Week 6: Recursive
Algorithms

CSC 236:Introduction to the Theory of Computation
Summer 2024

Instructor: Lily



Announcement

* Tutorial BA 1130 only

* Tutorials now focus on more examples

e Midterm details

* Multiple Choice and True/False: +1 if answer completely correctly, -1 if
answer incorrectly. Can be left blank. Don’t guess.

* Short answer: no justification required.
* Other types: 20% IDK for entire question or part of a question.

* No office hours during the exam season; Last office hour in June

Is this Friday. There will be online office hours the Friday before
and on the Monday of the A3 deadline.
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Fibonacci sequence 0,1,1,2, 3,5, .... def fib(n):
# Pre: natural number n
= +
fn+2 fn+1 fn # Post: returns f n
9, 1.1f n == 0: N
6<T (OND  (BAE)
?\lecond o d 2. return 0 base A%
—— pbgemediate B
J CTep 4 return 1 4 ecut
5. return fib(n-1) + fib(n-2)
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£ mult (1,100) = c.100 Seps

From last lecture
mullt (110000 = - (000 Shepg.

def mult (a, b): ) “’
# Pre: a and b are natural n = 'WOI'\'\" 0‘? ‘nru

number with at most n bits
|00‘0 0\“" (OQIOB'

# Post: returns a*b

1 m=20 ‘ . .

2 count = 0 )\_) O“) ?\\AW'V‘% hme WeT N

3 while count < b: (b) l'\'Q/VMﬁOV‘S ﬂ (J_n )

4 m += a -

5 count += 1 )-*' O“) % VV\V\“' (( /‘00 0) .(“PV‘T (e NL‘I
6 return m

<otal : O(b) - mmmbwaF Stegs w1000
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Elementary Multiplication —
x 1721
def mult elementary(a, b): - %
# Pre: a and b are natural q L < /01\1 7
number with at most n bits 5 o éf' 8 O & {02\/ YZO

# Post: returns a*b
m=0 —7 0(()

while b > 0: —3(lo b) thevahions

m i= a>* (b % 10) 0(3:,(;)> /] o 2 ¥ (2-—0 04_ < /OLYY(OOO
= # 1in ivision

b //= 10 t divis 0 (1) /7,704_7'6

return m
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Fast Multiplication (Karatsuba’s Algorithm)
w = 41 (1al=2 afe)=4 oltl: 9 )

def karatsuba(a, b):
= 1)+
# Pre: a and b are natural b = 0]‘3 ( ‘.‘)\ =2 O\toj q JER %)
number with at most n digits
ax (o + <
foTua?fit d\q\fzr}ztl\ oc L dl‘ﬂ\’f (4 ¥ ) - (2 3) 78
i al == an == , ‘
iO“) 4. °\((00)+ (ﬁa -+ 43 (O 'f'q
return a*b ) b b Q b’
al, a2 = a[0..n/2], aln/2..n] Qo o ra‘% Ao 21 ’ ({c#
, .. , .. menwA

(o, +a, )  (botk)) °~

y +a,b
= aolﬂo'l‘atbo-(-a b'( y !
N~

(4+9)-(9+8) = : 12
o,bp +ob, = 224 - 36-712

36 (100) + 1/_-5(/0) + 72 6

bl, b2 = b[0..n/2], bin/2..n]
pl = karatsuba(al, bl)
p2 = karatsuba (al+a2, bl+b2)

p3 = karatsuba (a2, b2)

return pl*10°{n} + (p2-pl-
p3)*10°{n/2} + p3



Now your turn!

1. When computing f,, using the algorithm  def fib(n):
shown to the right how many times does # Pre: natural number n

£ib (k) getcalledfor0 < k < n? # Post: returns L n
1.1f n == 0:
2. Use Karatsuba’s algorithm to multiply 0 etuin G
together the number 1024 and 1729. S e e 1
*-g(ﬂ) 4 return 1
s 5. return fib(n-1) + fib(n-2)
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Q1. When computing f,, using the algorithm shown to the right how

many times does (k) getcalledfor0 < k <n?

'F\,W\Cﬁoh ‘ 4 oe Caﬂg def fib(n) :

- # Pre: natural number n
.{(b(“) 1 ‘i?’( # Post: returns f n

. < 1.1f n == O0: e|
“@‘buﬁ l) ‘ #1 2. return O [ef \l; $2.

(bln-2) L | 3.if n==1: t= Qi@
~€ “2 3 4. return 1
"‘%l\p (V\—53 .; \_? \1 / 5. return (n-1) + (n-2)
Qra-®) | 5 p prosf by tmduction

ally  Lib(k) called
% e
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Q2. Use Karatsuba’s algorithm to multiply together the number
1024 and 1729.

kay (1024, 1729)

def karatsuba(a, Db): i =E2;\‘]
=(v,0] 2

# Pre: a and b are natural O‘I = |
number with at most n digits b = Cll.'] B; - Cz‘q')

# Post: returns a*b ‘
if la] == 1 and |b| == 1: ‘>|., kav((l),W) n=2

return a*b

= ( = o

al, a2 = al[0..n/2], aln/2..n] * E‘ '] a). c j
bl, b2 = b[0..n/2], b[n/2..n] b (= (] by = 1 ]
pl = (al, bl) F“-' ( (72-_:8 1>§._.a
p2 = (al+az2, blj—bZ) (ctarn (00 +7D 0 2\’10

p3 = (a2, b2) F -
p (‘GV( = |S é\\'
return pl*10°{n} + (p2-pl- ‘5“(’,\(6> ‘

p3)*10°{n/2} + p3 P2 =% (2y [ 24) = 696 -(-é?é
retryn (lobooo £ (s~ Q66 )00



Fast Multiplication (Karatsuba’s Algorithm)

assume 0 and b hove tength v

def karatsuba(a, b): ‘m(.S
# Pre: a and b are natural ’\’CV\) = VU\WY\W‘f time 0% (°<am+“"
“thm

number with at most n digits NQOV\ onn Hrece CAPUTS .
| # Post: returns a*b \0‘\ 1 Gy \ ,ﬂ)‘\/\b2‘ / ld“"ai\( ‘ﬁfﬂ;‘ = WL
1f Jal] == 1 and |b| == 1:
>/)O(\)
(%) return a*b ‘r(n) = O( ‘) < T( “/21> .3

) = kardsubor (@b) getumso b

Wi Pve(ov\d (a(,l LI£n

al, a2 = al0..n/2], aln/2..nl1| of(l)
bl, b2 = b[0..n/2], b[n/2..n]

pl = karatsuba(al, bl) . Ve

U (%
p2 = karatsuba(al+a2, bl+b2) Z?LUX , base - f n= 4L Hawm twe by 5’3? )
p3 = rarmronpalas, b s ndmckive - (H tar(a) ’kol:((ael(;:a bith)

i
return pl*10°{n} + (p2-pl- o“) M/L N, | ' L(%K
p3)*10%{n/2} + p3 ab = (a| 1o “4£Q, B;.)
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initiod call © QuickSovt (A,0,n)

def quicksort (A, i, 7J):

uiCk Sort # Pre: list A. 1, 7 indices
Q a,%\AM‘e me Q,MMP/V\B on “ﬁ' # Post: A is sorted '(:ov A0

. o L if -1 <= 1: Lt ,.,,,'J)
ef partition(A, 1, 7J):
# Pre: i1, Jj indices of A (i <= 7J) return
# Post: index p so that A[k] < A[p] for p = partition(dA, i, J)
# k=1, .., p-1 and A[1l] > A[p] for quicksort (A,
i i 5 prlr s 3 quicksort (A, p+l, 7 ?\Vo‘\’
pivot = A[j- <« lasd W mn [h-(bb UC€ P— '-)'P’*é é
for k in range(l, J-1) : in PlVO‘l‘ A ( é\)
1if pivot > Alk]:
swap (A, p, k) /r T T
b 4= 1 W K k
swap (A, p, j-1) C | 2 @7 @ S j
return p - ~_ ZT
V K
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def partition(A, i, 7J):

procf of comectrait Gor tarkion

# Pre: i, 7 indices of A (i <= 7) . ] I' 24

# Post: index p so that A[k] < A[p] for V V\(Ab‘e .- A L tlj ) J v e Oe

# k=1, .., p-1 and A[1l] > A[p] for ot A’t‘,)l a_E-(—OV
# i = pt+l, .., J ‘-"Q/ t

p =1 ~ ? c volume 0'?

pivot = A[J-1]
for k in range (i, J-1):

if pivot > A[k]: & v
swap (A, p, k) . - ’

d‘)pilp : F . (tfj_‘_(>%
swap (A, p, j-1) TERWN/VA’WDN' | B S
return p // /////ﬂ@ - : —F :
def quicksort(a, i, J): T F?V"' \‘MJ’D_EPV | ?l
# Pre: i, j indices of A (i <= 7J) P 2% - -Me‘/mﬂ WM

# Post: A is sorted u Pt base. t=0 1
PF 3-1 <= 1: ),) o) cwap lrduclive cage: suppose K 20, f“’)""'ﬂﬂk)
W« [’(k'fl)' Petl | et

p = partition (A, i, J) =2 O( n) o - .
quicksort (A, 1, p) {Mqﬂ,\ (Y"}) %//}L i | “PIVDr l’
gquicksort (A, pt+l, 3) . .
( (j-1-1) fi e pust < ALk ]
wsh () i puet <AL

return




. i fims cace =7~4 ((as-\' Tos‘('ﬁorh
Quick Sort (Worst Case) ‘_HM P y
n='J~i # A a(reaafy sorted .

def partition(A, 1, 7J): _ O )
# Pre: 1, J indices of A <= 1) T(y)) - A (V) -f'

(1 <=3
# Post: index p so that A[k] < A[p] for
# k =i, .., p-1 and A[1] > A[p] for T(V)‘i)"fT[/)
# 1 =p+l, .., J / "
p =1 . - . e Sl D)’\)
pivot = A[j-1] — O(l> Y (oe P = n/_?, (M'dd {m

for k in range (i, j-1): O(V,) (Tewv.
1if pivot > Alk]:

;wiz(ir p, k) ) ~—)'O(|) T(n) = @(n)‘+ ZT[M/Z)
swap (A, p, J-1) '

return p ) "‘9‘0(( >
—oTAL: ©th)
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Recap

* Recursive vs iterative algorithms
e Classic Multiplication Q(h*)
* Karatsuba Multiplication T ()= Of1) f %r(”/),)

*QuickSort = vt ace T(p) = o (n)+ Ton) FTU)
= avlmgt cace Tln) = G(n) + 2T

Next time... running time of recursive algorithms via the Master
Method
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