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Monotonicity and Antimonotonicity

number: x≤y x  is less than or equal to  y
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number: x≤y x  is less than or equal to  y

 –∞ ≤ +∞     0 ≤ 1 smaller ≤ larger

x≤y  ⇒  f x ≤ f y f  is monotonic

as  x  gets larger,  f x  gets larger (or equal)

x≤y  ⇒  f x ≥ f y f  is antimonotonic

as  x  gets larger,  f x  gets smaller (or equal)

binary: x⇒y x  implies  y             x  is stronger than or equal to  y

⊥ ⇒ ⊤ stronger ⇒ weaker

x⇒y  ⇒  f x ⇒ f y f  is monotonic

as  x  gets weaker,  f x  gets weaker (or equal)

x⇒y  ⇒  f x ⇐ f y f  is antimonotonic

as  x  gets weaker,  f x  gets stronger (or equal) 
/16 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a 

/17 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b 

/18 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b 

/19 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b 

/20 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b 

/21 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b

if a then b else c f monotonic in  b monotonic in  c 

/22 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b

if a then b else c f monotonic in  b monotonic in  c

¬(a ∧ ¬(a∨b)) 

/23 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b

if a then b else c f monotonic in  b monotonic in  c

¬(a ∧ ¬(a∨b)) use the Law of Generalization  a ⇒ a∨b

               ¬(a ∧ ¬   a    ) 

/24 62

⇑



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b

if a then b else c f monotonic in  b monotonic in  c

¬(a ∧ ¬(a∨b)) use the Law of Generalization  a ⇒ a∨b

               ¬(a ∧ ¬   a    ) 

/25 62

⇓



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b

if a then b else c f monotonic in  b monotonic in  c

¬(a ∧ ¬(a∨b)) use the Law of Generalization  a ⇒ a∨b

               ¬(a ∧ ¬   a    ) 

/26 62

⇓



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b

if a then b else c f monotonic in  b monotonic in  c

¬(a ∧ ¬(a∨b)) use the Law of Generalization  a ⇒ a∨b

               ¬(a ∧ ¬   a    ) 

/27 62

⇑



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b

if a then b else c f monotonic in  b monotonic in  c

¬(a ∧ ¬(a∨b)) use the Law of Generalization  a ⇒ a∨b

 ⇐           ¬(a ∧ ¬   a    ) 

/28 62



Monotonicity and Antimonotonicity

¬a antimonotonic in  a

a∧b monotonic in  a monotonic in  b

a∨b monotonic in  a monotonic in  b

a⇒b antimonotonic in  a monotonic in  b

a⇐b monotonic in  a antimonotonic in  b

if a then b else c f monotonic in  b monotonic in  c

¬(a ∧ ¬(a∨b)) use the Law of Generalization  a ⇒ a∨b

 ⇐           ¬(a ∧ ¬   a    ) now use the Law of Noncontradiction

= ⊤
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In  exp0 ∧ exp1 ,  exp0  is a local axiom within  exp1 .

¬(a ∧ ¬(a∨b)) context  a  in  ¬(a∨b)
                               ↓
= ¬(a ∧ ¬(⊤∨b)) Symmetry Law and Base Law for  ∨

= ¬(a ∧ ¬⊤) Theorem Table for  ¬

= ¬(a ∧ ⊥) Base Law for  ∧

= ¬⊥ Binary Axiom, or Theorem Table for  ¬

= ⊤

If  a  is a theorem, then we can replace it with  ⊤ .

If  a  is an antitheorem, then  a ∧ anything  is an antitheorem. 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Context

In  exp0 ∧ exp1 ,  exp0  is a local axiom within  exp1 .

¬(a ∧ ¬(a∨b)) context  a  in  ¬(a∨b)
                               ↓
= ¬(a ∧ ¬(⊤∨b)) Symmetry Law and Base Law for  ∨

= ¬(a ∧ ¬⊤) Theorem Table for  ¬

= ¬(a ∧ ⊥) Base Law for  ∧

= ¬⊥ Binary Axiom, or Theorem Table for  ¬

= ⊤

x=y ∧ x=z context  x=y  in  x=z
                          ↓
= x=y ∧ y=z
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Context

In  exp0 ∧ exp1 ,  exp0  is a local axiom within  exp1 .

In  exp0 ∧ exp1 ,  exp1  is a local axiom within  exp0 .

a ∧ a use right conjunct as context in left conjunct
                ↓
= ⊤ ∧ a

a ∧ a use left conjunct as context in right conjunct
                       ↓
= a ∧ ⊤

a ∧ a
                ↓     ↓
= ⊤ ∧ ⊤           ✗
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Context

In  exp0 ∧ exp1 ,  exp0  is a local axiom within  exp1 .

In  exp0 ∧ exp1 ,  exp1  is a local axiom within  exp0 .

In  exp0 ∨ exp1 ,  exp0  is a local antiaxiom within  exp1 .

In  exp0 ∨ exp1 ,  exp1  is a local antiaxiom within  exp0 .

In  exp0 ⇒ exp1 ,  exp0  is a local axiom within  exp1 .

In  exp0 ⇒ exp1 ,  exp1  is a local antiaxiom within  exp0 .

In  exp0 ⇐ exp1 ,  exp0  is a local antiaxiom within  exp1 .

In  exp0 ⇐ exp1 ,  exp1  is a local axiom within  exp0 .

In  if exp0 then exp1 else exp2 f , exp0  is a local axiom within  exp1 .

In  if a then b else c f , exp0  is a local antiaxiom within  exp2 .

In  if a then b else c f , exp1=exp2  is a local antiaxiom within  exp0 . 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0     1     2     597     1.2     1e10     ∞

–x     x+y     x–y     x×y     x/y               xy     x↑y     x↓y

if a then x else y fi 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Number Theory

number expressions represent quantity

number expressions

0     1     2     597     1.2     1e10     ∞

–x     x+y     x–y     x×y     x/y               xy     x↑y     x↓y

                                                                                

if a then x else y f

binary expressions

x=y     x⧧y     x<y     x>y     x≤y     x≥y

/54 62

x
y



Character Theory

“A”            “a”            “  ”            “““”            “”””

succ           pred            if then else fi

=     ⧧     <     >     ≤     ≥ 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=     ⧧     <     >     ≤     ≥     ←

/62 62


