Week 7: Recursive
Algorithm Analysis

CSC 236:Introduction to the Theory of Computation
Summer 2024

Instructor: Lily



Announcement

* Email note: please include your UTORID
* A3 peer reviews extended to Thursday (maybe the last one)
* A4 due date extended to July 11t

* Midterm 1 results end of this week or start of next
» Still finishing up oral exams; solutions out at the end of the week

* Midterm 2: 6:00~8:00pm EX 100 (July 17)

* Covers proof-of-correctness material (weeks 4~7, assignments 3 and 4)
 Same structure as midterm 1 (5 questions), one sided aid sheet

* Tutorials cover examples. This week: run-time analysis
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Quick Sort (Worst Case) erums 1ot wnds¥ o intovual

def partition(A, 1, 7J): def quicksort (A, i, 7J):
# Pre: 1, Jj indices of A (1 <= J) # Pre: list A. i, J indices
# Post: index p so that A[k] < A[p] for

=1, .., p~-1 and A[l] > A[p] for

= p+l, .., J if J-1 <= 1:

# Post: A is sorted

N = =

#
#
P return
pivot = A[]-1]
for k in range (i, j-1): éa(n\ p = partition(A, 1, 3J)
1f pivot > A[k]: |
swap (A, p, k)
p +=1
swap (A, p,
return p

quicksort (A, 1, p)
2. quicksort (A, p+l, 3J)
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Substitution Method Goal- find closed €onm
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Substitution Method WIE  T(0) =Q(chs)
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Pitfalls CORRECT -

qurd  Tln) = O( nlogy n>
T(n) =n+2-T(E‘)

T = 3¢ ¢ Ta) éCm\Oo’))_vn

Bace care: T(z2) _~n const.
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: ome Farh"/’im” )
Quick Sort (Expected Case)  atwms retums ‘middle
indeX .
def partition (A, 1, J): def quicksort (A, i, J):

# Pre: i1, J indices of A (i <

( ) # Pre: list A. i, J indices
# Post: index p so that A]
>

= ]
< Af[p] for

K] |
# x =i, .., p-1 and A[1] > A[p] for # Post: A 1s sorted

# 1 =p+l, .., J if j-1 <= 1:
= 1

O

. . return
pivot = A[]-1]

for k in range(i, 3-1):
if pivot > A[k]: quicksort (A, i, p)

swap (A, p, k) quicksort (A, p+l, 3J)

p += 1 Fcle-
swap (A, p, Jj-1) ?ar{'l‘hm" 2< (a,LL w?’” .

return p = /_(\)

p = partition(A, 1, 7J)



Recurrence Tree Method ¢
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Master Method wdﬂ\”‘i

o
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Recurrence relation of the form: T(n) = aT( ) f(n)
—D g._zeo.e old ‘\/){)Mf +o

Case 1. (Root Heavy) If f(n) = Q(n!°8b @+€) where € > 0, then
T(n) = 6(f(n))
Case 2. (Leaf Heavy) If f(n) = O(nlogb a‘e) where € > 0, then
T(n) = 0(n'°8» @)

Case 3. (Balanced) If f(n) = @(nlogb a), then T(n) = @(nlogb %log n)
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(Root Heavy) f(n) = Q(nlogb a+€) where € > 0,thenT(n) = 0(f(n))

ROOt Heavy (Leaf Heavy) f(n) = O(n!°8> 2~€) where € > 0, then T(n) = 0(n!°8> %)
(Balanced) f(n) = @(nlogb a), thenT(n) = @(nlogb a logn)

T(n) =3T (g) + nlog(n) ‘€(M Ve n@ L
T &—< _ n\o (m) _ (lOJ bq)‘f€>
0=3 b= Y L) = n'%) :?(u)—_Q(w

T = @(“‘°’2”>
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(Root Heavy) f(n) = Q(nlogb a+€) where € > 0,thenT(n) = 0(f(n))

ROOt Heavy (Leaf Heavy) f(n) = O(n!°8> 2~€) where € > 0, then T(n) = 0(n!°8> %)
(Balanced) f(n) = @(nlogb a), thenT(n) = @(nlogb a logn)
worK DONG FETr-

B E LAYET-
T(n) = 3T <4) + nlog(n) /@\ nlogn
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(Root Heavy) f(n) = Q(n!°8» ¢+€) where € > 0, then T(n) = 0(f (n))

| eaf Heaw (Leaf Heavy) f (1) = O(n!°8 4=€) where e > 0, then T(n) = 0(n!°% %)
(Balanced) f(n) = @(nlogb a), thenT(n) = G)(nlogb a logn)

T(n) =9T (E) +n %Fm) S N logs &

3 2

= 1

TM) = B (n“’j"a)= @(”Z)
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(Root Heavy) f(n) = Q(n!°8» ¢+€) where € > 0, then T(n) = 0(f (n))

Leaf HeaW (Leaf Heavy) f(n) = O(nlogb a_e) where € > 0, then T(n) = 0(n'8» @)
(Balanced) f(n) = @(nlogb “), thenT(n) = G)(nlogb 2]og n)

T(n) = 9T (g) +n
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(Root Heavy) f(n) = Q(nlogb ‘”6) where e > 0,thenT(n) = 0(f(n))

Ba la nced (Leaf Heavy) f(n) = O(nlogb “‘E) where € > 0, then T(n) = 0(n'°8» )
(Balanced) f(n) = @(nlogb “), thenT(n) = @(nlogb 2]log n)
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(Root Heavy) f (n) = Q(n!°8» ¢+€) where € > 0, then T(n) = 0(f (n))

Ba la nced (Leaf Heavy) f(n) = O(nlogb “‘6) where € > 0, then T(n) = 0(n'°8» )
(Balanced) f(n) = @(nlogb “), thenT(n) = @(nlogb 2]log n)
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(Root Heavy) f(n) = Q(nlogb a+€) where e > 0,thenT(n) = 0(f(n))

H OW a bOUt. .. (LeafHeavy) f(n) = 0(n!°8» ¢~€) where € > 0, then T(n) = 0(n!°8» %)
(Balanced) f(n) = @(nlogb a), thenT(n) = @(nlogb %log n)

T(n) = ZT( ) nlog n?
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N % g

. f“") - y\loalw _

(S 1T ROOT HEAVY - f(h)=.g_(ni "'(‘) €>0 x
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Now you try!

1. Recall Karatsuba’s algorithm from
last lecture. Use the Master
Method to find its asymptotic
running time.

2. Use the Master Method to
compute the closed form for the
following recurrence relations:

a) T(n)=8T (%) + n%logn
b) T(n) =3T (g) +n
¢) T(n) = 36T (g) 4 nls

def karatsuba(a, b):

# Pre: a and b are natural
number with at most n digits

# Post: returns a*b
1if Jal == 1 and |b|] == 1:
return a*b
al, a2 = al[0..n/2], aln/2..n]
bl, b2 = b[0..n/2], b[n/2..n]

pl = (al, bl)
p2 = (al+az2, bl+b2)
p3 = (a2, b2)

return pl*10°{n} + (p2-pl-
p3)*10°{n/2} + p3
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Q1. Recall Karatsuba’s algorithm from last lecture. Use the Master Method to find its

asymptotic running time.

T(n) = 3_(-(“/2) + (N

MAGTE MeTHO D

\

=3 (=2 loc)ba: (06)3

fMzen = O (nl92?)

Tln) = @ (V,\D%B
\

def karatsuba(a, b):

# Pre: a and b are natural
number with at most n digits

# Post: returns a*b
1f Jal == 1 and |b]| ==
return a*b
al, a2 = al[0..n/2], al[n/2..n]
bl, b2 = b[0..n/2], bin/2..n]
pl = karatsuba(al, bl)
p2 = karatsuba(al+a2, bl+b2)
p3 = karatsuba (a2, b2)
return pl*10°{n} + (p2-pl-

Wp3)*10°{n/2} + p3

hon
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Q2. Use the Master Method to compute the closed form for following:
a) T(n)=8T(%)+nzlogn o:=93 b=9 103‘[842-—

“fm)= h* (ogn = _Q_( hl05\,8>
Th) = @ (pn2logw ) ot HEAVY.

b) T(n)=3T(3)+Vn
D=3 b=q  legq3 = (o

“ﬁ(m): n=n™* = @(n?)
¢) T(n) = 36T (3)+n'S Tm) = & ( (ocjm> BALANCED
026 §>=C‘, (076 6 = 2

w) = p" = OCn?)
T(n) = @ (v*) (eAF HCAWY,
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CcaN WE CHRANQE THE
Re cWkeEWVCE RE CATION SO

WE CAN APPLM  MASTER METHOD?

How about...
T(n) = 2T(|vn]) + logn?
o™=

LM, | )
)= 2 ya —+
T T( " (balanced case QF mast e )

Stm =2 S(L"2) 4m = St = @miogm)
’ ~> m = [oc?n

T)= @ (logn ‘02“’?“>




How about...

T(n) =2T(In/2] +17) + n?



Recap

* Substitution method
* Recurrence tree method (guess closed form)

* Master method + examples
* Karatsuba multiplication
* Quick Sort best and worst case

Next time... finite automaton
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