
Recursive Program Definition

/1 40



Recursive Specification Definition

/2 40



Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi
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Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

void zap (void) {if (x==0) y=0; else {x=x–1;  zap ( );}} 
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Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi
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Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

solutions
(a) x≥0  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x

(b) if x≥0 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ=∞ fi

(c) xʹ=yʹ=0 ∧ (x≥0 ⇒ tʹ = t+x)

(d) xʹ=yʹ=0 ∧ if x≥0 then tʹ = t+x else tʹ=∞ fi

(e) xʹ=yʹ=0 ∧ tʹ = t+x

(f) x≥0 ∧ xʹ=yʹ=0 ∧ tʹ = t+x
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Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

solutions
(a) x≥0  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x     ←
(b) if x≥0 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ=∞ fi

(c) xʹ=yʹ=0 ∧ (x≥0 ⇒ tʹ = t+x)

(d) xʹ=yʹ=0 ∧ if x≥0 then tʹ = t+x else tʹ=∞ fi

(e) xʹ=yʹ=0 ∧ tʹ = t+x

(f) x≥0 ∧ xʹ=yʹ=0 ∧ tʹ = t+x

/7 40



Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

solutions
(a) x≥0  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x

(b) if x≥0 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ=∞ fi

(c) xʹ=yʹ=0 ∧ (x≥0 ⇒ tʹ = t+x)

(d) xʹ=yʹ=0 ∧ if x≥0 then tʹ = t+x else tʹ=∞ fi

(e) xʹ=yʹ=0 ∧ tʹ = t+x               ←
(f) x≥0 ∧ xʹ=yʹ=0 ∧ tʹ = t+x     ←
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Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

solutions
(a) x≥0  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x

(b) if x≥0 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ=∞ fi

(c) xʹ=yʹ=0 ∧ (x≥0 ⇒ tʹ = t+x)

(d) xʹ=yʹ=0 ∧ if x≥0 then tʹ = t+x else tʹ=∞ fi

(e) xʹ=yʹ=0 ∧ tʹ = t+x

(f) x≥0 ∧ xʹ=yʹ=0 ∧ tʹ = t+x 
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(a)

(b) (c)
⇒ ⇒

(d) (e)
⇒ ⇒

(f)
⇒⇒

⇒



Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

solutions
(a) x≥0  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x

(b) if x≥0 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ=∞ fi

(c) xʹ=yʹ=0 ∧ (x≥0 ⇒ tʹ = t+x)

(d) xʹ=yʹ=0 ∧ if x≥0 then tʹ = t+x else tʹ=∞ fi

(e) xʹ=yʹ=0 ∧ tʹ = t+x

(f) x≥0 ∧ xʹ=yʹ=0 ∧ tʹ = t+x

x≥0  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x   ⇐   zap 
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(a)

(b) (c)
⇒ ⇒

(d) (e)
⇒ ⇒

(f)
⇒⇒

⇒



Recursive Specification Definition

zap   =   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

solutions
(a) x≥0  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x

(b) if x≥0 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ=∞ fi

(c) xʹ=yʹ=0 ∧ (x≥0 ⇒ tʹ = t+x)

(d) xʹ=yʹ=0 ∧ if x≥0 then tʹ = t+x else tʹ=∞ fi

(e) xʹ=yʹ=0 ∧ tʹ = t+x

(f) x≥0 ∧ xʹ=yʹ=0 ∧ tʹ = t+x

x≥0  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x   ⇐   zap

zap   ⇐   if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi 
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(a)

(b) (c)
⇒ ⇒

(d) (e)
⇒ ⇒

(f)
⇒⇒

⇒



Recursive Specification Definition
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Recursive Specification Definition

zap  construction
tʹ≥t   ⇐   zap

if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi   ⇐   zap
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Recursive Specification Definition

zap  construction
tʹ≥t   ⇐   zap

if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi   ⇐   zap

nat  construction
0: nat

nat+1: nat 
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Recursive Specification Definition

zap  construction
                 → tʹ≥t   ⇐   zap

if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi   ⇐   zap

nat  construction
                 → 0: nat

nat+1: nat 
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Recursive Specification Definition

zap  construction
tʹ≥t   ⇐   zap

                 → if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi   ⇐   zap

nat  construction
0: nat

                 → nat+1: nat 
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Recursive Specification Definition

zap  construction
tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi  ⇐  zap

nat  construction
0, nat+1: nat 
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Recursive Specification Definition

zap  construction
tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi  ⇐  zap

zap  induction
∀σ, σʹ· tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  P fi  ⇐  P

⇒ ∀σ, σʹ· zap ⇐ P

nat  construction
0, nat+1: nat

nat  induction
0, B+1: B   ⇒   nat: B 
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Recursive Specification Definition

zap  construction
tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi  ⇐  zap

zap  induction
∀σ, σʹ· tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  P fi  ⇐  P

⇒ ∀σ, σʹ· zap ⇐ P
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Recursive Specification Definition

zap  construction
tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi  ⇐  zap

zap  induction
∀σ, σʹ· tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  P fi  ⇐  P

⇒ ∀σ, σʹ· zap ⇐ P

zap  fixed-point construction
zap   =   tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap  fixed-point induction
∀σ, σʹ· (P  =  tʹ≥t ∧ if x=0 then y:= 0 else x:= x–1.  t:= t+1.  P fi)

⇒ ∀σ, σʹ· zap ⇐ P
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = ⊤
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = ⊤

                                                                                             ↓
zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi 
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = ⊤

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= x=0  ⇒  xʹ=yʹ=0 ∧ tʹ=t 
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = ⊤

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= x=0  ⇒  xʹ=yʹ=0 ∧ tʹ=t

                                                                                             ↓
zap2 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap1 fi 
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = ⊤

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= x=0  ⇒  xʹ=yʹ=0 ∧ tʹ=t

zap2 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap1 fi

= 0≤x<2  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x 
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = ⊤

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= x=0  ⇒  xʹ=yʹ=0 ∧ tʹ=t

zap2 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap1 fi

= 0≤x<2  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x

zapn = 0≤x<n  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x 
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = ⊤

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= x=0  ⇒  xʹ=yʹ=0 ∧ tʹ=t

zap2 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap1 fi

= 0≤x<2  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x

zapn = 0≤x<n  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x

zap∞ = 0≤x<∞  ⇒  xʹ=yʹ=0 ∧ tʹ = t+x 
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Recursive Specification Construction

Alternative step 0:     instead of  ⊤  use

name0  =  whatever
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Recursive Specification Construction

Alternative step 0:     instead of  ⊤  use

name0  =  whatever

Alternative step 2:     instead of  name∞  use

⇕n· namen 
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = tʹ ≥ t
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = tʹ ≥ t

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= if x=0 then xʹ=yʹ=0 ∧ tʹ=t else tʹ ≥ t+1 fi

/33 40



Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = tʹ ≥ t

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= if x=0 then xʹ=yʹ=0 ∧ tʹ=t else tʹ ≥ t+1 fi

zap2 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap1 fi

= if 0≤x<2 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ ≥ t+2 fi
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = tʹ ≥ t

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= if x=0 then xʹ=yʹ=0 ∧ tʹ=t else tʹ ≥ t+1 fi

zap2 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap1 fi

= if 0≤x<2 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ ≥ t+2 fi

zapn = if 0≤x<n then xʹ=yʹ=0 ∧ tʹ=t+x else tʹ ≥ t+n fi
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Recursive Specification Construction

zap = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap fi

zap0 = tʹ ≥ t

zap1 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap0 fi

= if x=0 then xʹ=yʹ=0 ∧ tʹ=t else tʹ ≥ t+1 fi

zap2 = if x=0 then y:= 0 else x:= x–1.  t:= t+1.  zap1 fi

= if 0≤x<2 then xʹ=yʹ=0 ∧ tʹ = t+x else tʹ ≥ t+2 fi

zapn = if 0≤x<n then xʹ=yʹ=0 ∧ tʹ=t+x else tʹ ≥ t+n fi

zap∞ = if 0≤x then xʹ=yʹ=0 ∧ tʹ=t+x else tʹ=∞ fi 
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Loop Definition

while-loop  construction
tʹ≥t   ⇐   while b do P od

if b then P.  t:= t+1.  while b do P od else ok fi   ⇐   while b do P od
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Loop Definition

while-loop  construction
tʹ≥t ∧ if b then P.  t:= t+1.  while b do P od else ok fi   ⇐   while b do P od 
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Loop Definition

while-loop  construction
tʹ≥t ∧ if b then P.  t:= t+1.  while b do P od else ok fi   ⇐   while b do P od

while-loop  induction
∀σ, σʹ· tʹ≥t ∧ if b then P.  t:= t+1.  W else ok fi  ⇐  W

⇒ ∀σ, σʹ· while b do P od ⇐ W
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Loop Definition

while-loop  construction
tʹ≥t ∧ if b then P.  t:= t+1.  while b do P od else ok fi   ⇐   while b do P od

while-loop  induction
∀σ, σʹ· tʹ≥t ∧ if b then P.  t:= t+1.  W else ok fi  ⇐  W

⇒ ∀σ, σʹ· while b do P od ⇐ W

while-loop  fixed-point construction
while b do P od   =   tʹ≥t ∧ if b then P.  t:= t+1.  while b do P od else ok fi

while-loop  fixed-point induction
∀σ, σʹ· (W  =  tʹ≥t ∧ if b then P.  t:= t+1.  W else ok fi)

⇒ ∀σ, σʹ· while b do P od ⇐ W
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