372  Subsection 6.0.0 gives six predicate versions of nat induction. Prove that they are
equivalent.

After trying the question, scroll down to the solution.



The six predicate versions of nat induction are:

(a)
(b)
(©)
(d)
(e)
()

POAVn:nat Pn= P (n+l) = Vn:natr Pn

POv 3dn:nat = PnAP(n+l) < 3dn:nat Pn

VYn:nat Pn= P (n+1) = Vn:nar PO=Pn

dn:nat = Pn A P(n+tl) < Tn:nat - POAPn

Vn: nat (VYm: nat m<n=Pm)=Pn = Vn:nat Pn
dn: nat (Vm: nat m<n=-Pm) A Pn <= dn:nat Pn

Proof that (a) = (b), starting with (a).

(PO A Vn: nat Pn= P (n+1) = Vn: nat P n) contrapositive
=(PO A Vn:nat Pn=> P (n+l)) <« =Vn:nat Pn duality
= POv(Vn:nat Pn= P (n+1)) <« =Vn:nat Pn duality twice
= PO v (An: nat -(Pn=> P (n+1))) < An:nat - Pn material implication
= POv (@n: nat «(-Pnv P (n+l))) <« IAn:nar - Pn duality
= POv @n:natr -~ PnnA-Pn+tl)) < An:nar - Pn double negation

P is implicitly universally quantified, so rename it with its negation
(PO v dn: nat =~ Pn A P(n+l) < 3In: nat P n)

Proof that (a) = (c), starting with (a).

(PO A Vn: nat Pn= P (n+1) = Vn: nat P n) portation
Vn: nat Pn=> P (n+1) = (P0 = Vn: nat P n) distributive
(Vn: nat Pn= P (n+1) = Vn:nar PO = Pn)

Proof that (b) = (d) starting with (b).

(PO v An: nat = Pn A P (n+l) <= dn: nat P n) double negation
(== POv 3An:nat - Pn A P (n+tl) < 3An: nat P n) portation
(An: nat =" Pn A P (n+l) < = PO A Jn: nat P n) distribution

(An: nat =~ Pn A P(n+1) < dn: nat -~ PO A P n)

Proof that (e) = (f) starting with (e).

(Vn: nat (Nm: nat m<n =P m) = Pn => Vn:nat P n) contrapositive
(=Vn: nat (Vm: nat m<n=Pm)=Pn) < -Vn:nat Pn duality twice
(An: natr ~(Vm: nat m<n = Pm)=Pn)) < 3In:nat - Pn duality
(An: nat (Ym: nat m<n =P m) A~ Pn) < dn:nat-Pn rename P to —P

(An: nat- (Ym: nat m<n = - Pm) A Pn <= 3n: nat P n)

It remains to prove that one of (a) or (b) or (c) or (d) is equivalent to one of (e) or (f).



