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Generalized sketches as an algebraic graph�based framework

for semantic modeling and database design�

Zinovy Diskin��

Abstract� A graph�based speci�cation language and the corresponding machinery are described
as stating a basic framework for semantic modeling and database design� It is shown that a few
challenging theoretical questions in the area� and some of hot practical problems as well� can be
successfully approached in the framework� The machinery has its origin in the classical sketches
invented by Ehresmann and is close to their generalization recently proposed by Makkai�
There are two essential distinctions from Makkai�s sketches� One consists in a di�erent � more di�
rect � formalization of sketches that categorists 	and database designers
 usually draw� The second
distinction is more fundamental and consists in introducing operational sketches specifying com�
plex diagram operations over ordinary 	predicate
 sketches� correspondingly� models of operational
sketches are diagram algebras� Together with the notion of parsing operational sketches� this is the
main mathematical contribution of the paper� It is demonstrated that it gives rise to a proper design
of graphical query languages� On the other hand� the machinery presents an immediate formaliza�
tion of diagram chasing � the major tool of categorical reasoning and� hopefully� of the nearest
future semantic modeling techniques�
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� Introduction and motivating discussion

The core of a complex information system is a database �DB� or a net of DBs� In the modern view�

DB presents an integral model of the real world fragment �universe� upon which the information system

is to be built� Hence� a crucial initial step for the proper information system design is to specify the

universe in abstract and formalizable terms suitable for further transformation into lower	level software

speci�cations� The problem itself and the corresponding software engineering �SE� discipline pursuing it

are called semantic modeling �SM�� or else conceptual or information modeling�

�	� Why category theory


�	�	� Problem	 A semantic speci�cation has to compress an informal description of non	toy universe

into a compact comprehensible text suitable for communication between the database designer� experts

on the universe and users of the information system to be designed� A natural �and practically without

alternatives� choice is to use graphical languages� and indeed� a vast variety of graphical notational

systems were developed in SM� In particular� extremely popular are entity�relationship diagrams �see�eg�

���� which became a kind of de facto standard in the area�

On the other hand� a semantic schema should be formalized in order to be easily �the more so�

computer	aidedly� transformed into software speci�cations on the further stages of design� Thus� a good

semantic language should be graph�based� formalizable and su�ciently expressive to capture all the

peculiarities of the real world� To the current state of the art in SM� the synthesis was not achieved


speci�cation languages employed are either semi	formal �or� worse� quasi	formal� or have a very restricted

expressive power� or both� so that today a database designer is forced to alter between easy	to	use

but scarcely formalized graph	based approaches and logically clear and perfect but in�exible low	level

relational languages� Due to the evident tendency of any practitioner towards the former� what exists

out in the �eld today is �cookbook approaches ��� poorly formed and having too many subjective human

considerations� �Navathe� ������ In addition� the lack of formal semantics converts semantic schemas into

graphical interfaces to low	level relational schemas rather than high	level semantic speci�cations intended

in the very setting of SM goals�

Furthermore� a direct consequence of restricted expressive power of modern semantic languages is

that a great part of data semantics is programed immediately without specifying in the semantic schema�

This gives rise to the infamous phenomenon usually phrased as that semantics of data is hidden in the

application code �see� eg� ������ which has induced a whole �eld of research and practical activity � the so

called reverse engineering� �

�	�	� Solution
Development of languages integrating the desired properties above is just in the focus of

category theory �CT�� Its experience has shown that dealing with graphical yet formalizable speci�cations

requires a special kind of thinking �arrow thinking�� and the corresponding machinery� and the success

hardly can be achieved with ad hoc approaches built from scratch� This explains the far from ideal

situation in the modern SM and� on the other hand� suggests that CT should possess a great potential

for software engineering applications� Indeed� it was demonstrated in ���� ��� �� �
� �
� that even initial

categorical arrangement of standard speci�cation languages used in SM leads to practically useful results�

�



This success is remarkable and supports the claim� It would be however too optimistic to hope that

CT in its current state is immediately applicable for systematic using in software engineering
 actually

it needs development of some core issues to make adaptation of the arrow framework for practical needs

real� �

�	� Why generalized sketches


�	�	� Categorists prefer to work with closed structures rather than their generators
 categories instead of

graphs� monads instead of terms and equations� classifying categories instead of formulas and axioms and

so on� No doubts� availability of presentation	free descriptions is a source of power of CT in metamathe	

matical studies� and also can be extremely useful in specifying architecture of information systems �������

that is� in metadata modeling� As for data modeling� it requires �nite� e�ective and comprehensible pre	

sentations of complete structures� and the corresponding speci�cation machinery� All characteristics above

are essential and even crucial for applications
 this is evident for the former two but comprehensibility is

also a must if speci�cations are intended for real usage by software engineers� �

�	�	� A presentation	oriented trend in category theory is associated with the concept of sketch in	

vented by Ehresmann� Ehresmann�s sketches were directly intended for e�ective presentation of complex

structures but unfortunately they cannot be utilized in SE in a immediate way�

Let us consider a simple example� The notion of relation is a major one for the modern database

technology� and many techniques of database design are based on various dialects of entity	relationship

diagrams� The standard view on relations is to consider a relation R between entity sets E�� � � � � Em as a

set of tuples �relationships� over E�� � � � � Em� that is� as a relationship set� Correspondingly� in semantic

schemas relationship nodes are specially designated� say� by a diamond in contrast to rectangle entity

nodes
 a sample ER	diagram is shown on Fig� ��a�� This notation turned out to be very successful so

that now DB designers cannot think their activity without ER	diagrams� and have developed a plenty of

notational systems extending them in various directions� However� the very speci�cation principle when

a relation is a set of tuples� a grouping set �powerset� is a set of subsets etc� leads to serious problems due

to the so called semantic relativism� The point is that another user can view the same objects di�erently�

for example� a lawyer would probably consider Married	objects as entities by themselves and view the

universe as presented by the ER	diagram on Fig� ��b�� However� a corner	stone of the DB technology

is that di�erent users are served by the same database� and thus local views must be integrated into a

global semantic schema �moreover� a proper integration is often is a key to the correct DB design�� The

question is how one should consider the Married	node in the global schema� An abundance of papers were

devoted to the integration problem but a su�ciently general consistent approach beyond ad hoc solutions

was not found �see discussion in ��
���

Well� CT gives a clue
 a relation is a set R together with a jointly monic family of arrows �pro	

jections� pi 
 R� Ei� i � �� � � � �m� so that specifying internal structure of R	objects is removed to an

arrow diagram adjoint to the node� and the problem of entity	relationship clash disappears�� A standard

� Actually� this is a very rough description� It was shown in �
�� that the common intuition of distinguishing

between entities and relationships has two aspects� structural� which was just described� and evolutional� which

can be captured in the framework of variable sets semantics�

�
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Fig� �� Primitive ER�diagrams and generalized sketches

categorical way of specifying jointly monic families is to work in a �nitely complete category and draw a

�nite limit sketch shown on diagram Fig� ��a��� below
 arcs denote limit cones so that E is a Cartesian

product and the square RRRE is pull	back� that is� r is monic via standard arguments� This description

is mathematically elegant but from the view point of applications it has two drawbacks


�i� the speci�cation involves the node E � E� � � � �� Em whose extension is �fortunately�� not required

to be stored in the database�

�ii� a simple property of the function r is speci�ed in a very indirect way with drawing new auxiliary

nodes and arrows�
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Fig� �� From Ehresmann�s sketches to generalized sketches

A much more direct way of specifying relations is to introduce a predicate of being jointly monic

for families of arrows with a common source� and then declare that the family �p�� � � � � pm� satis�es the

predicate� Such a declaration is visualized by labeling the corresponding diagram with a marker� say� an

arc� and then the speci�cation takes the simple form shown on diagram �a���� �

�	�	� A similar problem occurs when one needs to specify a set X consisting of subsets of Y �the so

called grouping construct in semantic modeling terms�� A standard categorical approach is to specify �rst

the powerset of Y � PY � by universal properties and then specify a monic arrow 
 X � PY �Fig� ��b�����

However� appearance of the full powerset node in a database speci�cation leads to intractability and may

frighten any database designer� In contrast� a direct tractable way of specifying X as subpowerset of Y

�



is presented on Fig� ��b��� where the directed arc denotes the following property of the pair �f� g�


for any x� x� � X� if
�
g�m�

�� m � f���x�
�

�
�
g�m�

�� m � f���x��
�

then x � x� �

so that X is embedded into PY � �

�	�	� The examples above suggest to introduce a general notion of diagram predicate
 syntactically� it is

a marker having an arity shape designating those graphs on which the marker can be hung� semantically�

a marker is interpreted as a certain property of systems of sets and functions whose con�guration �ts in

with the shape� A data de�nition language is then set by a collection �signature� of diagram predicates

and a speci�cation appears as a graph in which some diagrams are labeled by markers from the signature�

Such speci�cations can be considered as an immediate generalization of Ehresmann�s sketches and were

proposed by Makkai �see ���� for references� and independently by the present author in ���� Makkai called

them generalized sketches� we will also use the name ��sketch with � being the name of the signature�

Furtheron in the paper� the term sketch means generalized sketch while classical sketches familiar to the

CT	community will be called Ehresmann�s sketches �this meets Bourbaki�s precepts on terminology��

�

�	�	� Marked diagrams in a sketch must be easily recognizable� otherwise sketches lose their bene�ts

of evident graphical speci�cations� So� the shape graph D of a predicate �marker� should occur in the

carrying graph G of the sketch without topological deformations� that is� as is standard in CT� a diagram

appears as a visually clear presentation of a graph morphism � 
 D � G� For example� on Fig� ��a� the

arrow square RRRE denotes a graph morphism whose domain is the square shape of the pull	back

predicate� Note� however� that the two left arrows of the square RRRE are also marked
 �R is an arrow

property rather than name� What is the shape of �the marker of� this property�

Usually it is taken to be the loop graph but then any arrow declared as identity must be a loop and the

simple sketch Fig� ��a� becomes syntactically incorrect� Probably� for a particular predicate the problem

can be avoided with some trick but a proper general solution requires to modify the very concept of

sketch
 shape graphs of predicates and carrier graphs of sketches must be labeled by names and diagrams

are graph morphisms compatible with naming� For example� the shape of identity is an arrow between

two di�erent nodes with the same name so that an identity diagram in a labeled graph is an arrow for

which labels �names� of the source and target nodes coincide�

This modi�cation leads to three mutually related notions of �generalized� sketches
 visual sketches

which categorists �and now database designers in our laboratory as well� usually draw on a paper �com	

puter display�� indexed sketches extracted from visual sketches by forgetting inessential details of visual

presentation of diagrams and� �nally� ordinary sketches which are pure logical constructs hidden in visual

sketches �details will be given in section ����� Just ordinary sketches are semantically valid �and present an

immediate generalization of Ehresmann�s sketches� whereas visual sketches are a kind of human	oriented

interface to ordinary sketches� What are indexed sketches for� There are two reasons� The �rst goes from

the computer
 indexed sketches are an immediate output of abstracting visual sketches� and their data

structure is easier for computer processing� The second goes from mathematics
 categories of indexed

sketches behave themselves better than that of ordinary sketches� it was shown by Makkai in ����� It

is worth noting that in Makkai�s framework there are no visual sketches so that appearance of indexed

�



sketches looks somewhat mysterious and is justi�ed by only internal mathematical reasons� Thus� pure

categorical reasons� on one hand� and practice of software engineering� on the other� have led to the same

formal construct � a remarkable coordination� �

�	� Why operational sketches


As soon as some speci�cation language is proposed� it should be endowed with an appropriate deduction

machinery� that is� with a mechanism of augmenting any given speci�cation with additional items denoting

derived information� In the DB terminology� this is the well known issue of query languages and querying

mechanism� What is less recognized in the DB literature �but was at once noticed in ����� is that derived

items are often necessary for specifying constraints on data and so� in general� operations �queries� may

be involved in data de�nition schemas as such� Moreover� for complex universes whose schema appears

as the result of integrating local view schemas� the presence of queries in data schemas is a rule rather

than exception ���� �
��� In this context� the discussion below is motivated by the problem of specifying

queries and query languages rather than their computational complexity and expressive power�

�	�	� The relevance of algebraic framework for DB theory is well known and goes back to the classi	

cal Codd�s papers �see ���� for a more advanced treatment�� However� SM needs graph�based algebraic

machinery� and a natural framework for developing the latter is the framework of categorial logic and

algebra� In this framework� given a logical doctrine D� any speci�cation �semantic schema� S can be

completed up to its classifying category � a �usually in�nite� monstrous� schema derS � D� and queries

against S become �nite subgraphs of derS ����� ����� It was proposed in ���� to use internal logic of D as

a query language� Statements of the internal logic can indeed serve as queries but in this way of specifying

queries their algebraic nature is hidden� In addition� quite simple queries may turn out to be too bulky

in their string	based internal logic formulation and heavy to use in communication between DB designer

and DB users� this contradicts the very setting of SM as an engineering discipline�

Semantic schemas are graphical images� and so a natural query language is to use diagram operations

de�nable in D in the role of queries� However� though some initial ideas on diagram operations and

algebras were developed in CT ���� ����� a consistent general framework is not built �in a sharp contrast

with the well developed presentation	free machinery of monads �see� eg� a survey ������ �

�	�	� The issue becomes especially actual in the task of view integration� A major di�culty in it

is to resolve the so called structural con�icts between views when di�erent DB users model the same

information in di�erent ways �see� for example� Fig� ��a�b� again�� A diversity of such con�icts was

described in the literature� and a large body of research was devoted to their managing �see� eg� ���� ���

for a survey� but they still remain a stumbling block for the majority of view integration methodologies�

It was however shown in ��� �
� that structural con�icts between views are nothing but a well known

algebraic phenomenon when some basic items of one theory are derived items in another theory� �For

example� in situation of Fig� �� relations Wife�Husb of the right view are nothing but graphs of functions

wife� husb of the left view as is shown on Fig� �c�� To integrate schemas one augments them with derived

items and declares the corresponding set of equations between basic�derived items occurring in di�erent

local schemas �eg� RightView�Husband� Graph�LeftView�husb� where Graph denotes a simple graphical

�



operation of building the graph of function�� The resulting speci�cation is then appears as a set of de�ning

relations over some set of generators �items of local schemas�� So� the infamous problem of view integration

is reduced to a well known way of specifying algebras by generators and de�ning relations and can be

e�ectively managed in some algebraic framework���� �
��� However� in contrast to the ordinary universal

algebra where generating collections are sets� and operations are applied to lists of their elements� here

we deal with generating graphs and operations are applied to diagrams in these graphs� �

Thus� what SM needs is a well stated machinery of graphical operations and graphical algebras� In

the sketch framework we advocate� they take the form of diagram operations over sketches and diagram

algebras� Principal questions are
 what is an arity of diagram operation� how to specify compositions

of such operations� what is an algebra in a given signature of diagram operations and� crucially for

applications� how to set such algebras in a e�ective way� It will be shown in section � that e�ective

presentations of diagram algebras can be described graphically in a comprehensible way by a special kind

of sketches called operational sketches�

The rest of the paper is an interplay between �i� sketching toy but characteristic examples of semantic

modeling� �ii� their extrapolation to general discussions and �iii� some details of precise formalization�

With respect to mathematics� the focus is on de�nitions rather then theorems� Some open problems of

�nding an appropriate de�nition are formulated�

� The world consists of sets and functions� Data de�nition via diagram

predicates

Even an overall glance at graphical images currently used in semantic modeling shows an abundance

of various kinds of conventional graphical constructs� symbols� labels and markers� Every specialist in

semantic modeling and every DB designer uses that kind of semantic schemas which one �nds more

suitable and convenient for one�s purposes� This is natural and reasonable but the diversity of notational

systems makes comparing and relating semantic speci�cations designed in di�erent models an extremely

di�cult task and� in particular� results in the infamous problem of heterogeneous schema integration�

Nowadays the issue becomes especially hot due to the rapid advance of cooperative information systems�

An abundance of ad hoc approaches to semantic modeling leads to serious problems in software design

and engineering� In contrast� many of speci�cational problems can be managed in a coherent way if one

treats semantic speci�cations as �generalized� sketches� ie� theories in a graph	based logic of diagram

predicates and operations�

�	� Semantic modeling via sketches

Internal structure of objects via arrow diagrams

�	�	� The chief idea of the sketch approach to semantic modeling is to consider classes of real world

objects homogeneous sets while all the information about internal structure of objects is moved into arrow

diagrams adjoint to classes� This approach constitutes the essence of the arrow thinking underlying CT�

�



Two important examples of arrow treatment of conventional SM constructs were described in intro	

duction� some others are presented in Table �� Then� for example� the following �ve pictures �sketches� on

Fig� � specify the node X as �a� relation� �b� disjoint sum� �c� union� �d� the image of a given function and

�e� subpowerset� In more detail� any extension mapping e which assigns sets and functions to the sketch

items and satis�es the conditions expressed by the markers will necessarily provide the corresponding

structure of the set X and its elements� �
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Fig� �� Several simple sketches

Sketches vs ER�diagrams� an example

We consider a simple example demonstrating the sketch treatment of ER	diagrams� ie� specifying

basic constructs of ER	model
 relationships� weak entity sets and attributes via diagram predicates�

�	�	� The sample semantic situation we wish to model is as follows� Suppose� the user is interested in

information about men� married couples and married women of some town for� say� the last �
 years� A

rough view on the universe is described by the ER	diagram on Fig� � in a conventional notation �see�

eg� ������ Semantics of nodes and attributes is hopefully clear from its names� MDate�DDate are dates

of marriage and divorce �the latter is optional�� BDate is a tuple type determined by its own attributes

Day
Int� Month
Int� Y ear
Int� The domain of the attribute Character is a set consisting of three values

a�c�q� The double frame decorating the class Woman denotes that it is of the so called weak entity type


users are assumed to be interested not in all the women �in the universe� but only those which are or

have been married�

Note� the ER	diagram does not re�ect the reality exactly
 the diamond means that Married	objects

are identi�ed by pairs �wife� husb� �Woman �Man whereas� in general� this is not the case� Indeed� it

is well possible that a married couple got divorced and then married again� Thus� the correct identi�er is

the triple �wife�husb�mdate�� The diagram is drawn as shown since in the notational ER	standard there

is no graphical means to express the required semantics� In contrast� this can be easily done with the

sketch machinery
 the sketch specifying the situation is depicted on the lower �gure �see Table � for the

meaning of the marked diagrams�� Note the monic marker on the key attribute ssn and the cover marker

on the arrow wife�

Comparing the ER	diagram and the sketch� one can observe the unfortunate ER	tradition to visualize

diagram predicates by labeling nodes instead of arrows the diagram consists of� One example is visual	

ization of separating family of arrows by framing the source node� another �sharp� one is visualization

of cover arrows by framing their target nodes� Unfortunately� in a more or less extent such a practice is

�



common for many notational systems used in semantic modeling� It makes discovering formal semantics

of many conventional models an extremely di�cult task and blocks their e�cient using in CASE	tools�

�

�	�	� Rectangle nodes are abstract classes whose extensions should be stored in the DB
 this is addition	

ally pointed by small dots �lling	in rectangles� Oval nodes are prede�ned value domains whose semantics

is a priori known to the DBMS� For the sketch approach� hInti and hfa�c�qgi are markers �in our precise

sense� hung on the corresponding nodes� that is� constraints imposed on their intended semantic interpre	

tations� For example� if a node is marked by hInti its intended semantics is the prede�ned set of integers�

So� abstract class nodes are labeled by names� and value domain nodes �datatypes� are labeled by markers

expressing their intended semantics �while their names become abundant and can be omitted��

Note also that extensions of all value domains besides hfa�c�qgi are computable rather than storable

and their semantics can be explained in the abstract data type �ADT� framework �see� eg� ������ In fact�

hInti� hDatei etc are names of �quasi�equational speci�cations whose initial semantics gives the intended

extension� One can use sketches for specifying ADT too ������� then a value domain node is an entry

to some complex sketch� As for hfa�c�qgi	domain� its extension has to be stored but together with the

database schema rather than with the database extension� �

�	�	� Some words about optional attributes would be useful� A proper approach is to treat them as

partial functions� However� as soon as partial functions appear the semantic framework changes� Indeed�

partiality of a function is not an arrow property when arrows are interpreted as total functions� Quite

the reverse� totality is a property a partial function may have� Thus� to handle partial functions in a

systematic way one must interpret all arrows as partial functions by default and introduce a special

arrow predicate of being total� In other words� the intended semantic interpretation is switched to the

topos of sets and partial functions� Similar considerations apply for multi	valued functions and so one

comes to interpreting sketches in the topos of binary relations between sets� Thus� it appears that the

most appropriate categorical setting for semantic modeling is to model data by sketches interpretable in

Peter Freyd�s allegories �������

In this paper we do not wish to cope with a general setting described above� So� in the example above

we choose a naive way of treating the optional attribute ddate by lifted set Date� as shown on Fig� ��

�

Discussion

�	�	� The sketch speci�cations pattern is strict and compact
 sketches are graphical constructs consisting

of three kinds of items
 �i� nodes� to be interpreted as sets� �ii� arrows� to be interpreted as functions

between corresponding sets� and �iii� diagram markers� to be interpreted as constraints imposed on

diagrams labeled by these markers� The experience of category theory shows that this idea provides an

extremely powerful speci�cation machinery� Moreover� through familiar topos arguments one can conclude

that any ��� formalized data speci�cation can be simulated by a sketch� �

�



�	�	� Sketches suggest the following way of managing heterogeneity of semantic models� Given a

model M� its vocabulary of speci�cational constructs is arranged to be come convertible into a signature

of diagram predicates� �� so that M	speci�cations could be converted into �M	sketches� The diversity

of semantic models is thus transformed into a variety of sketch data models in di�erent signatures�

Indeed� sketches in di�erent signatures are nevertheless sketches� and they can be uniformly compared

and integrated via relating�integrating their signatures� Though the latter task is far from being trivial� it

is precisely formulated and can be approached by mathematical �algebraic�� methods� Anyway� in many

interesting particular cases the signature integration is easy�

The methodology of the sketch approach can be illustrated by the following analogy� In a sense� the place of

sketches in the heterogeneous space of semantic models is comparable with that of the modern positional numeral

systems in the general space of numeral systems including also zeroless positional systems 	eg� Babylonian� Mayan


and a huge diversity of non�positional ad hoc systems 	Egyptian� Ionian� Roman etc
� The analogy we mean is

presented in the table below�

Speci�cation Data Language Minimal

paradigm to be speci�ed Prede�ned base Speci�cation language

Sketches
Collections of sets

and functions
Signature� � ��sketch

Ehresmann�s

sketches

Positional

numeral

systems

Finite cardinalities
Base of numeral

system� k
Positional k�number

Binary

numbers

�

�	�	� The intention behind suggesting sketches is not to enforce all practitioners and researchers to use

the same universal graphical language � let everyone use that collection of graphical constructs one likes�

What is suggested concerns what should be speci�ed in semantic schemas� After that� the question is how

to visualize the speci�cation constructs� that is� what should be marked in semantic schemas� The accurate

distinction between logical speci�cation and its syntactic	sugar visualization� and simultaneously their

parallelism are the two key advantages of the sketch approach from the practical view point� they deserve

some additional words�

Clear distinction between logical speci�cation and its visualization is provided by the presence of

formal semantics for sketches� and makes the sketch notation favorable in comparison with many of

notational systems in semantic modeling� Of course� logic itself does not decide all of the problems
 design

of a good notational system is an art rather than technology� Nevertheless� the strict sketch pattern makes

it possible to designate the formalizable part of the design task and state a precise basic framework for

its consideration� eg� to formulate the commutativity principle
 visualization of conjunction of diagram

predicates should be conjunction of visualizations �eg� monic arrows are marked by decorating their tails

whereas covers are decorated in their heads�� This is a topic of future research�

Parallelism of speci�cation and graphical visualization is provided by the graph	based nature of the

sketch logic� and sharply distinguishes sketches from those semantic models which are externally graphical

but internally are based on predicate	calculus	oriented string logics �a typical example is NIAM ������

The repertoire of graphical constructs to be used in these models has to be bulk since every kind of

logical formulas requires its special visualization� Con�gurations of these visualization constructs can be

�



rather arbitrary because there are no evident natural correlations between graphics and logical string	

based formulas� In particular� this problem is actual for the modern CASE	tools whose underlying logic

is relational� that is� is string	based�

Of course� there are situations when something can be easily described by a logical formula but hardly

by a graphical image� and there are inverse situations as well� A good language has to combine graphical

and string logics into a �exible notational mechanism� So� what we want to say about the opposition

graph�based � string�based is that it is quite often in semantic modeling when arrow logic leads to much

more comprehensible speci�cations than predicate calculus in its various string	based versions� �

�	� Formalizing sketch syntax

Actually� the sketches we considered above are visual presentations of the corresponding logical constructs

possessing a certain semantics� The latter matter in semantics and called logical sketches� the former

matter in comprehending semantic speci�cations and called visual sketches� For computer processing

both have to be formalized� So� when one draws a sketch �in some prede�ned signature � of diagram

markers� on the computer display� one actually enters into the system some data structure called visual ��

sketch� Processing visual sketches for semantically valid tasks �eg� schema integration� needs to interpret

them as logical ��sketches which are �deeper� data structures free from accidental peculiarities of visual

presentation�

There are two kinds of logical sketches � indexed sketches and ordinary sketches� Indexed sketches

are an immediate output of abstracting visual sketches from inessential visualization details� Ordinary

sketches is the result of a further abstraction and� in fact� is an immediate generalization of Ehresmann�s

sketches� The relations between these notions of sketch is described by the following chain of adjunctions

VSke�
�j �
�
�
� ISke��

�i �
�
�
� OSke�� ���

where � is some signature of �visual� diagram markers� �� is its logical counterpart and VSke� �

ISke�� � OSke�� are categories of visual� indexed and ordinary �	sketches� the upper�lower arrows are

right�left adjoint functors� the upper ones are embeddings� These adjunctions will be explained below�

�	�	� Notation	 If G is a category and X�Y are two sets of G	objects� then G�X�Y � denotes the

set ff 
 x� y j x � X� y � Y g� Composition of morphisms is denoted by f �� g� Domain�codomain of a

morphism f are denoted by dom�f��cod�f� or �f�f�� �

�	�	� Visual graphs	 A visual graph is de�ned to be a �nite graph GV whose items are labeled by

names taken from some prede�ned pool in such a way that the labeling mapping can be considered as

a covering graph morphism G 
 GV � GN into some graph of names� GN � A morphism h 
 G� G� of

visual graphs is a graph morphism from GV into G�
V compatible with naming� in other words� h is a pair

�hV 
 GV � G�
V � hN 
 GN � G�

N � s�t� hV �� G
� � G�� hN �the square commutes�� Thus� the category of

visual graphs� VGra� is the subcategory of the arrow category Gra� consisting of covers� Any ordinary

graph G can be considered as a visual graph IdG 
 G� G which gives rise to embedding Gra into VGra�

�




The functor cod 
 VGra�Gra is a left adjoint to the embedding above �due to that naming functions

are covers�� that is� Gra is re�ective in VGra� �

�	�	� De�nition	 A ��nitary	 signature of �diagram	 predicate markers over VGra is de�ned to be a

pair � � �Pred � Shp� with Pred � fP�� � � � � Pmg a �nite set of symbols called predicate markers and Shp

a function which assigns to each P � Pred a decidable set Shp�P � of �nite visual graphs called arity

shapes of P �

Often we will use a shorter term VGra	signature for the construct above� �

The set Shp�P � speci�es the kind of diagrams on which the marker P can be hung� For example� the

arity of the relationship marker is the set of graphs which are �nite sets of arrows with a common source�

the arity of the identity marker is the set consisting of a single visual graph which is an arrow between

two nodes with the same name �Table ���

�	�	� By replacing in the de�nition above visual graphs by ordinary graphs� one comes to the de�nition

of predicate signature over Gra �Gra	signature in short��

Given a signature � � �Pred � Shp� over VGra� by taking DN for each D � ShpP and each P � Pred �

one obtains a signature �� � �Pred � Shp�� over Gra� Conversely� any Gra	signature can be considered

as a trivial VGra	signature in which naming in all shapes is identity� �

�	�	� De�nition	 Let � � �Pred � Shp� be a VGra	signature�

�i� A visual ��sketch is de�ned to be a tuple S � �G�PS
� � � � � � P

S
m� where G is a visual graph� the

carrier of S� and each P S
i is a collection �maybe� empty� of diagrams in G with shapes from Shp�Pi��

that is� PS
i � f� 
 D � G j D � Shp�Pi� � VGrag� In addition� the visual component of any diagram

� � PS
i � �V � must be monic� Diagrams from PS

i are to be thought of as marked by Pi� and the monicity

condition provides easy recognition of their shapes in the visual sketch� The graph G will be also denoted

by jSj� sets PS
i by S�Pi and S�� will denote the family �S�P�� � � � �S�Pm��

A �	sketch S is called �nite if jSj and all S� are �nite�

�ii� A visual sketch morphism from S to S� is a morphism h 
 G� G� of underlying visual graphs

compatible with marked diagrams
 for any diagram � in G marked by Pi� � � S �P � the composition

�V �� hV must be monic �ie� the restriction of hV on the image of �V is injective� and the image of the

diagram in G� must be also marked my Pi� that is� ���� h� � S��P � This constitutes a category VSke�
of all visual �	sketches and mappings between them�

Morphism h 
 S � S� is called inclusion if jSj � jS�j and h is the corresponding inclusion� In this case

we also say that S is a subsketch of S �� S � S��

�iii� By replacing anywhere in the above de�nition �visual graph� on �ordinary graph� and removing

the monicity reservations� one gets the de�nition of an ordinary ��sketch �in a predicate signature �

over Gra�� �

�	�	� An example of visual sketch is shown on Fig� ��a�� One might ask why the visual diagram P �a� b� c�

is repeated twice� Indeed� while the repetition of the arrow c is necessary to declare the constraint

� �c� a� c�� the arrow b in the triangle hPi��� and the marker hPi�� are logically redundant and might be

removed� However� if the sketch in question is only a fragment of a larger sketch with several diagrams
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adjoint to the logical	arrow triangle �a� b� c�� then it is very convenient to simplify the topology of the

graph by repeating logical nodes and arrows as much as required� The simplest situation where diagram

repetition is reasonable is when the shape consists of a single arrow or node� For example� drawing

arrows c twice with double	body marker is also logically redundant but if one arrow c has double	body

whereas the other is ordinary then the reader of the sketch might have doubts whether the marker on

c is a misprint� And indeed� it is known that a certain abundance of human languages is an e�ective

mechanism of increasing reliability of communication� To summarize� the reasons justifying reiteration

of logical sketch items in visual sketches are in cognitive psychology beyond mathematics but it is the

matter of mathematics to formalize visual sketches and related machinery inasmuch as they are used�

�

Thus� a visual sketch can contain a lot of logically inessential �but practically useful� details� The

system should be capable to forget these details and extract from the visual sketch its logical core
 what

matters in semantics is the name graph and diagrams in it� ie� the name sketch quotient� However� an

immediate output of the extraction is not an ordinary �name� sketch but an indexed �name� sketch�

�	�	� De�nition �cf
Makkai��
�	 Let � � �Pred � Shp� be a signature over Gra�

A indexed �	sketch S is set up by the following data


�a� an ordinary graph G � jSj� the carrier of S�

�b� for each predicate marker P � Pred � some set S �P and a family�

h�	 
 D � G j � � S�P � D � Shp�P � i �

of diagrams in G indexed by � � S�P and with shapes from Shp�P ��

Items of G are called names and elements of the set S�P are called visual diagrams� Given � � S�P �

�	 is called the name diagram corresponding to �� This terminology is motivated by treating indexed

sketches as constructs obtainable from visual sketches �construction ����� below��

A morphism of indexed sketches� h 
 S � S�� is a graph morphism jhj 
 jSj � jS �j coupled with� for

any P � Pred � a mapping of visual diagrams h 
 S �P � S��P s�t� their name diagrams are respected �ie�

the square below commutes�


S�P
�� Gra�Shp�P �� jSj�

S��P

h
� ��� Gra�Shp�P �� jS�j�

�
	�� jhj

This constitutes a category ISke� of indexed �	sketches�

�	�	
 Construction	 Let � be a signature over VGra and �� is its Gra	counterpart� Any visual

�	sketch S gives rise to an indexed �
�	sketch� S�� as follows


�i� if jSj is G� then jS�j � GN � ie� the carrier graph of S� is the name graph of the jSj	carrier�

�ii� for each P � Pred � S��P
def
� S�P and

�iii� given � 
 D � G � S��P � �	
def
� �N 
 DN � GN

The construction gives rise to a functor 	� 
 VSke� � ISke�� � Conversely� any indexed sketch

S gives rise to a visual sketch with the carrier G 
 GV � GN where GV is the disjoint union jSj 


��



S
hdom��	� j � � S�P � P � Pred i and the naming mapping is evident� visual diagrams are also evident�

This constitutes an embedding j 
 ISke�� � VSke� � �

Example of transforming a visual sketch into an indexed one is presented on Fig� ��b��

�	�	� Proposition	 The functor �	�� is a left adjoint to j and preserves monomorphisms� In its turn� j

preserves �ltered colimits and is powerful� ie� induces bijections between subobject lattices of S and jS�

�

�	�	�� De�nition	 Two visual �	sketches S��S� are �logically	 equivalent� S� � S� if indexed sketches

hidden in them are isomorphic� S�� �� S��� �

�	�	�� Remark	 Categories ISke�� and OSke�� are exactly �with minor reservations� the two sketch

categories invented by Makkai ������� Indeed� it is easy to see that de�nition ����� and de�nition �����

without the monicity condition can be formulated for any base category G instead of Gra provided it has

a good notion of �niteness� eg� if G is �nite topos or� at least� is locally �nitely presentable �lfp�� Thus�

the notions of signature � over lfp category G� a�n indexed� �	sketch and the categories of indexed and

ordinary �	sketches are de�ned� Makkai designates these categories by Gjj� and Gj� respectively� The

only distinction between our ISke� �OSke� and Makkai�s Gjj��Gj� is that in our setting Shp�P � is

a set of G	objects rather than a single object� Of course� we can reduce our setting to Makkai�s one by

splitting P into a family of markers hPD j D � Shp�P � i with Shp�PD� � D� So� for any signature � over

Gra� OSke� � Graj��� ISke� � Grajj�� where �� denotes the result of splitting �� Note� however�

that in practically interesting cases �where the predicate of being jointly monic is a must� the set Pred� is

in�nite even though the original set Pred is �nite� As for visual sketches� due to the monicity condition�

VSke� is a proper subcategory of VGraj��� �

Thus� given a visual signature �� one has three related categories VSke� � ISke�� � OSke�� con	

nected by adjunctions as shown in equation ��� �the right adjunction was built by Makkai�� With minor

reservations� proofs and results of Makkai ���� are applicable in our setting and the following result can

be conjectured�

�	�	�� Proposition
 For any predicate signature � over VGra� categories of visual and indexed

sketches� VSke� and ISke�� � are presheaf toposes whose �nite objects are sketches carried by �	

nite graphs and containing a �nite number of �visual� diagrams� As for ordinary sketches� OSke�� is a

full regular	epi	re�ective subcategory of ISke�� �

Instead of proof� The part with ISke�� and OSke�� is proven by Makkai� The part with VSke�
seems can be treated in parallel with Makkai�s proof but in the struggle with the deadline the author had

no time to check details� �

Even if the above proposition fails� it is clear that some weaker version holds� at any rate� VSke� is

lfp category� An important practical consequence is that one can perform with sketches a lot of operations�

The more so if the proposition holds
 then graph	based counterparts of all set	theoretical operations are

de�nable� That is� the treatment of data speci�cations by generalized sketches provides an extremely rich

algebraic framework for manipulations with speci�cations �cf� ������
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�	� Formal semantics for sketches

A predicate signature itself is a purely syntactical notion� It can be of interest if only some semantics of

predicate markers is presupposed� That is� each marker Pi should be interpreted as a certain property

��Pi �� of set	and	function diagrams of shapes from Shp�Pi��

Let S � �G�PS
� � � � � � P

S
m� be a visual sketch� Intuitively� an extent of S is a mapping 	 which assigns

��nite� sets to nodes of GN and functions between them to arrows of GN � In addition� if some diagram

� in G is marked by Pi� � � PS
i � then the corresponding diagram of sets and functions� 	��� � �N �� 	�

must satisfy the predicate ��Pi ��� Thus� each pair �Pi� �� with � � PS
i can be thought of as a constraint to

a possible extent of jSjN � To formalize this description we proceed as follows�

�	�	� Construction	

�i� We assume some universe of proto	objects �urelements� Obj is given� and let U � Set�Obj � denote

the graph whose nodes are �nite subsets of Obj and arrows are functions between them so that an extent

of a given sketch S is a graph morphism 	 
 jSjN � U � Of course� to provide su�cient richness of the

graph U one should presuppose that the universe Obj possesses some closure properties
 closedness under

hereditary �nite sets� Obj � HF�Obj �� would be su�cient �cf� ��
� �����

�ii� Semantics of a marker P is de�ned to be a mapping

��P �� 
 Gra�Shp�P �� U � � ftrue� falseg�

In addition� if one makes a reasonable assumption that urelements are uninterpreted abstract objects�

then diagram predicates should not depend on their permutations


�GEN� ��P �� �
��� � ��P �� ���

for any permutation 
 � Aut�Obj � and any diagram � 
 D � U�D � Shp�P �� here 
�� denotes the

action of 
 on the diagram �� This equation is a predicate analog of the well	known genericity condition

for queries �introduced by Chandra and Harel ����� and well known in the database theory��

�iii� Let G 
 GV � GN be a visual graph� P a predicate marker with visual shapes and � some visual

diagram in G of shape from Shp�P �� A pair �P � �� is called a constraint� and an extent of the name graph�

	 
 GN � U � is said to satisfy it if ��P �� ��N �� 	� � true� �

Thus� a visual sketch S can be thought of as a complex speci�cation which comprises �i� a structure

speci�cation � the name graph jSjN � and �ii� a set of constraints � the set S�
�� � f�P� �N � 
 P �

Pred � � � S�Pg�

The considerations above can be expressed in a more sketch	oriented manner�

�	�	� Construction	 Mappings ��Pi �� � i � �� � � � �m convert the graph U into an ordinary sketch U �

�U � PU
� � � � � � P

U
m� with PU

i � ��Pi ��
��

�true�� Genericity means that 
�� � PU
i for any � � PU

i � that is� any

permutation 
� is an automorphism of the sketch U � 
� � Aut�U��

Now it is easy to see that for a given visual sketch S � �G�PS
� � � � � � P

S
m�� an extent mapping 	 
 GN � U

satis�es all the diagram constraints in S�� i� 	 is a sketch morphism 	 
 S�
 � U � �

��



� Databases as graphical algebras� Data derivation via diagram operations

As it was mentioned in introduction� data constraints involving queries �data operations� should appear

in semantic schemas much more often than it is assumed in the literature� Correspondingly� sketches

employed as semantic schemas should contain diagrams labeled by operation markers�

�	� Operational sketches in database design

Examples

�	�	� Consider� again� the simple universe described on Fig� �� An important constraint that should be

added to the schema is the unique identi�cation of any currently married couple by either its husband or

its wife� In other words� the subset of the relation Married for which the value of the attribute  ddate� is


 must be of the one	one relationship type� To express such a constraint� one should� �rst of all� extend

the original sketch with the corresponding derived items� that is� de�ne new nodes and arrows �see Fig� ��

as speci�ed below in an ad hoc syntax


define �CurrMarried	� cm	� dd	� as CoImage �f
g�
� ddate�

define �husb�� as Composition�cm	� husb�

define �wife�� as Composition�cm	� wife��

���

Here bold names refer to some prede�ned operations on sets and functions� The peculiarity of these

operations is that their input�output data are speci�ed by graphs which� moreover� carry sketch structures

specifying pre�postconditions for data �for example� in the input data for CoImage �Table �� one arrow

is marked by the IsA marker�� Actually� these operations are diagram operations over sketches
 a diagram

operation F is speci�ed by a sketch DF denoting its interface in which a subsketch Din
F of input data is

designated� that is� an operation F is speci�ed by an inclusion �F 
 Din
F

� � DF �in the Table � sketches

DF are called output sketches�� The body of operation is then a procedure ��F �� which calculates an

extension of derived items of DF from a given extension of Din
F �

Of course� the string	based notation ��� is not appropriate for diagram operations� It is more suggestive

to use graphical notation as shown on Fig� �� In order to distinguish basic items from the derived ones� we

agree to denote the latter by hanging various superscripts �like �� �� � etc� on operation markers and then

to label the derived items produced by an operation by the same superscript� Basic nodes are additionally

distinguished by �lling	in with small dots intended to remind about the extent to be stored while derived

nodes are transparent� value domain nodes are similar to derived classes in that their extension is also

speci�ed rather than stored and so they are transparent too� �

�	�	� It is important to distinguish the origin of the IsA	marker that labels the arrow cm	 from that

of the monic markers labeling arrows husb� and wife� � The IsA	marker on cm	 is a postcondition

of the operation CoImage
 the corresponding constraint should be satis�ed automatically provided the

input data satisfy the input sketch� There are similar automatically satis�ed postcondition markers in

speci�cations of other operations
 such a marker is present in the output sketch of operation �see Table ���

In contrast� monic markers hung on the arrows wife� � husb� express the actual constraint arising from

��



semantics of the schema� a priori these arrows should not be monic� This is just an instance of a general

phenomenon when some constraints to a schema involve queries against it �cf� ������ �

�	�	� An important class of constraints involving queries are those where equality of two queries is

stated� Such constraints are quite naturally and often occur in schemas resulted from view integration�

The following toy example demonstrates the phenomenon�

Two views on the same universe are speci�ed by sketches on Fig� ��a�� Assume it is somehow known

that mail persons of the left view are exactly unmarried men of the right view� To specify this constraint

we �i� augment sketches with derived items as shown on Fig� ��b�� and �ii� state the correspondence

equation S��MPerson	 � S��UnMMan ��� The global schema is then obtained by disjoint merging sketches

and factorizing the merge by the equation� the result is presented on Fig� ��c�� This sketch speci�es both

local schemas and� in addition� a global equational constraint connected with the node UnMMan	
��

�notice

two superscripts indicating that the node occurs into derived items of two operations�� �

Discussion

�	�	� While relational query languages are conceptually quite clear� there was a considerable debate

in the DB theory literature on the nature of queries in the OO databases ���� ��� ��� �� to mention few

publications�� Our analysis has shown that a major part of discussion is caused not by the problem itself

but rather by the absense of suitable language
 no general speci�cation pattern for queries against OODB

is known to the community� In contrast� the framework of diagram operations over sketches provides a

great �exibility and captures

�i� class�preserving queries� when only arrows are derived �as� eg� in the operation of composition��

�ii� object�preserving queries� when every new derived class is a subclass of some input class �eg� in

the CoImage operation��

�iii� object�creating queries� when at least one derived class is not a subclass of an input class �eg� the

Pull	Back operation��

Moreover� the same pattern of diagram operations captures

�iv� constraint �predicate� inference when jDin
F j � jDF j and the only di�erence between these sketches

is in the presence of additional derived markers in DF �see� eg� the two last rows of Table ���

In this case it would be suggestive to call diagram operations diagram inference rules� For example� the

anti	commutativity marker in the sketch on Fig� � is derived by an application of the operation Rule ��

the marker of this operation is not shown on the picture �but� of course� occurs in the logical sketch

behind it�� �

�	�	� Remark on notation	 It would be suggestive to depict basic nodes�arrows and operation markers by

one color� say� black� derived items 	nodes� arrows� markers
 by another color� say� green� and predicate markers

denoting actual 	not derived
 constraints by� say� red� Our practice of applying sketches shows that colored sketches

are quite readable despite a large number of conventional signs� Unfortunately� the black�white framework enforces

to use less evident means and� as was said� we agree to designate the green color of item by some superscript near

its name� This does not work for various icon�markers 	arcs on arrow sources� �gure tails and heads of arrows etc
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and we will consider them green by default while red icon�markers are additionally framed by a small circle 	not

to be confused with the superscript �
�

Thus� in the sketch S on Fig� �� the node CurrMarried and arrows husb�� cm�� dd��wife� are green but small

tail arcs on husb��wife� are red� The marker h��i is green whereas the arc spanning the triple 	husb�wife�mdate
�

the arc spanning the pair 	m�w
� the head of the arrow wife and the tail of ssn are red� Other items are black�

To make the sketch more understandable the reader is encouraged to paint it� �

�	�	� The pattern of schema integration exhibited in section ����� works in more complex situations as

well
 the initial sketches are augmented via applying diagram operations from a prede�ned set� a set of

correspondence equations determines a span between them and� �nally� the global schema is obtained by

taking push	out of the span� It is remarkable that CT provides a clear� brief and e�ective description of a

problem which seems extremely di�cult with ad hoc approaches � an abundance of them was developed

�and is continuing to grow� in the database theory literature��

Sketch integration is nothing but a graphical counterpart of the well known way of specifying ordi	

nary algebras by generators and de�ning relations between them �explained in any textbook on universal

algebra�� The only di�erence is that generators are organized into a graph and equations are stated for

diagram operation terms� Thus� with sketches one obtains a comprehensible and compact notational sys	

tem extremely convenient for managing schema integration �more complex examples were demonstrated

in ��� �
��� �

�	� Formalizing operational sketches

Preliminary description

�	�	� Sketches we considered above contain diagrams marked by predicate and operation markers� In

addition� it can occur that input data for an operation are speci�ed by a diagram of sets and functions

subjected to certain conditions� Thus� shapes of operation markers are not graphs but sketches� Moreover�

input data for some operation may be constrained by equations involving other� preceding� operations�

For example� the shape of the operation of universal arrow of pull	back� UAPB� is speci�ed by two squares

and one of them should be pull	back while the other must be commutative �Table ��� Thence� a signature

of diagram operations should be partially ordered into a hierarchy
 for a marker F a �nite set F� of its

predecessors is de�ned and the shapes of F are sketches which can involve markers from F��

To simplify presentation� we will be dealing with the case of unordered signature when all operation

markers are independent� that is� for each operation marker F the set of its predecessors F� does not

contain operation markers and equals to some prede�ned signature of predicate markers� �� Transition

to the general case is not very di�cult	 � �

� As a curious case we mention the paper ��� where an attempt was made to provide the schema integration

operation with denotational semantics but� as a result� it proved non�associative 	�
� to achieve associativity

the authors were enforced to introduce intricate ad hoc complications into their formalism�
� in syntax� but in semantics� monadicity of the forgetful functor from the category of algebras into the category

of ��sketches can be lost in the general situation 	cf����
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�	�	� By forgetting input subsketches� operation markers can be considered as predicate markers and

thus graphical images on Fig� ��� are sketches like those considered before in section �� However� these

new operational sketches have two peculiarities
 �a� some of markers they involve are richer than predicate

markers in that they contain input subsketches� �b� items of operational sketches are partitioned into

basic and derived�

On one hand� the new structure provides new speci�cation capabilities �eg� equational constraints��

On the other hand� it imposes additional syntactical restrictions
 if � is a joint signature of predicate

and operation markers and �pr is its reduct where input subsketches of shape sketches are removed� then

not every well	formed �pr	sketch is also a well	formed operational �	sketch� The latter must satisfy the

following additional conditions


�i� if an item is designated as derived� it must occur in the output items of at least one diagram

labeled by an operation markers�

�ii� each input item of such a diagram must be either basic or be an output item of some preceding

diagram labeled by operation marker�

The latter condition induces a tree	like structure on operation diagrams embodied into the sketch

similar to the tree	like representation of terms in the ordinary algebra� Thus� parsing of operational

sketches is required in order to check whether they are well	formed� �

Signatures and algebras

Let � be a predicate signature over VGra�

�	�	� De�nition	 A signature of diagram operations over � is a couple 
 � �Op� Shp� with Op �

�F�� � � � � Fn� a �nite set of operation markers and Shp a mapping which assigns to each marker Fj a

decidable set Shp�Fj� of inclusions between �nite visual �	sketches called arity shapes of Fj� That is�

given F � Op� an element of Shp�F � is an inclusion arrow � 
 Din �� D for which Din is interpreted as a

sketch specifying possible input data for the operation F and DF speci�es the entire interface� To simplify

notation we will further assume that Shp�F � consists of a single inclusion arrow �F 
 Din
F �� DF � The

changes necessary to conform with the general situation will be always evident� �

�	�	� De�nition	

�i� A 
�algebra A is de�ned to be an ordinary ��	sketch A� � �G�PS
� � � � � � P

S
m� which� in addition�

carries the operations from 
� that is� for any F � Op there is de�ned a mapping

FA 
 Ske�� �Din
F
�

�A�� � Ske���DF

�
�A��

where� we remind� S�
 is the ordinary �name� ��	sketch extracted from a visual �	sketch S� In addition�

�F �� F
A�e� � e for any e � Ske�� �Din

F
�

�A��� which guarantees projection of the input data�

Thus� 
	algebra is a tuple A � �A� � F
A
� � � � � � F

A
n � with A� a carrier �	sketch� and FA

j � j � �� � � � � n �

are functions as above� To simplify notation� sometimes we will not point out the functor �
 explicitly�

and write � for �� as well� The intended meaning will be always recoverable from the context�

�ii� Given two 
	algebras A��A��� a morphism from A� to A�� is de�ned to be a �	sketch morphism

h 
 A�� �A��� s�t� for any operation marker F � Op the following diagram commutes
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Ske��Din
F �A

�
��

FA�

� Ske��DF �A�� �

Ske��Din
F �A

��
��

�� h
�

FA��

� Ske��DF �A��� �
�
�� h

This constitutes the category Alg
� of 
�algebras over ��

�iii� Let� denotes the merge of predicate and operation signatures into one signature� � �Pred �Op� Shp�

over VGra and �pr denotes its reduct where input subsketches of Op	markers shapes are forgotten� �pr	

sketchs will be also called ��sketchs and 
	algebras over � will be called ��algebras� Alg� is then the

same as Alg
�� Note� any �	algebra is a �	sketch but not the reverse� �

Semantics

The notion of 
	algebra gives an algebraic semantics for operation markers� The concrete �set	

theoretical� semantics is its special case
 for a marker F � as soon as data �sets and functions� structured

according to Din
F are given� then some procedure ��F �� assigned to F compute data structured according to

DF s�t� the input data are protected� In other words� the arity of an operation marker can be considered

as a sketch	based speci�cation of some procedure operating sets and functions�

�	�	� Construction	 Let U� denotes the semantic �	sketch introduced above in construction ������

Semantics of a marker F with arity shape �F 
 Din
F �� DF is de�ned to be a mapping

��F �� 
 Ske��Din
F �U�� � Ske��DF �U���

s�t� the input data are preserved as above and� in addition� the following genericity condition

�GEN� ��F �� �
��� � 
����F �� �� for any � 
 Din
F � U� � 
 � Aut�Obj ��

is satis�ed �if� of course� one makes the usual assumption that urelements are uninterpreted abstract

objects��

Mappings ��F �� convert the sketch U� into a �	algebra

U � �U� � PU
� � � � � � P

U
m� F

U
� � � � � � F

U
n �

with PU
i � ��Pi �� as above and FU

j � ��Fj ��� Genericity means that any action 
� is an automorphism of

the algebra U � 
� � Aut� �U�� �

Thus� a signature of predicate and operation markers coupled with their intended semantics forms a

stage for graph	based logic and model theory� A categorist would call such a stage a �logical	 doctrine�

The DB context suggests another name � data de�nition language �DDL	�

�	�	� De�nition	 A data de�nition language is a triple L � ���
� �� ��� with � a predicate signature� 


an operation signature over � and �� �� a mapping assigning semantic meaning to markers as explained

above� �
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Query mechanism

�	�	� An application of an operation F to a visual �	sketch S is set by a sketch morphism q 
 Din
F � S�

For instance� in the example of Fig� ��a� the application of the hCoImi	operation is determined by the

mapping presented in the table below on the left of the double line


Din

hCoImi
X Y f B b B� b� f �

S Married Date ddate f
g 
 CurrMarried	 cm	 dd	

Semantically� q shows which sets and functions from the extent of S should be passed to the input of the

procedure F � So� a pair Q � �F� q� is de�ned to be a query against S� and if e 
 S�
 � U is an extent of

S� the answer is given by the extent ��F �� �q�
�� e� of DF �see the outer square on left diagram below� it

is in the category OSke����

Din

F
�

�F � DF

hPOi 












��F �� 	q �� e


R

S

q
�
�

�
�

F � Q	S

�
q�

XXXXXXXXXXXXX
e

z

HH
Q	e


HHj
U

Din

F
�

�F � DF

hPOi

S

q
�
�

�
�

F � Q	S

�
q�

Syntactically� the mapping q allows to augment S with derived items of DF via the push	out operation

and so an extended sketch Q�S� is obtained �see the right diagram� it is in the category VSke��� Since

the functor �	��
 is a left adjoint and hence preserves colimits� the push	out square on the right is

carried into a push	out square on the left �the inner square in the left diagram�� The universal property

of push	outs is then provides a unique extent Q�e� of derived items�

Operational sketches and their parsing

A di�cult problem with diagram operations is to �nd a proper notion of complex term composed from

several operations� In the ordinary algebra composition of terms is easy to specify since input�output

arities are sets� In contrast� input�output arities of diagram operations are complex sketch structures

which may be connected �composed� in a diversity of ways� Description of a single act of composition is

easy� it is given by the push	out operation as explained in ������ The problem we discuss is how to specify

results of several consequent applications of push	outs�

A natural idea ��rst proposed in ���� and announced in ����� is to treat diagram terms as trees labeled

in a special way� The sample we should have in mind is the tree	based description of terms in the ordinary

algebra where composed terms are built with operation symbols and variables taken from a prede�ned

pool� The diagram version is as follows�

Let � � �Pred �Op� Shp� be a signature of predicate and operation markers over VGra�

�	�	
 Construction	

�i� An operation marker C is called a constant if �C � � 
 ! �� DC with DC a �	sketch� Each visual

�	sketch S determines a constant CS with DCS � S�

�




�ii� We �x a countable pool of names organized into a graph Nms of node names and arrow names�

To any �nite visual �	sketch X whose carrier name graph is a subgraph of Nms we assign a constant

operation marker CX with DCX � X � Din
CX

� !� Let

Base
def
� fCX j X is a �nite �	sketch and jX jN is a subgraph of Nms g �

�iii� Each predicate marker P � Pred can be considered as an operation marker P� with shape

�P� 
 DP �� DP where DP is the shape �visual� graph of P and DP is a �	sketch with jDP j � DP

and a single diagram �DP 
 DP � DP � This operation hangs the marker P on the graph DP � Let Pred�

denotes the set fP� j P � Pred g�

�iv� Finally� we set Op�
def
� Op 
 Base 
 Pred� �

�	�	� De�nition	 A ���Nms��tree is a pair T � �T� �� where T is a �nite multi	rooted tree and � is a

labeling functions which assigns to each node k � T a pair �Fk� �k� with Fk � Op� and �k 
 jDFk jN � Nms

an ordinary graph morphism� �

�	�	�� Notation	 With any node k of ���Nms�	tree there are correlated the following two commutative

diagram displaying the notation we use


jDFk jV

jDFk
j
� jDFk jN

�k � Nms

jDin
Fk jV

�

�j�Fk jV
jDin

Fk
j
� jDin

Fk jN

�

�j�Fk jN
�ink � Nms

jjj
jjj
jjj

OutV �Fk�
Out �Fk�

� OutN �Fk�
j�kjOut

� NmsOutk

jjDFk
jj
V

�

�

IV �Fk�
jjDFk

jj
� jjDFk

jj
N

�

�

IN �Fk�
j�kj

� Nmsk
�

�

jjDin
FkjjV

�

�jj�Fk jjV
jjDin

Fk
jj
� jjDin

Fk jjN

�

�jj�Fk jjN
j�ink j

� Nms ink

�

�

The left diagram is in the category of graphs Gra� the right one is in the category of sets and

obtained by considering graphs as plain sets of their items �arrows and nodes�
 given a graph G� jGj
def
�

NdsG
ArrsG� OutV �Fk��OutN �Fk� are complements of jjDin
Fk
jj
V
� jjDin

Fk
jj
N

respectively� �

Actually� each node of a tree denotes a computation �query� whose input should be taken from

outputs of computations denoted by preceding nodes� The very data transferring between these node	

comptutations is provided by common names in the ranges of the corresponding diagrams�

�	�	�� De�nition	 A ���Nms�	tree is called well�formed if for each node k the following condition is

ful�lled


�WFT� Nms ink �
��

NmsOutj

�� j � k�
�

and Nms ink �NmsOutj �� ! for any j � k��

here k� denotes the set of nodes preceding k� In particular� a node k is a leaf i� Fk is a constants�

�

�	�	�� Description	 ���Nms�	trees provide a very �exible notational mechanism which we will describe

brie�y and informally�

��



Leaves are nodes of rank 
� jointly they denote the basic graph of names �generators� occurring into

the speci�cation� A root r of rank � denotes either some simple diagram term composed from basic items

�or signature constants� when Fr � Op� or an assertion about basic items when Fr � P� � Pred�� In the

latter case one can safely merge the leaves connected with the node r into one leaf sketch and then add to

it a diagram marked by P �this is just the e�ect of operation P��� If the rank of root r is greater than �

then it denotes either a complex term composed from items derived in preceding nodes when Fr � Op� or

an assertion about derived items when Fr � P� � Pred� �see� eg� monic markers on arrows husb��wife�

in Fig� ���

A root is called free if j�r jOut is one	one and NmsOutr does not meet NmsOutk for any other node

k � T � Otherwise� some set of equations between �components of� terms is associated with the root r�

In addition� if there are equations in the root r� of some subtree T � preceding r� then equations and

�	assertions associated with r become conditional and the term of r becomes partially de�ned �but its

domain is de�ned by equations among other terms��

A tree is called free if any non	leaf node is a free root in the corresponding subtree� �

In the ordinary algebra composed terms are �intrinsically trees but externally� presented in some

notational system
 with or without brackets� pre�x� in�x etc� Sketches with operation markers we con	

sidered above in our toy SM examples are nothing but such visual presentations of ���Nms�	trees which

the database designer has in mind when he draws sketches� The tree structure is explicated by a special

parsing procedure applicable to operational sketches� Brie�y� it is as follows�

�	�	�� Construction	 Any ���Nms�	tree generates a �	sketch S � Ske��T � in the following way� The

visual component� jSjV � of the carrier graph is de�ned to be the disjoint union of all jDFk
j
V

� k � T � The

naming mapping jSj 
 jSjV � Nms is obtained by composing naming mappings in shapes with diagrams

in T 	nodes� that is� by taking the coproduct of jDFk
j�� �k� k � T � �	sketch structure on jSj is induced by

graph morphisms �k� k � T 
 given P � �� P 	diagrams in S are exactly those that are transferred from

DFk � k � T � At last� 
	diagrams in S are directly given by �k� k � T �

In addition� a �	subsketch of S � B� � Ske in� �T �� is designated by restricting the range of k in all the

items above by the set fk � T j Fk � Base g� ie� B� is the merge of all basic �without signature constants�

leaf sketches� We make a default assumption that all �	assertions associated with nodes of rank � are

included into B� so that the rank of a node k with Fk � Pred� is always greater than �� �

�	�	�� De�nition	 Let � be a signature of markers as above�

�i� A ��speci�cation is a pair S � �S �B�� where S is a �	sketch �that is� a �pr	sketch� and B� is

some distinguished �	subsketch� B� � S � S is called the carrying sketch of S and B� is the input sketch

of S�

If to speak about visualization� then a �	speci�cation is a visual �	sketch in which some basic subs	

ketch is designated �by� say� painting items not occurring into it� derived items� with the green colour��

�ii� S is called well�formed �wf� if there is a well	formed ���Nms�	tree T and an indexed �	sketch

isomorphism 
 
 S� � �Ske��T ��� s�t� the restriction 

l
B��

is also an isomorphism B�
� �� �Ske in��T ����

In particular� this means that S � Ske��T � and B� � Ske in��T ��

�iii� Well	formed �	speci�cations are also called operational ��sketches� �

Since our syntax is inductive the following is evident�

��



�	�	�� Proposition �Sketch parsing�	 There is an algorithm either extracting from any given speci�ca	

tion S � �S�B� � a ���Nms�	tree T � Tree�S� and isomorphism Pars 
 S� � �Ske��T ��� as above� or

terminated with failure proving that S is not well	formed�

Well	formed speci�cation is called free if Tree�S� is free� �

A simple example of sketch parsing is presented on Fig� ��

�	�	�� Proposition	Let S � �S�B� � be an operational�	sketch �wf speci�cation� and e 
 B� �A� be

a �	sketch	morphism into the �	carrier of some �	algebra A� Then there is no more than one expansion

of e to a �	sketch	morphism e 
 S � A for which the restriction e
l
B� equals e� In addition� if S is free

then any e 
 B� �A� is expandable� �

�	�	�� Given S � �B� �S� and e 
 B� �A� � the fact that e is expandable means that all constraints

�equations and �	assertions� embodied into S are satis�ed by e� we then write e j� S following the

standard notation� If A�U and S is understood as a semantic database schema� an expandable morphism

e 
 B� �A� should be called a state �or instance� of the universe �database� if to follow the termi	

nological tradition of the relational DB theory� Thus� a given schema S � �B� �S� determines a set of

states�

Stt�S�
def
� fe 
 B� � U� j e j� Sg �

Unfortunately� a natural CT assumption that morphisms between states are ordinary natural transfor	

mations is not appropriate in the DB context
 it was shown in ���� that the picture should be much more

complex� and� in particular� involve world�s evolution in order to capture object identities � a fundamental

concept of software engineering ���
��� �

�	�	�
 Problem	 To �nd a proper de�nition of universe �database� state morphisms and study the

corresponding category� Stt�S�� Of course� there may be di�erent de�nitions in function of context
 there

are di�erent kinds of state transformations� �

Let W be a set of states of some semantic universe �world� W� CT teaches us that it is natural to

take W to be a topos �more accurately� computationally feasible� or bounded topos� cf������� In the terms

developed above� the principal task of semantic modeling is to �nd a semantic schema S � �B� �S� and

an adjunction �ideally� equivalence� between categories W and Stt�S� so that any world state would be

representable in Stt�S� and� the reverse� any database state should represent some state of the world�

Thus� the art of semantic modeling can be phrased in CT terms as an art of discovering e�ective and com	

prehensible presentations of bounded toposes� The present paper suggests to drain a little this heuristic

area by adopting the sketch notation and thinking�

� Towards graph�based �nite model theory� Sketching meta�nite structures

�	� A peculiarity of sketches appeared in database design is that their nodes are partitioned into abstract

object classes and prede�ned value domains� Extension of the former consists of real world objects like

persons or married couples while extension of the latter consists of values like integers or strings� So� if S

is a semantic schema	sketch� its underlying graph contains a subgraph of value domains and �computable�

��



functions between them� In addition� the domain subgraph must be terminal in a certain sense �see ����

for details�� This terminality re�ects a principal property of the database technology
 to be representable

in the information system real world objects must be characterized by values processable by computer�

Formal semantics of distinguishing between objects and values� and representing objects by values is a

highly	nontrivial question� it was solved in ���� in the framework of variable sets semantics for sketches�

Also� it was shown there that a principal component of semantic data speci�cation is assignment to each

class node a designated set of outgoing arrows� the key of the node� Correspondingly� correct data schemas

should be keyed sketches and� moreover� they must be well keyed sketches
 the key subgraph of a sketch

must satisfy certain conditions to guarantee a �nitary identi�cation of objects by values� In particular�

the terminality condition mentioned above is terminality of the set of domains in the key subgraph�

A slightly di�erent treatment was used in ���� where value domains do not at all appear in carrying

graphs of sketches� This is however inconvenient when one needs to compose a reference between classes

with an attribute of the target class� �

�	�

The fundamental role of ObjectClass�vs�ValueDomain dichotomy in applications of model theory to

computer science was stressed in ���� �in another terminology� where the dichotomy is captured in the

notion of meta�nite structure� Brie�y� the latter is a triple �C�D�W � with C � �C�KC� a �nite structure

�in Tarski�s sense� of some vocabularyK� D � �D�LD� a �maybe� in�nite� structure of another vocabulary

L and W is a family of weight functions w 
 Cm � D� The essence of meta�nite model theory is in a

special intended logic where C and D are accessed via di�erent logical means�

The simple de�nition of meta�nite structures above is apt for mathematical study of the phenomenon

but is hardly suitable for real engineering applications where a universe normally consists of dozens of

sets and functions� To specify the latter in a comprehensible form one should consider C and D as sketch

mappings �� ��C 
 SC � UObj and �� ��D 
 SD � UV al where sketches SC�SD specify the class and value

domain structures respectively� former sketch is arbitrary while the latter should be a �nite limit sketch�

The payment for engineering applicability is that structural aspects of speci�cation become complex and

a precise description is by now an open problem� We will try to outline a rough picture of what might be

expected from a theory to be developed�

Sketches SC�SD above are� in general� sketches in di�erent signatures� �C� �D� somehow related by

a span in the category of signatures� By taking push	out of the span� �C and �D can be merged into

an integrated signature ��� Correspondingly� sketches SC�SD are transformed into ��	sketches S�C �S
�
D�

Now the crucial for database technology representation of objects by values is speci�ed by a mapping

� 
 S�C � S�D which� in the database terminology� assigns to each class node in SC its type in SD� and

to each marked diagram in S�C � a computer procedure operating data values structured according to

the shape of the diagram �and denoted in S�D by the same marker�� Thus� database schema speci�cation

is a triple �SC�SD� � � and its model �� �� is given by �i� a �C	sketch morphism �� ��C 
 SC � UObj � �ii� a

�D	sketch morphism �� ��D 
 SD � UV al and �iii� the following �maybe� lax� commutative diagram


��



S�C
�� ���C � U�

Obj

S�D

�
� �� ���D � U�

V al

�
�� � ��

�

�	� Problem	 To �nd a precise description of the impressionistic picture above� �

	 Conclusion

Category theory is well known as a high	level polymorphic framework suitable for specifying complex

structures and formalisms arising in theoretical studies �such as metamathematics or theoretical computer

science�� Quite unexpectedly� however� it turned out that even elementary category theory notions can be

valuable in practice of software engineering
 ���� ��� are probably the �rst reports on practical in�uence of

CT in software engineering� and in summer of ���� Boris Cadish and the present author� being inspired

by our success in applying sketches for practical database design� wrote a manifesto to claim our belief

in the extremely promising perspectives of incorporating CT into DB area ���� is the updated version��

By now� the joint work of the entire �CT	for	DB� community shows that CT possesses a great potential

for SE applications and hopefully can pretend on the role of basic universal speci�cation language �which

itself is a hot problem in the area� ������

Of course� as with any other mathematical discipline� there is a gap between CT and engineering

applications which must be spanned to make CT really helpful� The present paper has hopefully demon	

strated that the sketch machinery is extremely promising in building the bridge CT�for��SE� On the

other hand� the machinery developed under SE	in�uence seems to be interesting in the pure CT context�

SE is thus appears as a source of fruitful categorical ideas� SE�for��CT
 a good bridge should serve well

in both directions� Thus� an overall idea behind the paper can be captured by the following brief formula


CT��ekS	Ske��SE �
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Table �� A collection of diagram predicates

Name Arity Shape and
Designation Denotational Semantics

Separating
Source

X	 
r r

�
�f� � � �AA

fn
U

Y� � � � Yn

�
x�x� � X
 x �� x� implies
fi�x
 �� fi�x

�
 for some fi �
i�e� there is an embedding
X � � Y� � � � � � Yn

Monic Arrowy X �
f� Y

�
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Covering
Flow

Y	 
r r
�
�f��� � �KAA

fn

X� � � � Xn

�
y � Y 
��i 	 n
y � fi�Xi


Covery X
f
� Y �
y � Y 
 �� x � X
 y � fx

IsA�Arrow X ���
f
� Y X � Y and f�x
 � x for all x � X
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f
� X f�x
 � x for all x � X
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��f�� HHfkj
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x � X
 fk � � � f��x
 �� gl � � � g��x


Disjoint
Images

Y

��r r
�
�f�� KA
A
f�

X� X�

ff�x 
 x � X�g � ff�x 
 x � X�g � �

Disjoint
Covering
Flow

Y

� �p p pr r r���� ��

�
�
�
�

f�
� �Z

Z
Z
Z
Z

fn

X� X�

�

� � � Xn

or

Y	 
	 
	 
r r
�
�f� �� � �KAA

fn

X� � � � Xn

�
y � Y 
��i 	 n
y � fi�Xi

and

fi�Xi
 � fj �Xj
 � � for i �� j


�relation

X	 
�r r

�
�f�
h�i
A
A
f�
U

Y� Y�

�
y�y� � Y�
 y �� y� implies

ff�x 
 x � f��
�

yg �� ff�x 
 x � f��
�

y�g�
i�e�� there is an embedding
Y� � � PowersetY� �

yThe construction is a trivial case of the previous one�

��



Table �� A collection of diagram operations

Name Arity Shape Denotational Linear
hmarkeri Input sketch Output sketch Semantics notation

Identity
hIdi



X X



hidi

f
� 


X
�
x � X
 fx � x f � idX

Coimagey

hCoImi

B

X
f� Y

b�
ww B

�

f �
� B

hCoImi

X

b��
ww

f� Y

�
ww
b

B��fx�X 
 fx�Bg
f ��restriction of f onB�

B��f���Y 

or else

B� � CoImf �B


Imagey

hImgi
X

f
� Y

I ����
i
� Y

hImgi

X

f �



f� Y

jjj
jjj
jjj

I � ff�x
 
 x � Xg
�
x � X
 f ��x
 � f�x


I � f�X
�
or else

I � Imf �X


Composi�
tion

h�i

Z
g�� Y

X

g�
�

Z
g�� Y

h�i

X

g�
�

f� Y

jjj
jjj
jjj

�
x�X
f�x
 � g��g��x

 f � g��� g�

Graph
hGrai

X
f
� Y

G �r rq� Y

hGrai

X

p

�
f
� Y

jjj
jjj
jjj

G � f�x� fx
 
 x � Xg
p� q are projections

G�Graph�f


Pull�

backy

hPBi

A

B
g
� X
�
f

R �rr g�� A

hPBi

B

f �

�
g
� X
�
f

R�f�a� b
�A�B 
fa�gbg
p� q are projections

R�PB�f� g


Universal
Arrow
of PBy

h�i

Y

A
A
A
A
A

h

U

HHHH
e

jh�i

R
g�� A

hPBi

B
�
f �

g
� C
�
f

Y

Z
Z
u

h�i�
B
B
B
B
B

h

N

HHHH
e

j
R

g�� A

hPBi

B
�
f �

g
� X
�
f

�
y � Y 
uy � �ey� hy� u � UAPB�R� e� h


Di�erence
hDifi

A

X

�
ww A

hDifi

X

�����r r�
ww
���� A

�

A��fx � X 
 x �� Ag A� � XnA

Rule �

A� R

X

�����r r�
ww
�����B

�

A� R

h��i

X

�����r r�
ww
�����B

�

Rule � X ����
f
� Y X 
���

f
� Y

yCommutativity marker in the output diagram in suppressed

��


