
Today ( and part of next week )

�1� Frege Proofs - 2 views

• Prover / Liar view

. Axiomatic view ( PK - propositional Sequent Calculus)

�2� Bounded arithmetic & connections to Frege Proofs

• s's and Extended Frege

• 52 ( f ) and Aco -

Frege



Prying F

Let F  = C
,

^ Czr . . .
n Cm unsat over X

, - . Xn

LigerClaims to have a satisfying assignment for F

proven wants to force Liar Into a simple contradiction

-

by asking questions

First set of Questions ( for free ) :

Is C
,

true ? ← yes ( says Liar )

Is cz true ? ← yes
' '

.
l \

Is Cm true ? ← yes

Then Prom can ask an arbitrary

Eisner
× , .  . xn

Is g. true ? 91•

Is gztme ? g# \sN°

yeµ\jn°
Prover wants to force Liar into a contradiction

regardless 4 how Liar answers the q 's



)

( Simple )

Exemplify
.

(XDCI,uE ) ( x. ux3) Cis ).X3?msn.HN#*E/k.qkcggagYohtmtEYFtme

you .

- ,o/\o+ They
kind 'o

•xp←
Cy xso

but x3= 1
* .

•
and

violates tt ✓\ xst
detnofor *

y•y×d
.

* *



At leaves are twins -

which violate a truth table for AND
,

OR or NEG

near:#
A

,
B

,
AUB

A
,

7 A
0 0

A :O 13=0 AVB =\ 1 1



Less Trivial Example - PAPI
"

( onto ,H
- version

Prover asks Count ( {Pi, : ientl
,

Jen } ,
ntl ) ?

Cantata) : Formula that returns the iff # 1 's In

J is equal to a

If Liar Says No
,

then use Pigeon axioms to

4asserting
ti count ( {Pij : jen }

,
1) =/ )

force a contradiction

If Liar says Les ,
ask Count ( { Pij : ientgjen )

,

n ) ?

If yes force contradiction since Liar has

said Count ( ERG ] ,n)=l and Count ({Rj3;nt/ ) =/

If No use Hole axioms

( asserting tj Count ( { Rj : isnt ]
,
1) =/ )

to force a contradiction



Axiomaticviewcffreone
particularly Nice Ege system is the

sequent calculus ( pk )

Lines in a PK proof are sequent
A

, , ...

,
Ak → B

, ,
.  -

,
Bm

- a

Intended meaning .

.

A ,^Az^ . .
^ A ,c→ B. vBzr .  . uBm



PK.ru#)
Axton: A → A

Lyzqfyjed
: n→d= API n rules

7A ,r → A P -74nA
A ,B ,P→d r→d

,
A r→d ,B ^ rules

⇒B ,r→dr→d,A^Br→d,AB n ,p→d MB→d v rules-
→ a ,A✓B r ,A✓B → a

Nonlogiiod n→d r→# weakeningrates fn→e r→aA
n ,A,B→a n→A,B,d exchange⇒3. A → a P→ B. A. a

A. A ,n→d p→a
, A. A contraction¥
I

Cut A ,r→d n→A ,4
Rtlf #



A PK proof of a formula A is a

sequence of segments,
where final one is → A

and each follows from previous by a valid rullfaxijm

A PK refutation of an unsat formula B is

a PK proof of NB →

The size of a refutatioypwof
.

is

sum of sites of all formulas in pf

a Chow Frese system is robust
( Nearly all sound kozfkk axiomatitatims

are poly - quudlent )



Restnctim#Cssls

Age- Frese : Flye ( PK ) pf where all formulas

had depth C # of alternations of
connections ) Ed

Dagvstke
Proof structure thelike if each denied

formulae used only once ; otherwise day - like

Thy Dag Eh tree . like

Aid,
tree . like Frege

= Aig dag . like



Extendldlret

§,nf=
IS a way to reason with

g

circuits Instead of Formula

#
fz

On 8

AddYeefenFiTaeiaetes@affoEfdpidfCXi.Xr
) x

, .
- xn£syi

,
← eormuia . .

New variable *Cpve)a(¥upf q⇒fCP,x, .×n )rcdf"

( )



Bounded Arithmetic
-

Lets as reason about pay time

concepts ( or concepts in some

bounded complexity class )
.

Language :

E
,

>
,

=

, I.gl
'd

,
1*1

,

¥y
,

s

lengths*×.x=x= * • ' d

( xl=kgx clogx = 1×4 [*
ix. and

" × '

X # y > 2 ×#x#XH . # × =2

-



Boundedquantifieis @
V. ×=t@←

^

Fxet

Sharply Bdld Quantifiers b

_r E : only
0 sharplyV. ×= It '

bded
# × E ltl

"

. quantifiers

Hierarchy
of formulas
b

=
at most$8alternations

£ *of bounded quantifiers

#
E : outermost ⇒

*
+as

← outermost
VI
Et



/

Induction /
i

. Ebk - IND
-

L

n.co) n#¥Cnx)→Acx
.)

)→txAa#n.ee?.

z
.

EL - PIND ( faster induction )

no ) ^ ox (

Alida
→ Acx )) ⇒ kind

⇒-nee
- -#

* #¥xIq) oonno "

16Whftp.T#Acx.y)r.Ik



52 a. Theory with above language
plus " Basic Aximss

"

( t
,

•

,
s

,
#

,
=

,

= )

xty = ytx

plus E? - PIND

The : same but with E ? - IND

gin : same as she but with ⇐PINDTiz :
" T 's

"

& . IND



Provablytotalfunctims inpg
A function f : INK → IN is E ? - definable

if there Is a E ? . Formula

At
( I .

, y )
Such that

, . t.noA( K
,

fat ) ) Is true

⇒ 2
.

R 1- ttxty ACI ,y)

-3 .

R 1- txihz
ACI ,y ) rate ,z)

R a them ⇒gsz
.

ie R=5z



Themed ( Buss
, (0-04)

pv

The Eb
,

- definable Functions ) #
of slz are precisely the

functions In FP

TheEbu .

- def functions of siz

Tnemgiepd;.tn
ouncnon ,)



\
To Do : .

- e

• we can formalise SL Nicely in

sequent Calculus

• We want to see translation between

proofs In bdede arith .

& prop . Pf systems

2 of them -- pohsioed familywedged
. 'tEb

,

In 5h ⇒
of

extendedpH- Frglpfs
r .

pay 2. sided ⇒ taamidohfagepfs

¥ of quasipsh she



FormulatingiMac .

�1� Add rules for t
,

F :

Acb ) ,r→d n → a Alt ) z÷
Acx ) n → A P→d

,
Fxscx )

Autry r→d,Acb)_ y

fxscx ) ,r→d
r→d ,txAcx)

@ Add rules for bded -47 :

b=s,A(b),r= P→4ACt)_ < f

z×<_ s
,

pcx )
,

r→d
tes

,
n→d,Fx⇐sAc× )

pit ) ,P→a
-

bes.rs#b)
- r→a ,tx< sscx )

toss
,

txes ACD,P→a

b free
,

Not  in loner

sequent



�3� Add Basic Axioms

�4� Induction Axiom ( PIND )

A ( LED ) ,

n → a
,

Acb )

ftp.t



translators

�1� She and EF ( for AEEB
,

where

slzttxscx ) )

@ sidf ) and AC° Frge

We 'll discuss @ with an example

Edt) : Eb
, PHD

. q
f function symbol



Briefly :

fcilsjconverts to Poj

that Acxl concert to a big A CACXDPWGetACX) " "

V [ JPW

⇐
PC f. n ) : f×<nFy< rtl fcxty

a
free ⇒ ZX,an,
familiarity" ]

. ;
n • NELon

-



PHP If ,n ) :

Fx<
n

'

Jy<
n . )

€Cxl=y
⇒

FX ,7xz< n Fy< n . l ( x. txznfcx ,)=y ^

( ( fcxzfy ]
v

^Kao
,

...

,n.j¥
. .az

Pij ⇒

i¥¥fy⇒ Yen
. ,

Piinpizj

{ PPHPCN) I new }
←



Briefly st
"FHPCGN ) has an SLE ( f )

poof ,
then { PPAP Cn) I new } has

quasi . poly sited depth i Eye proofs

T.s.int with side ) proof P of TNPAPCEN)
use Cut - Elimination thm to *

assume wlog that

P
has no

Katsso all formulas In P are Ebi( f )

2. Eiiantiate 8 to prop version
-

by
translating

each line

as * except for

cuts on induction f 's



3 .

Pure by induction that

each line in translated PP

follow from 2 Pku lines by
a valid ( set ) of Sequent Calc

rules

main step : Induction

unwindinduction using Cut - rule

Note : Could hail PJND or JND




