL
2ether:(a).

Zablockis.to/PaRthbuM
all pigeons in block i over

meta pigeons

my to holes in B
, µ,b

(b.)tfblocki Z at least one pigeon
in i that maps to a

&

hukin Be Q.5¥nFw%ca



Oripltpj
,

→ npltpny

f
original function

( Amplification) Ci ) → Ln ]

gi new function

[nJ→[ If

define h : ( nY→lE ] : hkj=k iff

Fj st
. fciji ,

and gcj )=k

Complexity• If flxliy # Pg (original vars )

and glxlsy # Qab ( each a clause )

then h(×|=y -

is an OR of fan .in 2 ANDS

• Iterating logn times
,

final his an OR of fan .in . logn ANDS




