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BURNtNGQUESTIONS.mn

• what is the difference between

circuit Lower bounds and

proof complexity lower bounds ?

• Why can't we manage to prove
Ac°fp] - Frege lower bounds ?

• Are proof complexity lower
bounds really going to solve P vs NP ? NP vs coNP ?

• Are algebraic circuit lower
bounds easier to prove ?



PROOF COMPLEXITY

K - SAT

INPUT : KCNF formula f

f- (x.vxirxslxivxyvxzkx-zvxd.it/gXj)

OUTPUT ; SAT iff FL f- (d) =/

UNSAT Iff V2 f- (2) =D

• K - SAT is NP - COMPLETE

• HOW TO CERTIFY/PROVE f- IS UNSAT ?
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COOK'S PROGRAM FOR PROVING NP =\ CONP

UNSAT = { f f f is an UNSST CNF formula }
\

Def 'n (Cook - Reckhow 1975 )
An abstract proof system is a polynomial - time
function A from {0,1 }☒ onto the set of all UNSAT CNFS

(For proof system P
,
define d-(w) = UNSAT CNF that w refutes)

Theorem

There exists an abstract proof system in which

all UNSAT CNFS have polynomial - size proofs
'

tf NP = CONP



THE PROOF COMPLEXITY ZOO
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THE PROOF COMPLEXITY ZOO
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TODI

① Algebraic Proof Systems

IPS (Ideal Proof System)

Subsystems of IPS : Nullsatz
, Poly calculus

and the surprising power of low
-depth IPS

③ IPS Lower Bounds ⇒ up +VNP

③ IPS Lower Bounds

- conditional <Bs for strong subsystems

- unconditional LBS for weak subsystems



UNSOLVABILITY OF POLYNOMIAL EQUATIONS

INPUT : A system of polynomial equations over IF

P = { p.ci) --0, PII ) -0, - . .

, Prix)=o}

output : 1 Iff 32 c- IF
"

that satisfies all equations



UNSOLVABILITY OF POLYNOMIAL EQUATIONS

INPUT : A system of polynomial equations over IF
NpÑ

P = { p.ci) --0, PII ) -0, . . .

, Prix)=o} ↳%k}
output : 1 Iff 32 c- IF

"

that satisfies all equations

KENE- Polynomial system of eqns

E. = c. ^ Car . . . ncm Pce) = { P. , . . .

> Pm , {Xi
-Xi } }

C. = Cxixzvxy ) • Pi = ( 1-4)(1-2)×4

* Our primary focus is on KCNF - polynomial systems
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ALGEBRAIC COMPLEXITY
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IPYSTEMS

Let I be an algebraic circuit class

(e.g. , EIT , depth
-d circuits

,
formulas )

C- IPS : circuit CCI ,y- ) c-
'

e

For a system of polynomials P :{ p.CI ), . . - , Prix ) }n
the E- IPS complexity of P is the minimum size
of a C- IPS refutation of P



IPS SIMULATES FREGE SYSTEMS

Theorem IPS p - simulates Extended Frege

(but degree of IPS circuit may be exponential in n)

Theorem Formula - IPS p -simulates Frege
( degree of IPS circuit is poly (n) . )



IPS : CRUCIAL FACT

* Proofs are just ordinary algebraic circuits
that satisfy 2 properties, both of

which can be

verified in randomized poly time

LEMMI.coNP § MA =D SUPERPOLY IPS LOWER BOUNDS

Proof idea (contrapositive)

Merlin guesses polysize
IPS proof

Arthur verifies the 2properties using Swartz
-Zippel

PIT algorithm



WHICH ALGEBRAIC CIRCUIT RESULTS APPLY TO IPS ?

All of them /
@

DEPTH REDUCTION : IPS PROOFS OF SIZE scn)
,
DEGREE dcn)

IMPLY IPS PROOFS OF :

SIZE DEPTH REFERENCE

[VSBR'83]
poly Cds) Ollogdllogstlogd))

expÑggF3[T13],[gkKS1#
-



THE SURPRISING POWER OF LOW-DEPTH IPS

Theorem [3152-15]

Depth-3 Ac°[p] - Frege quasipoly simulates AC°[p] - Frege .

Theorem [RT
'
08]

Depth -3 IPS p
- simulates cP* over a

Theorem [IMP'2o]

• Depth - K IPs (over Epm ) quasipoly simulates :
cutting Planes ( K --43)

SA
,
SOS

,
and Dynamic SOS (10-43)

Ac°Eq] - Frege ( 1<=3)

• constant - depth IPS p -simulates To- Frege



THE PROOF COMPLEXITY 2Érf¥•••*
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To
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$
To- Frege

Dynamic SOS an
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•

Ai- Frey? Poly calculus
*

SAt •
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* Nullstellensatz A



CAN EXTENDED FREGE P-SIMULATE IPS ?

HIGH LEVEL : IF C- PIT IS
"

PROVABLE " IN D- Frege then

D- FREGE p
-simulates c-IPS

Definition PIT AXIOMS FOR BOOLEAN PIT CIRCUIT K :

1. K( [ ccx)) ) → K( [Ccb)) )

2. K( [ ccx)) ) → >K( [ 1- ccx)] )

3. Kt[gcxD)^K( (cap))) → K( [clx, gcx) )) )
4. K( lccx)) ) → K( [ccltcx)] )

Theorem If C- PIT AXIOMS PROVABLE IN D-FREGE
THEN D-FREGE p-SIMULATES C- IPS



CONSEQUENCE FOR Aicp] - FREGE

Either :

• Bounded - depth PIT Axioms are provable in Aicp] -Frege
(so Aicp] - Frege Lower bounds → bded depth algebraic 43s)

• Bounded- depth PIT Axioms are Not provable in Aicp]- Frege
(so unconditional LBS for Aicp] Frege )

food



ALGEBRAIC CIRCUIT COMPLEXITY : VP versus VNP

A family of polynomials ( Fn) is in VP if its degree and

circuit size are poly Cn)

A family of polynomials
(gn) is in VNP if it can

be written :

91×7 = E
e- c- go

,
,} polycn

)
Fn (e) Ñ )

,
for some ( Fn) c- up



VP versus VNP

A family of polynomials ( Fn) is in VP if its degree and

circuit size are poly (n)

A family of polynomials Cgn) is in VNP if it can be written :

91×7 = E
e- c- go

,
,} polycn

)
Fn (ÉÑ )

,
for some ( Fn) c- up

• Permanent is VNP- complete

• SAT 4- P/poly ⇒ UP #VNP
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Proof of Key Lemma

Let P = {p.CI)=0, . -

, Pmcii)=o} be UNSAT KCNF (translated)

Let ble,✗) =D ext ( 1-e) ( 1- x) $0 b( I,x)=x and blond =/-✗

m

Let ECI
, I )=d E E y; piled ¥.

11 - B. (e) IT ble;,X;)
e- c- {0,13

"
i. = ,

j:X;&c,

SHOW : ① EAT,y°) c- VNP
2 CCI ,0) = 03.CC/i,p.lI),..,PmCI))--l#



Proof of Key Lemma

Let P = {pick)=o, - , Pmcii)=o} be UNSAT KCNF (translated)

Let ble,✗) =D ext ( 1-e) ( 1- x) $0 bchx)=x and blo,x) =/-✗

m

Let ECI,I ) ! E E y; piled ¥.

11 - p;lé) IT ble;,X;)
e- c- {0,13

"
i. = ,

j:X;&ci

SHOW : ① EAT,y°) c- VNP www.M'

2 Chip)=owww.M/3ECI,p.Hi,..,PmCI))--l#



SHOW : ① Eli,y°) c- VNP www.B'
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zccñ,0)=owww.Y/3ECI,p.hi1,..,PmCI))--#
Let ble,✗) ! ext ( 1-e) ( 1- x) $0 b( I,x)=x and blo,x) =/-✗

m

Let ECñ,y) ! E { y; piled ¥.

11 - p;lé) IT ble;,X;)
e- c- {0,13

"
i. = ,

j:X;&q.
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;
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?
ii. I

-

j:X;&q. \
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{0,13

"

= I
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IPS LOWER BOUNDS

1 Subsystems of IPs ( lowdepthmultilinear) [ FSTW '
16]

z
snub -Smale conjecture→ superpoly IPS lower bounds [AGH-1-120]

3
Unconditional lower bounds (very strong [Alekseev 'zi]

subsystem of IPS)

↳ up ⇐VNP ⇒ superpoly IPS lower bounds for { Fn} [stiz ,]

1



IPS LOWER BOUNDS

☒ , subsystems of IPs ( lowdepthmultilinear) [ FSTW '
16]

* z
snub -Smale conjecture→ superpoly IPS lower bounds [AGH-1-120]

*- 3 Unconditional lower bounds (very strong [Alekseev 'zi]
subsystem of IPS)

* 4 VP #VNP ⇒ superpoly IPS lower bounds for { Fn} [stiz ,]

* Not for CNF formulas

* Fn is CNF but Not known to be UNSAT



SHUB -SMALE CONJECTURE→ IPS LOWER BOUNDS [AgHT]

Let { fn}n⇒ be a sequence of integers

T ( fn) =D min algebraic circuit size to compute fn from constants -1,0, /

East : TCI ) = (logis)
""

,
TCI

"

) = (logis)
"" )

SS conjecture : T(min !) = ( logis )
""

for any more IN , Mn
> I



SHUB -SMALE CONJECTURE→ IPS LOWER BOUNDS [AgHT]

Binary Value Principle (BVPN) : It × , + 2×2+4×3 t.it 2h
"

Xn = 0

Proofsketch
① Bvpn easy for IPSQ → Bvpn easy for IPS,z

③ show SS → Bvpn hard for IPSz



SHUB -SMALE CONJECTURE→ IPS LOWER BOUNDS [AgHT]

Binary Value Principle (BVPN) : It × , + 2×2+4×3 t.it 2h
"

Xn = 0

s.pro/-sketch-
① Bvpn easy for IPSQ → Bvpn easy for IPS,z

③ show SS → Bvpn hard for IPSz :

assume QCI )( It Sn)t É He.CI/(Xi-Xi)--M,M=oi--
I

⇒ Q(E) ( ltsn)=M for all I c- {0,13
"

⇒ HE c- {0,15
,

( Hsn ) ranges over all numbers
in [1

,
-

,
I]

⇒ M divides all numbers in [1
,
- -

, 21

⇒ Mi divides 2 !
'

⇒ [Qi ) ( Hsn))
"
computes M%mn . I !

i. Ss conjecture⇒Qi) has large size



IPS LOWER BOUNDS

☒ , subsystems of IPs ( lowdepthmultilinear) [ FSTW '
16]

* z
snub -Smale conjecture→ superpoly IPS lower bounds [AGH-1-120]

*- 3 Unconditional lower bounds (very strong [Alekseev 'zi]
subsystem of IPS)

* 4 VP #VNP ⇒ superpoly IPS lower bounds for { Fn} [stiz ,]

* Not for CNF formulas

* Fn is CNF but Not known to be UNSAT



IPS LOWER BOUNDS

☒ , subsystems of IPs ( lowdepthmultilinear) [ FSTW '
16]

* z
snub -Smale conjecture→ superpoly IPS lower bounds [AGH-1-120]

*- 3 Unconditional lower bounds (very strong [Alekseev 'zi]
subsystem of IPS)

* 4 VP #VNP ⇒ superpoly IPS lower bounds for { Fn} [stiz ,]

* Not for CNF formulas

* Fn is CNF but Not known to be UNSAT



VP =\VNP =D IPS LOWER BOUNDS ST 'z

Fn -4 LB±ps (
"

VP *VNP
" ) states that IPS cannot efficiently

prove VP #VNP

Key Lemma [GP] proved IPS Lower bounds ⇒UP +VNP

1st
'
-4] prove this implication can be efficiently proven in IPs :
IPS th LB,ps(

" VP * VNP
") → VP * VNP



VP =\VNP =D IPS LOWER BOUNDS ST 'z

Fn Ed LB±ps (
"

VP #VNP
" ) states that IPS cannot efficiently

prove VP #VNP

Key Kemmer [GP] proved IPS Lower bounds ⇒UP +VNP

1st
'
-4] prove this implication can be efficiently proven in IPs :
IPS th LB,ps(

" VP * VNP
") →

"

VP * VNP
"

Assume V1>*VNP and IPS LB,=ps("VP☒VNP
")

Then b-y key Lemma , IPS ¥1
"

VP# VNP ; which contradicts
soundness



VP f-VNP =D IPS LOWER BOUNDS ST '2

Fn -4 LB±ps (
"

VP *VNP
" ) states that IPS cannot efficiently

prove VP #VNP

BUT Fn MAY NOT BE A TAUTOLOGY !

Q : HOW HARD IS IT TO PROVE ALGEBRAIC CIRCUIT
LOWER BOUNDS ?

Plausible

conjecture :
"

SAT ☒ Plpoly
"

hard for Frege
New (stronger :

"

Perm ☒VNP
" hard for IPS ?

Conjecture



RECENT CNF LOWER BOUNDS

earlier
PC Lower bounds : break under linear transformations

Theorem [Sokolov '
21]

PC Lower bounds for random CNF even with extension

axioms {45-2%-1}

Theorem [Impaghazzo, Monti , P'21]
PC lower bounds even with a

linear number of extension axioms
each of support size ocn) .



OPEN PROBLEMS

• IS IPS A SUPER PROOF SYSTEM ?

( can it p-simulate all cook
- Reckhowpps's ? )

• RESC / in) LOWER BOUNDS

• ALGEBRAIC TFNP CLASSES ?

WHICH CLASS CORRESPONDS TO IPS CERTIFICATES ?

• PROOF COMPLEXITY OF ALGEBRAIC CIRCUIT LOWER BOUNDS ?



Thanks !


