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While Loop

W <= whilebdo P od
means

W <= if b then P. Welse ok fi

to prove
sS'=s+2XL[n.#L] A ' =t+#L-n <

while n+#L do s:=s+ L n. n:==n+1. t:=t+1 od

prove instead
sS'=s+2XL[n.#L] A ' =t+#L-n <
if n¥#L then s:=s+ Ln. n:=n+l. t:=t+1.
s'=s+2ZL[n.#L) A t' =t+#L—n

else ok fi
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Deep Exit

P < do

A.

exit 1 when b.

C.

do
D. «—
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exit 1 when g.
H

od.

od
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Deep Exit

P < do
A.
exit 1 when b.
C.
do
D.
exit 2 when e.
F.
exit 1 when g.
H <—
od.
1
od
means
P < A. ifbthenokelse C.Qfi

QO < D. ifethenokelse F. if g then /. P else H.
36/116



Deep Exit

P < do
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exit 2 when e.
F.
exit 1 when g.
H
od. «<—
1
od

means
P < A. ifbthenokelse C.Qfi

QO < D.ifethenokelse F. if gthen /. Pelse H. Qfifi
37/116



Two-Dimensional Search

38/116



Two-Dimensional Search

P

if x: A (0,..n) (0,.m)thenx=A{j elsei'=nfi

39/116



Two-Dimensional Search

P

if x: A (0,..n) (0,.m)thenx=A{j elsei'=nfi

P <= ii=0.i=sn=0

40/116



Two-Dimensional Search

P = ifx:A(0,.n) (0,.,m)thenx=A1ij elsei'=nfi

QO = ifx:A(,.n) 0, m)thenx=A1ij elsei'=nfi

P <= ii=0.i=sn=0

41/116



Two-Dimensional Search

P = ifx:A(0,.n) (0,.,m)thenx=A1ij elsei'=nfi

QO = ifx:A(,.n) 0, m)thenx=A1ij elsei'=nfi

P <= ii=0.i=sn=0

i<sn= 0 <

42/116



Two-Dimensional Search

P = ifx:A(0,.n) (0,.,m)thenx=A1ij elsei'=nfi

QO = ifx:A(,.n) 0, m)thenx=A1ij elsei'=nfi

P <= ii=0.i=sn=0

i<n = (Q <= ifi=nthen ok

43/116



Two-Dimensional Search

P = ifx:A(0,.n) (0,.,m)thenx=A1ij elsei'=nfi

QO = ifx:A(,.n) 0, m)thenx=A1ij elsei'=nfi

P <= i:=0.i=sn=0

isn =0 <= ifi=nthen ok else i<n= QO fi

44/116



Two-Dimensional Search

P = ifx:A(0,.n) (0,.,m)thenx=A1ij elsei'=nfi

QO = ifx:A(,.n) 0, m)thenx=A1ij elsei'=nfi

P <= i:=0.i=sn=0

isn =0 <= ifi=nthen ok else i<n= QO fi

i<n= 0 <=

45/116



Two-Dimensional Search

P = ifx:A(0,.n) (0,.,m)thenx=A1ij elsei'=nfi

QO = ifx:A(,.n) 0, m)thenx=A1ij elsei'=nfi

0) / 7
P < ii=0. isn=20 /

isn =0 <= ifi=nthen ok else i<n= QO fi

i<n=>0 < j:=0.i<nAjsm=R

46/116



Two-Dimensional Search

P = ifx:A(0,.n) (0,.,m)thenx=A1ij elsei'=nfi

QO = ifx:A(,.n) 0, m)thenx=A1ij elsei'=nfi

R = ifxAi(j,.m),A(+1,.n) (0,.m)thenx=Aij elsei'=nfi

P <= ii=0.i=sn=0

isn =0 <= ifi=nthen ok else i<n= QO fi

i<n=>0 < j:=0.i<nAjsm=R

0 J m

TR CRAAAA CA
AR RR G

IR AR

47/116



Two-Dimensional Search
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Two-Dimensional Search

' <t+nxm < 0:=0. i<n = ' <t+ (n-i)xm
i<n = t' <t+ (n—i)xm <= ifi=nthenokelsei<n = ' <t+ (n-i)xmfi
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Two-Dimensional Search

P <= ii=0.L0
L0 <= ifi=nthenokelse;:=0. LI fi
Ll <= ifj=mtheni:=i+1. LO
else if A i j = x then ok
else j;=j+1. LI fifi
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Two-Dimensional Search

P <= ii=0.L0
L0 <= ifi=nthenokelse;:=0. LI fi
Ll <= ifj=mtheni:=i+1. LO

else if A i j = x then ok

else j;=j+1. LI fifi

in C:
P: 1=0;
LO: if (i==n);
else { 1=0;

L1: if (j==m) {i = i+1; goto LO;}
else if (A[i][j]==x);
else {j =j+1; gotoL1;}}
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m and n are integer expressions such that m=<n
the number of iterations 1s n—m
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For Loop

Let F i describe the computation from from index i to the end.
Fm <= fori=m;.ndoP od
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Fi < i:m,.nn(P. F(i+1))

Fn < ok
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example: x'=2"

define: Fi = x =xx2n1

refine: x'=2" <= x:=1. F0

proof: xi=1. FO

= x:=1. x' = xx2n90

= x'=2n

For Loop

expand F O

Substitution Law and simplify
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For Loop

example: x'=2"
define: Fi = x =xx2n

refine: x'=2" <= x:=1. F0

FO <= fori:=0;.ndo x:=2xx od

proof: Fi <= iim,.nn(P. F(i+1))
i:m,.n A (P. F(i+1))

= it m,.n A (0=2xx. x' = xx2n-(+D)

= i:m,.n Ax = 2xxx2n-(i+1)

= i m,.n A x =xx2ni

— Fi

replace P and F(i+1)
substitution law
simplify

specialize
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For Loop

example: x'=2"

define:

refine:

proof:

Fi = x' =x2ni

x'=2n <= x=1. FO0

FO <= fori:=0;.ndo x:=2xx od

Fi <= iim.nA(P. F(i+1))
Fn < ok

Fn

X' = x2n"n

x'=x

ok

simplify
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For Loop

example: ' =t+Zj:m,.n Gj
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For Loop

example: ' =t+Zj:m,.n Gj

define: Fi = t'=t+2ji,.nGj
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For Loop

example: ' =t+Zj:m,.n Gj
define: Fi = t'=t+2ji,.nGj

refine: Fm < forii=m;.ndot=t+Giod
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For Loop

example: ' =t+Zj:m,.n Gj
define: Fi = t'=t+2ji,.nGj
refine: Fm < forii=m;.ndot=t+Giod

prove: Fi < i:m,.n A (P. F(i+1))

Fn < ok
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For Loop

example: ' =t+Zj:m,.n Gj
define: Fi = t'=t+2ji,.nGj
refine: Fm < forii=m;.ndot=t+Giod

prove: Fi < i:m,.n A (P. F(i+1))

f=t+2i,.nnGj] < iim.nAn{'=t+Gi. t=t+23i+l,.n Gj)

Fn < ok
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For Loop

example: ' =t+Zj:m,.n Gj
define: Fi = t'=t+2ji,.nGj
refine: Fm < forii=m;.ndot=t+Giod

prove: Fi < i:m,.n A (P. F(i+1))

f=t+2i,.nnGj] < iim.nAn{'=t+Gi. t=t+23i+l,.n Gj)

Fn < ok

5

=~
3
[l

f=t+2jn,.nGj <
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For Loop

example: ' =t+Zj:m,.n Gj
define: Fi = t'=t+2ji,.nGj
refine: Fm < forii=m;.ndot=t+Giod

prove: Fi < i:m,.n A (P. F(i+1))

f=t+2i,.nnGj] < iim.nAn{'=t+Gi. t=t+23i+l,.n Gj)

Fn < ok

=t+2j:n,.nGj < (=t

If Gi=c (aconstant) then

' =t+ (nm—m)xc < fori:=m;.ndot =t+c od
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For Loop

example: add 1 to each item in a list
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For Loop

example: add 1 to each item in a list

#L'=#L A VYn:OL-L'n=Ln+1
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For Loop

example: add 1 to each item in a list

#L'=#L A VYn:OL-L'n=Ln+1

define: Fi = #L'=#L
A (Vn:(0,.0) L'n=Ln)

AN (Vni, #L-L'n=Ln+1)
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For Loop

example: add 1 to each item in a list

define:

refine:

#L'=#L. A VYn: OL- L'n=Ln+1
Fi = #L'=#L
A (Vn:(0,.0) L'n=Ln)

AN (Vni, #L-L'n=Ln+1)

FO < fori=0;.#LdoL:=i—=Li+1|Lod

94/116



For Loop

example: add 1 to each item in a list

define:

refine:

prove:

#L'=#L A Vn: OL-L'n=Ln+1
Fi = #L'=#L
A (Vn:(0,.0) L'n=Ln)
AN (Vni, #L-L'n=Ln+1)

FO < fori=0;.#LdoL:=i—=Li+1|Lod

Fi < i:0,.#L A (L:=i—>Li+1]|L. F(i+1))

F#L) < ok
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For Loop

special case: invariant

Am=An < fori=m;.ndoi:m,.nAAi = A'(i+1) od
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For Loop

special case: invariant
Am=An < fori=m;.ndoi:m,.nAAi = A'(i+1) od

means
Ai=An <= im.nn(m.n A Ai= AG+]). AG+D)=Aan) @
An=A'n < ok V
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For Loop

special case: invariant

Am=An < fori=m;.ndoi:m,.nAAi = A'(i+1) od

example: x'=2"
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For Loop

special case: invariant

Am=An < fori=m;.ndoi:m,.nAAi = A'(i+1) od

example: x'=2"

invariant: Ai = x=2!
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For Loop

special case: invariant

Am=An < fori=m;.ndoi:m,.nAAi = A'(i+1) od

example: x'=2"

invariant: Ai = x=2!

refine: x'=2" <= xi=1. AO=A'n

100/116



For Loop

special case: invariant

Am=An < fori=m;.ndoi:m,.nAAi = A'(i+1) od

example: x'=2"

invariant: Ai = x=2!

refine: x'=2" <= xi=1. AO=A'n

AO0=A'n < fori:=0;.ndoi:0,,.nAAi = A'(i+1) od
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For Loop

special case: invariant

Am=An < fori=m;.ndoi:m,.nAAi = A'(i+1) od

example: x'=2"

invariant: Ai = x=2!
refine: x'=2n <= x=1. A0=A'n

AO0=A'n < fori:=0;.ndoi:0,,.nAAi = A'(i+1) od

:0,,.n A Ai=A'(I+]1) <= x=2xx
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.

[4:-2;-8;7;3;0;-1]
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.

[4:-2;-8;7;3;0;-1]
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.
[4:;-2:-8:;7;3;0;-1]

s = Ui 0, #L |j: 1, #L+1- 2 L [i;.]
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.

k

[4:-2;-8%7:3:0;-1]

s' = it 0,.#L |j: i+1,. #L+1- = L [i;. j]

Ak

s = (Ji: 0.k {j: i+1,.k+1- 2 L [i;.j])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.

k

[4:-2;-8%7:3:0;-1]

s' = i:0,.#L |j: i+1, #L+1- S L[i;.j] < s:=o. AQ=> A'(#L)

Ak

s = (Ji: 0.k {j: i+1,.k+1- 2 L [i;.j])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.

k

[4:-2;-8%7:3:0;-1]

s' = i:0,.#L |j: i+1, #L+1- S L[i;.j] < s:=o. AQ=> A'(#L)

AO0=>A'#L) <= fork=0;.#Ldok: 0, #LAAk = A'(k+1) od

Ak

s = (Ji: 0.k {j: i+1,.k+1- 2 L [i;.j])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.

k
v
[4;-2;-8;7:;3;0;-1]
s' = Vi 0,.#L |j: i+1, #L+1- 2 L[i;.j]] < s:=0. AQ=> A'(#L)
AO0=>A'#L) <= fork=0;.#Ldok: 0, #LAAk = A'(k+1) od

k:0,.#LANAk = A'(k+]1) <

Ak

s = (Ji: 0.k {j: i+1,.k+1- 2 L [i;.j])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.

likil
[4:;-2;-8;7:;3;0;-1]

s' = [i:0,.#L |j: i+1, #L+1-ZL[i;.J]] < s:=0. A0=A'(#L)
AO0=>A'#L) <= fork:=0;. #Ldok: 0, #LAAk = A'(k+1) od

k:0,,#L A Ak = A'(k+]1) <

Ak

s = (Ji: 0.k {j: i+1,.k+1- 2 L [i;.j])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.
k  k+1
VN
[4;-2:;-8.7,;3,0;-1]

s' = [i:0,.#L |j: i+1, #L+1-ZL[i;.J]] < s:=0. A0=A'(#L)
AO0=>A'#L) <= fork:=0;. #Ldok: 0, #LAAk = A'(k+1) od
k:0,.#LANAk = A'(k+]1) <

Ak

s = (Ji:0,.k |j: i+1,.k+1- Z L [i;.J])
A ¢ = (i:0,.k ZL[i.k])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.
k  k+1
VoV
[4,-2;-8.7;3;0;-1]

s' = Ji:0,.#L |j: i+1, #L+1-Z L [i;.J]] < s:=o. c;c=o0. AQ0= A'(#L)
AO0=>A'#L) <= fork:=0;. #Ldok: 0, #LAAk = A'(k+1) od
k:0,.#LANAk = A'(k+]1) <

Ak

s = (Ji:0,.k |j: i+1,.k+1- Z L [i;.J])
A ¢ = (i:0,.k ZL[i.k])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.
k  k+1
VoV
[4,-2;-8.7;3;0;-1]

s' = Ji:0,.#L |j: i+1, #L+1-Z L [i;.J]] < s:=o. c;c=o0. AQ0= A'(#L)
AO0=>A'#L) <= fork:=0;. #Ldok: 0, #LAAk = A'(k+1) od
k:0,, #LAAk = A'(k+1) < c=(c+Lk)|(Lk)

Ak

s = (Ji:0,.k |j: i+1,.k+1- Z L [i;.J])
A ¢ = (i:0,.k ZL[i.k])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.
k  k+1
VoV
[4,-2;-8.7;3;0;-1]

s' = Ji:0,.#L |j: i+1, #L+1-Z L [i;.J]] < s:=o. c;c=o0. AQ0= A'(#L)
AO0=>A'#L) <= fork:=0;. #Ldok: 0, #LAAk = A'(k+1) od
k:0,.#LAAk = A'(k+1) < c¢=c|0+Lk

Ak

s = (Ji:0,.k |j: i+1,.k+1- Z L [i;.J])
A ¢ = (i:0,.k ZL[i.k])
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Minimum Sum Segment

Given a list L of integers, possibly including negatives, write a program to find the minimum

sum of any nonempty segment.
k  k+1
VoV
[4,-2;-8.7;3;0;-1]

s' = Ji:0,.#L |j: i+1, #L+1-Z L [i;.J]] < s:=o. c;c=o0. AQ0= A'(#L)
AO0=>A'#L) <= fork:=0;. #Ldok: 0, #LAAk = A'(k+1) od
k:0,, #LAAk = A'(k+1) < c=c|0+Lk. s:=s|cC

Ak

s = (Ji:0,.k |j: i+1,.k+1- Z L [i;.J])
A ¢ = (i:0,.k ZL[i.k])
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