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While Loop

W   ⇐ while b do P od

means

W   ⇐   if b then P.  W else ok fi

sʹ = s + Σ L [n;..#L]  ∧  tʹ = t + #L – n   ⇐

while n⧧#L do s:= s + L n.  n:= n+1.  t:= t+1 od
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While Loop

W   ⇐ while b do P od

means

W   ⇐   if b then P.  W else ok fi

to prove

sʹ = s + Σ L [n;..#L]  ∧  tʹ = t + #L – n   ⇐

while n⧧#L do s:= s + L n.  n:= n+1.  t:= t+1 od

prove instead

sʹ = s + Σ L [n;..#L]  ∧  tʹ = t + #L – n   ⇐

if n⧧#L then s:= s + L n.  n:= n+1.  t:= t+1.

sʹ = s + Σ L [n;..#L]  ∧  tʹ = t + #L – n

else ok fi 
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Exit Loop
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Exit Loop

L   ⇐ do

A.

exit when b.

C

od   ←

means

L   ⇐   A.  if b then ok else C.  L fi

                                                                   ↑ 
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Deep Exit
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A.
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B.
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D

od.
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od
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Deep Exit

P   ⇐ do

A.

do

B.   ←
exit 2 when c.

D

od.

E

od

means

P   ⇐   A.  Q

Q   ⇐   B.  
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Deep Exit

P   ⇐ do

A.

do

B.

exit 2 when c.   ←
D

od.

E

od

means

P   ⇐   A.  Q

Q   ⇐   B.  if c then ok 
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Deep Exit

P   ⇐ do

A.

do

B.

exit 2 when c.

D   ←
od.

E

od

means

P   ⇐   A.  Q

Q   ⇐   B.  if c then ok  else D.  
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Deep Exit

P   ⇐ do

A.

do

B.

exit 2 when c.

D

od.   ←
E

od

means

P   ⇐   A.  Q

Q   ⇐   B.  if c then ok  else D.  Q fi 
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Deep Exit

P   ⇐ do

A.

do

B.

exit 2 when c.

D

od.

E    ← ?
od

means

P   ⇐   A.  Q

Q   ⇐   B.  if c then ok  else D.  Q fi 
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Deep Exit
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exit 1 when b.
C.
do

D.
exit 2 when e.
F.
exit 1 when g.
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od.
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Deep Exit
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exit 1 when b.
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Deep Exit

P   ⇐ do
A.    ←
exit 1 when b.
C.
do

D.
exit 2 when e.
F.
exit 1 when g.
H

od.
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Deep Exit
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A.
exit 1 when b.    ←
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D.
exit 2 when e.
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Deep Exit

P   ⇐ do
A.
exit 1 when b.
C.   ←
do

D.
exit 2 when e.
F.
exit 1 when g.
H

od.
I

od
means

P   ⇐   A.  if b then ok else C.  
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Deep Exit

P   ⇐ do
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Deep Exit
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Deep Exit
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Deep Exit

P   ⇐ do
A.
exit 1 when b.
C.
do
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exit 2 when e.
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Deep Exit

P   ⇐ do
A.
exit 1 when b.
C.
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D.
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Deep Exit

P   ⇐ do
A.
exit 1 when b.
C.
do

D.
exit 2 when e.
F.
exit 1 when g.
H   ←

od.
I

od
means

P   ⇐   A.  if b then ok else C. Q fi
Q   ⇐   D.  if e then ok else F.  if g then I.  P else H.   
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Deep Exit

P   ⇐ do
A.
exit 1 when b.
C.
do

D.
exit 2 when e.
F.
exit 1 when g.
H

od.   ←
I

od
means

P   ⇐   A.  if b then ok else C. Q fi
Q   ⇐   D.  if e then ok else F.  if g then I.  P else H.  Q fi fi 
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Two-Dimensional Search
P   =   if x: A (0,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi
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Two-Dimensional Search
P   =   if x: A (0,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

P   ⇐   i:= 0.  i≤n ⇒ Q
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Two-Dimensional Search
P   =   if x: A (0,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi
                      ↓
Q   =   if x: A (i,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

P   ⇐   i:= 0.  i≤n ⇒ Q
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Two-Dimensional Search
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P   ⇐   i:= 0.  i≤n ⇒ Q
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Two-Dimensional Search
P   =   if x: A (0,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

Q   =   if x: A (i,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

P   ⇐   i:= 0.  i≤n ⇒ Q

i≤n ⇒ Q   ⇐   if i=n then j:= m 
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Two-Dimensional Search
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Two-Dimensional Search
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Two-Dimensional Search
P   =   if x: A (0,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

Q   =   if x: A (i,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi
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Two-Dimensional Search
P   =   if x: A (0,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

Q   =   if x: A (i,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi
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i≤n ⇒ Q   ⇐   if i=n then j:= m else i<n ⇒ Q fi
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i<n ∧ j≤m ⇒ R    ⇐   if j=m then i:= i+1.  i≤n ⇒ Q 
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Two-Dimensional Search
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Q   =   if x: A (i,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi
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Two-Dimensional Search
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Q   =   if x: A (i,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi
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Two-Dimensional Search
P   =   if x: A (0,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

Q   =   if x: A (i,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

R   =   if x: A i (j,..m), A (i+1,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi
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i≤n ⇒ Q   ⇐   if i=n then j:= m else i<n ⇒ Q fi

i<n ⇒ Q   ⇐   j:= 0.  i<n ∧ j≤m ⇒ R

i<n ∧ j≤m ⇒ R    ⇐   if j=m then i:= i+1.  i≤n ⇒ Q else i<n ∧ j<m ⇒ R fi

i<n ∧ j<m ⇒ R    ⇐   if A i j = x then ok 
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Two-Dimensional Search
P   =   if x: A (0,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

Q   =   if x: A (i,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

R   =   if x: A i (j,..m), A (i+1,..n) (0,..m) then x = A iʹ jʹ else iʹ=n ∧ jʹ=m fi

P   ⇐   i:= 0.  i≤n ⇒ Q

i≤n ⇒ Q   ⇐   if i=n then j:= m else i<n ⇒ Q fi

i<n ⇒ Q   ⇐   j:= 0.  i<n ∧ j≤m ⇒ R

i<n ∧ j≤m ⇒ R    ⇐   if j=m then i:= i+1.  i≤n ⇒ Q else i<n ∧ j<m ⇒ R fi

i<n ∧ j<m ⇒ R    ⇐   if A i j = x then ok else j:= j+1.  i<n ∧ j≤m ⇒ R fi 

/55 116

i

j m

n

0
0

i+1



Two-Dimensional Search

tʹ ≤ t + n×m   ⇐   i:= 0.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

i≤n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   if i=n then j:= m else i<n  ⇒  tʹ ≤ t + (n–i)×m fi

i<n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   j:= 0.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j

i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

t:= t+1.

if j=m then i:= i+1.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

else i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j fi

i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

if A i j = x then ok else j:= j+1.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j fi 

/56 116



Two-Dimensional Search

tʹ ≤ t + n×m   ⇐   i:= 0.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

i≤n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   if i=n then j:= m else i<n  ⇒  tʹ ≤ t + (n–i)×m fi

i<n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   j:= 0.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j

i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

t:= t+1.        ←
if j=m then i:= i+1.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

else i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j fi

i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

if A i j = x then ok else j:= j+1.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j fi 
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Two-Dimensional Search

tʹ ≤ t + n×m   ⇐   i:= 0.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

            ↑
i≤n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   if i=n then j:= m else i<n  ⇒  tʹ ≤ t + (n–i)×m fi

i<n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   j:= 0.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j

i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

t:= t+1.

if j=m then i:= i+1.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

else i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j fi

i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

if A i j = x then ok else j:= j+1.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j fi 
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Two-Dimensional Search

tʹ ≤ t + n×m   ⇐   i:= 0.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

                                                                   ↑
i≤n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   if i=n then j:= m else i<n  ⇒  tʹ ≤ t + (n–i)×m fi

                           ↑                                                                               ↑
i<n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   j:= 0.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j

                           ↑
i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

t:= t+1.                                                ↓
if j=m then i:= i+1.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

else i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j fi

i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

if A i j = x then ok else j:= j+1.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j fi 
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Two-Dimensional Search

tʹ ≤ t + n×m   ⇐   i:= 0.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

i≤n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   if i=n then j:= m else i<n  ⇒  tʹ ≤ t + (n–i)×m fi

i<n  ⇒  tʹ ≤ t + (n–i)×m   ⇐   j:= 0.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j

                                                                                                         ↑
i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐

t:= t+1.                  ↑
if j=m then i:= i+1.  i≤n  ⇒  tʹ ≤ t + (n–i)×m

else i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j fi

                                              ↓                   ↑
i<n ∧ j<m  ⇒  tʹ ≤ t + (n–i)×m – j   ⇐                                       ↓

if A i j = x then ok else j:= j+1.  i<n ∧ j≤m  ⇒  tʹ ≤ t + (n–i)×m – j fi 
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Two-Dimensional Search

P ⇐ i:= 0.  L0

L0 ⇐ if i=n then j:= m else j:= 0.  L1 fi

L1 ⇐ if j=m then i:= i+1.  L0

else if A i j = x then ok

       else j:= j+1.  L1 fi fi
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Two-Dimensional Search

P ⇐ i:= 0.  L0

L0 ⇐ if i=n then j:= m else j:= 0.  L1 fi

L1 ⇐ if j=m then i:= i+1.  L0

else if A i j = x then ok

       else j:= j+1.  L1 fi fi

in C:

        P: i = 0;

        L0: if (i==n) j = m;

else { j = 0;

   L1: if (j==m) {i = i+1;  goto L0;}

else if (A[i][j]==x);

       else {j = j+1;  goto L1;}} 
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For Loop

for i:= m;..n do P od
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For Loop

for i:= m;..n do P od

i  is a fresh name (a local constant) 
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For Loop

for i:= m;..n do P od

i  is a fresh name (a local constant)

m  and  n  are integer expressions such that  m≤n 
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For Loop

for i:= m;..n do P od

i  is a fresh name (a local constant)

m  and  n  are integer expressions such that  m≤n

the number of iterations is  n–m 
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For Loop

for i:= m;..n do P od

i  is a fresh name (a local constant)

m  and  n  are integer expressions such that  m≤n

the number of iterations is  n–m

P  is a specification 
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For Loop

for i:= m;..n do P od
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For Loop

Let  F i  describe the computation from from index  i  to the end.

for i:= m;..n do P od
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For Loop

Let  F i  describe the computation from from index  i  to the end.

for i:= m;..n do P od

F i   ⇐   i: m,..n ∧ (P.  F(i+1))
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For Loop

Let  F i  describe the computation from from index  i  to the end.

for i:= m;..n do P od

F i   ⇐   i: m,..n ∧ (P.  F(i+1))

F n   ⇐   ok
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For Loop

Let  F i  describe the computation from from index  i  to the end.

F m    ⇐ for i:= m;..n do P od

means

F i   ⇐   i: m,..n ∧ (P.  F(i+1))

F n   ⇐   ok
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For Loop
example:  xʹ=2n
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0 
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0

proof: x:= 1.  F 0 expand  F 0

= x:= 1.  xʹ = x×2n–0 Substitution Law and simplify

= xʹ=2n 
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0

F 0   ⇐   for i:= 0;..n do x:= 2×x od
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0

F 0   ⇐   for i:= 0;..n do x:= 2×x od

proof: F i   ⇐   i: m,..n ∧ (P.  F(i+1))

F n   ⇐   ok
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0

F 0   ⇐   for i:= 0;..n do x:= 2×x od

proof: F i   ⇐   i: m,..n ∧ (P.  F(i+1))
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0

F 0   ⇐   for i:= 0;..n do x:= 2×x od

proof: F i   ⇐   i: m,..n ∧ (P.  F(i+1))

i: m,..n ∧ (P.  F(i+1)) replace  P  and  F(i+1)

= i: m,..n ∧ (x:= 2×x.  xʹ = x×2n–(i+1)) substitution law

= i: m,..n ∧ xʹ = 2×x×2n–(i+1) simplify

= i: m,..n ∧ xʹ = x×2n–i specialize

⇒ F i 
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0

F 0   ⇐   for i:= 0;..n do x:= 2×x od

proof: F i   ⇐   i: m,..n ∧ (P.  F(i+1))
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For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0

F 0   ⇐   for i:= 0;..n do x:= 2×x od

proof: F i   ⇐   i: m,..n ∧ (P.  F(i+1))

F n   ⇐   ok

/82 116



For Loop
example:  xʹ=2n

define: F i   =   xʹ = x×2n–i

refine: xʹ=2n   ⇐   x:= 1.  F 0

F 0   ⇐   for i:= 0;..n do x:= 2×x od

proof: F i   ⇐   i: m,..n ∧ (P.  F(i+1))

F n   ⇐   ok

F n

= xʹ = x×2n–n  simplify

= xʹ=x

= ok 
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For Loop
example: tʹ = t + Σj: m,..n· G j
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For Loop
example: tʹ = t + Σj: m,..n· G j

define: F i   =   tʹ = t + Σj: i,..n· G j
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For Loop
example: tʹ = t + Σj: m,..n· G j

define: F i   =   tʹ = t + Σj: i,..n· G j

refine: F m   ⇐   for i:= m;..n do tʹ = t + G i od

/86 116



For Loop
example: tʹ = t + Σj: m,..n· G j

define: F i   =   tʹ = t + Σj: i,..n· G j

refine: F m   ⇐   for i:= m;..n do tʹ = t + G i od

prove: F i   ⇐   i: m,..n ∧ (P.  F(i+1))

F n   ⇐   ok
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For Loop
example: tʹ = t + Σj: m,..n· G j

define: F i   =   tʹ = t + Σj: i,..n· G j

refine: F m   ⇐   for i:= m;..n do tʹ = t + G i od

prove: F i   ⇐   i: m,..n ∧ (P.  F(i+1))

tʹ = t + Σj: i,..n· G j   ⇐    i: m,..n ∧ (tʹ = t + G i.  tʹ = t + Σj: i+1,..n· G j)

F n   ⇐   ok
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For Loop
example: tʹ = t + Σj: m,..n· G j

define: F i   =   tʹ = t + Σj: i,..n· G j

refine: F m   ⇐   for i:= m;..n do tʹ = t + G i od

prove: F i   ⇐   i: m,..n ∧ (P.  F(i+1))

tʹ = t + Σj: i,..n· G j   ⇐    i: m,..n ∧ (tʹ = t + G i.  tʹ = t + Σj: i+1,..n· G j)

F n   ⇐   ok

tʹ = t + Σj: n,..n· G j   ⇐    tʹ=t
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For Loop
example: tʹ = t + Σj: m,..n· G j

define: F i   =   tʹ = t + Σj: i,..n· G j

refine: F m   ⇐   for i:= m;..n do tʹ = t + G i od

prove: F i   ⇐   i: m,..n ∧ (P.  F(i+1))

tʹ = t + Σj: i,..n· G j   ⇐    i: m,..n ∧ (tʹ = t + G i.  tʹ = t + Σj: i+1,..n· G j)

F n   ⇐   ok

tʹ = t + Σj: n,..n· G j   ⇐    tʹ=t

If  G i = c  (a constant) then

tʹ = t + (n–m)×c   ⇐   for i:= m;..n do tʹ = t+c od 
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For Loop
example: add  1  to each item in a list 
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For Loop
example: add  1  to each item in a list

#Lʹ=#L  ∧  ∀n: ☐L· Lʹn = L n + 1 
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For Loop
example: add  1  to each item in a list

#Lʹ=#L  ∧  ∀n: ☐L· Lʹn = L n + 1

define: F i    =        #Lʹ=#L  

∧  (∀n: (0,..i)· Lʹn = L n)

∧  (∀n: i,..#L· Lʹn = L n + 1)
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For Loop
example: add  1  to each item in a list

#Lʹ=#L  ∧  ∀n: ☐L· Lʹn = L n + 1

define: F i    =        #Lʹ=#L  

∧  (∀n: (0,..i)· Lʹn = L n)

∧  (∀n: i,..#L· Lʹn = L n + 1)

refine: F 0   ⇐   for i:= 0;..#L do L:= i→L i + 1 | L od 
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For Loop
example: add  1  to each item in a list

#Lʹ=#L  ∧  ∀n: ☐L· Lʹn = L n + 1

define: F i    =        #Lʹ=#L  

∧  (∀n: (0,..i)· Lʹn = L n)

∧  (∀n: i,..#L· Lʹn = L n + 1)

refine: F 0   ⇐   for i:= 0;..#L do L:= i→L i + 1 | L od

prove: F i   ⇐   i: 0,..#L ∧ (L:= i→L i + 1 | L.  F(i+1))

F (#L)   ⇐   ok
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For Loop

special case:  invariant

A m ⇒ Aʹn   ⇐   for i:= m;..n do i: m,..n ∧ A i  ⇒  Aʹ(i+1) od 
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For Loop

special case:  invariant

A m ⇒ Aʹn   ⇐   for i:= m;..n do i: m,..n ∧ A i  ⇒  Aʹ(i+1) od 

means

A i ⇒ Aʹn   ⇐   i: m,..n ∧ (i: m,..n  ∧  A i ⇒ Aʹ(i+1).  A(i+1) ⇒ Aʹn)         ✔

A n ⇒ Aʹn   ⇐   ok         ✔
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For Loop

special case:  invariant

A m ⇒ Aʹn   ⇐   for i:= m;..n do i: m,..n ∧ A i  ⇒  Aʹ(i+1) od 

example: xʹ=2n 
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For Loop

special case:  invariant

A m ⇒ Aʹn   ⇐   for i:= m;..n do i: m,..n ∧ A i  ⇒  Aʹ(i+1) od 

example: xʹ=2n

invariant: A i   =   x=2i 
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For Loop

special case:  invariant

A m ⇒ Aʹn   ⇐   for i:= m;..n do i: m,..n ∧ A i  ⇒  Aʹ(i+1) od 

example: xʹ=2n

invariant: A i   =   x=2i

refine: xʹ=2n   ⇐   x:= 1.  A 0 ⇒ Aʹn 
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For Loop

special case:  invariant

A m ⇒ Aʹn   ⇐   for i:= m;..n do i: m,..n ∧ A i  ⇒  Aʹ(i+1) od 

example: xʹ=2n

invariant: A i   =   x=2i

refine: xʹ=2n   ⇐   x:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for i:= 0;..n do i: 0,..n ∧ A i  ⇒  Aʹ(i+1) od
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For Loop

special case:  invariant

A m ⇒ Aʹn   ⇐   for i:= m;..n do i: m,..n ∧ A i  ⇒  Aʹ(i+1) od 

example: xʹ=2n

invariant: A i   =   x=2i

refine: xʹ=2n   ⇐   x:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for i:= 0;..n do i: 0,..n ∧ A i  ⇒  Aʹ(i+1) od

i: 0,..n  ∧  A i ⇒ Aʹ(i+1)   ⇐      x:= 2×x 
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment. 
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

/105 116



Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: 1,..#L+1· Σ L [i;..j]
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  A 0 ⇒ Aʹ(#L)

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  A 0 ⇒ Aʹ(#L)

A 0 ⇒ Aʹ(#L)   ⇐   for k:= 0;..#L do k: 0,..#L ∧ A k  ⇒  Aʹ(k+1) od

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  A 0 ⇒ Aʹ(#L)

A 0 ⇒ Aʹ(#L)   ⇐   for k:= 0;..#L do k: 0,..#L ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..#L ∧ A k  ⇒  Aʹ(k+1)  ⇐  

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j]) 
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      k+1

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  A 0 ⇒ Aʹ(#L)

A 0 ⇒ Aʹ(#L)   ⇐   for k:= 0;..#L do k: 0,..#L ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..#L ∧ A k  ⇒  Aʹ(k+1)  ⇐  

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      k+1

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  A 0 ⇒ Aʹ(#L)

A 0 ⇒ Aʹ(#L)   ⇐   for k:= 0;..#L do k: 0,..#L ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..#L ∧ A k  ⇒  Aʹ(k+1)  ⇐  

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])

             ∧ c  =  (⇓i: 0,..k· Σ L [i;..k]) 
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      k+1

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  c:= ∞.  A 0 ⇒ Aʹ(#L)

A 0 ⇒ Aʹ(#L)   ⇐   for k:= 0;..#L do k: 0,..#L ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..#L ∧ A k  ⇒  Aʹ(k+1)  ⇐  

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])

             ∧ c  =  (⇓i: 0,..k· Σ L [i;..k]) 
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      k+1

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  c:= ∞.  A 0 ⇒ Aʹ(#L)

A 0 ⇒ Aʹ(#L)   ⇐   for k:= 0;..#L do k: 0,..#L ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..#L ∧ A k  ⇒  Aʹ(k+1)  ⇐   c:= (c + L k)↓(L k)

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])

             ∧ c  =  (⇓i: 0,..k· Σ L [i;..k]) 
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      k+1

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  c:= ∞.  A 0 ⇒ Aʹ(#L)

A 0 ⇒ Aʹ(#L)   ⇐   for k:= 0;..#L do k: 0,..#L ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..#L ∧ A k  ⇒  Aʹ(k+1)  ⇐   c:= c↓0 + L k

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])

             ∧ c  =  (⇓i: 0,..k· Σ L [i;..k]) 
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Minimum Sum Segment

Given a list  L  of integers, possibly including negatives, write a program to find the minimum 

sum of any nonempty segment.

                                                          k      k+1

[ 4 ; –2 ; –8 ; 7 ; 3 ; 0 ; –1 ]

sʹ  =  ⇓i: 0,..#L· ⇓j: i+1,..#L+1· Σ L [i;..j]   ⇐   s:= ∞.  c:= ∞.  A 0 ⇒ Aʹ(#L)

A 0 ⇒ Aʹ(#L)   ⇐   for k:= 0;..#L do k: 0,..#L ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..#L ∧ A k  ⇒  Aʹ(k+1)  ⇐   c:= c↓0 + L k.  s:= s↓c

A k   = s  =  (⇓i: 0,..k· ⇓j: i+1,..k+1· Σ L [i;..j])

             ∧ c  =  (⇓i: 0,..k· Σ L [i;..k])
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